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The development of highly controllable quantum coherent simulators such as superconducting qubits and Rydberg
atom arrays has stimulated the study of non-equilibrium quantum dynamics, opening the door to exciting topics includ-
ing dynamical phase transitions, thermalization, transport, and quantum error correction. This thesis addresses various
questions from non-equilbrium quantum dynamics, with a concentration on measurement-induced phase transitions
(MIPT), adaptive dynamics with feedback mechanism, and Hilbert space fragmentation. In the first part, we study the
hybrid quantum automaton (QA) circuits with different symmetries subject to local composite measurements. For Zo-
symmetric hybrid QA circuits, there exists an entanglement phase transition from a volume-law phase to a critical phase
by varying the measurement rate. The special feature of QA circuits enables us to interpret the entanglement dynamics
in terms of a stochastic particle model. With the help of this stochastic model, we further investigate the entanglement
fluctuations and quantum error correcting property of the volume-law phase in QA circuits with no symmetry, and study
the entanglement dynamics in QA circuits with U(1) symmetry. Despite being a hallmark of non-unitary quantum dy-
namics, MIPT is absent in the density matrix averaged over measurement outcomes. In the second part, we introduce
an adaptive quantum circuit subject to measurements with feedback. The feedback is applied according to the mea-
surement outcome and steers the system towards a unique state above certain measurement threshold. We show that
there exists an absorbing phase transition in both quantum trajectories and quantum channels. In the end, we turn
to the phenomenon of Hilbert space fragmentation (HSF), whereby dynamical constraints fragment Hilbert space into
many disconnected sectors, providing a simple mechanism by which thermalization can be arrested. However, little is
known about how thermalization occurs in situations where the constraints are not exact. To study this, we consider
a situation in which a fragmented 1d chain with pair-flip constraints is coupled to a thermal bath at its boundary. For
product states quenched under Hamiltonian dynamics, we numerically observe an exponentially long thermalization
time, manifested in both entanglement dynamics and the relaxation of local observables. To understand this, we study
an analogous model of random unitary circuit dynamics, where we rigorously prove that the thermalization time scales
exponentially with system size. Slow thermalization in this model is shown to be a consequence of strong bottlenecks in

configuration space, demonstrating a new way of producing anomalously slow thermalization dynamics.
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mentary subspace. If the measurement outcome 7; Z; 1 = —1, a Pauli-X operator (green box) is applied
on one site to correct the post-measurement state into [11) or |00). Each unit time step contains three

layers of unitary gates related by translation by one site, and two sets of measurements. Each set consists

of an even and an odd layer, forming a brickwork structure. . . . ... ... ... L Lo Lo

(2)&(b): Tlustration of the bitstring dynamics in the quantum trajectory undergoing hybrid circuit evo-
lution. The blue arrows indicate two representative paths (“world histories”) of the bitstring dynamics.
(a) When the measurement rate is small, the steady state involves exponentially many bistring configu-
rations. (b) When the measurement rate is high, the steady state is spanned by two ordered bitstrings.

(c) Mapping from a bitstring configuration to particle distribution, where a particle and an empty site

represent the presence and absence of a domain wall, respectively. . . . ... ... ... ... .......

The trajectory-averaged domain wall density n(¢) as a function of time, for different values of the feedback
rate r while fixing p = 1, starting from random initial states. The result confirms the existence of two

phases. Numerical simulations are performed for L = 300, and averaged over 10* realizations of circuits
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The averaged number of domain walls N(¢) starting from an initial state with two domain walls. (a)
For p = 1, the exponent 6 as in n(t) ~ ¢ changes sign at . ~ 0.55. (b) For r = 1, p ~ 0.55. (c)

Demonstration that the order-disorder transition in n(t) is governed by a single parameter ¢ = pr.
(a) The steady state entanglement entropy remains independent of subsystem size, regardless of the ini-

tial state. (b) The difference in the early time growth visualized across different initial conditions and

subsystem sizes. In both figures,p =045 <plandr=1.. ... ... ... .. . . ..

We simulate the domain-wall particle density n(¢) of the bit-string model with one set of measurements in
(a) and (c), two sets of measurements in (b) and (e), and three sets of measurements in (c) and (f). Among
them, (a), (b), and (c) are the results of the seeding process starting with a pair of adjacent particles, (d),
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rates g, and we plot n(t) vstonalog-logscale. . . . . . .. .. .. . ..
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Finite-size data collapse of the domain-wall particle density n(¢) of the classical bit-string model with two
sets of measurements for different system sizes at (a) ¢ = 1, and (b) ¢ = q. = 0.55, respectively. (c) Data

collapse using the scaling form Eq. (5.6), for |¢ — ¢.| = 0.01,0.02,...,0.05 at L = 600 for ¢ € [100, 1200].

We use periodic boundary condition (PBC) for numerical simulations. . . . . ... ... ..........
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Numerically obtained results for the quantum model with 1 set of measurements after 3 layers of unitary
gates, for L = 300, and results averaged over 2 x 10% realizations. (a) The domain wall density n atp = 1,
showing a critical scaling of n(t) ~ ¢t~ %6 near r ~ 1. The steady state domain wall density appears finite
for r < 0.5, but finite size effects prevail for » = 0.7. (b) The number of domain walls, beginning from an
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of ¢ ~ 0.99. (i) p = 1 and (ii) » = 1. (c) The steady state entanglement scaling for r = 1,p = 0.8 < p_.
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The entanglement dynamics for two different initial states for » = 1,p = 0.8 < pZ. For N(t = 0) = 2,

the two domain walls are located close tothecenter. . . . . . . . . . . . . 0 i v i i i i it

The effects of imperfect rotations on the domain wall density, shown only to have the effect of renormal-
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domain walls in the center of the chain, and averaged over 2 x 103 realizations. . ~ 0.55 in the absence
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The particle density n(t) vs ¢ for the seeding process starting with a pair of particles under bit flip errors
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5.14 The entanglement entropy Sf)(t) vs t plotted on a log-log scale using the exact diagonalization of the

6.1

6.2

6.3

6.4

quantum trajectory under the circuit with two sets of measurements per unit time step over a variety of

measurement rate p. All of the data are collected for system size I = 18 and feedback rate » = 1 under

a) A schematic of the setup considered in this paper: a 1d chain is partitioned into a constrained region
atsites 1 < ¢ < Lons Within which the dynamics is fragmented, and an unconstrained region at sites
Leons < i < L where the dynamics is generic. b) Growth of the normalized entanglement entropy for a
quench from under Hamiltonian dynamics, calculated for the region A = [1, L/2] with Leons = 8, L =
10, N = 3. The solid line shows a quench from the frozen state [12)®~/2; for the dashed line the first site

is changed to 2, creating a single flippable pair. In both cases, a slow logarithmic growth is observed. c)

Relaxation of the charge (), computed in region A for the same initial state, showing a similarly slow decay. 86

Krylov graph illustrations for N = 3. a) Each computational basis product state |ay,...,ar) defines a
length-L walk on the degree 3 tree, with the walk backtracking when two identical labels are encoun-
tered in a row. The constrained dynamics preserves walk endpoints (grey circles), each of which defines
a Krylov sector; the sectors are thus enumerated by the even (odd) sublattice of the depth-L tree for even
(odd) L. Paths which reach the edge of the tree are frozen under the constrained dynamics, while those
with backtracks belong to sectors of dimension > 1. Breaking the constraints at the edge induces transi-
tions between next-nearest-neighbor tree vertices in the manner indicated by the pink lines. b) Values of
the charge ) in each sector (shown for L. = 6). Redder (bluer) colors indicate more positive (negative)
values. Dynamics begun from a state in the region C will take exponentially long to escape C' due to the
bottleneck imposed by the tree structure. ¢) Krylov sector occupations for a quench under e~**, starting
from a frozen state on the edge of the tree. Circle sizes and colors are drawn according to (¢(¢)|TIxc |1 (1))
at time ¢ = 103, where I projectsontothesector . . . . .. . . ... L. o
The charge relaxation time ¢ for the maximal-Q), initial state |¢/(0)) = [21)®%/2. Left: Slow charge
relaxation for N = 3: t¢g for v = 0.1 and v = 0.01. The former fits well to L times the bound in (6.9)
(blue dot-dashed line), while the latter saturates the ¥ — 0 bound of ~ 1/®(G%,) (red dashed line). Right:
Fast relaxation for V = 2: ¢g on a log-log scale, showing clear diffusive behavior. . . . .. ... ... ...
Numerical results of the N = 3 translation-invariant PF model with random ¢g*® = (g%*)* under a
single-site random impurity of strength A = 1 at L, starting from an initial state in H.,,. Left: The nor-

malized von-Neumann entropy Sa(t)/Sa(c0), where A is half of the constrained region and S (o0) =

|A|In(N)/2 —1/2. Center: The Krylov entropy Sk (t) normalized by S (c0), where S 4 (o0) is calculated

using p,, = |KC,.|/|H|. Right: The probability of the spin on the first site to match with its original value. .
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Chapter1

Introduction

One of the most important topics in condensed matter physics is quantum phases of matter. Much of our understanding
of quantum phases is based upon systems in equilibrium, where there is no net flow of matter or energy. Typically, a d-
dimensional isolated quantum system satisfying the Eigenstate Thermalization Hypothesis (ETH) will eventually evolve
into a state described locally by statistical mechanics [1, 2, 3]. One can think of a small subset of the degrees of freedom
as a subsystem A, then the rest of the system A° will act as a heat bath which leads to thermal descriptions of A when
probed with local observables. The reduced density matrix p4 obtained by tracing out the degrees of freedom in A° of
the state p will approach the Gibbs state. Meanwhile, as an important measure of entanglement and correlation between

degrees of freedom, the von Neumann bipartite entanglement entropy defined as
Sa=—-InTrpalnpy (1.1)
exhibits a volume-law scaling under the infinite time limit, i.e.,
Jim Sa(t) ~ L, 1.2)

which means that every degree of freedom within A is entangled with those in A€ in equilibrium.

A natural question arises: Is thermalization an inevitable fate for all quantum systems? Indeed, there exist mech-
anisms that impede thermalization [1, 2, 4, 5, 6]. One example is many-body localization [7, 8], which evades ther-
malization through strong quenched disorder. Another mechanism that does not rely on spatial disorder is through
imposing dynamical constraints, thereby rendering the dynamics non-ergodic. This results in the Hilbert space being
splitinto exponentially many dynamically disconnected fragments, a phenomenon known as Hilbert space fragmentation

An alternative way of approaching this question is investigating the dynamics of monitored random quantum cir-
cuits. Quantum circuit models are the minimal models to study entanglement dynamics in quantum systems, since any

unitary operation acting on a d-dimensional Hilbert space can be decomposed into a sequence of local unitary gates. A



generic system with only local unitary evolution exhibits a ballistic growth of S 4 until saturating to a state with volume-
law entanglement [24]. When measurements are also involved, the non-unitary dynamics can exhibit many emergent
phenomena which are inaccessible in pure unitary dynamics or in systems in equilibrium. If post-selection is prohibited,
the state is averaged over measurement outcomes, resulting in a decohered maximally-mixed state. However, if mea-
surement outcomes are recorded and one can keep track of the quantum trajectory, a dynamical entanglement phase
transition from a volume-law phase where S4 ~ L9 to an area-law phase where S4 ~ Lff(l emerges as one increases
the measurement rate p [25, 26, 27].

The measurement-induced phase transition (MIPT) was first observed in Haar random and Clifford random circuits
composed of local two-qubit unitary gates and single qubit projective measurement gates[28, 25, 26, 27, 29, 30, 31].
In particular, at the phase transition point p., aspects of critical phenomena come into play, with, e.g., emergent two-
dimensional conformal symmetry emerging in certain (1+1)-dimensional [(14+1)D] circuits[28, 32]. At first, this finding
is rather surprising, since every measurement can reduce the entanglement, while only local unitary operators near
the bipartition boundary can increase the entanglement. This apparent contradiction can be understood via quantum
error correction [29, 30, 33]: When p is small, the hybrid quantum circuit is dynamically generating a robust quantum
error correcting code, where the quantum information is protected by unitary evolution against projective measurements
acting as errors; For p > p,, the unitary evolution fails to protect the quantum information, and the system undergoes a
phase transition to a disentangled area-law state.

Since its discovery, MIPTs have been generalized to other monitored open quantum dynamics| 34, 35]. Aside from the
interpretation in terms of quantum error correction, it can also be understood as a symmetry-breaking phase transition in
the enlarged replica space[36, 37, 38, 39], where the entanglement entropy corresponds to the domain wall free energy.
Recently, it was shown in Ref.[40] that the quantum automaton (QA) circuit subject to composite measurement can
also exhibit an entanglement phase transition. This model provides a new physical picture for interpreting the phase
transition in terms of bit-string dynamics and the entanglement transition within this model belongs to the directed
percolation (DP) universality class[41]. Monitoring quantum systems can also stabilize interesting phases which cannot
exist in equilibrium. One example is non-unitary free-fermion dynamics. In this system, there is an emergent critical
phase protected by continuous weak measurement [42, 43]. Another class of examples are given by monitored quantum
systems with additional discrete symmetries, which can possess highly entangled volume-law phases with conventional
or topological order[44, 45, 39]. In addition, the area-law phase can also have a richer phase diagram characterized by
different orders[44, 45, 46].

Motivated by the questions addressed above, this thesis will focus on various aspects in non-equilibrium quantum
dynamics. In the first three chapters, we will explore the measurement-induced criticality as well as entanglement and
transport properties in the volume-law phase of the aforementioned hybrid QA circuits under different symmetries.
Hybrid QA circuits consist of QA unitaries that map one basis state to another up to a phase in the computational ba-
sis, interspersed with composite measurements that impose a rotation after projective measurements, so that the wave
function is always an equal-weight superposition of all the allowed basis states with the phases carrying the quantum in-

formation. Due to this basis-preserving feature, we are able to perform large-scale numerical simulations, and interpret



the entanglement dynamics in terms of a stochastic two-species particle model.
In Chapter.2, we study the entanglement dynamics of hybrid QA circuits with Z, symmetry, with a focus on the
second Rényi entropy 51(4”:2), where

n ]- n
s = T I [Te(p})). (1.3)

We find that there is a transition from a volume-law phase to a critical phase with logarithmic entanglement scaling as one
increases the measurement rate p. We further show that the critical point p. belongs to the parity-conserving universality
class [41, 47, 48], and the critical phase p > p,. exhibits diffusive dynamical exponent, which can be explained using the
stochastic model where the particles perform branching-annihiltaing random walks.

In Chapter.3, we focus on the weakly-monitored volume-law phase of the QA circuit with no symmetry. In particular,
we will study the fluctuation of the entanglement in this random dynamics and the quantum error correction property
of the volume-law phase. Previous studies for 1d random Haar circuits suggested that the entanglement entropy can be
mapped to the free energy of the directed polymer in a random environment (DPRE) which has fluctuation belonging
to the Kardar-Parisi-Zhang (KPZ) universality class [28, 25, 49, 50]. Such fluctuations lead to a subleading correction
term scaling as L'/3 in the entanglement entropy in the volume-law phase, which has also been numerically verified
for random Clifford circuits [51, 52]. We numerically show that the entanglement entropy of a subsystem in both the
early-time dynamics and the steady state in the hybrid QA circuit also exhibit sample-to-sample fluctuations with the
same scaling behavior. Again, this KPZ scaling can be understood through random walks in a fixed random environment
from the stochastic particle model. Furthermore, we investigate the quantum error correcting property of the hybrid QA
circuit in terms, and find that there are two different kinds of code distance corresponding to different errors that both
scale polynomially in L.

In Chapter.4, we turn to the entanglement dynamics of hybrid QA circuits with U(1) symmetry with a focus on the
second Rényi entropy S("=2). For a generic unitary quantum circuit under U(1) symmetry, it has been demonstrated
that although the von-Neumann entanglement entropy continues to grow linearly, the growth of higher Rényi entropies
is limited by the diffusive transport and therefore exhibits sub-ballistic growth [53, 54, 55, 56]. Mathematically it is

rigorously proven that the growth of S(">1) is at most diffusive, with a logarithmic correction [53], i.e.,

s> < Llcf)(\/t Int). (1.4)

We show that for QA circuits, the entanglement growth saturates this upper bound. This saturation is caused by the “slow
modes” that contain extensively long domains of spin 0s or 1s whose boundary expands diffusively (up to a logarithmic
correction) under time evolution. We further numerically investigate the monitored dynamics and find that contrary to
non-automaton random circuits where any non-zero rate of measurements leads to linear growth of the second Rényi
entropy, the diffusive entanglement growth still persists in the volume-law phase of U(1)-symmetric hybrid QA circuits.
As the measurement rate increases, there is a phase transition from a volume-law phase to a critical phase where S4
increases logarithmically in time, which is similar to the critical phase observed in Z,-symmetric QA circuits.

While the MIPT is an intriguing phenomenon in out-of-equilibrium quantum dynamics, it remains invisible in quan-



tum channels where postselection is impossible, posing great challenges to experimental observations. Recently, a new
class of non-equilibrium dynamics called adaptive dynamics appears, which uses feedback mechanism to influence the
system’s evolution by measurement outcomes, enabling the realization of non-trivial density matrices and a variety of
quantum ordered phases [57, 58, 59, 60, 61, 62]. In Chapter. 5, we introduce a class of adaptive random circuits with
feeback that exhibits a phase transition that is observable in both quantum trajectories and quantum channels. Aside
from the measurement rate p, we add another parameter which is the feedback rate . The feedback is designed to “steer”
the system towards particular final states. When p x r is large enough, the steady state is a mixture of two ferromagnet-
ically ordered states instead of a maximally mixed state involving exponentially many configurations. Thus, there is an
order-disorder phase transition in the quantum dynamics, which can be observed at the level of both quantum trajectory
and quantum channel [59, 60]. By explicitly mapping the motion of domain walls to a classical branching-annihilating
random walk (BAW) process, we show that the order-disorder phase transition in our adaptive circuit model belongs to
the parity-conserving (PC) universality class. Furthermore, the familiar MIPT is observed at the level of the quantum
trajectory. Interestingly, we find that these two transitions typically occur at different critical measurement rates.

In Chapter.6, we go back to the question addressed at the beginning of this introduction and concentrate on systems
with Hilbert space fragmentation. Since the ergodicity-breaking mechanism of HSF relies on fine-tuned dynamical con-
straints in stead of disorder, the ergodicty is expected to be restored once the constraints are broken. We are interested
in how the thermalization dynamics is affected by the structure of HSF in the presence of constraint-breaking pertur-
bations. We will focus on a one-dimensional spin chain called “pair-flip” model that exhibits HSF [63], and couple one
end to a heat bath. We will show that the thermalization dynamics is anomalously slow. This slowness is due to the
strong bottlenecks the system encounters as one tries to explore the Hilbert space under the contraint-breaking bath, a
phenomenon which arises from the type of constraints and the local nature of the coupling to the bath. We rigorously
prove an exponentially large lower bound on ¢, in the setting where the system undergoes a constrained form of ran-
dom unitary (RU) dynamics, and provide numerical evidence that ¢y, for Hamiltonian dynamics is similarly long. In an
upcoming work, we show that this anomalously slow thermalization can be generalized to other HSF systems, and they

can be classified into three categories according to different mechanisms of forming HSF.



Chapter 2

Measurement-induced criticality in

Zo-symmetric quantum automaton circuits

2.1 Introduction

In this chapter, we construct a hybrid QA circuit with Z, symmetry and study its entanglement dynamics. We show that if
we impose this Z, symmetry, there exists an entanglement phase transition from a highly entangled volume-law phase to
a critical phase with logarithmic entanglement scaling, with the transition occurring by varying the measurement rate p
(See Fig. 2.1). We generalize the classical bit-string picture developed in Ref.[40] and demonstrate that the entanglement
phase transition belongs to the parity-conserving (PC) universality class with dynamical exponent z = 1.744[47, 48, 41].
Due to the Zs symmetry, this universality class is distinct from the aforementioned DP universality class. We further
derive a two-species particle model based on the bit-string picture to calculate the entanglement dynamics from a short-
range entangled state. The particles in this model can diffuse, branch, and annihilate in pairs, and the purity for a
subsystem is equivalent to the fraction of configurations where particles of different species never encounter one another.
In particular, the prefactor of the logarithmic scaling of the second Rényi entropy at the transition point p.. is related to
the local persistence coefficient of the two-species particle model and is a universal constant for PC universality class.

Unlike the conventional measurement-induced phase transition in which there is an area-law entangled phase when
the measurement rate p is larger than some critical threshold p., here we observe a critical phase, characterized by
logarithmic entanglement scaling when p > p.. Specifically, this phase has dynamical exponent z = 2 and is protected
by the combination of the Z, symmetry and the special features of the QA circuit. We show that the underlying bit-
strings have diffusive dynamics, and provide an interpretation of the critical entanglement scaling in terms of the two-
species particle model. We further analyze the purification dynamics starting from a mixed density matrix with extensive
entropy[30]. We find that when p > p,, the entropy decays diffusively in time which is consistent with the entanglement
dynamics results.

The rest of the chapter is organized as follows. In Sec. 2.2, we construct a hybrid QA circuit with Z, symmetry. We



Volume law phase Critical phase (z=2)

PC universality class
(z=1.744)

Figure 2.1: A cartoon picture for the phase diagram of the hybrid QA circuit in the presence of Z, symmetry. The
dynamical exponents of the quantum phase transition at p = p. and the quantum critical phase p > p. are inherited
from the associated classical bit-string dynamics, respectively.

numerically compute the entanglement entropy for this circuit in Sec. 2.3 in terms of a Clifford stabilizer representation.
In addition, we provide an interpretation of second Rényi entropy in terms of classical particle model. In Sec. 2.4, we
analyze the purification dynamics and find that the results for critical point and critical phase are consistent with that

in Sec. 2.3. We summarize our results in Sec. 2.5.

2.2 QA model with Z, symmetry

In this section, we construct a hybrid QA circuit with Z, symmetry. We aim to study how the information encoded in
the quantum state evolves under the competition between quantum automaton unitary operators and non-unitary mea-
surements, which will be specified later in this section. Given a subregion A, a particularly useful quantity to measure

this is the n'* Rényi entropy:

n 1 n
G = 77— I [Tx(p})]
n (2.1D)

pa =Trp|y) (.
where B is the complement of A. In this chapter, we will focus on the second Rényi entropy with n = 2 and take the
base to be the natural logarithm base.
The QA circuit is built up of unitary operators that permute a set of vectors in a specific orthonormal basis (namely,

the computational basis) up to some random phase, i.e.,

Uln) = e*r

m(n)), (2.2)

where © € Sy is an element of the permutation group on the product states |n) in the computational basis with cardinal-
ity N. Through out this chapter, we build the computational basis from the Pauli Z basis. The Z, symmetry is imposed
by requiring that the parity of the computational basis remains fixed under the unitary evolution. From the previous
definition it is clear that the automaton unitary evolution does not create entanglement when acting on product states
in the computational basis. However, it can generate entanglement in a wavefunction which involves a superposition of
the basis states—for example, we can apply the measurement (1 + Z,Z5 - - - Z1)/+/2 to a product state polarized in +x

direction with an even number of qubits L to make it Z, even. When the automaton unitary operator acts on such an



initial state,

r) = Ulio) = U 0 TEAZEZZE @) (10) + 1)
) . ' (2.3)
= s 3 (),

we can obtain a highly entangled state for sufficiently generic 6,,. In the above equation, each |n) contains an even
number of 1’s and 0’s, and together they form a Z,-symmetric computational basis {|n)} with cardinality N = 2£~1. In
this chapter, we consider unitaries U composed of local unitary QA gates. With this construction, the entanglement can
grow linearly in time, and saturates to volume-law scaling at late times.

Aside from the QA unitary operators, non-unitary local measurements are also introduced into the QA circuit. Since
the QA unitary evolution does not enlarge the number of basis states involved in the wave function, repeated local projec-
tive measurements in the Z direction will continually reduce the number of available basis states, and will ultimately lead
to a product state with no entanglement. Therefore, there is no entanglement phase transition when the measurement
rate is finite.

To resolve this issue, Ref.[40] introduced a composite measurement which applies a rotation to the spin into | £ )
following the projection in the Z direction so as to preserve the basis states. In such a hybrid QA circuit model, the
wave function at any time is an equal weight superposition of all the basis states, and there exists an entanglement phase
transition belonging to DP universality class at finite measurement rate. In our system, we need to modify this composite

measurement slightly to preserve the Z, symmetry. We therefore define the composite measurement as

Mg, = RoPf,p, (2.4)

which acts on two qubits. This measurement is a combination of the projection operator Py, ;, on the left/right qubit

into the spin o = {0, 1}, together with a two-site rotation operation

10 0 1

e L0t 10 (2.5)
V2o 1 -1 o0
10 0 -1

that maps |00) to (|00) + [11))/+/2, |11) to (]00) — [11))/+/2 and |01) to (|01) + |10))/+/2, |10) to (|01) — |10))/+/2. For

instance, when M? is applied to a two-site wave function with even parity defined as follows,

x
V2
— ¢% R|00) 2.6)

Mply) = Ro PL[—=(e'"]00) + ¢ [11))]

_ieieo
= e (00) + 1),

After imposing the composite measurement, the wave function is still an equal weight superposition of all the basis



states with the same parity: the only thing that changes is the information stored in |¢), among which only half of the
phases are preserved after each application of M7 /R Therefore, we anticipate that measurements will act to disentangle

the many-qubit system, while still preserving the Z, symmetry.

2.3 Entanglement Transition
2.3.1 Clifford QA circuit and entanglement dynamics

IS  CNN(R) gate

BN CZgtt s ONN(L) gate

@ 7 measurement Rotation gate

@
| | | |
| <

et

()

Figure 2.2: (a) A schematic for the gates appearing in our circuit. (b) The arrangement of gates in a single time step
of our Z,-symmetric hybrid QA circuit. Each time step involves three layers of CNN gates and two layers of CZ gates,
interspersed with three measured layers. The dashed box represents a measured layer enclosing two rows of composite
measurements, with the first/second row containing randomly distributed M7 , , applied on sites (2i —1, 2¢)[(2i, 2i+1)]

fori € [1, L/2]. Aswith the CNN gates, the projection of M7 /R is chosen to be applied on the left/right qubit with equal
probability. In general, the composite measurement appears in a measured layer with probability p.

We choose a subset of Clifford gates to construct a QA circuit with Z, symmetry (an example is illustrated in Fig.
2.2), and explore the entanglement dynamics by varying the composite measurement rate p. First we prepare a product
state with L qubits polarized in the +x direction and measure the Pauli string Z; 75 - - - Z, to implement Zo symmetry.

We take this as the initial state |¢;), and then apply the hybrid circuit, consisting of Z,-symmetric QA unitaries and



composite measurements, to [¢);). We then compute the entanglement entropy of a consecutive subsystem A.

Notably, the entanglement dynamics of a Clifford circuit can be efficiently simulated by applying the stabilizer for-
malism from the Gottesman-Knill theorem [64]. A stabilizer of a pure state |¢)) is a Pauli string operator g that acts
trivially on |¢), i.e., g|1p) = |). Such state with L qubits can be uniquely specified by a stabilizer group G generated by

L independent and mutually commuting stabilizers,

G

(G)=(g1,---»91)
L 2.7
= {TT 9" Ip: € (0.1}, 0al) = ). [g5. 951 = 0},
i=1

where G = {¢1,..., g1} is the generating set of G. By definition, a Clifford unitary gate maps a Pauli string operator to
another one, i.e., UgU T = g',¥g € G. On the other hand, any Pauli measurement O; acting on the ith site becomes a
generator of the stabilizer group, with the rest of the generators rearranged so that O; commutes with all elements in G.
Consequently, instead of tracing the trajectory of |+)) with 2© degrees of freedom, we can keep track of the generating set
of its stabilizer group whose information can be conveniently stored in a L. x 2L binary matrix. Hence, we are able to
perform the simulation on a large system with hundreds of qubits.

The unitary evolution is composed of two types of gates, both of which preserve the Z, symmetry. The first type
are CNOTNOT(CNN) gates, which are three-qubit gates that flip two qubits according to the value of the third (control)

qubit. If the control qubit is on the left we denote the corresponding gate as CNN; it acts as

CNNL|].O'10'2> = |1(1 — 0'1)(1 — 0'2)>
(2.8)
CNNL|OO'10'2> = |00’10’2>.,

with the leftmost qubit acting as the control. The case when the rightmost qubit acts as the control analogously defines
a right CNN gate CNNg. In the circuit under consideration, we choose CNN, and CNNpy gates randomly, with equal
probability. Notice that in each time step, we apply three layers of random CNN gates as shown in Fig. 3.2(b).

The second type of gate that appears in the unitary evolution part of the circuit is the CZ gate. This gate is diagonal

in the computational basis, and assigns a 7 phase to |11). Explicitly,

100 0
010 0

CZ = (2.9)
001 0
000 —1

In the circuit, we apply two layers of CZ gate in each time step.
The randomly-applied composite measurements can be constructed by Clifford gates defined as M7, in Sec. 2.2.
We introduce the composite measurements into the circuit and define the measurement rate p as the density of M7 /R

in each measured layer. As we increase p from 0, the entanglement entropy decreases. Numerically, we observe an
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Figure 2.3: (a) The steady state Sf) vs In (z) for L = 480, where « = sin (L 4/L)L/m. (b) The entanglement dynamics
for half of the system Sf) vs t on the semi-logarithm scale for L = 480. (c) An example of the data collapse of the steady

state Sf) vs In z for different system sizes at p = 0.9. The slope for L = 600 is A2(0.9) = 0.605. We also plot Sf) Vs
% In (¢) for comparison and we can see that it is roughly parallel to the steady state curves. Numerically, A1 (0.9) = 0.291.
The ratio between these two slopes is 2.079. On average, A2/\; = 2.009 for p > p.. Similarly, for p = p., A\ = 1.947
and A\; = 1.12, leading to a ratio Ay /A; = 1.738. (d) The entanglement dynamics of the QA circuit with no CNN gates

for L = 240 plotted on the semi-log scale. We find that Sf)(t) = 0.2831n(¢) for all p. All of the numerical data for

12 [ — p=0.1 L =480
L p=0.3
r— p=0.335
10— p=05
- —— p=0.7
= 8 I
~ i
L
Bl
6 —
4 —
2
1 IIIIIIII 1 IIIIIIII 1 11 11111
100 10! 102 103
t
(b)
— p=0.1
35— p=06
— p=1.0
0.283Int
3.0
D
| w25
2.0
1.5 | |
1 ) I 1 ) I 1 11 1111l
100 10! 102 103
t
(d)

entanglement entropy are calculated with periodic boundary conditions, and in the natural logarithm base.
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entanglement transition at p. ~ 0.335. The value of the critical point is consistent with that observed in the purification
dynamics in Sec. 2.4 and the classical bit-string dynamics in Appendix 2.A. As shown in Fig. 2.3(a), when p < p., the
entanglement entropy has volume-law scaling. The volume-law coefficient decreases as we increase p. When p > p,,
Fig. 2.3(a) indicates that the steady state entanglement scales logarithmically in the subsystem size. In our numerical
simulations, we impose periodic boundary conditions and observe that

@ . L . L
ST (Larp) = dop)In [~ sin (T4,

77 7 (2.10)

where the overbar represents an ensemble average. This is interesting and is distinct from conventional measurement-
induced phase transitions in interacting systems, where an area-law entangled phase appears for p > p.. In our model,
the area-law phase is replaced by a critical phase with A, (p) changing continuously with p. This critical phase is a special
feature of the QA circuit with Z, symmetry. As we will explain later, this is related to the underlying classical bit-string
dynamics with Zs symmetry.

Aside from the steady state, we also study the entanglement dynamics starting from an initial state |¢)g). When
p < Pe, Sa(t) grows linearly at early times and saturates to a volume-law entangled steady state, while for p > p. we

observe a logarithmic entanglement growth before saturation,

SO (t,p) = M (p)In(t), 2.11)

as shown in Fig. 2.3(b). Similar to A2(p), A1(p) also depends on p. We find that when p = p., Aa/A1 = 1.738, while
when p > p. and the circuit is measurement-dominated, the ratio is independent of p, with Ay /A1 = 2.009.

We also simulate the entanglement dynamics for the QA circuit in the absence of CNN gates. The numerics in
Fig. 2.3(d) shows that in such a circuit, the system is critical and has logarithmic entanglement scaling. In particular,
% = A1 In(¢) where A; = 0.283 for all p. On the other hand, the steady state entanglement entropy@ = Ay In(z)
with A2 = 0.591 for all p. Hence the ratio is A5 /A; = 2.088 which is close to that in the critical phase of the circuit with
CNN gates. In the following sections, we will give an interpretation for A; and Ao and show that the ratios between them

are related to the dynamical exponents of the underlying classical bit-string model.

2.3.2 bit-string dynamics with Z, symmetry

For the second Rényi entropy, the purity Tr(p? ) is equivalent to the expectation value of the SWAP 4 operator which acts

on the tensor product of two identical copies of the state [65, 66],

Tr(p%) = (]2 ® (|1 SWAP A[1h)1 @ |1h)o. (2.12)

For the wave function |¢') expanded in the basis in subregion A and B,

1 0. .
) = VN ;6191] @) alBj) B, (2.13)
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the SWAP 4 operator then exchanges the spin configurations |a) within the A region of the copies of the system (here
N = 2L~1 is the total number of basis states).
To understand the entanglement dynamics in the non-unitary evolution described by U,, we insert two complete sets

of basis states in Eq. (2.14) and find [40],

Tt(p%) = Z (2|1 SWAP 4[ny) [na) (na|(n1 )1 [¥)2

ni,n2
= > (Wol2(to 1 Tf @ Uf [n})[nh) (n2| (1 [T; @ Ui labo) 1 [4ho)2 (2.14)
ni,n2
1 —i®, , —i0_, 1© 10
:7226 "1e "2ett e 2
N ni,n2
where
[n})|n5) = SWAP 4]n1)|n2)
= SWAPA|041[31>|042[32> (215)
= |agfr)|o Ba).
and
€©n = VN (n|Uy|iho), e~ = V/N(ho|U] |n). (2.16)

The problem of computing Tr(p? ) can therefore be converted into evaluating the phases in (2.16).
When estimating the overlap of U, |1;) with any basis state (n|, we can deduce the effective action of U; on (n| and
compute its overlap with |¢o) even though the composite measurement is non-unitary. Consider applying a composite

measurement M7, , on |4) which is the equal weight superposition of all the allowed states,

(n|ME,gl¢) = (n|R o PLglt)

1 (2.17)
= (T r(m)l¥) = e

TE/R(n)'

Here |17 / r(n)) refers to the state [n) with the spin at site L/R forced to be in the o state, while its neighboring spin
at site R/L is chosen to preserve the parity. Suppose the hybrid QA circuit has the non-unitary dynamics of the form
U, = MyU,M,_,U,_; - - -, the overlap can be evaluated by applying U from left to right on (n],

(n[Tslo) = {n(t' = 0)[ MU My-1Ups -+ o)
= (n(t' = D|UMy_1Up_1 - |1ho)

" (2.18)
= =t = 1| My Urs -+ [to)
L e,
/N b)
where O, is the accumulated phase under time evolution,
e!On — oifnt=1) gWn(t=2)  oWne=) (2.19)
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To compute the dynamics of the purity, we investigate the evolution of bit-strings and the associated phases. We

define the difference between bit-string pairs as
h(x,t) = |ny(x,t) —ny(z,t)|. (2.20)

At each site, h(z) can only be either 0 or 1, and can be conveniently described in terms of the particle representation
illustrated in Fig. 2.4(b) where o denotes empty site and e denotes occupied site. For instance, under the CNN, gate,
we have e 0 0 <> e e e and @ 0 e < e e 0. Under time evolution governed by CNN,/» gates, the particles can diffuse,
branch and annihilate on the lattice. Even if the initial configuration only has one particle, the particle number grows

linearly in time and the steady state has roughly L/2 particles. On the other hand, under the composite measurement,

o : ﬁl

|ny)
|})
a - p A B
eceececo0o0000 t=(
_’ h(x, 1) ooooooéoooooot>0

(a) (®)

Figure 2.4: (a) The spreading of the bit-string difference i (x, t) under the hybrid QA circuit with Z, symmetry. Without
the intervention of measurements, the front of i (x, t) moves to the right at constant velocity with possible broadening.
(b) The particle representation of h(z, t). Initially, all the particles are distributed randomly in region A. Under the CNN
gates and measurements, the particles perform branching-annihilating random walks and can intrude into region B.

we have pair-annihilation ee — oo and diffusion eo <+ ce. The particles diffuse on the lattice and annihilate in pairs with
probability p when they encounter one another. Combining unitary dynamics and measurement together, the particles

perform branching-annihilating random walks (BAW) with an even number of off-springs []
W 3W, W+ W 5 0. (2.21)

The competition between the unitary evolution and the composite measurement leads to a continuous phase transition
which can be characterized by the total particle number D(t) = ) h(x,t) (The numerical details for this can found in
Appendix.2.A). When p < p., D(t — o0)/L in the steady state saturates to a finite constant. When p > p,, if the initial
state has an even number of particles, the steady state has D (¢t — oo) = 0. At p., D(t) exhibits interesting and universal
power law scaling behavior and this critical point belongs to the parity-conserving (PC) universality class with dynamical
exponent z = 1.744[47, 48, 41]. When p > p., the dynamics is dominated by the annihilation process W + W — 0.
Since annihilation only occurs when a pair of particles encounter one another, D(t¢) decays diffusively in time and the

p > p. phase has dynamical exponent z = 2. This is different from the DP universality class, where a single particle can
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annihilate directly with probability p, which leads to an exponential decay of D(t) with a finite rate at p > p.. The Z5
symmetry protects the slow diffusive dynamics and is also responsible for the quantum critical phase when we take into
account the phase gate.

Keeping the above classical bit-string dynamics in mind, we now introduce the phase gate and investigate the entan-

glement dynamics. We first consider entanglement entropy for a random phase state defined as

9) = <o S ). (222)

where 6,, is a random phase that takes the value in {0, 7} '. This wave function can be generated under random unitary
QA evolution and has maximally entangled volume-law scaling. This can be understood as follows: from Eq. (2.14), we
can see that when |nq) = |1 81) and |ng) = |az/32) share the same spin configuration in region A, they are invariant
under the swap operator, which means that the random phases always cancel, i.e., 0,,, — 0”/1 =0and0,,— 9,112 = 0. There
are 214 x (2L~Ta—1)2 guch pairs that each contributes 1/22~2 to the purity. For other bit-strings that are different in
region A, the random phase terms will in general add up to zero and make no contribution to Tr(p?).” Hence, the wave

function has the volume-law scaling

2LA x 4L—LA—1
n——o—/7—o0

5@~ —1 — L4In2. (2.23)

4L—1

In the above example, only the bit-string pairs without phase difference contribute to the purity. This is also true
when we consider the entanglement dynamics starting from [¢);). Notice that in Eq. (2.14), there are four accumulated
phases for each bit-string configuration {|n1), |ns), [n}), |n%)}. We need to find out how these phases evolve in time and
how they contribute to the purity. For simplicity, here we first consider the phase difference for |n;) and |n}) only in
regime B and define the quantity,

. \B . ~\B
_ i 677‘@”/1 +i0;,
M ’

’
ni,ny

Q) (2.24)
where M is the total number of bit-string pairs. The complete analysis of the time evolution of all these phase terms in
the purity will be deferred to Sec. 2.3.4.

caused by

n1

Initially, |n1) and |n}) are identical in B and are only different in A. The relative phase —@f,l + e~
CZ gates is zero and we have Q(¢ = 0) = 1. The nonzero relative phase can be generated when particles enter into
B. Specifically, if we apply CZ gate on eo with the ensemble of possible bit-string configurations {{|n),|n})}} =
{{]10),]00)}, {|11),]01)}, {|01),]11)}, {|0O),|10)}}, the phase differences generated by the CZ gate are {0, 7, 7,0}. We
also get similar results for the particle configuration o e and e e. To summarize, for all these nonzero particle configura-

tions, half of the corresponding bit-string pairs contribute a 7 phase to the accumulated phase, while half of them do not

n the Clifford dynamics, 6,, can only take a discrete value nm/2 with n randomly chosen in 0,1 2 and 3.
2In fact, the pairs that are the same in region B also contribute to the purity. If we take them into account, the purity becomes Tr(pi‘) = (2Fa x

qb=La—1 4 gla x ob—La—1 _oLa x ol—La—1y/4L—1 — 9—La 4 9—L+La _ 9—L+1 therefore the actual steady state entanglement Sff) <
L 4 In 2. But now we care about the leading non-constant term so the last two terms are discarded temporarily.
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contribute any phase terms. This result can be generalized to the many-qubit case. The accumulated phase terms of all
the configurations that contain particles in B will add up to zero and make no contribution to Eq. (2.24). Meanwhile, the
configurations that will contribute to Q(¢) are those with no particles in B and hence have zero relative phase. There-
fore, Q(t) can be alternatively viewed as the fraction of configurations in which the particles never reach the boundary

between A and B,

(2.25)

where K is the total number of particle configurations in A and K|, is the number of particle configurations in which

particles never reach the boundary up to time ¢.

2.3.3 Single-species BAW model
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Figure 2.5: (a) The evolution of Q on a log-log scale. The system size is L = 120. We also plot Ko /K atp = 0.9 for
comparison. (b) We simulate the single-species BAW model with no CNN gates and plot % vs t for L = 120 on the
log-log scale. % decays as a power law function with the exponent close to the analytical prediction %.

The above analysis motivates us to define a single-species BAW model. Initially, the particles are distributed randomly
in A on a 1D lattice. We let them undergo the same dynamics as the QA circuit in which they perform BAW. Our aim
is to find the probability Q(t) that the particles have never reached the boundary between A and B up to time ¢. In the
limit where p = 0, the particle front propagates with a constant velocity v. Then, only the initial configurations with
no particles distributed within a distance vt to the boundary contribute to Ky (¢). This leads to Q(t) ~ 27, i.e., the
probability that particles never cross the boundary decays exponentially in time. If we roughly take the entanglement
entropy as Sy ~ — In Q(¢), it then grows linearly in time. As we increase p, the propagation slows down and eventually
becomes diffusion-dominated when p > p.. At this critical point p. and in the critical phase p > p., we will see that

Q(t) decays algebraically as Q(t) ~ t~? where 6 is the so-called persistence exponent in the first passage problem[67].
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Figure 2.6: An example of the two-species BAW model. The black dots represent X particles, and the red dots represent
Y particles. Initially, X and Y particles are distributed in region A and B respectively. Under the time evolution, the
two species perform BAW before they encounter one another. There are two types of possible particle configurations in
which the two species have not met up to time ¢: (1) X particles intrude into B and (2) Y particles intrude into A.

We first simulate the phase dynamics and numerically compute ()(¢) defined in Eq. (2.24) on an open-boundary 1D
lattice in Fig. 2.5(a). We find that at p = p,, w ~ t~9% with # = 0.484 before saturation; when p > p., § decreases by
increasing p and the system still stays in the critical phase. We also replace the CZ phase gate by a random phase gate and
we observe the same scaling behavior (not presented in the plot). For comparison, we compute the fraction Ky (t)/K
and we find that it has the same scaling behavior as Q(t), confirming their equivalence in Eq. (2.25) [See the curves for
p = 0.9in Fig. 2.5(a)]. In addition, we also consider the case when there are no CNN gates and the particles only diffuse
and annihilate upon contact. As shown in Fig. 2.5(b), the probability that the particles never cross the boundary scales
as Ko(t)/K ~ t=3/16 for all p. The exponent 13—6 is the persistence rate for the 1D diffusion-annihilation process and has

been analytically computed in Refs.[68, 69] (For more details, see Appendix. 2.B).

2.3.4 Two-species BAW model

Inspired by the single-species BAW model, in this section, we will take into account all of the phase terms and analyze
the dynamics of the purity defined in Eq. (2.14).

Similar to Q(t) in the previous section, only the bit-string pairs with zero relative phase up to time ¢, viz., those with
—0pr — Oy + 0, + 0, = 0, can contribute to Tr[p% (¢)]. Any other bit-string pairs will generate random accumulated
phase terms, which sum up to zero.

To understand the zero relative phase constraint, we propose a two-species BAW model. Initially, the particles rep-
resenting the difference of the bit-string pair |n; — ns| are distributed randomly along a 1D lattice. Let X (Y") particles
denote the bit-string difference initially in region A (region B). We further define x as the location of the rightmost
X particle and y as the location of the leftmost Y particle. As shown in Fig. 2.6, under the hybrid QA circuit with Zo
symmetry, the particles start to perform BAW. Before X and Y particles encounter one another, the generated phase in
each layer 6,, is composed of three parts: 07[11 ’w], 05{“’) and 9,[? ’L], which denote the phases generated within the regimes

[1,z], (z,y) and [y, L] respectively. Since the first regime occupied by X particles always satisfies n; ([1, z]) = n4([1, z])
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Figure 2.7: (a) —In P vs ¢ on a semi-log scale, defined for a half-system-size cut with system size L = 120. (b) The steady
state —In P vs In(x), where « = sin (v L 4 /L)L /. (c) The comparison of —In P(¢) and Sff) (t) at p = p. (d) The scaling
of —In P(¢) when the CNN gates are absent. We find that A; = 0.269 for all p. All of the numerical data of —In P(¢) are
calculated under the periodic boundary condition.

and no([1,2]) = n/([1,z]), we have 0} = 95,;”, plL) = 07[11,1’””]. Similarly, in the third regime occupied by Y par-
ticles, 0%’1’” = GE{I’L], and GLE’Q’L] = 95’,2’”. In addition, since there is no particle in the intermediate regime, we have

Gﬁfi’y) = 9;12’1“’) = GSZ’y) = 97(1””,2’?’). Therefore the total phase difference vanishes: —6,,; — 0y, + 6y, + 0, = 0.

Once the rightmost X particle comes across the leftmost Y particle, the two-qubit phase gate acting on sites x and y
will generate a nonzero relative phase. For example, if we apply the CZ gate on ee with a possible corresponding bit string
configuration {|n1), |n2),|n}), [n5) }z,, = {]10),]01),|00), [11)}, a relative phase 0 + 0 — 0 — 7 = — is generated. If we
apply the CNOT gate on sites z and y, {|n1), [n2), |n}), [n5) }2y — {|11),|01),]00),|10)}, i.e., another type of “particle”

different from the two species with bit string configuration |n1), = |ng2), # |n}), = |n5), appears on site y and will

17



p=0335 | p=05|p=07|p=0.9
A\ 1.053 0.507 0.355 0.293
—InP | X 1.858 0.999 0.716 0.615
A2/A1 1.765 1.970 2.017 2.099
- A 1.120 0.473 0.334 0.291
553) Ao 1.947 0.926 0.665 0.605
Ao/ A1 1.738 1.958 1.991 2.079

Table 2.1: The comparison of scaling prefactors of the two-species BAW model and the Z»-symmetric Clifford QA model
for various measurement rates p > p.. Both of them are computed under periodic boundary condition.

spread along the lattice under further evolution. As time evolves, the configurations for which the two species have met
will generate random accumulated phases, half of which are composed of odd numbers of 7, while the other half are
composed of even numbers of 7. The accumulated phase terms e*©~ of such configurations will add up to zero and make

no contribution to Eq. 2.14. Therefore, we have

Trp% (1) = P(1) 7
4 M (2.26)
S (t) ~ —log, P(t),

where M is the total number of particle configurations and M, is the number of configurations in which X and Y
particles never encounter one another up to time ¢.

The validity of the two-species BAW model is numerically verified by simulating — In P on a 1D lattice with periodic
boundary condition. Compared with Fig. 2.6, there are two boundaries between A and B. As shown in Fig. 2.7, we find
that this quantity exhibits a logarithmic growth before saturation, i.e., —In P(t) = A;Int¢ for p > p.. Specifically, we
compare the value of —In P(t) and % at p = p. in Fig. 2.7(c) and find that they have the same scaling. Numerically,
A1(pe) = 1.053 ~ 1.12 where 1.12 is the prefactor of the logarithmic scaling of Sf) (t) at p = p.. In addition, we remove
the CNN gates in Fig. 2.7(d) and let the particles perform diffusion-annihilation random walks. As a result, we find
—In P(t) ~ 0.269 In(t) for all p, with the prefactor 0.269 being close to 0.283 which is the prefactor of the entanglement
entropy without CNN gates.

We also investigate P in the steady state and use this to understand the steady state entanglement entropy. In the
steady state, M is the number of configurations in which X or Y particles have vanished by annihilating with themselves
before they encounter one another. If the subsystem length L 4 < L, it is highly possible that the X particle will vanish

first. In this case, when p > p,, the subsystem A reaches the steady state at ¢t ~ L?% and we have
P(t=L4) ~ LM, (2.27)

this leads to a logarithmic scaling of entanglement entropy with respect to the subsystem length L 4. In particular, the
prefactor is A; 2.
We simulate — In P in the steady state in Fig. 3.5(b) to numerically verify the above analysis. Here we fix the total

system length L = 120 and vary the subsystem length L 4. As expected, we observe a phase transition from the volume-
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law phase to a critical phase in which
—InP =X In(sin(wrLa/L)L/7) (2.28)

for p > p.. We calculate the ratio between A\, and \; for different p and find that A\y/A\; = 1.765 at p = p. and
A2/A1 = 2.029 atp > p., which are consistent with the two dynamical exponents z = 1.744 atp = p.and z = 2 atp > p,
in the PC universality class. These exponents are also very close to the numerical simulation of the Clifford QA model
A2/A1 = 1.738 at p. and Az /A1 = 2.009 for p > p.. (For a more detailed comparison, see Table. 2.1). Consequently, we
can confirm that the hybrid QA model with Z, symmetry can be well-described by the classical two-species BAW model.

2.4 Purification Dynamics

(a)

(b) (©)

Figure 2.8: Illustration of the circuit used to explore purification dynamics. (a) Every phase gate acts on four qubits, two
from system A and two from environment B, in order to form % EPR pairs. (b) The symbols of the four-qubit phase gate,
three-qubit CNN gate, the single-qubit Z measurement gate and two-qubit rotation gate . (c) The arrangement of gates
in a time step for the purification process of Z,-symmetric hybrid QA circuit model. Except the initial setup in (a), the

hybrid circuit is applied in system A only.

In this section we will study the purification dynamics of the hybrid QA model with Z, symmetry [30]. We consider
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Figure 2.9: Data collapse of purification dynamics described in Fig. 3.6(c). (a) is the result at p = 0.7 > p. and (b) is the
result at p. = 0.335.

system A and environment B entangled together, and then apply the hybrid circuit solely on the system A. We aim to
explore how the entropy of the system depends on the measurement rate.

Under a generic hybrid quantum dynamics, the system will eventually be purified. It is shown in Ref. [30] that
the time of purification can be used to characterize the entanglement phase transition. In the volume-law phase with
p < pe, the purification time diverges exponentially in the system size L, while in the area-law phase with p > p,, the
entropy decays exponentially with a finite rate and the purification time is proportional to In L. At the critical point p,,
the entropy decays algebraically when ¢ < L?. This result also holds in the hybrid QA circuit without Z, symmetry,
where the purification dynamics can be further interpreted in terms of classical bit-string dynamics [40].

In the presence of the Z, symmetry, we will show that the purification dynamics of the QA circuit will be modified
when p > p., analogous to the entanglement dynamics we studied in the previous section. Numerically, we prepare
a product state with 2. qubits polarized in the x direction, and then divide them into system A and environment B
with equal size L. In order to impose the Z, symmetry, we measure the Pauli string Z; 75 - - - Z;, in the system and
Zr41Z1+2 - Zar, in the environment. Then we apply a four-qubit diagonal phase gates onto the system A and en-
vironment B as in Fig. 3.6(a) to create entanglement between them. The phase gate assigns a 7 phase to the basis
[0110),]0111),|1110), |1111) with the rest of the basis remaining invariant. Moreover, it is a Clifford gate and therefore
the total initial state can be represented as a stabilizer state. Since each phase gate can create In 2 entanglement between
the system and the environment, the system has an entropy Sf) = % In2.

In the purification dynamics, the unitary and measurement gates are applied solely on system A, as shown in Fig. 3.6(c).
Notice that different from the entanglement process illustrated in Fig. 3.2(b), here we do not need to introduce phase
gates, due to the fact that the phases between {|n1), |n})} and between {|ns), |n) } always cancel with each other. There-
fore the unitary evolution consists solely of CNN gates, which simply map one basis state to another. These gates scramble

the quantum information within system A, while the entropy of the full system remains the same. On the other hand,
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the measurement gate disentangles the system from the environment, and the entropy decreases monotonically under
the time evolution.

We simulate the purification dynamics of the above hybrid QA Clifford circuit. When p > p., we observe that the
entropy has a slow diffusive power law decay for a long period of time due to the presence of the Z, symmetry, while it
takes a time exponentially long in system size to purify the system when p < p.. The data collapse of different system
sizes in Fig. 2.9(a) further indicates that @ = F(t/L*) with z = 2 when p > p.. In addition, at critical point p., the
above scaling form also works with different z = 1.744 [See Fig. 2.9(b)]. We believe that such scaling is universal in other
non-Clifford hybrid QA circuits with Z, symmetry and the dynamical exponents are consistent with what we found in

the entanglement dynamics.

2.5 Conclusion

In this chapter, we explore the Z,-symmetric quantum automaton (QA) circuit subject to local composite measurements.
By tuning the measurement rate p, we find an entanglement phase transition from a volume-law entangled phase to a
critical phase with logarithmic entanglement scaling. By analyzing the underlying classical bit-string dynamics, we
show that the critical point p. belongs to the parity-conserving universality class. We further show that the critical
phase is protected by the combination of Z; symmetry and the special feature of QA circuit. We derive an effective
two-species particle model in which particles perform branching-annihilating random walks. We use this model to
understand the entanglement dynamics and illustrate that the purity of the wave function is equivalent to the fraction
of particle configurations in which two different species of particles never encounter. Based on this result, we show that
the prefactors of the logarithmic second Rényi entropy at the critical point and the critical phase are related to the local
persistence exponents of the corresponding two-species particle models. In addition, the above critical behavior when
p > p, is further demonstrated in the purification process.

The idea of presenting bit-string dynamics in the particle language can also be applied in Ref. [40] to explain the
entanglement phase transition without Z, symmetry that belongs to the directed percolation universality class. Based
on this method, it is also possible to develop similar tools to understand the universality classes of entanglement phase
transition in the hybrid Haar random circuit and hybrid Clifford random circuit[25, 26]. In addition, it can also be used to
understand the subleading correction term in the non-thermal volume-law phase when p < p.[33, 52]. This interesting

question will be explored in the next chapter.

Acknowledgement.— We acknowledge Ethan Lake for his careful proofreading. We also acknowledge the helpful discus-

sions with Jason Iaconis.
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2.A parity-conserving universality class and the branching-annihilating

random walks

Nonequilibrium phase transitions in classical dynamical lattice models can be classified purely by their scaling behavior.
The most common nonequilibrium class is the directed percolation (DP) universality class. Another class called parity-
conserving (PC) universality class emerges when we add extra symmetry, namely, parity conservation to the system. Like
the DP universality class, the PC universality class is very robust in a sense that it contains many models that share the
same critical exponents. In this appendix, we will show that the BAW model introduced in Sec. 2.3 belongs to the PC
universality class.

In Sec. 2.3 we have established the connection between the hybrid QA model with Z, symmetry and a classical
particle model. Under the QA circuit composed of CNN gates and composite measurements, the particles perform the
branching-annihilating random walks (BAW) where they diffuse on a one-dimensional lattice and annihilate when they

come into contact with probability p. Furthermore, each particle can generate an even number of off-springs, i.e.
W« 3W, W+ W 5 0. (2.29)

There are three initial conditions which lead to different scaling behavior of various properties under the same dynamics:
(a) the seeding process starting with a pair of adjacent particles, (b) the seeding process starting with a single particle,
and (c) the purification process starting with a fully occupied state.

We first analyze the BAW model with initial condition (a) numerically. We vary p and measure the scaling behavior
of the mean particle number N (¢). As shown in Fig. 2.10(a), we observe a phase transition while adjusting p: when
p < p. ~ 0.335, an active steady state with finite number of particles emerges. Atp = p,, W ~ t? where § = 0. When
p > p., the dynamics is dominated by annihilation of particles in pairs and the system enters an absorbing phase where
the particle number is monotonically decreasing until N(t — oo) = 0. In addition, we measure two other quantities:
P(t), the probability that the system has not entered the absorbing phase at time t; R2(t), the mean-square distance
from the center of the lattice chain, averaged over the surviving samples. From Fig. 2.10(b), when p < p,, the system
maintains a finite possibility to survive and stay away from the absorbing phase. When p = p., P(t) ~ t~% where
0 = 0.286. Notably, when p > p,., P(¢) still decays as a power law with the exponent 1/z = 1/2. P can also be viewed as
an order parameter which marks the existence of a phase transition. Furthermore, the numerics in Fig. 2.10(c) shows
that the mean-square distance R2(t) ~ t2/* at p = p.. with the other dynamical exponent z = 1.833. These exponents
are universal for the PC universality class and agree with the numerical findings that 6 = 0.286, § = 0, z = 1.744 when
p =p.and z = 2 for p > p. in Ref.[47].

We also study the other initial conditions under the same dynamics. Fig. 2.11(a) exhibits the scaling of N (t) for
the seeding process starting with a single particle. It is easy to see that the system will never reach an empty state for

N(0) = 1 since the parity is conserved, therefore, the survival rate P(¢) is always zero, § = 0 for all p. On the other hand,

N(t) ~ t%286 when p = p.. These exponents coincide with that of the seeding process starting with a pair of particles
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Figure 2.10: We simulate the BAW model of the seeding process starting with a pair of adjacent particles and find that
the critical point is around p. = 0.335. In the calculation done in the Appendix with L = 600, we find that if we choose
pe = 0.335, the critical exponents have the best match with the critical exponents of the PC universality class. (a) The
mean particle number N vs ¢ on the log-log scale for L = 600. (b) P vs t on a log-log scale for L = 600. When p = p,.,
P(t) ~ t79-286 and when p > p,, P(t) ~ t~%5. (c) The mean-square distance scales as R2(t) ~ t1%1 atp = p,. for
L = 600.
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Figure 2.11: The mean particle number N (¢) vs ¢ on a log-log scale for (a) the seeding process beginning with a single
particle and (b) the purification process starting with a fully occupied state.

except that the values of § and 0 exchange, which is quite interesting.

As shown in Fig. 2.11(b), N(t) for the purification process has a similar scaling with P(t) for the seeding process
starting with a pair of adjacent particles. When the measurement rate p < p., the system approaches an active state
with a finite number of particles. Once p = p,, N(t) ~ t~%-286, When p > p., the particles are performing annihilation-

dominated BAW, N (t) still decays algebraically, i.e., N (t) ~ t~ /2.

2.B Single-species BAW model and the first passage problem

(@) (b)

Figure 2.12: Mapping between the zero-temperature Glauber dynamics in one dimension and the corresponding domain
wall quasiparticles: (a) the spin marked in orange is updated and the domain wall quasiparticles annihilate; (b) the spin
marked in orange is flipped to match the value of its right neighbor and the domain wall quasiparticle diffuses to the left.

In this appendix, we will investigate the correspondence between the single-species BAW model in Sec. 2.3.3 and the
first passage problem of the 1D Ising model discussed in Ref.[68].
In Ref. [68], they studied the persistence probability r(g, ¢) that a given spin stays in the same state up to time ¢
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of an infinite 1D ¢-state Potts model whose update rule obeys the zero-temperature Glauber dynamics. If a random
initial g-state spin configuration is quenched at zero temperature, the dynamics tends to align all the spins. At each time
step, a chosen spin is updated according to the values of its two nearest neighbors, i.e., S;(t + 1) = S;_1(¢) or S;1+1(t)
with equal probability. They proposed a coagulation model which treats Sy(t) at different time steps as random walkers
which coalesce upon contact in the time-reversed order and find that the persistence rate is just the probability that
So(1) = Sp(2) = - - - = Sp(t) which scales as

(g, t) ~ 9@, (2.30)

where the exponent has the analytical expression

2
0(q) = —% + % [cos—1 (%};)} : (2.31)
A single-species BAW model was introduced in Sec. 2.3.3. Initially, the particles are distributed randomly in the
left half of the lattice chain. Under the unitary gates and composite measurements, the particles perform BAW. We
have demonstrated that Q(¢) defined in Eq. 2.24 is equivalent to — In( K,/ K), where K (t)/K is the fraction of particle
configurations in which the particles never diffuse into the right half of the lattice chain up to time ¢, or in other words, the
probability that the boundary between A and B has never been visited by the particles. If we consider the case when the
particles are performing diffusion-annihilation random walks, i.e., there are no CNN gates, and we treat them as domain
walls between the spins, then their dynamics under the measurement-only circuit has a one-to-one correspondence to the
zero-temperature Glauber dynamics of the 1D Ising model (¢ = 2). As illustrated in Fig. 2.12, when the spin different
from both of its nearest neighbors is flipped, the domain walls annihilate; When its neighbors are in different states
and the spin is aligned with one of them, the domain wall either diffuses or stays still. Besides, there is no creation of
domain walls, i.e., no particle branching since the zero temperature prohibits any energy-raising move. Then K (t)/K =
r(q = 2,t), since it is equivalent to the probability that the spin on the boundary of a finite chain has never flipped.
Thus, K(t)/K decays as a power law with the exponent 6(q = 2)/2 = 3/16.
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Chapter 3

Entanglement structure in the volume-law
phase of hybrid quantum automaton

circuits

3.1 Introduction

The past few years have witnessed a surge of interest in monitored quantum dynamics[25, 27, 26, 31, 30, 37, 36,42, 46, 44,

]. These non-unitary dynamics can exhibit many emergent phenomena which are inaccessible in pure unitary dynam-
ics or in systems in equilibrium. It is by now well-known that in a generic interacting system, repeated measurements
can induce a continuous phase transition from a highly-entangled volume-law phase to a disentangled area-law phase
[25,27, 26,31, 30, 37, 36]. In addition, specific types of measurements can stabilize various quantum phases, including
critical phases and ordered phases[42, 70, 46, 44, 45]. These rapid developments significantly broaden our understanding
of non-equilibrium dynamics.

To understand these emergent phenomena in monitored quantum dynamics, various non-unitary random circuits
have been constructed. This includes hybrid random Clifford circuits and hybrid random Haar circuits. For Clifford
circuits, there exists a very efficient algorithm in terms of the stabilizer formalism which allows us to simulate non-
unitary dynamics for very large system sizes [71, 26, 31, 30]. On the other hand, Haar circuits provide an important
analytical approach which can map many quantum dynamics problems to statistical mechanics models [25, 37, 36].

Recently, a new type of circuit called hybrid quantum automaton (QA) circuit was constructed to investigate the en-
tanglement dynamics in the monitored quantum systems [40]. This circuit is composed of QA unitaries and local com-
posite measurements. Compared with random Haar/Clifford circuits, QA circuits not only provide an efficient method
for large-scale numerical simulation, but also provide an analytical tool to understand the quantum dynamics. Due to

the basis-preserving feature of QA circuits, the entanglement dynamics can be interpreted in terms of a classical bit-string
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picture. Specifically, the second Rényi entropy can be mapped to the first-passage problem in the bit-string dynamics.
Based on this mapping, it was further shown that the measurement-induced entanglement phase transition in a generic
hybrid QA circuit belongs to the directed percolation (DP) universality class[40]. At the critical point, the prefactor of
the logarithmic entanglement is related to the local persistent exponent in the DP universality class. By further imposing
symmetries in the dynamics, new critical points or critical phases belonging to different universality classes can also be
identified [70].

Inspired by the above bit-string picture, in this chapter we will study the weakly-monitored volume-law phase of
one-dimensional (1d) hybrid QA circuits. In particular, we will study the fluctuation of the entanglement in this random
dynamics and the quantum error correction property of the volume-law phase. Previous studies for 1d random Haar
circuits suggested that the entanglement entropy can be mapped to the free energy of the directed polymer in a random
environment (DPRE) which has fluctuation belonging to the Kardar-Parisi-Zhang (KPZ) universality class [28, 25, 49, 50].
Such fluctuations lead to a subleading correction term scaling as L'/? in the entanglement entropy in the volume-law
phase, which has also been numerically verified for random Clifford circuits [51, 52]. We numerically show that the
entanglement entropy of a subsystem in both the early-time dynamics and the steady state in the hybrid Clifford QA
circuit also exhibit sample-to-sample fluctuations with the same scaling behavior. In order to understand this behavior,
we construct a particle model based on the bit-string picture in which the particles undergo stochastic random dynamics.
We compute the classical quantity in the particle model which corresponds to the second Rényi entropy in the QA circuit,
and show that it exhibits similar fluctuation.

In addition, we study the purification dynamics in the hybrid QA circuit in the volume-law phase[30]. We modify the
aforementioned particle model slightly and use this to give an interpretation of the entanglement entropy of a subsystem
in the presence of the environment. Previously, it was shown that for purification dynamics, the hybrid quantum circuit
can dynamically generate a quantum error correcting code (QECC) [30, 29, 33], whose property has been quantitatively
investigated in the Clifford circuit [52]. We analyze this code in the hybrid QA circuit in terms of the particle model
and show that it exhibits two types of contiguous code distance for different errors with both of them diverging in the
thermodynamic limit.

Interestingly, the stochastic classical particle model itself has an error correction property, and can dynamically gen-
erate a classical linear code (CLC). We study this random CLC by analyzing the dynamics of the associated generator

matrix and numerically compute its contiguous code distance.

3.2 Review of the hybrid QA circuit and two-species particle model

Ref. [40] establishes the relationship between the entanglement dynamics and the classical bit-string dynamics in the
hybrid QA circuit. The subsequent work in Chapter 2 explicitly constructs a classical particle model to describe the
entanglement dynamics of the Z,-symmetric hybrid QA circuit. In this section, we briefly review some of the important
results in these two works and modify the two-species particle model so that it can be applied on hybrid QA circuits

without any symmetry.
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The hybrid QA circuit is composed of QA unitary operators and composite measurements. A QA unitary gate per-

mutes product states in the computational basis up to a phase, i.e.,
Uln) = e |m(n)), (3.1)

where m € Sy is an element of the permutation group on the computational basis of a lattice with L qubits. We choose
the Pauli Z basis as the computational basis and take the initial state to be a product state polarized in x direction,
|¥) = | + 2)®L. QA unitaries scramble the phase information stored in |/) and hence increase the entanglement of the
state until it saturates to the volume-law scaling. Meanwhile, the wave function remains an equal-weight superposition
of computational basis states, which is the characteristic of QA circuits.

On the other hand, local measurements can suppress the growth of entanglement. In the QA circuit, the composite

measurement of the i-th qubit is defined as a projection operator followed by a Hadamard gate,

M¢ = H;o P?, (3.2)

where P7 = liTZ is the Pauli Z measurement on site ¢ with the outcome ¢ = {0, 1} and H; rotates the state back to an
equal-weight superposition over the computational basis. Therefore, after imposing M7, the phase information for half
of the basis states is lost. The composite measurements disentangle the system while preserving the special feature of
QA circuits.

It is shown in Ref. [40] that by increasing the measurement rate p, the one-dimensional hybrid QA circuit undergoes
an entanglement phase transition from a volume-law entangled phase to an area-law disentangled phase, with the phase
transition belonging to the 1+ 1d directed percolation (DP) universality class. If we bipartition the system into subsystem

A and its complement B, a common quantity to measure the entanglement between them is the n*" Rényi entropy:

n 1 n
S = 1= log, [Tr(p})] -
pa = Trp|v) (v,

In this chapter, we focus on the second Rényi entropy with n = 2, whose purity equals the expectation value of the

SWAP 4 operator over two copies of the state [65, 66],

Tr(p%) = (Yl @ (Y[1SWAPA[Y)1 @ [1)a, (3.4)

where the SWAP 4 operator exchanges the spin configurations |«) within subsystem A.
The entanglement dynamics of the hybrid QA circuit can be interpreted in terms of classical bit-string dynamics. By

inserting two sets of complete basis on the right side of the SWAP 4 operator in Eq. 4.9 and applying the circuit on the
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Figure 3.1: A cartoon of the two-species particle model. The black dots represent X particles, and the red dots represent

Y particles. Initially, X and Y particles are distributed in region A and B respectively. We use z and y to denote the
leftmost X particle and the rightmost Y particle.

bit-strings in a time-reversed order, we obtain

1 _i®., —i®., .
Tr(p%) = aL > e e OO O, (35)

n1,n2

where
[nh)[n5) = SWAP 4|n1)|n2)

= SWAP 4|1 B1) |2 B2) (3.6)

= |azf1)|o1Ba),

and e’©ni = /2L (n;|Uy|4ho), with U; denoting the circuit evolution. In order to compute Tr(p? ), we need to understand
the dynamics of the relative phase ©, = —0,; — 0,; + ©,, + O,, for each bit-string pair {|n1),[n2)}. Under QA
evolution, nonzero randomly distributed ©,. will lead to destructive interference, and as such only configurations with
trivial relative phase contribute to the purity. This observation motivates us to construct a two-species particle model, as
mentioned in the previous chapter.

The particles here characterize the difference between a bit-string pair {|n1), |n2)},
h(z,t) = |ny(z,t) — na(z,t)|. 3.7

We use the empty site symbol o to denote ~(z) = 0 and the occupied site symbol e to denote h(z) = 1. Specifically, we
represent the difference at ¢ = 0in A (B) by X (Y') particles, as illustrated in Fig. 3.1. Under the time evolution, these
two species start to expand according to the update rule determined by the circuit. For the rest of the chapter, we focus
on QA unitary gates U which are linear with respect to the bit-string addition defined in finite field Fo, so that for any bit
string pair ny and no, U(|n1) + |n2)) = U|ny + ns). This means that we can directly work on the particle representation
h(z,t) without keeping track of the bit-string dynamics. One good example is the two-qubit CNOT gate. When the first
qubit acts as the control, we have eo <+ ee. On the other hand, the composite measurement forces the spins on the same
site to be identical, which results in particle annihilation, « — o. Only the configurations in which the X and Y particles

do not meet up to time ¢ yield ©,, = 0 and hence contribute to the purity (For more details, see Chapter 2). Therefore,
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we have N
= P(t),
2k ) (3.8)
S () = —log, P(t),

Trp% (t) =

where N (t) is the number of configurations in which the two species do not meet up to time ¢. At the critical pointp = p,,
the fraction P(t) decays algebraically as P(¢) ox ¢t~%, where « is the persistence exponent. For the DP universality class,
a = 0.938 is auniversal number [40]. This power-law decay is responsible for the logarithmic scaling of the entanglement

entropy at criticality.

3.3 Entanglement dynamics in the volume-law phase

We now take a closer look at the entanglement entropy in the volume-law phase with p < p.. Previous studies of
these 1 4 1d hybrid circuits indicate that randomness induces strong fluctuations in the entanglement entropy in both
spatial and temporal directions. A nice way to understand this problem is through the minimal cut picture introduced
in Ref. [28], which maps the entanglement dynamics to the first passage problem on a percolation lattice. Such a picture
rigorously describes the zeroth Rényi entropy Sf;]) of the Haar random circuit subject to projective measurements. For the
entropy with higher Rényi index, it is argued that it can be treated as the free energy of the domain wall in a disordered
magnet[51, 72]. Notice that in both approaches, the entanglement entropy is mapped to the free energy of the 1 +
1d directed polymer in a random environment (DPRE), whose fluctuation belongs to the KPZ universality class. As a
result, there exists a sub-leading correction term in the ensemble averaged entanglement entropy in both the early-time

dynamics and the steady states, i.e.,

(Sa(t)) =Mt +at? +--- | (3.9)

(Sa(La)) = AaLa +bL5 +---, (3.10)

where the brackets represent an ensemble average and g = % is the “roughness exponent” of the DPRE[49]. The sub-

leading correction term can be extracted by computing the standard deviation

5Sa(t) = V([Sa(t)]?) — (Sa(t)? o< 17, (3.11)
8Sa(La) = V/{[Sa(La)?) = (Sa(La))? o L, (3.12)

which characterizes the sample-to-sample fluctuations with the same exponent 3. This result has been confirmed nu-
merically in Clifford circuits in Refs. [51, 52]. Below we will numerically examine the volume-law phase of the hybrid

Clifford QA circuit and understand its physics in terms of the particle dynamics.
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Figure 3.2: (a) A schematic for the gates appearing in the hybrid Clifford QA circuit. (b) The dashed box represents the
arrangement of gates in a single time step. Each time step involves two layers of CNOT gates and two layers of CZ gates,
interspersed with composite measurements with probability p.
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Figure 3.3: (a) The standard deviation of entanglement entropy 654 vs L4 plotted on a log-log scale. The data are
computed from the steady-state entanglement entropy S, for half-system size L4 = L/2 over a variety of L. The
measurement rates are taken to be p = 0.04 and p = 0.08. (b) The standard deviation of early-time entanglement
entropy d.54 vs t for p = 0,0.04, 0.08. All of the numerical data for entanglement entropy are calculated with periodic

boundary conditions (PBC).

3.3.1 Numerical study in hybrid Clifford QA circuits

We consider a hybrid Clifford QA circuit in which the QA unitaries also belong to the Clifford group. According to the
Gottesman-Knill theorem [71, 64], the Clifford circuit can be efficiently simulated on a classical computer using the
stabilizer formalism. As illustrated in Fig. 3.2, the circuit is constructed from two types of unitary gates chosen from the
two-qubit Clifford group, namely, CNOT and CZ gates, as well as sporadic composite measurements distributed with

probability p. The critical point is at p. = 0.138 [40]. The numerics in Fig. 3.3(a) indicates that for 0 < p < p,, the
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standard deviation of the steady-state entanglement entropy scales as 654 Lff with 81 =~ 0.322.

Aside from the steady state, we also study the early-time entanglement dynamics in the volume-law phase. Similarly,
we observe in Fig. 3.3(b) that for p < p,. (not necessarily nonzero), §54(t) o t°2 with 35 a2 0.307 for p = 0 and p = 0.04,
and B2 =~ 0.266 for p = 0.08. For p < 0.04, The exponents of the sub-leading terms of the steady-state and early-
time entanglement entropies are similar and are close to the roughness exponent, i.e., 51 ~ (3 = % The exponent
B2 /= 0.266 at p = 0.08 is smaller than 1/3 and is probability due to the proximity to the critical point. We also consider
the entanglement entropy in the purification dynamics of the same circuit and in the Z,-symmetric hybrid Clifford QA
circuit. In both cases, we find that it exhibits similar fluctuation. The details can be found in App. 3.C and App. 3.A.
Overall, these results provide numerical evidence that the entanglement entropy in the volume-law phase of the Clifford

QA circuit has KPZ fluctuations.

3.3.2 Single-species particle dynamics
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Figure 3.4: (a) The early-time 6(— log, K) vs t plotted on a log-log scale. (b) The steady state 6(— log, K) of the single-
species particle model vs L 4 plotted on a log-log scale. The numerical data are calculated from the single-species particle
model using the basis-decomposing method with particle annihilation rate p = 0.04 and p = 0.08.

Recall that in the two-species particle model, the entanglement entropy is related to the logarithm of P(t), which
is the fraction of configurations in which X particles do not encounter Y particles up to ¢t. We denote x (y) as the
rightmost X (leftmost V") particle. In the volume-law phase, x and y move toward each other at roughly the same speed,
so P(t) decays exponentially in ¢, leading to the linear growth of Sff) (t). The subleading term in Sff) (t) is caused by the
fluctuation of the velocities of = and y in different particle configurations. For simplicity, we fix the position of y to be
next to the boundary between A and B, so that only the fluctuation of z is considered. This is equivalent as computing

a subset of phase terms in Eq.(3.5) restricted in subsystem B,

B

1 —i08, 468
ol DK (313)
1,02
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where {1, a2} are the spin configurations in subsystem A of the bit-string pairs {|n1), |n})}. With this approximation,
P(t) is simplified to be K (¢), the fraction of configurations in which « never crosses the boundary between A and B up
to time ¢.

One important advantage of taking the single-species approximation is that K (¢) can be efficiently computed using

the following approach: (1) All of the particle configurations in subsystem A can be generated by a set of binary basis

H° = {hy,...,hr,}. Hence, any particle configuration can be expressed as the linear combination
La
b= Z hei (3.14)
i=1

defined on the finite field Fy with «; = {0, 1}. Initially, we can set h;(t = 0) = (0...1;...0). Under linear operators,
we can evolve each basis separately and the above equation still holds with {«;} remaining invariant. (2) K(¢) can be
evaluated by simply evolving a set of basis H(¢) which span the ensemble of particle configurations which never enter
B. Initially, H (¢t = 0) = H° and therefore K (¢t = 0) = 1. Under the time evolution, if the rightmost particle z of a single
basis state, say, h;(t), crosses the boundary, then only the particle configurations with «; = 0 will contribute to K (t).
Hence, half of the configurations are ruled out, and the “entanglement entropy” — log, K (¢) increases by one. This also
means that h; is excluded from H(t) for further computation. On the other hand, if the « particles of multiple basis
states, say, G = {hq, ..., h,}, cross the boundary at the same time, one can easily verify that — log, K (¢) still increases

by one, except that the updated basis set becomes H (t) = {h1 + ha,...,h1 + h, } JH(t — 1) \ G. As a result,
—log, K(t) = La — |H(t)], (3.15)

where |H ()| is the number of existing basis at time ¢. This way of tracing the basis set which span the configurations
whose boundary has not been visited by the particles resembles the stabilizer formalism in Clifford dynamics.

We use the above method to first study the p = 0 limit of the single-species particle model under the Clifford QA
circuit defined in Fig. 3.2(b). With this limit, the particle basis states evolve under only unitary operators, i.e., random
CNOT gates. The numerics in Fig. 3.4(a) shows that the early-time dynamics has the fluctuation §[— log, K ()] oc 0-3%4,
In the steady state, the particles in all the basis states will pass the boundary and therefore —log, K(t — o0) = La
without subleading correction.

When0 < p < p., we observe similar fluctuations in the early-time dynamics. Fig. 3.4(a) shows that §[— log, K (¢)]
t0-294 at p = 0.04 and §[— log, K (t)] o< t°-26 at p = 0.08. The power law exponent slightly decreases as we increase p. As
opposed to the p = 0 case, the steady state entropy cannot reach the maximal value. Due to the local measurement which
forces @ — o in all the basis states at the same location, the time-evolved basis states in H (¢) cease to remain mutually
linearly independent. The steady state basis vectors H (¢t — oo) are formed by zero vectors containing no particles. The
fluctuation of the number of such zero vectors is the same as the fluctuation of — log, K (¢t — o0) and is shown in Fig.
3.4(b). By performing finite size scaling, we observe that §[— log, K (L )] oc L%?%5 for both p = 0.04 and p = 0.08,
slightly off from 1/3.
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3.3.3 Two-species particle dynamics
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Figure 3.5: (a) The early-time §(— log, P) vs ¢ plotted on a log-log scale. The numerical data are calculated from the two-
species particle model with the sampling method and with the system size L = 256. (b) The steady state §(— log, M) vs
L 4 plotted on a log-log scale, the ratio L 4 /L is fixed to be 1/2. M is one of the terms that contribute to P which can be
computed using the basis-decomposing method.

In the two-species particle model, it is unclear if there exists an efficient algorithm to evaluate P(¢). The existence
of two moving fronts makes the problem difficult to solve. Nevertheless, we can still simulate the early-time dynamics
using Monte Carlo sampling method[40]. More specifically, we prepare a large sample of randomly generated particle
configurations and estimate P(¢) by computing the fraction of configurations in which X and ¥ never meet up to time
t. This method works well for subsystem with entanglement entropy smaller than ~ 20. Around p., the entanglement
entropy is small and this sampling method has been successfully used to identify p. and compute the critical exponents
precisely over a few hundred qubits [70]. We apply the sampling method to the volume-law phase during the early time
and as shown in Fig. 3.5(a), the standard deviation of the entropy J[— log, P(t)] o< t%3% at p = 0.04 and p = 0.08, which
is consistent with the KPZ fluctuation.

Unfortunately, it is unrealistic for us to evaluate the sample fluctuation of — log, P of the steady state using the same
method. This is because in the steady state, P is exponentially small and avoiding the contact between the two species
becomes a rare event at late times. Below we analyze the physics of P and take some approximation to estimate the
fluctuation of log, P in the steady state.

In the context of particle dynamics, the entanglement entropy saturates when all the particle configurations which

contribute to P(t) have at most one species left. The steady state P is therefore composed of three parts,

N N N
Pzz—f—I—TZ/—%:Pxﬁ-Py—me (3.16)

where Px (Py) denotes the fraction in which X (Y") particles annihilate first under the dynamics before they could

encounter the other species, Pxy denotes the fraction in which both species extinguish at the same time before they
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p=0|p=0.04 | p=0.08
55 B | N/A | 0322 0.322
By | 0307 | 0.307 0.266
B | N/A | 0245 0.245
0(~log, K) By | 0304 | 0.294 0.26
6(=logy P) | B2 | N/A 0.34 0.34
d(=logo M) | B1 | N/A | 0.266 0.266

Table 3.1: The comparison of the exponents of the fluctuation 654 of Clifford QA entanglement entropy, §(— log, K)
of the single-species particle model, the early-time §[— log, P(t)] of the two-species particle model using the sampling
method, the steady-state 6[— log, M (L 4)] where M is a term that contributes to P. The measurement rate or the particle

annihilation rate is taken to be p = 0,0.04 and 0.08. In the table, 3, refers to the exponent of Lil and f; refers to the
exponent of 72,

meet. In the volume-law phase, Px x exp(—L4), Py « exp(—Lpg) and Pxy  exp(—L). In the thermodynamic limit,
the last term can be ignored and the first two terms compete as we tune L 4. When L4 < Lp, Px dominates and we

have P =~ Pyx. In contrast, when L 4 > Lp, we have P ~ Py . This leads to

—logy, Px, La<L/2
S@ ~ 2 / (3.17)

—logy Py, La>L/2.

Computing Px is still not an easy task. Instead we consider a subset of Px that can be simulated efficiently using
the basis-decomposing method in Sec. 3.3.2. We define the binary basis HY (H$.) which span the X (V") particle config-
urations in the absence of Y (X) particles. Both HS and HY- evolve under the same dynamics. At time ¢, we consider
the configurations in which the X particles never encounter Y particles in any of the basis states of Hy(¢) and denote
this fraction as M (¢). In other words, M (t) is equivalent to K (¢) in the single-species particle model, except that now

the boundary determined by the leftmost Y particle in HY. () is spreading to the left. Therefore,

olHx ()] » oL

—logy M (t) = —log, oL

=La—|Hx(t)]. (3.18)
where Hx (t) is the basis of X particle configurations which never meet the leftmost Y particle in HY(¢).

In the steady state, Hx is the set of basis in which the X particles have already vanished before encountering any
Y particles in H.(¢). As shown in Fig. 3.5(b), there exists sample fluctuation in —log, M in the volume-law phase. In
particular, we find that 6[— logy, M] o L%2% for both p = 0.04 and p = 0.08. This exponent is smaller than the one
computed in the Clifford QA circuit. The exponents for different models at various p < p, are listed in Table. 3.1 and we
find that some of them are smaller than 1/3.

Currently, it is unclear if this is a finite size effect, or if the fluctuations of these quantities in the one/two-species
particle models belong to other universality classes. The main obstacle of this issue is the lack of rigorous analytical
results. However, we want to mention that there are some known results about KPZ fluctuations in the particle dynamics.
Under the hybrid QA circuit, each particle configuration experiences the same circuit dynamics, therefore the end points

of the two species x and y can be treated as particles performing biased random walks in a fixed time-dependent random

35



environment. Mathematically, the dynamics of the endpoint is known as random walk in random environment (RWRE),
in which the logarithm of the transition probability is proven to exhibit KPZ fluctuations in some limit [73, 74, 75].
Indeed, this quantity is similar to the second Rényi entropy and the detailed discussion about this connection can be

found in App. 3.B.

3.4 Purification Process and quantum error correction

3.4.1 Purification process and hybrid QA QECC

System Q
o @ ® o]
! I I I I I I I @m» CZgate I CNOT gate
® 0 o
Reservoir R @  Z measurement Hadamard gate
@ (b)

©

Figure 3.6: (a) We use CZ gates to generate entanglement between system ) and environment R. (b) The symbols of
the CZ gate, CNOT gate, the single-qubit Z measurement gate and Hadamard gate. (c) The arrangement of gates for the
purification process of the hybrid QA circuit. Except the initial setup in (a), the hybrid circuit is applied solely in system
Q.

An alternative approach to understand the measurement-induced entanglement phase transition is through purifi-
cation dynamics[30]. The basic idea is to prepare a system () with an extensive entropy and evolve it under the hybrid
quantum dynamics. Although the system will eventually be purified, in the weakly-monitored volume-law phase with
0 < p < pe, the purification time is exponentially long in system size L. On the other hand, when p > p., the entropy
decays exponentially in time with a constant rate.

The existence of long purification time in the regime 0 < p < p, suggests that the hybrid quantum circuits can dy-

namically generate a robust quantum error correcting code (QECC) at polynomial time[30]. The QECC can be compactly

36



denoted as [L, k, d]. Here L is the number of physical qubits in () and k characterizes the amount of logical information
encoded in the code space and is quantified by the entropy of pg. The third index d is the code distance, which is defined
as the minimum weight of all uncorrectable errors. Here the errors can be interpreted as measurements which can po-
tentially reduce the entropy when applied on pg. If an error changes the entropy of ), then it is an uncorrectable error
since it damages the encoded quantum information and hence can not be recovered. Due to the locality of the circuit
model, a better measure is the contiguous code distance d.ont, which is the minimal length of a contiguous section of
qubits that supports an uncorrectable error [30]. In the volume-law phase, d.on: diverges in the thermodynamic limit.
The quantum information is stored non-locally under the unitary evolution and thus is protected against any local mea-
surements. On the other hand, for p > p,, the unitary dynamics fails to protect the encoded information under frequent
measurements. Previous works have quantitatively analyzed the statistical property of QECC in hybrid random Clifford
circuits [52, 51]. In this section, we will study the purification dynamics of the hybrid QA circuit and investigate the
QECC in terms of the classical particle model.

Initially, we prepare a product state of 2L qubits polarized in 4+« direction which can be evenly divided into system ()
and environment R. Then, we create L EPR pairs between them by applying CZ gates as shown in Fig. 3.6(a). Thus, the
system () becomes maximally entangled with environment R, i.e., Sg )= L.To investigate the purification dynamics, a
hybrid QA circuit is solely applied on system ). Numerically, we consider the model described in Fig. 3.6(c), identical
to the hybrid QA Clifford circuit in the entanglement dynamics in the last section. The composite measurements disen-
tangle the qubits in ) from the environment R. Meanwhile, the unitary evolution scramble the quantum information
within system (), increasing the entanglement between any subsystem A in () and its complement B := @ \ A, but not
affecting Sg ). There is a phase transition in the purification time of Sg ) at p = pe ~ 0.138 [40], consistent with the
entanglement dynamics studied in the last section.

As we discussed before, an important measure of the error-correcting ability of our QECC is the contiguous code
distance d.ont, which is the minimal length of a contiguous region supporting an uncorrectable error. It is thus natural
to mark the existence of such errors supported on a contiguous subregion A using the mutual information between A

and the environment R [76, 52, 77],
Ing=589+5% 5@
’42 P; AQ’R (3.19)
=59 +55 — 5%
When I4,r = 0, Aand R are completely decoupled, we cannot acquire any information encoded in the state by observing
any qubits within the subregion A. In other words, any measurements acting within A are correctable errors since they
will not affect Sg ), Therefemphore, deop: is the maximum length L* such that I, p = 0for L, < L% .
We simulate the Clifford QA circuit to find the entanglement entropies Sf) and Sg) and the mutual information
14, over various subsystem sizes L 4. The numerical results are given in Fig. 3.7. We take the code distance to be the

maximum length L% such that (I4 g) < efor Ly < L%. In the numerical simulation of the finite system size, we

set ¢ = 1. Remarkably, we find that Sf) starts to decrease at L4 = L — L% until it reaches Sg )at I A = L. This

In the stabilizer QECC, dcont can also be viewed as the minimal length of nontrivial logical operators acting within the code space. This is equivalent
to the dcont defined through the criterion I A,r=0.
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Figure 3.7: (a) The entanglement entropies Sff) and Sg) and half of the mutual information 74 r vs L4 computed
from the Clifford QA circuit with system size L = 400 at 7' = 2L, and p = 0.08. (b) The contiguous code distance dcont
for different system size L at p = 0.08 and p = 0.04 at T = 3L plotted on a log-log scale. Here we take dcon: to be the
maximum length L% such that (14 ) < 1. All of the data are computed with PBC.

non-monotonic behavior coincides with that in the previous study of the hybrid Clifford circuits [52] and is crucial in
understanding the code distance. We will modify the two-species particle model in the following section so as to give an
interpretation for Sf). As shown in Fig. 3.7(b), dcone has a sublinear power law scaling with L. Numerically, it scales as

L9343 for p = 0.04 and L%337 for p = 0.08, and its value increases as the measurement rate increases.

3.4.2 QECC in classical particle language

To understand the dynamically generated QECC from the perspective of classical particle dynamics, we need to com-
pute the mutual information defined in Eq. (3.19) in terms of the two-species particle model. An important task is to
understand the entanglement entropy of a subsystem A in the presence of environment R. For the bit-string dynamics
in the purification process, the hybrid QA circuit is applied only on system () of the bit-strings in a time-reversed order,
generating the relative phase ©,., followed by the CZ gates acting on both the system ) and environment R, generating
another relative phase A,. Therefore, only the configurations satisfying ©,, = 0 and A, = 0 contribute to the purity.
As shown in App. 3.D, in the particle picture, this corresponds to the configurations in which all of the X particles
have vanished before they can encounter any Y particles at time ¢. These configurations are a subset of N (¢) defined in
Eq.(4.14) in the entanglement dynamics. Let the number of these configurations be N, (¢), the entanglement entropy of

A is then
Ni(t)

Sf)(t) = _1Og2 oL

= —log, P (¢). (3.20)
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Specifically, when A = @, there are only one type of particles, we only need to count the configurations whose particles

extinguish at time ¢. Letting the number of such configurations be denoted N, we have

52 (1) = —log, SL@) = _log, Polt). (3.21)
Initially, Po(t = 0) = 1/2! and @ is maximally entangled with R. Under the hybrid QA circuit, more and more
configurations become empty and S decreases monotonically with time. The time scale for which the particles of all
the configurations vanish depends on p and is consistent with that of the purification transition.

We are interested in the QECC generated at polynomial time ¢ = AL with A > 1. At this time, X or Y particles have
already spread over the entire system and therefore the configurations that contribute to P, (¢) can have at most one type

of particle. Similar to the steady state P of the entanglement dynamics derived in Eq.(3.16), P; (¢) can be expressed as

= Px + Py (t), (3.22)

where Py (t) is a subset of Py, which further requires that X particles vanish at time ¢. There is also a small contribution
from Pxy which we ignore here.

When L4 < Lg,since Px > Py > ]Sy(t), Px dominates and we have P, (¢t) ~ Px. Therefore, Sf)(t) is the same
as the steady state Sff) in the entanglement dynamics. The regime L 4 > Lp is different from that of the steady state in
the entanglement dynamics. Since Py (t) is a small fraction of Py, when L4 is slightly larger than Lp, Px > Py (t) and
we still have Sf) ~ —log, Px. We define L¢ to be the threshold of the subsystem size L 4 where Px = ﬁy(t). When
L4 > L¢, Py(t) dominates and we have Sff) (t) ~ —log, Py (t). For Py (t), it can be understood as follows,

Ny(t) Ny Ny()

Py(t) = T Ny = Py Py(t), (3.23)

where P (t) = Ny (t)/Ny. Since the X particles of configurations in Ny have already spread over the entire system
when all of the Y particles extinguish, P»(t) actually counts the fraction of configurations which have no particles at
time ¢. Directly evaluating P;(¢) is difficult. However, due to the scrambling property of the unitaries, it is reasonable to

assume that P»(t) = Pg(t),
Py (t) ~ Py Py(t). (3.24)

Summarizing, we have
—log, Py, Ly < L
S (#) ~ 2 (3.25)
—log, Py —logy, Po(t), La > L
We numerically verify the above approximation in Fig. 3.8(a). Due to the difficulty for simulating highly-entangled

state, we are only able to simulate the two-species particle model on a system with size . = 32 at T = 3L in the

volume-law phase. We find that there indeed exists a non-monotonic decay area for Sff) = —log, P, when L 4 passes
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Figure 3.8: (a) The entanglement entropy 51(42) ~ —logy P, vs L4 computed from the two-species particle model, in
comparison with the two approximate values — log, Px and — log, (Py - Pg) for L4 < L°®and L4 > L°. The numerical
data are calculated by the sampling method over a system of size L = 32, at 7" = 3L, p = 0.08 and under PBC. (b) The
Z-error contiguous code distance dZ , in comparison with dcop for different system sizes at p = 0.04 and p = 0.08 at
T = 3L plotted on a log-log scale.

the threshold L¢, and that Eq.(3.25) holds within a small difference ¢ = O(1). The non-monotonicity comes from the
competition of the two terms Px and Py. As subsystem A enlarges, Py increases and Py stays the same. As a result,
when L, > L¢and Py dominates, Sff) starts to decline as L 4 continues to increase. The location of the peak L¢ depends
on time and can eventually shift to L/2 when the system is completely purified.

Based on the above analysis of Sff) (t), we are now ready to understand the QECC in terms of particle dynamics. In

the regime with L4 € [0, L — L°) and hence Lg € (L€, L], the mutual information becomes

Inp=5Y +55 — 55
~ —log, Px —log, Pg + logy, Px +log, Pg (3.26)
=0.

2

It vanishes because the two terms in Sg) completely cancel with 5,(4) and Sg ), similar to the decoupling domain wall

picture discussed in Ref. [52]. On the other hand, when L¢ > L4 > L — L€, it is easy to show that
Ia.r = —logy Px —log, Pg + log, Py > 0. (3.27)

We arrive at the conclusion that /4 rp = O ifandonlyif L4 < L — L° and the contiguous code distance is deont = L — L°.
These results are consistent with the numerical results of hybrid Clifford QA circuit in Fig. 3.7(a).

The code distance specified by the mutual information works for all kinds of errors. In the QA circuit, we could
consider a special type of error which is the Z error defined as the measurement operator (1 + O)/2 where O is a Pauli Z

string. Suppose at time ¢, a QECC is prepared through the QA purification dynamics and some Z errors occur within a
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contiguous subsystem A, which could possibly reduce the entropy of pg. We define the Z-error contiguous code distance
dZ . as the maximum length of subsystem A such that Sg ) does not change.

Since the particle dynamics is evolved in a time-reversed order, the Z error acts as annihilation on all of the particle

Z

2) . . . I
conts Sé)) is invariant under any Z error occurred within

configurations at ¢ = 0. For subsystem A of size smaller than d
A, or in other words, with any initial particle distribution in A. Therefore, we start from an ensemble of particle config-
urations with empty subsystem A, so that the information about A is completely removed. The entanglement entropy of
Q after the Z error becomes

S (t) = —log, Pr (1), (3.28)

where Pp(t) denotes that among all the configurations with only Y particles located in B initially, the fraction that be-
comes completely empty at time ¢. Consequently, dZ, is the maximum length of subsystem A such that — log, Pg(t) =
—log, Po(t) for Ly < dZ .

Both —log, Pg(t) and — log, P (t) can be efficiently calculated by evaluating the number of independent basis under
the hybrid time evolution. We prepare two sets of binary basis, one is # whose rows are the basis spanning all the particle
configurations in system @, the other one is H’ which is the truncation of H where a contiguous submatrix of size L X L 4
is removed. Then, we evolve them under the same circuit dynamics. One can easily see that — log, Pg(t) = ranks(H (t))
and — log, Pp(t) = ranky(H'(t)), which are the number of independent basis in H (¢) and H'(t) respectively. The code
distance dZ ,(t) is therefore identified as the largest L 4 such that the rank of H(t) and H'(t) agree within ¢ = 1. As
shown in Fig. 3.8(b), although dZ , is much larger than d.on, they have similar power-law scaling.

The sublinear power-law exponent in the contiguous code distance is a special feature of the hybrid random dynamics
and is closely related to the subleading correction term in the entanglement entropy. In the Clifford circuit, this can be
easily understood in the dynamics of the stabilizer generators, in which there exist a finite number of “short” stabilizers
caused by local measurements|[31]. These short stabilizers are responsible for both the fluctuation in the entanglement
entropy and also the sublinear power-law exponent in the code distance[31]. Under pure unitary dynamics, these short
stabilizers become long stabilizers and span over the whole system, the subleading correction term vanishes and the
code distance becomes extensive and is proportional to L, the same as the conventional random QECCJ[78].

The above physics can also be understood in the hybrid QA circuit as shown in Fig. 3.9(a). Compared with Fig.
3.6(c), we add an extra pure unitary evolution for time 75. Recall that the particle representation experiences the circuit
dynamics in a time-reversed order, it first evolves under the pure unitary evolution for 75 and then the hybrid dynamics
for 77. Here we take sufficiently long 75 for unitary evolution so that the particles are fully scrambled and only the
configurations with no X (Y") particles at the beginning can contribute to Px (Py). Hence, Py = 2714 and Py = 2l4—F

and we have

LA7 LA < L©
5@ (1) = (3.29)
L— Ly —log, Pa(t), Lu> L°

Here — log, P»(t) is simply counting the number of independent basis initially defined in A.

To verify this result, we simulate the Clifford QA circuit and compare the results with that derived from the particle
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Figure 3.9: (a) The setup of the alternative hybrid QA circuit. “U+M” represents the original hybrid QA circuit composed
of unitary gates and sporadic local composite measurements. “U” represents the circuit in the limit p = 0 with only

QA unitaries. (b) The entanglement entropy Sf) and half of the mutual information %I A,r VS L4 computed from the
Clifford model, in comparison with the two approximations — log, Px and — log,(Py - Pg). We also calculate — log, P>
and find that it grows linearly in L 4 and saturates to — log, P when L4 = —log, Pg. We take L = 400, p = 0.08 and
T, =T, =2L.

model. As shown in Fig. 3.9(b), we find that Sf) agrees with L for Ly < L¢and L — L4 — log, Pa(t) for Ly > L¢
with negligible fluctuation. Different from the previous circuit defined in Fig. 3.6(c), it is easy to numerically evaluate
P,(t) in this circuit. Due to the scrambling property of the unitary evolution in 75, we find that over a large range of L 4,
—log, P»(t) = —log, Po(t) and they become different only when L4 < — log, Pg(t). There is no subleading correction
term in Sf) anymore and the code distance is L — L which is linearly proportional to L. These results indicate that
the sublinear power-law scaling in both the contiguous code distance and the fluctuation of the entanglement entropy
are emergent properties of the hybrid random circuit and disappear when the dynamics is fully scrambled under unitary

evolution.

3.5 Classical linear code

The classical particle model discussed in this chapter has an interesting connection with the classical error correction.
For a system with L sites, the total number of the particle configurations is 2* and all of them can be generated from L
independent particle string basis. Under the unitary dynamics, the number of basis is invariant, indicating that the total
amount of the classical information is unchanged. On the other hand, the composite measurement forces ¢ — o at one
site in all of the basis and can potentially reduce the number of independent basis, resulting in the loss of information.
The information retained in the classical particle model can be characterized by the number of independent basis k.
Under the purification dynamics in Sec. 3.4.1, k is the same as the entropy Sg. When 0 < p < p,, it takes exp(L) time
for k(t) decreasing to zero. On the other hand, when p > p,, k(t) decreases to zero exponentially fast with a finite decay

rate. The phase transition at p = p. belongs to the directed percolation universality class.
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Figure 3.10: (a) The CLC is determined by the binary square matrix M (¢) on the left. The occupied site symbol e denotes

1 and the empty site symbol o denotes 0. To evaluate the contiguous CLC code distance d¢,, at time ¢, an L x [ submatrix

is taken away from M (t) and dS,,, is the largest [ such that the rank of the truncated matrix M’(t) agrees with that of
M (t) within e. In the numerical simulation, we set € = 1. (b) dS,,, vs system size L for p = 0.04andp = 0.08 at 7' = 4L
plotted on a log-log scale.

Similar to the dynamically generated QECC with p < p., the associated particle dynamics also generates a classi-
cal linear code (CLC) governed by a k x L generator matrix, whose rows are binary strings forming a basis for the k
dimensional codespace. When the time ¢ is linear in L, the encoded bit & is extensive and the information is protected
by the scrambling property of the unitaries and is inaccessible by the local measurement. A CLC is typically denoted by
[L, k, d°], in which L classical bits can store & bits of classical information. d¢ is the classical code distance and is equal
to the minimal number of flips mapping a codeword to another. Similar to the QECC discussed before, since we have

local unitary dynamics, it is more reasonable to consider contiguous code distance d¢,,, for our CLC.

cont

In a CLC [L, k, dS,,,], any bit flip occurring in a subsystem with length | < d¢

<ont does not change the encoded bit

k. Numerically, this motivates us to evaluate d¢,,, in the following way as illustrated in Fig. 3.10(a): Consider an initial
generator matrix M with rank, (M) = L. We evolve all of the row vectors according to the hybrid QA circuit described in
Fig. 3.6 (b). Atany time ¢, the encoded bit is the number of the independent binary vectorsin M (t), i.e., k = ranky (M (¢)).
We then remove a contiguous L x [ submatrix from M (¢) and obtain a truncated M'(t). The largest | which makes
k — ranks (M'(t)) < €is dS,p. In the numerical simulation, we take ¢ = 1 and we are interested in the regime ¢t = oL
with o > 1. As shown in Fig. 3.10(b), we observe that d,,, o< L33! for p = 0.04 and d<,,, < L°3° for p = 0.08.

Similar to the QECC, the power law exponent is again smaller than 1. The diverging code distance is consistent with

exponentially long purification time - the information is encoded non-locally and is resilient to any local errors.

3.6 Conclusion

In this chapter, we analyze entanglement entropy fluctuations in the volume-law phase of 1+1d hybrid QA circuits. We

numerically show that the fluctuations belong to the KPZ universality class, just as for other random circuits studied
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previously. Due to the special feature of the QA circuit, we are able to map the second Rényi entropy to a classical
quantity in a particle model. We compute the fluctuations of this quantity in different approaches and show that they
exhibit fluctuations with similar exponents. The existence of the strong fluctuations may have interesting connection
with the multifractal behavior observed in the volume-law phase of hybrid Clifford circuits, where the entanglement
entropy transition is mapped to an Anderson localization transition[79]. Besides this, we could also study fluctuations
at the critical point in these hybrid random circuits. These critical points, dominated by randomness, are different from
those clean systems. Since the hybrid QA circuit has an underlying particle picture, it could be a good starting point to
explore this problem.

We also study the dynamically generated QECC in the purification dynamics of 1+1d hybrid QA circuits. Again, we
give an interpretation of the error correction in terms of the particle model. In particular, we show that the particle model
itself can be treated as a random classical linear code (CLC), and numerically compute the contiguous code distance for
it. This observation motivates us to consider other random CLCs and use similar approaches to construct QECC. We

leave this for the future study.

Acknowledgement.— We acknowledge Ethan Lake for his proofreading and the useful discussion with Yaodong Li.

3.A Entanglement dynamics in the volume-law phase of 7, symmetric hy-

brid Clifford QA circuit

In this appendix, we study the subleading correction term of the volume-law phase entanglement entropy of the Zo-
symmetric hybrid QA circuit. The Z, symmetry requires that the parity of the computational basis remains fixed. This
can be satisfied by measuring the Pauli string 7, Z5 . .. Z;, on an initial product state with L qubits polarized in the +z
direction. We choose a subset of Clifford gates to construct the QA circuit with Z, symmetry and the setup is shown
in Fig. 3.11. The unitary evolution composed of CNOTNOT(CNN) gates and CZ gates. The CNN gate flips two qubits
according to the value of the third (control) qubit. If the control qubit is on the left we denote the corresponding gate as

CNN,; it acts as

CNNL|1010'2> = |1(1 — 0'1)(]. — 0'2)>
(3.30)
CNNL|OO'10'2> == |OO’10’2>.

Aside from the unitary evolution, we also introduce into the circuit the two-qubit composite measurements defined as

Mg, p = RoP{p. (3.31)
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Figure 3.11: (a) A schematic for the gates appearing in the circuit. (b) The arrangement of gates in a single time step
of the Z,-symmetric hybrid QA circuit. Each time step involves three layers of CNN gates and two layers of CZ gates,
interspersed with three measured layers. The dashed box represents a measured layer enclosing two rows of composite
measurements, with the first/second row containing randomly distributed M7 , , applied on sites (2i—1,21)[(2¢,2i41)]
fori € [1, L/2]. As with the CNN gates, the projection of M7 /R is chosen to be applied on the left/right qubit with equal
probability. In general, the composite measurement appears in a measured layer with probability p.

This measurement is a combination of the projection operator P/ /R ON the left/right qubit into the spin ¢ = {0, 1},

together with a two-site rotation operation

10 0 1

o L0t L0 , (3.32)
V2 o 1 -1 o0
10 0 -1

so that the wave function is always an equal weight superposition of Z, symmetric computational basis.

As shown in Ref. [70], the competition of the unitary evolution and the composite measurements leads to an en-
tanglement phase transition from a volume-law phase to a critical phase as the measurement rate p increases, and the
critical point is p. = 0.335. Here we focus on the subleading correction of the entanglement entropy in the volume-law
phase p < p.. We first compute the fluctuation of the steady state entanglement entropy. As shown in Fig. 3.12(a),
0S4 x Lil with 1 = 0.312for p = 0.05 and p = 0.1, 51 = 0.256 for p = 0.2. In Fig. 3.12(b), we compute the
fluctuation of the early-time entanglement entropy and find that 654 oc 72 with 3, = 0.324 for p = 0, 3> = 0.317 for
p = 0.05, B2 = 0.289 for p = 0.1 and Sz = 0.214 for p = 0.2. Similar to the case in the QA circuit without Z, symmetry,

the fluctuation exponents exhibit a drop from the roughness exponent 5 = % as p approaches p..
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Figure 3.12: The standard deviation of entanglement entropy of the Z,-symmetric hybrid Clifford QA circuit. (a) 6Sa
vs L 4 plotted on a log-log scale. The data are computed from the steady-state entanglement entropy S 4 for half-system
size Ly = L/2 over a variety of L. The measurement rates are taken to be p = 0.05,0.1,0.2. (b) 654 vs t for p =
0,0.05,0.1,0.2. All of the numerical data for entanglement entropy are calculated with periodic boundary conditions
(PBC).

3.B Single-species end-point RWRE model

TD-RWRE refers to random walks performed in a fixed random environment. Different from the diffusions in time-
independent random media where the fluctuations are of order /%, it was found that in the large deviations regime of
TD-RWRE, fluctuations of the logarithm of the transition probability are distributed with the roughness exponent § = %
of the DPRE, i.e.

1

log, P(X; > ut) ~ Cy(u)t + Co(u)ts (3.33)

at large time, where v > u,. = 0 and x obeys the GUE Tracy-Widom distribution [73, 74, 75]. Hence, the large deviations
regime of TD-RWRE belongs to the KPZ universality class.

In the two-species particle model, the rightmost X particle and the leftmost Y particle can be regarded as two end-
point particles performing TD-RWRE since all the configurations experience the same circuit dynamics. To unravel the
problem, we consider the single-species particle model introduced in Sec.3.3.2, in which we focus on the phase difference

of |n1) and |n}) in the B region measured by the quantity

B

1 _i@B .oB
4La Z e rhetOn,

1,02

(3.34)

Denoting the bit-string difference |n; — n/ | as particles, it is obvious that this quantity equals K (¢) which is the fraction
of configurations in which the particles initially located in regime A never cross the boundary between A and B up to
time ¢. Therefore, we only care about the dynamics of the end points of each particle configuration and can treat them
as biased random walkers in a fixed random environment.

Based on the above analysis, we propose a single-species end-point RWRE model. Initially, we place the end points
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of all the particle configurations on the lattice, which results in a lattice chain fully occupied in A and empty in B.
We further simplify the problem by assuming that the configurations with the same end point initially share the same
dynamics, so that each site can be viewed as being occupied by only one particle at ¢ = 0. At each time step, a random
value w; € (0,1) is assigned to each site ¢ on which the particles have the probability w; to move to the right. Assume
that when an end point originally located on site ¢ arrives at the boundary, the end points originally sit on the right
of ¢ have already arrived. Define N(¢) as the number of particles that have already passed the boundary at time ¢, the

“entanglement entropy” can be expressed as

9La _9La—1 _ .. . 9La—N(t)
—log, K(t) ~ —log, 5T
(3.35)
2LA—N(t)

N (t) grows linearly in time and eventually saturates to L 4. In Fig. 3.13, we compute the standard deviation 0 N ()

and find that it scales as ¢%-26.

3.C Purification dynamics in the volume-law phase

In this appendix, we numerically study the fluctuation exponent of the purification process of the hybrid Clifford QA
model in the volume-law phase p < p.. We first compute the fluctuation of the entanglement entropy of subsystem A in
Fig. 3.14(2) and find that 654 oc LY%3'®, with the exponent 0.318 close to the roughness exponent. We can also extract
the subleading term out by computing the mutual information between the two subsystems /4 g = Sa4 + Sp — S¢. As
shown in Fig. 3.14(b), I4 p o L%324. This again indicates the correlation between the volume-law phase of hybrid QA

circuits and the KPZ universality class.
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Figure 3.14: (a) The standard deviation of the entanglement entropy 654 vs L4 plotted on a log-log scale. (b) The

mutual information between the two subsystems /4 g vs L 4 plotted on a log-log scale. All of the data are collected from
the hybrid Clifford QA circuit at half system size L4 = L/2 for a variety of L at 7' = 3L and are computed under PBC.

3.D Two-species particle model of the purification process

In order to interpret the purification process in terms of the two-species particle model, we go back to the bit string
picture and modify Eq. 2.14. The wave function can now be expanded in the basis in subsystems A and B and also the
environment R,
[¥(t)) = Uy o CZ|tho)
= U, 0 CZ) + 2)®2% (3.36)
> eeik ) al B5) Bl Ry

1
B Var i,k
where the CZ gate acts on both the system and the environment, creating L EPR pairs, and the following U, is the combi-
nation of the hybrid QA circuit applied solely on system (). To compute the purity, we can still apply the SWAP 4 operator
which exchanges the spin configurations |«) within subsystem A of the replicated states, and insert two complete sets

of basis upon which the operators act in a time-reversed order,

Tr(ph) = D (V]2 (Y [1SWAP 4|na) no) (na|(na ) 1]¢)a

ni,n2

= Y (0hCZo Uy n})(t0]2CZ o Uj|ny)

ni,n2

(m1|T; o CZ|tpo) 1 (na|U; o CZ4ho)o (3.37)

_ 1 —i( A, +0,,) (A, +6,,)
= 427[‘ e 1 1’e 2 2
ni,n2

% ei(Aerem)ei(An2+®n2)’
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where
[n})[n5) = SWAP 4|n1)|nz)

= SWAP 4 a1 B171) |2 B2y2) (3.38)
= |azfim )] Baye).

Here O, is the accumulated phase generated by the circuit within system @ of the bit string |n), and A,, is the phase
generated by the CZ gate acting on both Q and R of the time-evolved bit string U, [n).

Based on the analysis in Chapter 2, only the bit string configurations {|n1), |n2), |n}), |n5) } whose total accumulated
phases are zero can contribute to Tr(p? ). We can take a further step by assuming that only the configurations satisfying
Ap=—Ap — Ay + Ay, + Ay, =0and ©, = —0,; — 0, + O, + O, = 0 contribute to the purity. The former
constraint is met when |n; (t)) = |a18171) = [n)(t)) = |abBi711), and |na(t)) = |aaBay2) = |nh(t)) = | B47y2). In the
particle language, it means that the particles representing the bit-string difference |n; — n} | completely die out at time ¢.
Meanwhile, the latter constraint is the same as in the entanglement dynamics, i.e., the X and Y particles representing
the difference |n4(x,0) — n2(x,0)| in A and B respectively never encounter each other up to time ¢. To summarize, we
only need to count the configurations for which X and Y particles do not meet and X particles have become extinct at

time ¢. Let the fraction of such configurations be P;, the entanglement entropy of the subsystem A is then

S (t) ~ —log, Pi(1). (3.39)
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Chapter 4

Entanglement dynamics in U(1)
symmetric hybrid quantum automaton

circuits

4.1 Introduction

Entanglement is an important measure of correlations between different degrees of freedom in many-body quantum
systems. In a typical system with local interactions, quantum information propagates ballistically, resulting in linear
growth of entanglement over time [24]. This physics can be understood through random circuit models, which offer a
minimal model for investigating entanglement dynamics and information scrambling [80, 81, 82, 28, 83].

However, the above-described picture changes slightly when an additional continuous symmetry is present in the
dynamics. If U(1) symmetry is imposed, it can lead to diffusive transport of the conserved charges. It has been demon-
strated that although the von-Neumann entanglement entropy continues to grow linearly, the growth of higher Rényi
entropies is limited by the diffusive transport and therefore exhibits sub-ballistic growth [53, 54, 55, 56]. Mathematically

it is rigorously proven that the growth of S(">1) is at most diffusive, with a logarithmic correction [53], i.e.,

s> < 1 -O(Vint). (4.1)

Motivated by these findings, this paper investigates the entanglement dynamics in the U(1)-symmetric quantum
automaton (QA) circuits with a focus on the second Rényi entropy S("=2). In QA circuits, the quantum state is always an
equal-weight superposition of all the allowed basis states with the phases carrying the quantum information. Due to this
special property, S("=2) can be mapped to a quantity of a classical bit string model [ 70, 84, 40]. Such a mapping enables
us to study the entanglement dynamics analytically and also provides an efficient method for numerical simulation. We

show that the growth of S("=2) is governed by the presence of the rare bit strings that contain extensively long domains
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comprising consecutive spin 0s or 1s, consistent with the physical picture introduced in Ref. [53, 54]. Additionally, we
present numerical evidence demonstrating that the dynamics of S("=2) actually saturates the upper bound defined in
Eq. (4.1). This saturation is caused by the diffusive transport (up to a logarithmic correction) of the boundary of these
long domains. Furthermore, for charge-fixed states, we study the coefficient in front of the diffusive scaling of S("=2)(t)
and find that it is linearly dependent on the charge filling factor » when v is small.

In addition, we are interested in the impact of U(1) symmetry on the entanglement dynamics of monitored QA cir-
cuits. Notably, recent research has revealed that monitored quantum dynamics give rise to a measurement-induced
entanglement phase transition (MIPT) [25, 27, 26]. This occurs as a result of the interplay between random unitary evo-
lution and local non-unitary measurements, driving the system from a highly-entangled volume-law phase to a disen-
tangled area-law phase [25, 27, 26, 31, 30, 37, 36], or even to other quantum phases, such as the critical phase, depending
on the symmetry and type of measurements imposed [42, 85, 46, 44, 45, 70]. When U(1)-symmetry is introduced in mon-
itored Haar random circuits, it is found that any non-zero rate of single-qubit projective measurements will eliminate
the rare slow modes containing extensively long domains, and the Rényi entropy grows linearly in time for 0 < p < p.
and exhibits z = 1 dynamical scaling at the critical point p.. [86].

With these insights in mind, our paper also investigates the entanglement dynamics of U(1)-symmetric QA circuits
under specific measurements that preserve U(1) symmetry and keep the wave function as an equal weight superposi-
tion of basis states. Interestingly, different from Haar random circuits, the measurements leave these extensively long
domains untouched and the second Rényi entropy still exhibits diffusive growth in the volume-law phase. As the mea-
surement rate p increases, we observe a phase transition to a critical phase where the entanglement entropy grows log-
arithmically in time. The critical phase that we observe is a result of both the unique properties of QA circuits and
the presence of U(1) symmetry. It is worth noting that similar behavior has also been observed in the monitored Z-

symmetric QA circuits [70].

4.2 U(1)-symmetric hybrid QA circuits and two-species particle model

In this chapter, we consider 1+1d U(1)-symmetric hybrid QA circuits. The dynamics consists of local QA unitary oper-

ators and composite measurements, which are chosen to preserve the total charge

L
Q= ZU“ where o; = (1 — Z;)/2 (4.2)
and Z; is the Pauli Z matrix acting on the ith site of a chain with L qubits. A QA unitary operator permutes states in the

computational basis up to a phase, i.e.,

Uln) = % |x(n)), 4.3)
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Figure 4.1: The setup of the U(1)-symmetric hybrid QA circuit of one time step. The dashed box encloses the gates
within a single layer. Each time step involves three layers of Fredkin gates, SWAP gates, and CZ gates, interspersed
with composite measurements. The Fredkin and SWAP gates are applied in each layer with probability p,, < 1, and
the measurement appears in each measured sublayer with probability p. The Fredkin and SWAP gates determine the
dynamics of bit string |n) and can be replaced by other QA gates preserving U(1) symmetry.

where 7 € Sy is an element of the permutation group on a computational basis with cardinality N. Here we take the

initial state
)3 n)

to be an equal-weight superposition of two different sets of basis states: (i) {|n) = |o102...01) : 0; = {0,1}} is all the

allowed Pauli Z basis with cardinality N = 2% so that

1

750+ 1))]°". (4.5)

o) = | +2)%F = |

(ii) {|n) = |o102...0L) : 0, = {0,1},>, 0; = Q} is the subset of the Pauli Z basis with a fixed extensive charge filling
v=Q/L,sothat N = (ch) =L/[(L - Q)'Q!.

Fig.4.1 depicts a brickwork-patterned U(1) symmetric hybrid QA circuit. Each time step consists of three layers of
QA unitary operators interspersed with composite measurements with probability p. For the unitary part, we consider
Fredkin gates and SWAP gates, along with CZ gates which assign a 7 phase to the spin configuration |11). The Fredkin
gates are three-qubit gates that interchange qubits ¢ — 1 and ¢ + 1 according to the value of the middle (control) qubit,
ie., |0il;410i42) — |oitalip10;) and |0;0,410:42) — |0;0;410,4+2). Meanwhile, the SWAP gates interchange two
neighboring qubits. Together with CZ gates, they scramble the quantum information and increase the entanglement
entropy of the state until it saturates to the volume-law scaling. As illustrated in Fig.4.1, in the first/ second/ third layer
of each time step, the Fredkin gates are applied on sites {35 — 2,35 — 1,35}/{37 — 1,35,35 + 1}/{35,35 + 1,35 + 2} for
J € [1, L/3], while the SWAP and CZ gates are applied on sites {25 — 1,25}/{27,25 + 1}/{2j — 1,2;} for j € [1,L/2].
Specifically, we set the occurring probability of the Fredkin and SWAP gates to be p,, and we take p,, < 1 throughout the
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chapter.
Constructing the measurement gates can be quite tricky. To ensure that |¢;) remains an equal-weight superposition
of basis states, we introduce a charge-preserving two-qubit composite measurement M, = R o P; /. Here Py and P»

are the Kraus operators,

1
7 0 0 O
0 1 0 O
Pl = )
0 0 0 O
0o 00 %
V2 (4.6)
1
7 0 0 O
0 0 0 O
P2 = )
0 01 0
1
0 00 =
followed by a two-site rotation operator,
1 0 0 0
o L L o
R= f \/f , (4.7)
0 %5 -5 0
0 0 0 1

which maps |01) ~ (|01) + |10))/+/2 and |10) + (]01) — |10))/+/2 ', and acts trivially on |00) and |11), so as to
rotate the wave function back to equal weight (up to a phase) superposition of the computational basis. In general, the
measurement disentangles the system by discarding the phase information of a quarter of the basis states. However,
considering it is a two-qubit operator as required by the U(1) symmetry, as we will see later, the measurements together
with phase gates can actually induce entanglement in certain circumstances. As shown in Fig.4.1, each measured layer
contains two rows of composite measurements, with each row containing M, /, randomly distributed with probability p
onsites {25 — 1,25}/{24,25 + 1} fori € [1,L/2].

Throughout the chapter, we focus on the entanglement dynamics between subsystems A and B that the system is

bi-partitioned into. Specifically, we consider the second Rényi entropy of A,

ST (1) = I Tr[p? (1)),

pa(t) = Trp i) (]

(4.8)

where [¢;) = U, |1)o) is the wave function of the quantum trajectory with U, representing the circuit evolution up to time .
We first consider the initial condition (i), where [1g) = |+2)®L. In our earlier work, we discovered an efficient algorithm
to compute Sff) (t) from this initial state [40]. Additionally, we presented a classical stochastic model to elucidate the

entanglement dynamics [70]. In the following, we will provide a brief overview of them and apply these methods to our

In numerical simulations, we omit the extra 7 phase in front of |10) obtained from the rotation of M. This is because it is equivalent to applying
Mo without the extra 7 phase followed by a controlled phase gate. As shown later, such a phase gate will not affect the entanglement phase transition
from the volume-law phase to the critical phase. The location of the phase transition is only determined by the corresponding bit string dynamics.
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QA circuit with U(1) symmetry.

The purity can be expressed as the expectation of the SWAP 4 operator over double copies of the system [65],

Tr[p% ()] = (Yela ® (1e|1SWAP 4|1 )1 @ [e)o. (4.9)

The SWAP 4 operator swaps the configurations of the copies within region A. Since QA circuits preserve the computa-
tional basis that spans [¢;), we can insert into Eq.(4.9) two sets of complete basis which are acted upon by the circuit in

a time-reversed order,
Te[p% ()] = > (el2 (10 1SWAP A1) o)

n1,n2
(nal(na|te)1|ve)2 (4.10)
_ 4% T €O (D TIO 0100 (0000
ni,n2
where
e = V2L (n|Trliho), (4.11)
and

In)[ny) = SWAP 4|n1)|n2)
= SWAPA|(J¢151>|04262> (4.12)
= |azf)]ai1Ba),

where |a;) and |3;) are the spin configurations in subsystems A and B of |n;). Therefore, in the numerical simulation,
instead of evolving the wave function |¢;), we can apply the circuit on the bit strings in a time-reversed order. When
evaluating Eq. (4.11) from left to right, although the composite measurement M is non-unitary, we can still derive the
effective action on the bit string (n|. For bit strings that have anti-parallel spins on the sites where M is applied, they are
all forced to be either (...01...|or (... 10...| after the measurement.

With a few modifications, the above equations used to compute the purity can also be applied to the initial condition
(ii). When |1)g) is a charge-fixed state of filling factor v, only the bit string pairs that share the same filling factor both
before and after the SWAP, i.e., {|n1), |n2),|n}), |n5)} with the same v, will have nonzero overlap with |¢y) and hence
contribute to the purity.

Eq. (4.10) not only offers a numerical method but also helps us to understand the entanglement dynamics through
the classical bit string dynamics. It is worth noting that this equation sums up the accumulated phase ©, = —0,,, —
Opy + On, + Oy, for each bit string pair {|n1), [n2) }. Under random time evolution, ©,. can become a nonzero random
number, and we expect the sum over these phases to be zero. Therefore only the configurations with ©,. = 0 contribute
to the purity. This observation leads to a stochastic particle model in which there are two particle species X and Y
representing the bit string difference

h(z,t) = |ni(x,t) — na(x, t)] (4.13)

initially distributed in subregion A and B respectively [ 70, 84], as illustrated in Fig. 4.2. As time evolves, the two species
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o X particle ® Y particle

Figure 4.2: The cartoon of the two-species particle model. We use o to denote h(z) = 0 and e to denote h(z) = 1,
where the black dots represent X particles and the red dots represent Y particles, and X (V) represents the rightmost X
(leftmost Y) particle. Att = 0, the X and Y particles are distributed in region A and B respectively. As time evolves,
both species begin to expand and intrude into each other’s territory.

originally located in subregions A and B gradually expand. It is shown that only the configurations in which X and Y
particles have never met up to time ¢ satisty ©,.(¢) = 0 and hence contribute to the purity, i.e.,

No(t)
4L

S (t) = —InTrp%(t) ~ —In = —InP(t), (4.14)
where Ny (t) is the number of bit string pairs in which the two species never encounter each other up to time ¢ (For more
details, see chapter.2).

From the above analysis, the growth of the second Rényi entropy is determined by the dynamics of the endpoint X
and Y particles of each bit string pair, i.e., the rightmost X particle and the leftmost Y particle. Let us first consider the
system without any symmetry. Under unitary dynamics, the X and Y particles move ballistically toward each other at
roughly the same speed, i.e., the distance that an endpoint particle travels over time ¢ scales as Al(¢) o t. Therefore,
only the configurations whose initial rightmost X and leftmost Y particles are situated a distance of at least 2Al(t) apart
can contribute to the purity. This leads to P(t) = [2221®) x 4E=2AU1)] /4L — O(e~t), which explains the linear growth

of entanglement entropy in the absence of U(1) symmetry.

4.3 Unitary dynamics

We first study the U(1)-symmetric QA circuit without measurements, i.e., p = 0, and take the unitary rate p,, = 0.5.
The classical bit string model allows for numerical simulations of the second Rényi entropy for relatively large system
sizes. To be more specific, we prepare a large sample of randomly generated bit strings which can have either unfixed
or fixed charge filling, and estimate Sf) using Eq.(4.10). In both cases, we find that the ensemble-averaged early-time
% exhibits a sub-ballistic power-law growth with the exponent close to 1/2. We also evaluate P(t) by calculating the
fraction of the bit string configurations whose corresponding X and Y particles never meet up to time ¢. The numerics
indicates that — In P(t) exhibits the same scaling as the one obtained using Eq.(4.10). Hence we conclude that — In P(t)
provides a reliable approximation for evaluating Sf) in U(1)-symmetric QA circuit. By studying the dynamics of the
classical particle model, we can obtain valuable insights into the underlying physics.

More careful examination of — In P(¢) and Sff) (t) reveals that the power law growth exponent is slightly larger than
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Figure 4.3: Sf) (t) and — In P(¢) in the QA circuit with p = 0. We consider two different initial conditions: the charge-
mixed state and the charge-fixed state with the filling factor » = 1/3. We take the unitary rate p,, = 0.5 in each layer

with the system size L = 120 and subsystem size L 4 = L/2 = 60. Both the early-time Sﬁf) (t) and — In P(t) for the two
initial conditions have v/t In ¢ scaling.
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Figure 4.4: The illustration of the initial bit string configuration of (a) fast modes and (b) slow modes with the same

particle representation. For convenience, we consider the bit strings {|n1 ), |n} )} whose difference represents the particle
configuration where there are only X particles located in the region A initially.

1/2, which has also been observed in the previous study [87]. Since the growth is constrained by Eq.(4.1), the power law
exponent cannot exceed 1/2. We propose that the deviation of the exponent from 1/2 observed in the numerics is due
to the logarithmic correction. As shown in Fig.4.3, both quantities are linearly proportional to v/t In t. Therefore, in our

QA circuit,

S () = AgpViint. (4.15)

To explain the above results, we study the dynamics of the two-species particle model. Since the dynamics of the X
and Y particles are analogous, we will focus on the displacement Al(t) of the X particle. Different from the case without

U(1) symmetry where the particles move ballistically, in the presence of U(1) symmetry, there are two distinct modes
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Figure 4.5: The distance that an endpoint particle travels Al(¢) over time ¢ under U(1)-symmetric QA unitaries for the
initial configurations (a) without the dead region and (b) with the dead region. Without loss of generality, we take the
probability of Fredkin and SWAP gates to be p,, = 0.5 in each layer, the system size L = 600, and the number of spin
I’s to be L/3in (a) and L 4/3 in (b), both of which have v = 1/3. We find that (a) Al o t and (b) Al o V/tInt before
saturation.

of X particles depending on the corresponding bit string configuration to the right of X particle. As illustrated in Fig.
4.4(a), in typical random bit strings whose domains are of O(1) length, the X particle moves ballistically with a constant
velocity. In contrast, in Fig. 4.4(b), for the bit string configurations with domains of O(L) length, the X particle only
moves diffusively (up to some logarithmic correction). Such configurations are rare and only comprise O(e~%) of the
bit string ensemble. To verify the existence of the slow modes, in numerical simulations, we consider the extreme case
where the initial bit string configurations in subsystem B are a single domain of spin 0’s which is called “dead region”,

ie.,

In1(t =0)) = |a1) @ [0)®/7,
(4.16)

[ (t = 0) = [az) @ 0)*IP1.
We also study Al(t) without the dead region for comparison.

As shown in Fig. 4.5, for the configurations without the dead region, Al grows linearly in time. This is responsible for
the ballistic information spreading observed in the out-of-time-ordered correlator (OTOC) in a similar U(1) symmetric
QA circuit [42]. On the other hand, for configurations with the dead region, Al exhibits diffusive growth over time, with
a logarithmic correction, that is,

Al =\ Vtint. (4.17)

The diffusive motion of the X particle comes from the diffusive dynamics of the rightmost charge (spin 1) located at
the boundary of the dead region. In the simple symmetric exclusion process, one of the most basic models with U(1)
symmetry, it is analytically proven that the displacement of the rightmost charge expands as v/# Int [88]. Despite the
greater complexity of our model involving the Fredkin gate, we believe that the underlying physics remains fundamen-

tally the same. In Appendix.4.A, we examine a simple QA circuit with the kinetic constraint set by SWAP gates only,
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Figure 4.6: The coefficient Agg of Sff) = AgpVtint vs the filling factor v. In the inset, we present \; of the endpoint
displacement Al = \;v/tInt of the slow modes with dead region vs the filling factor v, in subsystem A.

enabling an exact mapping of the bit string dynamics to the simple symmetric exclusion processes. In addition, we also
investigate another QA circuit involving a four-qubit gate. For both models, we provide numerical evidence confirming
the existence of logarithmic corrections in both Eq.(4.17) and Eq.(4.15).

Based on this analysis, the bit string pairs that contribute to the purity (See Eq.(4.14)) can be divided into two parts,
P(t) = PF(t)+ PS(t), where P (t) and P?(t) are the fractions of fast modes and slow modes respectively whose X and
Y particles have not encountered each other up to time ¢. Since the distance between the endpoint X and Y particles
decreases by 2Al(t) over time ¢, only the configurations whose initial two species are located a distance 2Al(t) apart
contribute to P(t). Therefore, both P¥ (t) and P®(t) decay as exp(—Al(t)), whereas PF (t) o exp(—t) and P(t) o
exp(—+/tInt). In the absence of U(1) symmetry, the bit string ensemble comprises only fast modes, which account for
the linear growth of Sff)(t) as explained earlier. In the presence of U(1) symmetry, slow modes consisting of the bit
string pairs with identical long domains with length O(L) between X and Y emerge. Therefore it takes O(L?) time
for X particle to reach Y particle. For Sff) (t) =~ —In[PF(t) + P5(t)], PF (t) vanishes at time O(L), leaving a diffusive
growth of Sf) (t) caused by the slow modes up to time O(L?).

Similar reasoning can also be applied to the charge-fixed state. In particular, we can also analyze the dependence of
the coefficient A in Eq.(4.15) on the filling factor v. As shown in Fig. 4.6, Agg o v for v < 0.3. To understand this

behavior, we investigate the dependence of P° on v, given by

=[] - [ (19
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If v < 1 — 2Al/L, we can approximate as follows:

—In PS5 &~ —2[(L — 2Al)In (L — 2A1) + (L — vL)In (L — vL) — (L — 2Al — vL)In (L — 2Al — vL) — LIn L]

vL 2Al

~ 8vAl+ O(InAl) + O(lnvL).

As time evolves, the entanglement entropy is dominated by the slow modes and has the scaling Sff) (t) ~ —In P5(t)
vAl. We further investigate the dependence of Al on v. We examine the displacement of X particle of the bit string
configurations with the dead region as illustrated in Fig. 4.4(b). Specifically, we define v4 to be the filling factor in
subsystem A. As shown in Fig. 4.6, Al remains largely unaffected by changes in v4.

Combining these findings, we can explain the numerical observation of the linear dependence of A\gr on v when v
is small. In addition, we also observe similar linear dependence on 1 — v for v Z, 0.7 (not presented in the figure), which

can be understood in a similar way.

4.4 Hybrid dynamics

Now we introduce the composite measurements into the circuit and examine its impact on the entanglement dynamics.
Asshown in Fig.4.7, our finding indicates that when p is small, the entanglement still grows diffusively with a logarithmic
correction, as described in Eq.(4.15). This can be explained by the fact that our composite measurement only acts non-
trivially on anti-parallel neighboring sites, while leaving the bit strings with extensively long domains unaffected. We
expect that this scaling behavior persists throughout the entire volume-law phase. This is different from the single-qubit
projective measurement which quickly destroys the slow modes with dead regions and leads to the linear growth of Sf)
in the volume-law phase of the non-unitary U(1) symmetric Haar random circuit[86].

As p increases, we observe a decrease in the coefficient A for Sf)(t). Eventually, this diffusive growth is replaced
by logarithmic growth. To expand the tuning range for the ratio p/p,, we fix p to be a finite constant and reduce p,,.
Surprisingly, we find that even when p,, approaches zero, the logarithmic scaling persists. This observation suggests that
there is an entanglement phase transition from a volume-law phase to a critical phase in our model.

Such a transition to a critical phase is a special feature of QA circuits and a similar transition has also been observed in
the hybrid QA circuit with discrete Z, symmetry [70]. To understand this phase transition, we can analyze the dynamics
of the particles characterizing the bit string pairs difference, in particular, the particle density n(t) = > h(z,t)/L
[70, 84, 40]. In the Z, symmetric QA circuit, it is shown that the particles perform branching-annihilating random walks
(BAW) with an even number of offspring:

W < 3W, W +W 0. (4.20)

The first process arises from unitary dynamics, while the second annihilation process occurs due to the measurement.

The competition between these processes gives rise to a phase transition at a critical value p., which falls into the parity-
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Figure 4.7: (a) Sf) vs VtInt for p = 0.1 and p = 0.3 with the unitary rate p,, = 0.5. (b) Sf) vs Int for p = 0.6, 0.8 and
1 with p,, = 0.1. For both phases, we take the system size L = 120 and the filling factor » = 1/3, under the periodic
boundary condition (PBC).

conserving (PC) universality class. In the absorbing phase with p > p., the dynamics are primarily governed by the
random walking particles, which annihilate in pairs upon meeting. This particular dynamics leads to an algebraic decay
with n(t) ~ =95, resulting in a power-law decay of P(t). This, in turn, leads to a critical quantum phase characterized
by logarithmic entanglement dynamics and a dynamical exponent of z = 2.

In our model, the particle dynamics is similar and still preserves parity, but is more complicated. For example,
for the bit string pair {|011), |001)}, under the Fredkin gate, it becomes {|110), |001)} and the particle representation
ceo— eee, ie, the particles branch from 1 to 3. However, for the bit string pair {|111), |101) } which has the same
particle representation as the previous one, it will remain invariant under the Fredkin gate. On the other hand, the
SWAP gate enables particles to diffuse eo <> oe regardless of the bit string configuration. Similarly, under the composite
measurement, the particles will experience pair annihilation ee — oo only when the bit string pair is {|10), |01) } instead
of {]00), |11)}. This leads to a phase transition belonging to a different universality class.

We first focus on the absorbing phase. In the limit p,, = 0, we observe that the particle density follows a power law
behavior n(t) ~ t~* with a = 0.28 for all measurement rates p > 0, which is significantly smaller than the exponent of
0.5. This is because particle annihilation only occurs upon measurement based on specific bit string pairs, as illustrated

earlier. More detailed data analysis suggests that n(¢) for different system sizes can be collapsed onto the function

n(t) =t~ f(t/L?), (4.21)

where z = 1.95, close to that of the critical phase observed in Z, symmetric QA circuits. We also take a small but finite
P, and similar scaling behavior is observed. For instance, in Fig.4.8(b), we present the data collapse for p,, = 0.1 and
p = 1, yielding exponents o = 0.27 and z = 2. This absorbing phase with algebraic decay is responsible for a power law

decay of P(t), which further leads to a quantum critical phase with a logarithmic entanglement scaling. Notice that in
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Figure 4.8: The finite-size data collapse n(t)t* vs t/L* at: (a) p, = 0, p = 0.5, with the dynamical exponent z = 1.95
and a = 0.28. (b) p, = 0.1, p = 1, with 2 = 2 and o = 0.27. (¢) p,, = 0.1, p = 0.4. (d) p, = 0.4, p = 1. Both (c) and (d)
have the same critical exponents z = 2.5 and o« = 0.26. The data are calculated over a variety of system sizes with the
filling factor v = 1/3 under PBC.

this phase, P(t) is mainly determined by the fraction P (¢) without extensively long domains.

We further analyze the transition point. By fixing the unitary rate at p,, = 0.1 and decreasing the measurement rate p,
we can numerically identify the critical point. In Fig.4.8(c), it is observed that the critical point occurs at approximately
p = 0.4, with @ = 0.26 and z = 2.5. The existence of the phase transition persists as the unitary rate p, increases,
until it reaches p,, = 0.4. At this point (as illustrated in Fig.4.8(d)), the critical point is found at the maximum allowed
measurement rate p = 1. It is worth emphasizing that this phase transition does not fall into the PC universality class,

where the critical exponents are z’¢ = 1.744 and o'¢ = 0.286.

4.5 Discussions and outlook

In this chapter, we investigate the entanglement dynamics of U(1) symmetric QA circuits. We show that the second

Rényi entropy saturates the upper bound introduced in Eq.(4.1), namely Sff) (t) x VtInt. To understand this behavior,
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we map the entanglement dynamics to a classical bit string model and demonstrate that the diffusive dynamics of Sf) (t)
is caused by bit strings containing extensively long domains.

Additionally, we explore the monitored entanglement dynamics under U(1) symmetry and identify a phase transi-
tion from a volume-law phase to a critical phase as the measurement rate p increases. Within the volume-law phase,
Sff) (t) continues to exhibit diffusive growth due to the presence of bit strings with long domains that remain unaffected
by the introduced measurements. On the other hand, the critical phase is characterized by logarithmic scaling of the
entanglement, and its stability is ensured by both the U(1) symmetry and the basis-preserving nature of QA circuits.

The analysis of the second Rényi entropy can be extended to higher integer Rényi indices n. By making slight modi-
fications to Eq.(4.10), it can be shown straightforwardly that the evolution of qun) is mapped to a classical dynamics that
encompasses n copies of bit strings. In particular, the volume-law phase exhibits diffusive dynamics in the presence of a
logarithmic correction. This behavior is governed by these bit string configurations with extensive long domains.

Notably, in both the volume-law phase and critical phase, the spin transport exhibits diffusive dynamics and fails
to capture the entanglement phase transition. This is because this measurement-induced transition is visible solely
in the non-linear observable of the density matrix. We confirm this diffusive transport by numerically computing the
correlation functions and the detailed results are presented in Appendix.4.B.

It has been established that the volume-law phase can be alternatively understood as a quantum error correcting
code [30, 29, 33, 52, 51]. In Chapter 2, we presented an interpretation of the quantum error correction property of the
volume-law phase of a generic QA circuit, relating it to the dynamics of classical bit strings. Furthermore, we demon-
strated a connection between quantum error-correcting codes and classical linear error-correcting codes. In the case of
the QA circuit with U(1) symmetry, we expect that the volume-law phase continues to exhibit the characteristics of a
quantum error-correcting code. In particular, the dynamics of the associated classical bit strings reveal that the differ-
ence between bit string pairs still preserves classical information in a non-local manner, thereby functioning as a classical
error-correcting code. It is worth noting that, unfortunately, this classical error-correcting code is no longer linear. We

leave this for future study.
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4.A Entanglement dynamics of U(1) symmetric QA circuits with other ki-

netic constraints

4.A.1 The SWAP Model

We study the entanglement dynamics under the kinetic constraint determined by SWAP gates solely, so that our circuit is

a U(1) symmetric Clifford QA circuit, which can be efficiently simulated at large system sizes using stabilizer formalism
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Figure 4.10: (a) Sff) (t) of the SWAP model simulated using the stabilizer formalism. (b) The X particle displacement

Al(t) of the slow modes. It is found that both Sff) (t) and Al(t) scale as vtInt. We take the system size L = 600 and
[v0) = | + z)®L for (a) and the bit strings with dead regions with the charge filling v4 = 1/3 in subsystem A for (b).

[64]. We will only consider the unitary dynamics as the composite measurements can not be simulated by stabilizer
formalism. Asillustrated in Fig.4.9, we consider a circuit where each time step involves two layers of SWAP gates and CZ
gates, with each applying on odd/even sites. To achieve enough randomness, we take the SWAP rate to be p,, = 0.5 < 1.
In addition, we consider |1y) = | +x)®F as the initial state and take L = 600. As shown in Fig.4.10(a), the entanglement
entropy grows diffusively with a logarithmic correction, i.e., @ x Vtint.

On the other hand, we examine the endpoint displacement Al(t) of the bit strings with the dead region with a charge
filling factor of 4 = 1/3. The numericsin Fig.4.10(b) indicates that Al(t) o< v/¢ In t as well. This scaling can be explained
by exactly mapping the spin dynamics of the SWAP model to the simple symmetric exclusion processes. In this process,
each charge undertakes a symmetric random walk, while being prohibited from jumping to an already occupied site. It
has been analytically shown in Ref. [38] that the position of the rightmost charge expands as v/t In .

It is worth noting that Clifford circuits with U(1) symmetry are highly restricted. For example, all Rényi entropies are
equal for Clifford circuits, which fails to capture the ballistic growth of von Neumann entropy for generic U(1) symmetric

random circuits. Nevertheless, the SWAP model enables us to verify at a large system size that the second Rényi entropy

indeed saturates the upper bound in Eq. (4.1) and is dominated by rare slow modes with extensively long domains.
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Figure 4.11: The arrangement of gates of the Four-qubit CSWAP model in a time step. The dashed box encloses the gates
within a single layer. Each time step involves four layers of the four-qubit CSWAP gates with probability p,,, and CZ
gates, interspersed with measurements with probability p.
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Figure 4.12: —In @) of the Four-qubit CSWAP model at the measurement rate (a) p = 0 and p = 0.1, and (b) p = 0.7 and
p = 0.9. We observe that —In @) & VtInt for (a) and —In @)  Int for (b). We take the system size L = 120, p,, = 0.5,
and charge filling v = 1/2.

4.A.2 The Four-qubit CSWAP model

Now we consider the entanglement dynamics of the U(1) symmetric QA circuits with the kinetic constraint determined
by a four-qubit gate, which swaps the spins o2 and o3 if the first spin o; = 0 or the fourth spin o4 = 1. It is also called
Fredkin gate in other works [87, 89], to distinguish it from the Fredkin gate in the main text, we call it the Four-qubit
CSWAP gate. As shown in Fig.4.11, each time step of the circuit consists of four layers of gates under PBC and in each
layer, the Four-qubit CSWAP gates are applied on sites {4j — 3,45 — 2,45 — 1,45}/{4j — 2,45 — 1,4j4,45 + 1}/{4j —
1,445,475 + 1,45+ 2}/{44,45 + 1,45 + 2,45 + 3} for j € [1, L/4] with probability p,, = 0.5, and the CZ gates are applied
onsites {25 —1,25}/{27,25+1}/{25 — 1,25} /{27, 2§ + 1}, interspersed with composite measurements with probability
p applied on both odd and even sites.

To simplify the numerical simulation, we can fix the position of ¥ particle to be the boundary between subsystems
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Figure 4.13: The endpoint displacement Al(t) of the bit strings with the dead region of the Four-qubit CSWAP model vs
Vtintatp = 0and p = 0.1. We take the system size L = 600, p, = 0.5,and v4 = 1/2.

A and B. This is equivalent to focusing on the single species picture where there are only X particles and considering a
subset of the phase difference in Eq. (??), i.e., the phase difference of |n;) and |n]) restricted in regime B, denoted as

1 —i®5, e
e nl 1 R

QEM

(4.22)

ni,nj

where M is the number of bit string pairs {|n1), |[n})}. With this approximation, the configurations which contribute to
Q are those whose X particles never reach the middle cut.

We numerically simulate — In Q(¢) for an ensemble of bit strings {|n1), |n})} with system size L = 120 and charge
filling v = 1/2. As shown in Fig.4.12, there exists a similar phase transition from a volume-law phase to a critical phase:
when p < p., —In Q  v/tInt, and when p > p., —In Q o Int. We believe that this applies to % as well.

Finally, we study the endpoint displacement Al(t) of the bit strings with the dead region evolved under the Four-qubit
CSWAP gates. The numerics in Fig.4.13 confirms that Al oc /¢Int for pure unitary dynamics and small measurement

rate p = 0.1. We believe that this diffusive growth persists in the whole volume-law phase.

4.B Spin transport of hybrid QA circuits with U(1) symmetry

In this section, we consider the transport properties of the conserved charges which can be characterized by the spin

correlation function

Cla,t) = (Za(t)20(0)) = (Z:(1))(Z0(0)), (4.23)
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Figure 4.14: The correlation function C(0, t) of (a) the Fredkin-SWAP model and (b) the Four-qubit CSWAP model. We
take the system size L = 300 and p,, = 0.1, v = 1/3 for (a), and p,, = 0.5, v = 1/2 for (b). It is found that for (a),
C(0,t) o t~% for all p, and for (b), C(0,t) oc t=%4 for p = 0 and C(0,t) oc t=°-5 for p > 0.

where site 0 is in the middle of the system. If we consider a charge-fixed state |iy) = \/iﬁ >, In) with the filling factor

v, then the correlator of our QA circuit can be sampled using the classical bit strings via
1 ~ = 1 ~ ~ 1
Clo,t) =~ D (0} Zo(0) 0 Zo(0) n) = < > (|0 Zo(0) il Sl Zo(0)m)

) - 1 " m (4.24)
_ N Z Zn(t),zZmO — ﬁ Z Zn(t),;x; Z Zm,Oa

where Z,,4) ,, is the spin value at site 2 of the bit string |n(t)) at time ¢. The correlation function for different system

sizes can be collapsed onto the scaling form
C(x,t) = t= Y= f(x/tY?). (4.25)

Here we will only focus on the correlation in the time direction C(0, ) for the Fredkin-SWAP model and the Four-qubit
CSWAP model, and observe the dynamical exponents as we vary the measurement rate p.

As shown in Fig.4.14(a), for the Fredkin-SWAP model, C'(0,t) o t~'/# with z = 2 for all p. The spin transport is
diffusive with and without the measurements and hence fails to reflect the measurement-induced entanglement phase
transition. This is because MIPTs are only visible in observables that are nonlinear in the density matrix. Similar diffusive
dynamics is observed for all p > 0 in the Four-qubit CSWAP model, as shown in Fig.4.14(b). Interestingly, when p = 0,
the dynamical exponent z = 2.44 > 2, consistent with z = 8/3 as discovered in previous literature [87, 89]. Nevertheless,

the spin at the boundary of the extensively long domain still exhibits diffusive dynamics with a logarithmic correction.
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Chapter 5

Entanglement Steering in Adaptive

Circuits with Feedback

5.1 Introduction

Monitoring a quantum system can yield fascinating physics. The interplay between unitary dynamics and measurement
creates an intriguing non-equilibrium phenomenon referred to as measurement-induced entanglement phase transitions
(MIPTs) [26, 31, 25,27, 30, 29]. Inits most commonly explored setting, an initial unentangled state is evolved by a random
quantum circuit subject to measurements at a rate p. Above (below) a critical rate p., the steady-state exhibits area-law
(volume-law) entanglement scaling. To observe this transition, it is necessary to keep track of each individual quantum
trajectory as the intrinsic randomness of measurement outcomes leads to the ensemble-averaged post-measurement state
being a maximally mixed density matrix (p o« 1) in the allowed Hilbert space. As a result, the MIPT remains invisible to
the ensemble-averaged density matrix, presenting significant challenges for experimental observation, with only a few
exceptions [90, 91, 92].

Despite these challenges, mid-circuit repeated measurements have become a valuable tool to create novel quantum
phases dynamically. Recently, a new class of non-unitary dynamics has been proposed, where the outcome of a mea-
surement can impact the dynamics themselves, leading to a non-trivial density matrix and stabilizing various quantum
ordered phases through a feedback mechanism [57, 58, 59, 60, 61, 62].

In this chapter, we introduce a class of adaptive random circuits with feedback that exhibits phase transitions for both
the quantum trajectory and the ensemble-averaged density matrix (i.e., quantum channel), as depicted schematically in
Fig. 5.1. In addition to varying the measurement rate p, the post-measurement state is also locally corrected conditioned
on the measurement outcome with a feedback rate 0 < r < 1. The feedback is designed to “steer” the system to-
wards particular final states. When p x r is large enough, the steady state is a mixture of two ferromagnetically ordered
states instead of a maximally mixed state involving exponentially many configurations. Thus, there is an order-disorder

phase transition in the quantum dynamics, which can be observed at the level of both quantum trajectory and quantum
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Figure 5.1: Schematic phase diagram illustrating (a) the entanglement phase transition for the individual quantum trajec-
tories and (b) domain wall density transition as a function of the measurement rate p and feedback rate . The transition
in (b) also signals an entropy transition at the level of quantum channel (ensemble-averaged density matrix). The critical
line in (b) belongs to the PC universality class and satisfies p x r = const.(= 0.55). The critical line in (a) is numerically
upper bounded by p£¥ < 0.45.

channel [59, 60]. A similar order-disorder transition has also been discussed recently in the context of dissipative phase
transitions [93, 94]. However, we emphasize that the transitions discovered therein only exist in d-dimension with d > 2
or 1d systems with long-range interactions. Instead, by explicitly mapping the motion of domain walls to a classical
branching-annihilating random walk (BAW) process, we show that the order-disorder phase transition in our adaptive
circuit model belongs to the parity-conserving (PC) universality class which existsin 1d [41,47, 48, 70]. Furthermore, the
familiar MIPT is observed at the level of the quantum trajectory. Interestingly, we find that these two transitions typically
occur at different critical measurement rates. Moreover, we show that the order-disorder phase transition can be probed

experimentally from the measurement outcomes along the circuit evolution, and does not require post-selection.

5.2 Model

Our circuit model consists of three-qubit unitary gates and two-qubit measurements, as illustrated in Fig. 5.2. We take
each three-qubit unitary gate to have a block structure: it leaves the basis states |000) and |111) unchanged up to a U(1)
phase (forming blocks of size one), and acts as a Haar random unitary within the six-dimensional subspace spanned
by {]001), |010), |100), |011),|101),|110)}. We measure the product of Pauli-Z operators across a bond between two
consecutive sites Z;Z; 1. Crucially, our construction includes feedback: if an “undesiredQQmeasurement outcome
Z;Zi+1 = —1 is obtained (meaning that the post-measurement state is |01) or |10)), we apply a Pauli-X operator on
either site with probability r to correct the state into |00) or |11); if the measurement outcome is +1, then no operator

is applied. A set of measurements and corrections is implemented in two layers - first over odd and then even bonds.
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Figure 5.2: Setup of the adaptive circuit with feedback (one time unit). The circuit consists of three-qubit unitary gates
(denoted by blue boxes) and two-qubit measurements (orange lines with dotted endpoints). The unitary gate leaves
|000) and |111) unchanged, and acts as a Haar random unitary within the complementary subspace. If the measurement
outcome Z;Z,;+1 = —1, a Pauli-X operator (green box) is applied on one site to correct the post-measurement state into
|11) or |00). Each unit time step contains three layers of unitary gates related by translation by one site, and two sets of
measurements. Each set consists of an even and an odd layer, forming a brickwork structure.

In each layer, measurements are made at a rate p per bond. Each unit time step contains three layers of unitary gates
related by a translation by one site, interspersed with a set of measurements after each of the first and second, but not

third, layers. Time evolution for each unnormalized quantum trajectory is thus given by:

[W({s},T)) = [Us (£) M (8) U2 (8) M () U ()] [0)

{s}) [¥o), (5.1)

e

Il
af

where U; denotes the j layer of unitary gates at each time step, M /» denotes a set of measurements, and {s} records
the full set of measurement outcomes along this particular trajectory.

Akin to previous studies on measurement-induced phase transitions in hybrid random circuits, we expect that there
is an MIPT in our setup for individual quantum trajectories [Fig. 5.1(a)]. Upon increasing the measurement rate p, there
is a transition in the time-evolved states (5.1) from a volume-law entangled phase to a weakly entangled area-law phase,
where the spins almost point along the £ direction. Without feedback (r = 0), each spin could randomly point along +2
directions in each trajectory, depending on the measurement outcomes. Upon introducing feedback, the final states in
all trajectories will approach a ferromagnetically ordered state |00 . ..0) 4+ 5|11 ...1), provided that the measurement
and feedback rates are large enough. This indicates that besides the MIPT, the steady state also exhibits an order-disorder

transition in a physical observable - the domain wall density — due to feedback [Fig. 5.1(b)]". Since the expectation value

In our model, the steady state persists until a timescale ¢t ~ poly(L) with a power > 2. For t ~ exp(L), the states will eventually approach a
ferromagnetically ordered state, and both the entanglement and order-disorder phase transitions no longer exist.
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of a physical observable is linear in the density matrix, the average domain wall density evaluated for the trajectories and

the quantum channel (trajectory-averaged density matrix)

p =2 C{s}) lwo)(¥ol C({s})" (5.2)
{s}
are equivalent. Hence, this order-disorder transition can be observed both in the individual trajectories and the quantum

channel.

5.3 Phase transition in the domain wall density

We demonstrate that there is indeed an order-disorder phase transition captured by the domain wall density by mapping
the dynamics of domain walls under the hybrid circuit evolution to a classical stochastic process. We write the time-
evolved wavefunction as a sum of world histories: | (t)) = Y. A({m(7)}) |m), where {|m)} are bitstrings in the
computational basis, and A({m(7)}) is the amplitude of a pfaZ;(i::Elar world history {m(7)}o<-<;. We consider each
world history by constructing paths connecting bitstring configurations in the initial state to state at time ¢, as illustrated
in Fig. 5.3(a)&(b).

Each individual path can be mapped to a classical stochastic process, which has a non-equilibrium phase transition.
We denote the presence of each domain wall as a particle e, and the absence of which as an empty site o. The bitstring
configuration is thus translated into one of particle occupations, as shown in Fig. 5.3(c). Under the action of unitary
gates, the particles undergo two types of processes: @ o o <> e e o (branching), and diffusion. Under measurement, the
particles can either diffuse: o <+ oe, or annihilate in pairs with probability g = pr: ee — oo. Combining these processes

together, the particles perform BAW with an even number of offspring:
W e 3W, W+Ww 50 (5.3)

Since the parity of the total particle number is conserved, the classical dynamics described above belongs to the PC
universality class, which has a continuous dynamical phase transition when the rate of particle annihilation exceeds a
certain threshold [41, 47, 48, 70] [see the appendices for more details]. The two phases can be distinguished in terms of
the average particle (domain wall) density in the steady state n(t) = N(¢)/L.

For initial conditions with an extensive number of particles N « L, n(t) saturates to a finite constant when ¢ < g
after a finite amount of time. When ¢ > q., n(t) ~ t~/2, and decays to zero at t ~ L? if the initial state has an even
number of particles. At q., n(t) ~ ¢t~% with a universal exponent # = 0.286 characteristic of PC universality class. For
the initial condition with two adjacent particles, when ¢ < g., the particle density grows linearly in time and saturates
to a finite constant. At ¢ = ¢, the particle density remains constant. When ¢ > q., the particle density decays as t~'/2.

Therefore, our model exhibits an order-disorder phase transition at a critical effective measurement rate g.. Below, we

shall explicitly demonstrate both transitions depicted in Fig. 5.1 via numerical simulations of the hybrid circuit dynamics.
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Figure 5.3: (a)&(b): Illustration of the bitstring dynamics in the quantum trajectory undergoing hybrid circuit evolution.
The blue arrows indicate two representative paths (“world histories") of the bitstring dynamics. (a) When the measure-
ment rate is small, the steady state involves exponentially many bistring configurations. (b) When the measurement
rate is high, the steady state is spanned by two ordered bitstrings. (c) Mapping from a bitstring configuration to particle
distribution, where a particle and an empty site represent the presence and absence of a domain wall, respectively.

5.4 Numerical results

In our simulations, initial states, which are product states in the computational basis, are evolved according to the setup
in 5.2 with open boundary conditions. We record, at each time step, the second Rényi entropy Sff) (t) = —log(trp?%),

where p4 denotes the reduced density matrix of subsystem A composed of sites 1,2.. .. |A[; 1 < |A| < £, and the domain
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Figure 5.4: The trajectory-averaged domain wall density n(¢) as a function of time, for different values of the feedback
rate r while fixing p = 1, starting from random initial states. The result confirms the existence of two phases. Numerical
simulations are performed for L = 300, and averaged over 10* realizations of circuits and initial states.

wall density

L—-1

n(t) = — ZI_Z;Z”lt- (5.4)

We then compute the trajectory-averaged second Rényi entropy % and domain wall density n(t). It is worth noting
that in experimental platforms, the determination of 7 does not require an extra step; the measurement outcomes for
any p > 0 provide an accurate sampling of n(¢). Our simulations are performed using the ITensor Julia package [95, 96]
based on a matrix product state representation of the time-evolved wavefunctions.

We first set p = 1, and study n(t) as r is varied (along the right boundary of Fig. 5.1). Since the system is expected

to be in the area-law phase, this serves as a benchmark to observe the order-disorder phase transition as revealed by

the domain wall density n(t). Starting from a random state with n(t = 0) ~ %, we find clear evidence that the steady

state is area law entangled and is independent of r (data not shown). Further study of n(¢) indicates that when r < 0.2,

n(t) saturates to a finite constant at long times; on the other hand, when » > 0.8, n(t) ~ t~'/2 as shown in Fig. 5.4.

This indicates the existence of two phases within the area-law entangled phase, distinguished by n(¢). However, owing to
finite-size effects, n(t) appears to decay with a continuously varying exponent (i.e. n(t) ~ t=%n0=0-5(")for 0.2 < r < 0.8,
which makes identifying the critical r. difficult. Instead, we consider an initial state with two neighboring domain walls
centered in the lattice. Again, n(t) ~ t?~=2(") with a continuously varying exponent in the intermediate regime, but the
critical point r, is determined by the rate r at which n(t) ~ const. (or equivalently, when 6x,—2(r.) ~ 0 and changes
sign). Using this criterion, we find that r. ~ 0.55 in 5.5(a).

Next, we study the dynamics upon varying p, while fixing » = 1 (along the top boundary of Fig. 5.1). In this case,
we expect to observe an entanglement phase transition and a transition in n(¢). In Fig. 5.5(b), we find an order-disorder

transition as revealed by n(t) at p ~ 0.55. In fact, we find, by considering various values of p and r, that the order-
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Figure 5.5: The averaged number of domain walls N (¢) starting from an initial state with two domain walls. (a) For

p = 1, the exponent  as in n(t) ~ t? changes sign at r. ~ 0.55. (b) For r = 1, p?* ~ 0.55. (c) Demonstration that the

order-disorder transition in n(t) is governed by a single parameter ¢ = pr.

disorder transition in our system is controlled by a single parameter ¢ = pr, and happens at g. ~ 0.55 (see Fig. 5.5(c)),
confirming our mapping to a classical BAW process in Fig. 5.3. An interesting question that naturally arises is whether
the location of the order-disorder transition in n(t) coincides with that of the MIPT.

The computational resources required to simulate the system increase exponentially as one nears the critical point
pEFE of the MIPT from above. Nonetheless, we provide strong evidence that these two transitions happen at different
points in our system. As we further lower p such that p < pI' ~ 0.55, we find that the system remains in the area-law
entangled phase despite a finite domain wall density, as is demonstrated by the scaling of @ with subsystem size in
Fig. 5.6(a). In appendices, we provide a heuristic argument based on the correlation length to explain why these two
transitions in general should be different. We thus conclude that the critical point for the MIPT pZ¥ < p?. This is also

consistent with the general expectation that the entanglement transition for the individual trajectories must precede that

for the quantum channel, if there is one.

5.5 Discussion

The physics discussed in this work remains unchanged if the 3-qubit unitary gates are replaced by k-qubit unitary gates

(k > 3) which leave |00...0) and |11...1) invariant (up to a U(1) phase) and act as Haar random unitaries within
———— ——

k k
the remaining (2% — 2)-dimensional subspace. When k = 2, however, the local unitary gates coincide with those for a

U(1)-symmetric Haar random circuit. As a result, the particles can only spread out diffusively rather than ballistically

and hence cannot compete with any non-zero rate of particle annihilations induced by feedback. n(t) always decays as
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Figure 5.6: (a) The steady state entanglement entropy remains independent of subsystem size, regardless of the initial
state. (b) The difference in the early time growth visualized across different initial conditions and subsystem sizes. In
both figures, p = 0.45 < pl* and r = 1.

t=1/2 for any ¢ > 0; there is no MIPT and individual trajectories are immediately driven to an area-law entangled phase.
This is in sharp contrast to U (1)-symmetric hybrid circuits without feedback, where an MIPT is present [86].

In this work, we have argued that the two transitions - MIPTs and order-disorder transitions — are generally unrelated.
As we increase r, the difference between pZZ and p” becomes smaller but remains finite when » = 1. In appendices, we
consider models in which the essential physics is unchanged, but the difference between these two transitions is more
pronounced. This is in contrast to a free fermion system subject to non-unitary dynamics with feedback that was recently
studied in Ref. [60]. It remains to be seen if models with interactions can exhibit these transitions at the same point, while
a broader understanding of the conditions that can facilitate this coincidence of these transitions is desirable.

We conclude by commenting on the experimental realizability of the order-disorder transition, spurred by the recent
implementation of adaptive quantum circuits with high fidelity [62, 61]. Overhead can be drastically reduced by estimat-
ing n(t) from measurement outcomes obtained over the course of the circuit evolution, instead of preparing the states

at different times and then separately performing measurements. Furthermore, we numerically find that this transition

is robust to imperfect rotations in the feedback and decoherence, but susceptible to other types of noise.

Note Added.— Shortly after our paper appeared on the arXiv, we became aware of an independent work where similar

results were obtained in a different setup [97].
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5.A Particle density transition of the classical bit-string dynamics

Inspired by the quantum dynamics under the hybrid circuit with feedback, we proposed a classical stochastic process
that traces the dynamics of the bit strings in the quantum state shown in Fig. 3. Under the 3-site unitary gates, the
bit string either stays invariant if there are no domain walls or is mapped to another bit string within the ensemble
{|001),]010), |100), |011), |101),|110)} with equal probability. On the other hand, when the measured sites have opposite
spins, the Pauli-X operator rotates either spin and kills a pair of domain-walls (a pair of neighboring particles) with
probability r. Since the measurement rate is p, this leads to an effective annihilation rate ¢ = pr. Therefore the domain-
wall particles either diffuse, branch or annihilate in pairs. This is often referred to as branching-annihilating random

walks (BAW) with even offspring,

W 3W, W+Ww L. (5.5)

BAW models with even offspring usually experience an absorbing phase transition that belongs to parity-conserving (PC)
universality class, which is characterized by the additional symmetry that preserves the parity of the number of particles
in the system.

In this appendix, through investigating the domain-wall particle density transition of three different circuit setups,
i.e., hybrid circuits with one/two/three sets of measurements with probability ¢ per time step, we will show that our
classical bit-string model belongs to PC universality class. We consider two initial conditions which lead to different
scaling behaviors in the particle density under the same dynamics: (a) the seeding process beginning with a pair of
adjacent domain-wall particles, and (b) the purification process beginning with a randomly occupied state (i.e., a random
bit-string).

The numerical results are shown in Fig. 5.7. We vary the annihilation rate g and calculate the scaling behavior of the

mean domain-wall particle density n(¢) = N(t)/L, where N(t) is the mean domain-wall particle number and L is the

system size. We find that except for the model with one layer of measurements per time step, the rest of the setups all
experience a phase transition while adjusting ¢g. For the purification process beginning with a random bit string state,
when ¢ < ¢, the system stays at an active steady state with a finite particle density. When ¢ = q., n(t) ~ ¢t~ with
0 = 0.286. When ¢ > ¢, the particles perform annihilation-dominated BAW and the particle density decays diffusively,
i.e., n(t) ~ t~1/2. For the seeding process starting with a pair of adjacent domain-wall particles, despite the finite-size
effect, when ¢ < q., the system approaches an active state. At ¢ = q,, @ ~ t9 with § = 0. When ¢ > ¢, Wt) still
decreases diffusively (not shown in the plot). These exponents are universal and agree with the numerical findings of
the PC universality class that § = 0.286, § = 0 for ¢ = ¢., and z = 2 for ¢ > ¢..

The two different initial conditions also help us to pin down the critical point. We do find that for L = 300, the bit-
string model with one layer of measurements has a critical point ¢. = 0.99. However, this is very close to ¢ = 1 which
is probably due to the finite size effect. Hence, we claim that the case with only one set of measurements per time step

doesn’t have a phase transition. For models with two and three sets of measurements per time step, the critical points

are g. = 0.55 and ¢. = 0.37 respectively, which agree with the corresponding ¢.’s found via direct simulations of the
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Figure 5.7: We simulate the domain-wall particle density n(t) of the bit-string model with one set of measurements in
(a) and (c), two sets of measurements in (b) and (e), and three sets of measurements in (c) and (f). Among them, (a), (b),
and (c) are the results of the seeding process starting with a pair of adjacent particles, (d), (e), and (f) are the results of
the purification process starting with a random state. All of the data are computed for system size L = 300 under open

boundary condition (OBC) over a variety of measurement rates ¢, and we plot n(t) vs ¢t on a log-log scale.
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Figure 5.8: Finite-size data collapse of the domain-wall particle density n(¢) of the classical bit-string model with two
sets of measurements for different system sizes at (a) ¢ = 1, and (b) ¢ = ¢. = 0.55, respectively. (c) Data collapse using
the scaling form Eq. (5.6), for |¢ — ¢.| = 0.01,0.02,...,0.05 at L = 600 for ¢ € [100, 1200]. We use periodic boundary
condition (PBC) for numerical simulations.

circuit evolution.

In addition, we have performed a detailed finite-size scaling analysis of the domain wall density of the purification
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Figure 5.9: The particle density n(t) vs ¢ plotted on a log-log scale for the purification process under the circuit with two

sets of 2-site unitary gates and two sets of measurements with probability ¢ per unit time step. When ¢ = 0, n(t) does
not decay with time. Once ¢ > 0, the particle density decays as n(t) ~ ¢t~ /2. All of the data are collected for system size
L = 300 under OBC.

process in the vicinity of the critical point. We expect that the domain wall density satisfies the following scaling form:

n(t,q) =t~ f(t/L7,|q — q[t"/"), (5.6)

where 2F'¢ = 1.744 at the critical point ¢. = 0.55 and yﬁ)C = 3.22 [47]. As shown in Fig.5.8(b) and 5.8(c), we find
excellent agreement with the above scaling form using known exponents of the PC universality class. We have also
examined the data collapse in the critical phase where 2P’ = 2 for ¢ > ¢. in Fig.5.8(a). This further confirms that our
model belongs to the PC universality class.

Finally, we consider replacing the 3-site unitary gates with 2-site unitary gates, which keep the bit strings {|11), |00) }
unchanged and map the bit strings with domain walls randomly within the ensemble {|10),]01)}. The U(1) symmetry
imposed by the 2-site unitary gates preserves the total spin and the domain-wall particles propagate diffusively, which is
too weak to compete with the particle annihilation due to measurements. Therefore, there is no particle density phase

transition and we have n(t) ~ t~'/2 for any ¢ > 0. This is verified by Fig.5.9 in which we simulate n(t) of the purification

process with two sets of 2-site unitaries interspersed with two sets of measurements per unit time.

5.B Results with 1 set of measurements

In this section, we present results for the set-up where the feedback scheme is implemented with only 1 set of mea-
surements per time step, after all 3 layers of unitary gates have been applied. As in the classical model, the transition
in n appears to occur extremely close to pr = 1, rendering the observation of the ordered phase unfeasible, owing to
finite-size effects. The transition points r. and p; are estimated as in the main text, by identifying the values of r and p

at which n(t) does not change with time, beginning from an initial state with 2 adjacent domain walls in the center of

the chain. It is found that when p = 1, . ~ 0.99, and p! ~ 0.99 when r = 1.
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Figure 5.10: Numerically obtained results for the quantum model with 1 set of measurements after 3 layers of unitary
gates, for L = 300, and results averaged over 2 x 10* realizations. (a) The domain wall density n at p = 1, showing
a critical scaling of n(t) ~ t~92%6 near r ~ 1. The steady state domain wall density appears finite for » < 0.5, but
finite size effects prevail for r 2 0.7. (b) The number of domain walls, beginning from an initial state with two adjacent
domain walls in the center of the system. The data affords an estimation of ¢ ~ 0.99. (i) p = 1 and (i) » = 1.
(c) The steady state entanglement scaling for r = 1,p = 0.8 < p?. The entanglement satisfies area law scaling and
shows a slight dependence on the initial condition. (d) The entanglement dynamics for two different initial states for

r=1,p=0.8 < p?. For N(t = 0) = 2, the two domain walls are located close to the center.

We find that pP# < p in this case as well. The characteristic dependence of the entanglement growth on the initial
state is also present here, since the entangling unitary gates act trivially on large parts of the system when considering
initial conditions with a vanishing density of domain walls. These results provide compelling evidence that (a) the two

transitions are indeed different and (b) The qualitative features of this family of adaptive quantum circuits are largely in-
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sensitive to the microscopic details of the circuit. These conclusions strengthen, and are strengthened by, the connection

to the classical dynamics.

5.C Effects of Imperfect Circuits

We were initially motivated by strategies that could facilitate the realization of the measurement-induced phase transition
in present-day NISQ-era quantum devices. In this spirit, we study the effects that noise might have on the different
dynamical phenomena we observe. In particular, we consider (i) the effects of imperfect corrective rotations and (ii) the

role of decoherence.

5.C.1 Imperfect Corrective Rotations

Our set-up involves measuring the operator Z;Z;, on neighboring sites, which can result in the outcomes +1. If the
outcome —1 is observed, then, with probability r, either the qubit at location ¢ or at i + 1 is rotated by 7 about the X-axis.

We account for imperfections in this process by considering noisy, imperfect rotations of the form

R = e~ enX

eeitE

™ ~
a0 = 5 (L) (57)

where Z is a random number independently drawn from [—1, 1] at each time ¢ and site ¢ when a corrective rotation is to
be applied. € dictates the strength of the noise. The results are presented in 5.11.

The transition still persists even in the presence of noise. We see that the effect of the noise in the rotation angle
is to merely renormalize the rate r at which errors are corrected. The renormalized value can be explicitly obtained by
considering the bit-string picture. We fix p = 1 so that the feedback rate is solely controlled by . In the absence of any

noise (¢ = 0), upon finding an outcome of Z; Z; 1 = —1, there are two possible scenarios -

+1, with probability r
ZiZit1q.m, = b v (5.8)

—1, with probability 1 —r

(a.m. denotes “after measurement”). When e # 0, it will be helpful to write (with the i, ¢ labels suppressed) R, =

cos 8, + i X sin f.. Assuming the correction occurs at site 4, 5.8 is modified to give

RIZiReZi lam. With probability r
ZiZisr,, = Ham. (5.9)

-1, with probability 1 — r
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Figure 5.11: The effects of imperfect rotations on the domain wall density, shown only to have the effect of renormalizing
rasgivenin 5.12. Simulations are performed on L = 300 spins, starting with a pair of adjacent domain walls in the center
of the chain, and averaged over 2 x 103 realizations. r. ~ 0.55 in the absence of noise. (a) r is varied, holding ¢ = 0.5
fixed. The critical r shifts downward to r.(¢ = 0.55) ~ 0.7. (b) With r fixed at » = 0.7, a transition between the two
dynamical phases is driven by tuning the strength of the noise e.

We can further expand RI ZiR.Z;41 as

COSz(GE)ZiZH_l =-1 o Sin2(96)ZiZi+1 = +]‘a.m.

e o (5.10)
= sin2(7)(—1) + cos2(7)(—|—1).

Since the measurements are frequent and we expect Z; 7,1 to have a definite value, we can interpret the result of

5.10 as a stochastic process with the update rule

2 mex

—1, with probability sin”® T
RIZiR Ziys,, = ? (5.11)
+1,  with probability cos? Z¢&

Combining ??, we finally have

+1, with probability r cos?(Z<E)

ZiZit1q.m, = (5.12)
. o ) %
—1, with probability 1 — r + rsin®(75*).
By averaging over Z, we arrive at an expression for the renormalized value of r
T sin(me)
Trenorm = 5(1 + 7) (5.13)
e

We can use 5.13 to calculate the r,. as a function of ¢ for the case with 2 layers of measurements. We know from

1.1

numerical simulations that r. renorm =~ 0.55 which implies r.(¢) ~ PRI

. Specifically, for ¢ = 0.5, we find that
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Figure 5.12: The particle density n(t) vs ¢ for the seeding process starting with a pair of particles under bit flip errors with
an error rate of 0.01. The circuit contains three sets of measurements with each set followed by a layer of random bit flip
errors. There is a finite particle density in this case even at large ¢, which indicates that the absorbing state transition is
unstable to bit-flip errors. Numerical simulations are performed for system size L. = 300 under OBC.

r. ~ 0.68, which is in agreement with what we find in 5.11(a).

5.C.2 Effects of Decoherence

Since present-day quantum computing platforms are not perfectly isolated from the environment, there is a natural decay
of coherence. One way of modeling this decoherence is to consider the depolarizing channel [98], which is defined for a

density matrix p as

“é
Elp)=1-b)p+ bﬁ (5.14)

where D = Trl¥ is the dimension of the Hilbert space under consideration, and 0 < b < 1 represents an “error rate".
p can refer to the density matrix of any part of the system (or the system in its entirety). In our case, we investigate the
robustness of the absorbing phase transition to the effects of a depolarizing channel acting randomly on any qubit in the
system. This can be implemented directly in the classical model by flipping each bit independently at a fixed rate. As
shown in Fig. 5.12, for the seeding process starting with a pair of particles, even a tiny error rate of 0.01 leads to a finite
particle density in the steady state for large q. Therefore, the absorbing state transition is unstable to the presence of

depolarizing noise.

5.C.3 Effects of Off-Diagonal Dephasing

The final error we consider is that of the loss of coherence in the off-diagonal elements of the density matrix. Since both
the ZZ measurements and the domain wall density n share a basis, and are both diagonal in the computational basis,

we do not expect this dephasing to have an impact on the observation of the order-disorder transition.
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the same value of p x r = ¢. &~ 0.55, where N (t) ~ tV at the critical point, when starting from an initial condition with
2 adjacent domain walls at the center of the chain.

5.D Sampling Protocol

In this section, we elaborate on our proposal for obtaining the averaged domain wall density n(¢). Recall that the defini-

tion of n is
L—1
1~ Z;Zja
= _— 5.15
= (5.15)

The protocol also involves measuring Z; Z; 1 (and applying feedback at some rate r), first for odd and then even j after a

I . . . . 1-%;2,
layer of random unitaries. In numerical simulations, we were able to directly calculate —=4=+

without any additional
steps. However, in practical experiments, one would have to first prepare a state and then perform several measurements
in order to estimate the expectation value of Z;Z; 1, which a priori poses a large overhead. Since our protocol involves
measurements of this operator, we can utilize these outcomes to estimate n.

For concreteness, we consider the set-up with 2 sets of measurements, one each after the first and second layers
of random unitaries, but not the third. At each time step, the outcomes of the last set of measurements are recorded.
Let the number of measurements at this time-step be N,,, and the measurement outcomes be m; -t with m; = =+1.

N,, < (L — 1) and on average, N,,, = p(L — 1). The quantity 7, defined as

1 S 1—mi
Np, 2

i=1

n=

(5.16)

averaged over trajectories and circuit realizations, provides an accurate sampling of the true domain wall density 7. The
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reason for this is that at any p > 0, an extensive number of measurements are still being made. We can straightforwardly
obtain an estimate for the number of domain walls N as N = (L —1) *7n. As shown in 5.13, the number of domain walls
obtained from this sampling procedure N captures the order-disorder transition, and agrees well with the true value of

n.

5.E Heuristic argument of the difference between entanglement transi-

tion and steering transition

When r > r., as we tune p, the quantum trajectory undergoes two transitions: the entanglement phase transition at
pE¥ and the steering (domain wall density) phase transition at p??. First, it is easy to show that p£¥ < p™ in the steady
state |¢). This is because when p > p, |+) is spanned by |00 ...0) and |11... 1) and the entanglement entropy S4 for a
subsystem A is smaller than log 2.

According to previous studies on the 1 + 1d measurement induced entanglement phase transition, we expect that

when p > pEF[25, 31],

logLa, La<&

Sa (5.17)

log¢,  La>¢

where ¢ is the correlation length for the entanglement measure and diverges at p = p“E. When p is slightly larger than
pEE | the correlation length is still quite large with log ¢ > log 2. Increasing p will reduce ¢ and eventually when p is
large enough, we have log ¢ < log 2. This implies that there is a finite separation between pZ¥ and p”.

The difference between pZ¥ and p” is more obvious in higher dimensional systems with spatial dimension d > 1.
Aswe vary p, the entanglement entropy exhibits three different scaling behaviors. Here we consider a simple case where

the subsystem A is d-dimensional sphere with radius L 4. The leading term of the entanglement entropy satisfies:

~ LY, p<plbP
SA : ~ Li{l, pCEE <p< p? (518)

<log2, p>pl.

5.F Simulation of the Volume-Law Phase

Lastly, we address the technical and conceptual difficulties with obtaining an accurate estimate of pZZ. The challenges
are two-fold - (i) The rapidly burgeoning entanglement entropy as we approach the critical point or enter the volume
law phase renders MPS methods (which are designed for states with low entanglement) computationally costly, and (ii)
our specific family of models are particularly prone to finite-size effects owing to the absorbing nature of the steady state.

The volume-law phase of general (i.e. non Clifford [64]) non-unitary circuits requires exponential resources and is
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Figure 5.14: The entanglement entropy Sff) (t) vs t plotted on a log-log scale using the exact diagonalization of the
quantum trajectory under the circuit with two sets of measurements per unit time step over a variety of measurement
rate p. All of the data are collected for system size L = 18 and feedback rate » = 1 under PBC.

difficult to simulate on classical computers. The exact diagonalization (ED) technique, commonly used to study the
volume law phase, can only deal with small systems with L < 30. The detrimental effects of the resulting finite-size
effects are especially germane to our system. In such a small system, if ¢ = p x r > 0, under BAW dynamics, any state
with a finite density of domain walls quickly evolves to states with no domain walls {|0---0), |1---1)}. The absorbing
phase transition is no longer observable, since any initial configuration decays to the absorbing state. Consequently,
since pE¥ < p7, the entanglement phase transition cannot be observed either in a small system with finite 7. As shown
in Fig. 5.14, the entanglement entropy calculated using ED for system size L = 18 with an initial product state polarized
in the +z direction shows a strong finite size effect and decays to a finite constant quickly for all p > 0, = 1. This rapid
decay obviates the usage of both the volume law scaling of the steady-state entanglement entropy SXL) (t = o0) ~ |4]
and its linear growth at early times SXL) (t) ~ t as diagnostics for the volume law phase.

However, in a large system, we can observe an absorbing phase transition. In such a system, we can use the in-
efficacy of MPS methods in simulating states with large entanglement to obtain an upper bound on pZ¥ (i.e. when
the infamous “exponential wall" has been encountered and the bond dimension grows too large to store the state on a

classical computer). For the model with two sets of measurements, we find that the upper bound for pZ¥ is 0.45.
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Chapter 6

Exponentially slow thermalization and the

robustness of Hilbert space fragmentation

6.1 Introduction

A central theme in quantum dynamics is the understanding of mechanisms which impede or arrest thermalization
[1, 2, 4, 5, 6]. Many such mechanisms, most prominently many body localization [7, 8], rely crucially on some form of
spatial disorder. A recent body of work has demonstrated that even without recourse to strong disorder, the imposition
of certain dynamical constraints can be rigorously shown to prevent thermalization [9, 10, 11, 12, 13, 14, 15, 16, 17, 18,

,20,21,22,23]. In these systems, thermalization is evaded by virtue of the dynamics being non-ergodic, with the space
of product states splitting into exponentially many dynamically-disconnected “fragments”, in a phenomenon known as
Hilbert space fragmentation (HSF).

Unfortunately, this form of ergodicity breaking relies on fine-tuning the dynamics to ensure that the dynamical con-
straints leading to HSF are exactly obeyed. What happens when the constraints are weakly broken is a relatively unex-
plored question, despite the fact that many experimental systems are close to fine-tuned points where the constraints are
exact [99, s , s R , ]. A natural question thus remains: how does the structure of HSF imprint itself on
thermalization dynamics once its associated constraints are broken? In particular, can there exist models of constrained
dynamics which display anomalous thermalization even in the presence of constraint-breaking, ergodicity-restoring per-
turbations?

In this work, we answer this question affirmatively by studying what happens when a 1d spin chain with “pair-flip”
constraints is connected at its end to a chain undergoing generic unconstrained dynamics (Fig. 6.1 a). The coupling to the
unconstrained system can be veiwed as a coupling to a thermal bath, and it renders the dynamics fully ergodic. Naively,
one might expect the bath to initiate a thermalizing “avalanche” that spreads out and thermalizes the constrained region
on the time scale needed for the influence of the bath to be felt across the system, viz. on a time of order L.qs, Where

Leons is the size of the constrained region. We show that this intuition is in fact false, and that the thermalization time
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Figure 6.1: a) A schematic of the setup considered in this paper: a 1d chain is partitioned into a constrained region at
sites 1 < ¢ < L¢ons Within which the dynamics is fragmented, and an unconstrained region at sites L.ons < ¢ < L where
the dynamics is generic. b) Growth of the normalized entanglement entropy for a quench from under Hamiltonian
dynamics, calculated for the region A = [1, L/2] with L¢ons = 8, L = 10, N = 3. The solid line shows a quench from
the frozen state |12)®%/2; for the dashed line the first site is changed to 2, creating a single flippable pair. In both cases,
a slow logarithmic growth is observed. c) Relaxation of the charge (); computed in region A for the same initial state,
showing a similarly slow decay.

tyn instead scales exponentially in L.ons. This slowness is due to strong bottlenecks that the system encounters as it tries
to explore Hilbert space, a phenomenon which arises from the type of constraints and the local nature of the coupling
to the bath. We rigorously prove an exponentially large lower bound on ¢, in the setting where the system undergoes a
constrained form of random unitary (RU) dynamics, and provide numerical evidence that ¢y}, for Hamiltonian dynamics
is similarly long. Remarkably, the long approach to equilibrium can be diagnosed simply by measuring expectation

values of certain local operators, which take exponentially long to reach their steady-state values.

6.2 Slow thermalization in the pair-flip model:
We begin by studying Hamiltonian dynamics. We consider a spin-(N — 1)/2 model of the form H = Hy + Himp. Here
the constrained Hamiltonian H, takes the form
L-1 N
> gitlaa)(bbli iqa, (6.1)

i=1 a,b=1

with g; arbitrary N x N Hermitian matrices. The “impurity” Hamiltonian Hi,, acts to break the constraints on sites

Leons < @ < L, with Lcoys the size of the constrained region. Hy only flips neighboring spins with identical values. As a
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result, it preserves the U (1) charges

Qo= _(~1)|a){al;. (6.2)

i
When N > 2, which we will specify to unless explicitly noted otherwise, Hy additionally possesses an exponentially
large number of non-local conserved quantities [106]. Among these are the N(N — 1)2~! “frozen” states of the form
la1,...,ar), a; # a;+1, which are annihilated by Hy. We will denote the space spanned by these states as Hyop-

To numerically study the robustness of the constrained dynamics with respect to Hi,,, we investigate quantum
quenches performed on initial states in Hy,.,. For concreteness we will specify to the case where g2° = (—1)(1/N +
Kk0a,p); here the (—1)* ensures that the states in Hgo, lie approximately in the middle of Hy’s spectrum (since for this
choice of gfb , Hy is an alternating-sign sum of frustration free projectors that annihilate Hy,,). The model obtained by
setting x = 0 is a form of Temperley-Lieb model [107, 108], which has SU (N) symmetry, fragments in an entangled basis
[109], and possesses a very large number of degenerate states. In Sec. 6.6 we prove that this model fails to thermalize
even at infinite times when the constraint is broken only on a single site. In our numerics we will however fix k = 2/3,
breaking SU(N) and yielding a more generic pair-flip model. For H;;,;,, we take for definiteness

L

Himp — N—l Z (6iw/4X7; + 6—1'71'/4)(7;7")7 (63)
i=Lcons+1

where X; = 25:1 |a){[a + 1]x]|; With [-]; denoting reduction modulo N, and with N ensuring that each term in
H;p,p, has unit norm. This choice fully restores ergodicity, and can be numerically checked to render the spectrum of A
completely non-degenerate.

Since states in Hy;,, are near the middle of H’s spectrum, energy conservation does not present an obstacle for states
in H 05 to thermalize to infinite temperature, even when the size of the impurity region is small. Furthermore, as we will
see momentarily, only O(L) applications of H;.p, are required to connect any two computational basis product states.
From these facts, a reasonable prior would be that states in ., rapidly thermalize to a volume-law infinite-temperature
state, with this occurring on the time scale needed for the influence of Hi,,;, to propagate throughout the full extent of
the constrained region. Simulating the dynamics with TEBD for the simplest choice of N = 3 reveals that this is not
what happens. In Fig. 6.1 we compute the bipartite entanglement entropy Sa(t), with A = [1, Lcons/2] half of the
constrained region, together with the charge expectation values (Q,), with @, computed on the sites [1, L¢ons] Of the
constrained region. Both of these quantities indicate an exponentially long thermalization time, with S 4 (¢) exhibiting a
slow logarithmic growth and (Q,) a similarly slow decay. Slow thermalization is also observed for initial product states
which are mostly frozen but contain a small number of flippable nearest-neighbor pairs; for these states S4(¢) increases

quickly at short times ¢ < L but then grows as ~ log(¢) thereafter.
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Figure 6.2: Krylov graph illustrations for N = 3. a) Each computational basis product state |ay,...,ar) defines a

length-L walk on the degree 3 tree, with the walk backtracking when two identical labels are encountered in a row. The
constrained dynamics preserves walk endpoints (grey circles), each of which defines a Krylov sector; the sectors are thus
enumerated by the even (odd) sublattice of the depth-L tree for even (odd) L. Paths which reach the edge of the tree are
frozen under the constrained dynamics, while those with backtracks belong to sectors of dimension > 1. Breaking the
constraints at the edge induces transitions between next-nearest-neighbor tree vertices in the manner indicated by the
pink lines. b) Values of the charge @); in each sector (shown for L = 6). Redder (bluer) colors indicate more positive
(negative) values. Dynamics begun from a state in the region C' will take exponentially long to escape C' due to the
bottleneck imposed by the tree structure. ¢) Krylov sector occupations for a quench under e ~*#?, starting from a frozen
state on the edge of the tree. Circle sizes and colors are drawn according to (1(¢)|Ilxc|t/(t)) at time ¢ = 103, where Il
projects onto the sector .

6.3 Hilbert space connectivity and random walks

To understand these observations, it will be helpful to have a geometric understanding of how the dynamics acts in
Hilbert space. To best illustrate this we will momentarily fix . = L.,ns + 1, so that the pair-flip constraint is broken only
on the last site of the chain. This understanding is obtained by associating each product state |a1, . .., ar) with alength-L
walk on the NV-valent tree 7Ty. The walk is determined by reading the product state from left to right: a; determines the
direction of the first step of the walk, a, the second, and so on. The direction of the walk’s travel is fixed by the convention
that if two identical labels are encountered in a row (a; = a,+1), the walk backtracks (see Fig. 6.2 a for an illustration
with N = 3). The merit of this is that the allowed processes implementable by H are precisely those which preserve walk
endpoints, since H acts nontrivially only on locations with backtracks. Each vertex of Ty (more precisely, each vertex of
T'v’s even / odd sublattice, depending on the parity of L) thus defines a disconnected sector of the constrained dynamics.
The sectors on the edge of Ty contain precisely those states whose walks have no backtracks; these states thus span H,,
and define O((N — 1)) one-dimensional sectors. As shown in [110], the sectors increase exponentially in size towards
the center of the tree, with the largest sector at the tree center having dimension |ICpay| ~ L%/2(2v/N — 1)%.

The action of Himp, at the chain end breaks the constraint by allowing the last step of the walk to be changed. This
restores ergodicity, connecting the sectors to their nearest neighbors on one sublattice of 7, in the manner shown in
Fig. 6.2 a. We will refer to the graph Gx. of Krylov sectors so obtained as the Krylov graph. The dynamics thus induces a

random walk on G, and for a system to thermalize, its wavefunction must spread out across the entirety of G under
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the action of this walk.

The tree structure of the Krylov graph suggests that this spreading is slow, since for a vertex of Ty atdepth 1 < d < L,
there are N — 1 ways of going “out” towards the boundary, but only one way of going “in” towards the center. This
implies that a simple random walk on Ty will have an “outward” bias with velocity vy = (N —1)/N —1/N =1—-2/N,
and suggests that the dynamics on G will take exponentially long to overcome this bias and thermalize. However,
this argument ignores the fact that the sectors increase exponentially in size as one moves towards the center of G,
which introduces an opposing “inward” bias. Our main goal in the following will be to understand which one of these
competing effects dominates.

As a first pass, one can quench a state in Hy,, under e~*7* and numerically compute the weight of |¢)(t)) in each
sector. Doing so gives weights which are highly clustered around G’s edge even when ¢ >> L, as shown in Fig. 6.2 c.
This suggests that the “outward” bias—which acts to slow thermalization—wins out. To understand why, we shift our

focus from Hamiltonian to RU dynamics, where rigorous bounds on thermalization times can be proven.

6.4 RU dynamics and Hilbert space bottlenecks

To simplify the dynamics, we replace the unconstrained region by a thermal bath which subjects the spin on the end
of the chain to depolarizing noise. This models the situation where the unconstrained region is taken to be infinitely
large (so that it can exchange an arbitrary amount of energy with the constrained region), and then traced out. Since
there is no conserved energy in this setup, we will replace time evolution under Hy by a constrained form RU dynamics,
consisting of local gates which preserve the pair-flip constraint but are otherwise Haar random. The quantum channel

implementing one step of the dynamics is
Calp) = UJ(TrL[p] @ 1/N)Uy, (6.4)

where Try [-] denotes tracing out the spin at site L, and Uy is a random depth-d constrained brickwork circuit. In our
analytic arguments we will take d > L, which simplifies things by making the intra-sector dynamics thermalize instan-
taneously. Regardless of d, C4 should generically thermalize product states faster than the Hamiltonian dynamics studied
above. We will nevertheless prove that the thermalization time under Cq is exponentially long in L. Detailed proofs of
the statements to follow are deferred to the supplementary information [110]; in what follows we will only discuss the
most salient aspects.

Let us first examine the circuit-averaged state py (t) = Ey Cf(]1)(1/]) obtained by evolving a computational basis
product state |)) for time ¢. Using by-now standard techniques [111, 112], the circuit average can be performed exactly,
mapping the RU evolution to a certain kind of Markov process. One finds py(t) = |M'y) (M|, where [M'e)) is
the state obtained from |¢)) by ¢ applications of a Markov generator of the form M = Mpp M. In this expression
Mp=1;,_1® % Z% » la) (b randomizes the state of the spin on the end of the chain, and M p is a depth-d stochastic
brickwork circuit implementing pair-flip dynamics, each brick being the 2-site gate + > ap laa) (b +3°, 4, lab)(ab| (see
[110] for details).

89



Let Gy be the graph with a vertex for each computational basis product state, and an edge drawn between all pairs
of vertices connected by a single step of the dynamics. The Krylov graph G is thus a “coarse-grained” version of G,
obtained by gathering all states in a given sector into a single “supernode”, and merging all connections between states
in bath-connected sectors into a single “superedge”. M implements a random walk on Gy, with p = 1 as its unique
steady state. Thus all initial states thermalize under Cq4, provided one waits long enough. How long one must wait is
determined by the relaxation time ¢,., which is inversely proportional to the spectral gap A, of M. As a first result, we

prove

Theorem 1. A, is exponentially small in system size:
AM S |’Cmax|N7L ~ L73/2Pk7 (65)

where py = 2/ N — 1/N < 1is the spectral radius of T

This result follows from the fact that states evolving under M encounter severe bottlenecks as they move throughout

Hilbert space. To see this, define the expansion ®(G) of a graph G as [113]

[} = i .
(G) C:‘CH%?GWI@CI/ICL (6.6)

where |0C| denotes the number of edges connecting the subgraph C to G \ C. Graphs with strong bottlenecks have
smaller values of ®(G), and random walks on graphs with strong bottlenecks mix slowly. This is quantified using
Cheeger’s inequality [113], which reads

LB(OH)? < Ay < 20(G) ©.7)

Since G is formed by coarse-graining G, we have ®(Gy,) < ®(G), provided that |0C| (|C|) in (6.6) are appropriately
weighted by the sizes of the superedges (supernodes). The upper bound in (6.5) then follows by letting C' be one full
branch of the tree (shown in Fig. 6.2 b for N = 3), for which [0C| ~ |[Kuax| and |C| ~ NE/N. This gives an upper
bound on ®(Gx)—and hence on A y—scaling as |Kyax| /N, which is exponentially small in L (exact diagonalization
indicates that this bound is in fact saturated [110]). This demonstrates the existence of a large bottleneck and shows that
the “outward” bias discussed above ultimately wins out at long times (the effect of the “inward” bias turns out to be to
reduce the base of the exponential in (6.5) from 1/N to py).

An initial state |¢) chosen randomly from C will thus typically take an exponentially long time to leave C, immedi-
ately yielding a bound on the circuit-averaged entropy Sy (t) = Eqy S[Ch(|)(¢])]. To this end, define t5(v) = min{t :
Sy (t) > yLIn(N)} as the time at which Sy, (¢) first reaches a fraction v of its maximal value. We find

Theorem 2. Let v satisfy v« < v < 1,7« = 2(1 — oy In(N — 1)/In N). Then
ts(y) > C,VLel™, (6.8)
where C., is an unimportant O(1) constant and Ay = 1((1 — v/2)In(N)/In(N — 1) — vy)2

90



10°¢
0k | 10°
¥ == 1o(y = 0.01)
1034 to(y =0.1) H 7
E -—- Lipt v to(y = 0.01)
. — Lilby2 )
1% e v 1025\/ ! ! -
25 50 75 10 20 30 40 50
L L

Figure 6.3: The charge relaxation time ¢, for the maximal-Q; initial state [1)(0)) = |21)®%/2. Left: Slow charge relax-
ation for N = 3: ¢t for v = 0.1 and v = 0.01. The former fits well to L times the bound in (6.9) (blue dot-dashed line),
while the latter saturates the v — 0 bound of ~ 1/®(Gy ) (red dashed line). Right: Fast relaxation for N = 2: tg ona
log-log scale, showing clear diffusive behavior.

This indicates that when initialized from a typical computational basis product state, the system rapidly reaches an
entropy of S, = 7. LIn N, but that after reaching S, the entropy growth slows dramatically, taking exponentially long
to fully saturate. This can be understood by appealing to the biased random walk introduced above, which implies that
almost all product states are located at a depth near d. = vy L. A state initialized on the boundary of Gx may rapidly
move inwards to a depth of d, (during which the “inward” bias dominates), but then gets “stuck” at d.., where the number
of states is largest (and where the “outward” bias now dominates).

Remarkably, the small gap (6.5) imprints itself in the expectation values of the charges Q, € [—L/2, L/2], despite the
fact that expectation values of local operators do not allow one to distinguish different Krylov sectors. This occurs because
the pattern of values that @), takes on different sectors is strongly anisotropic across G, as illustrated in Fig. 6.2 b. The
exponential smallness of ®(G4;) means that the charge of a generic product state will also take exponentially long to
relax. The upshot of this is that similarly to Thm. 2, we can bound ¢ (), the time for (Q,(¢)) to drop below vL/2 when

initialized in a state |1)1,ax) Of maximal @), charge, as follows:

Theorem 3. Let v satisfy 0 < v < vy /2. Then when v = O(LP),
to(y) = DyVLelr=on)?/2 6.9)

where D., is another unimportant O(1) constant. In the y — 0 limit, to(v) > D, /®(Gy).

The above theorems were all stated for the case of V > 2. When N = 2, the constrained dynamics is not strongly
fragmented: it instead possesses only O(L) sectors, the largest of which has a dimension smaller than 2 by only a factor
of 1/v/L. These sectors are connected by the bath to form a 2-valent tree (i.e. a line), yielding ®(G%) ~ 1/v/L. The
N = 2 dynamics thus possesses only a weak bottleneck, and thermalizes exponentially faster than the N > 3 models.

These results are corroborated in Fig. 6.3 by numerically simulating charge relaxation in the classical stochastic model

defined by M. In these simulations we fix the depth of each RU brickwork layer at d = 2, constraining the intra-sector
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dynamics by spatial locality. On general grounds we expect this to decrease A by a factor of L™, so that Cheeger’s
inequality for N = 2 reads L~2 < Ay < L73/2. For N = 2 our numerics give a diffusive to ~ L2, matching this
lower bound. For N = 3 and v = (L"), to() is similarly observed to exceed the lower bound of Thm. 3 by a factor of
L. Interestingly however, when v — 0 the lower bound of 1/®(Gy,) ~ L3/? P L appears to be quite nearly saturated,
without an extra factor of L. Finally, we note that when N = 3, the base of the exponent in (6.9) is only ¢'/'8 ~ 1.06
for small +; this makes the poly (L) contribution to ¢ (y) dominate for moderate system sizes. In the future it would be

interesting to explore models with stronger bottlenecks, where the exponential scaling may be more pronounced.

6.5 Discussion

In this work we have seen how HSF can be remarkably robust in the presence of local coupling to a thermal bath, with
signatures of fragmentation remaining present even on times exponentially long in system size. Our results have focused
on models with pair-flip constraints, where thermalization is arrested by the presence of strong bottlenecks encountered
by the dynamics as it explores Hilbert space. This picture can be shown to generalize to a larger family of strongly-
fragmented systems, including the dipole-conserving models of Refs. [9, 10] and the general family of semigroup-based
dynamics introduced by one of the authors in Ref. [112]. Furthermore, by viewing one half of a fully-constrained sys-
tem as a bath for the other half, our results imply that bottlenecks inevitably produce slow intra-sector dynamics in
unperturbed models, a result which may be useful for understanding the slow charge transport of Refs. [112, 16].

Our analytic results have focused on the case of RU dynamics. Hamiltonian dynamics should generically thermalize
at least as slowly, although there are other reasons why disorder-free Hamiltonian dynamics may be parametrically
slower, and in the future it would be interesting to investigate this possibility in more detail. It would also be interesting

to understand couplings to different types of baths and the resulting steady states, as in Ref. [23].
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6.A Notational preface

As discussed in the main text, each computational product state |s), s; € {1,..., N} can be associated to a random walk
on the balanced N-tree Ty. Proceeding from left to right, each s; determines where the walk proceeds, with the walk
backtracking when s; = s,_;. Each walk which ends at a point of depth d on the tree can be associated with a length-d
string which corresponds to the shortest path on the tree from the origin to that point. We will refer to the shortest path

associated a string s as s’s irreducible string, which we write as irr(s). We will let v, denote the vertex of Ty at which s
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Figure 6.4: Numerical results of the N = 3 translation-invariant PF model with random ¢%® = (g*)* under a single-
site random impurity of strength A = 1 at L, starting from an initial state in Hg.,. Left: The normalized von-Neumann
entropy S4(t)/Sa(o0), where A is half of the constrained region and S4(c0) = |A|In(N)/2 — 1/2. Center: The Krylov
entropy Sk (t) normalized by Sk (c0), where S4(o00) is calculated using p,,, = |K,,|/|#]|- Right: The probability of the
spin on the first site to match with its original value.

ends. Since the walks on Ty are non-lazy, a string of length |s| = L can only reach those nodes at a depth whose parity
matches that of L. Writing |v,| for the depth of the node v, (i.e. |vs| = |irr(s)|), this means that [v]o = [L]2, where [-]2
denotes reduction mod 2.

We will let the ICg,f) denote the set of all length-L strings with the same irr(s). The states in ICq(Jf) form a basis of the
Krylov sector associated with the node vs. We will write IC;L) when we wish to refer to an arbitrary Krylov sector whose
associated vertex is at a depth d on Ty. In addition, we will write Ny (L) for the total number of Krylov sectors on a

system of size L. Finally, we will represent the projection operator onto the Krylov sector Kf,f) as

My = > s)sl. (6.10)

lsyercss)
6.B More numerical results

In this section we collect additional numerical results regarding the thermalization of Hamiltonian dynamics, with N =
3 unless explicitly stated otherwise. All of the Hamiltonians we will consider will act on open 1d chains, and will be of
the form

H = Hy + AHipp, (6.11)

where Hj acts on the entire system (of length L), and Hi.,, acts only on sites Leons < %@ < L. Hyoy Will always be

normalized such that || Himp|/oo = L — Lcons-

6.B.1 Entanglement and Krylov entropy

In this subsection we show the entanglement dynamics of a more general locally-perturbed PF model, including the

half-chain entanglement entropy of the constrained system, and Krylov entropy, a quantity that measures the spreading
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of the wave function over different Krylov subspaces, i.e.
Sk(t) == pu, Inp,,, (6.12)

where

Lecons
po, = WEOITE @ 1,1,

P(1)) (6.13)

is the probability that the first L. sites of the state are in sector /C,, .
We consider a translation-invariant PF model under a single-site perturbation, described by the Hamiltonian

3 L-1 3
Ho= > g laa)(bliiy1,  Hump= Y la)(blL, (6.14)
ab=1 =1 a,b=1

where ¢ is an arbitrary N x N Hermitian matrix that we take to be site-independent to avoid possible many-body local-
ization caused by disorder. In Fig.6.4, we take A = 1 and average over different realizations of g% and different initial
frozen states. We first consider the half-chain von-Neumann entropy 54 where A = [1, L.ons/2] is half of the constrained
region. As shown in the left panel, S4(¢) ~ In(¢) as it approaches its thermal value S4(00) = Lcons In(3)/2. Similarly,
in the middle panel, the Krylov entropy increases logarithmically at early times. Here we plot Sk (¢) normalized by the
value it takes when p,. = |KC,_|/|H]|, i.e. the value it takes when the wavefunction is spread out uniformly across Hilbert
space. Since this is not the value of the p,,, which maximizes the entropy, a non-monotonic time dependence is observed.
We additionally calculate Ppatcn (), the probability of the spin on site « to be the same as its original value. As
shown in the right panel, Pyatch (z = 1) starts to deviate from 1 after the influence of the bath has propagated through
the whole system, decreasing logarithmically in time to a value that approaches 1/3 as L — co. This further verifies that
the time scale of thermalization of the general PF model under a constraint-breaking perturbation is exponentially long

in system sizes.

6.B.2 Localization of eigenstates

To determine the extent that eigenstates of H are localized on Ty, we can measure the “expected depth” d,, of each

eigenstate |u), defined as
L/2

dy=> " > d{ullk,, |w). (6.15)

d=0 v, :irr(s)=d
Histograms of d,, and eigenstate energy E are shown in Figs. 6.5, 6.6, and 6.7 for SU(3)-symmetric pair-flip models,
SU (3)-breaking pair-flip models, and the N = 2 variant of the symmetric model (unitarily equivalent to a perturbed
X X X chain), respectively. For the N = 3 models we use a total system size of L. = 8, while for N = 2 we set L = 12.
In Fig. 6.5 we study SU (3)-symmetric Temperley-Lieb chains of the form

N

1
Hro(g:) = Y giPiiyt + Aimp,  Pigp1 = Y @) bliita, (6.16)
i a,b=1,....,N
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Figure 6.5: Eigenenergies in different variants of SU(3)-symmetric models for L = 8, arranged according to the Krylov
distance d,, (6.15) of each eigenstate. Left: Unperturbed TL model without sublattice staggering (g; = 1). The frozen
states at d = 8 all lie at the bottom of the spectrum. Center: The same model with with g; = (—1)": the frozen states
now lie in the middle of the spectrum. Right: The same model but now with a two-site impurity of strength A = 1 at the
end of the chain. States with large d,, continue to be located roughly in the middle of the spectrum.
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Figure 6.6: Eigenenergies in different SU(3)-breaking models for . = 8, arranged according to the Krylov distance
d, (6.15) of each eigenstate. Left: A random translation-invariant choice of the pair-flip matrix g2°. Center: The choice
g% = (—1)’g® adopted in the main text with A\ = 0. The frozen states at d, = 0 continue to lie roughly in the middle
of the spectrum. Right: The same Hamiltonian but with A = 1, showing a distribution of d,, which continues to remain
very broad.
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Figure 6.7: Eigenenergies for N = 2 models. Left: The SU(2)-symmetric model with g; = (—1)* and A\ = 0. Cen-
ter: The same model but with A = 1, with most eigenstates clustering around a small value of d,,, as expected from a
thermalizing Hamiltonian (on account of the absence of strong fragmentation). Right: An SU(2)-breaking model with
random pair-flip matrix g®°. The distribution of d,,s is even more tightly concentrated about the value one would obtain
for a thermalizing Hamiltonian.
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where Hinp, is a random matrix supported only on the last two sites of the chain (¢ = 7,8) and normalized so that
[| Himplloo = 1. In the left panel we set g; = 1, A = 0 and observe a large dengeneracy of £ = 0 states at the bottom of
the spectrum. The model is strongly fragmented since A = 0, and so d,, is an integer for each |u). In the middle panel
we take g; = (—1)%, which puts the frozen states at £ = 0 into the middle of the spectrum. In the right panel we break
the fragmentation by taking A = 1, which is the value of A for which H;,,;, has the strongest effect on the spectrum.
Now the d,, are no longer integers, but nevertheless a fairly broad distribution of d,;s is observed. A generic model with
no localization on the Krylov space tree would have d,, ~ vy L = L/3 for all eigenstates. The broad distribution of d,,
observed here suggests that some degree of localization persists, although future work will be needed to understand to
what degree this is due to finite size effects.

We now consider pair-flip models which lack SU(3) symmetry at A = 0. The most general Hamiltonian we will

consider is of the form

N
Hpr(gf) = Y g*la,a)(b,bliit1 + AHimp. (6.17)
i a,b=1

In the left panel of Fig. 6.6 we show the spectrum at A = 0 for a random translation-invariant choice of g¢°. The frozen

states at d,, = 8 are observed to lie roughly in the middle of the spectrum. In the center panel we show the choice of g¢®

adopted in the main text, viz.

gi* = (-1)'g" = (-1)' (; + m6“7b> (6.18)

with « fixed at 2/3, as in the main text.

Fig. 6.7 shows the spectrum of analogous models with N = 2, which are not strongly fragmented. In the left panel
we show (6.16) with g; = (—1)* and A = 0, which is unitarily equivalent to a staggered XXX chain. In the center panel
we set A = 1, which brings nearly all of the |) down to d,,/L ~ 1/4, which is close to what we would expect for a
generic Hamiltonian. Finally, in the right panel we let H be a random pair-flip Hamiltonian, observing an even more

tightly clustered distribution of d,,.

6.B.3 r statistics

The models with N > 2 that we study all exhibit strong HSF, with |KC,,ax| being exponentially smaller than |#|. This im-
plies that if one examines the spectrum of H, consecutive eigenstates will almost certainly belong to distinct Krylov sec-
tors, and hence the spectrum of H will exhibit no nearest-neighbor level repulsion in the absence of constraint-breaking
terms. How strongly the eigenstates in different sectors hybridize as a constraint-breaking term is applied provides a
characterization of the severity by which thermalization is impeded, since such hybridization is a prerequisite for get-
ting initial product states in Hg, to thermalize. In this subsection we will take some first steps towards studying this

question numerically by computing the r-statistic [115]

min((Sna 6n+1 )

(r)y=(rn), ™= (6.19)

max(d,,0,11)"
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Figure 6.8: The (r) statistics of N = 3 models vs. perturbation strength A for L = 4, 6, 8. Left: The translation-invariant
PF model with random pair-flip matrix g°, a longitudinal field with strength ||h¢|| = 0.1, and a single-site perturbation.
When A\ = O(1), (r) — 0.6 as L — oco. Right: The model with g?® = (—1)’g® discussed in the main text, under a
random two-site impurity.

where d,, = F,,+1— E,, is the gap between adjacent non-degenerate energy levels F,, .1 > E,,. Computing (r) also allows
us to make contact with research examining how the addition of local and/or weak generic perturbations to integrable
Hamiltonians leads to the onset of chaos (see [116, 117] for two almost-randomly chosen references on this broad topic).

As mentioned above, when A = 0 — viz. when the constraint-breaking term is turned off — we expect Poisson statis-
tics, with (r) ~ 0.38. On the other hand, if the constraint-breaking term strongly hybridizes the states in different sectors,
we expect (r) to be given by the Gaussian unitary ensemble (GUE) value of (r) ~ 0.6. In Fig.6.8, we study the (r) statis-
tics of the V = 3 locally-perturbed PF models as a function of the perturbation strength A. In the left panel, we consider
the translation-invariant random PF model as in Eq.6.14, with an additional longitudinal field H; = ), h{|a)(al|. As
A = 0, (r) = 0.38 indicates that the unperturbed PF model possesses a spectrum with Poisson distribution, as expected.
In the finite-size numerics, (r) continues to grow as A increases and peaks at A ~ 1, approaching 0.6 as L increases,
followed by a slight decrease to a plateau as A — oo. In the right panel, we consider the staggered PF model adopted in
the main text, with the perturbation being replaced by a two-site random impurity. This model has similar but smaller
finite-size (r) statistics which does not increase as L increases. This is consistent with the fact that the perturbed stag-
gered PF model thermalizes slower than the perturbed random PF model. We conjecture that in the thermodynamic
limit, (r) approaches the GUE value for all A = Q(1). If true, this indicates that the different Krylov sectors become well-
hybridized in the thermodynamic limit. This of course does not preclude slow thermalization arising due to the Hilbert
space bottleneck mechanism discussed in the main text, although it may mean that the thermalization times of typical
Hamiltonian dynamics and the constrained RU dynamics studied in the main text are not parametrically different.

The plateau for large A can be understood as follows. When A — oo, AHi,, decouples the perturbed site from the
system, splitting the spectrum of H into sectors labeled by the eigenstate |¢,,) of Hinp, and the total eigenstate of H
becomes [¢7") = |Yr....) ® |$m). Taking the impurity to act on only a single site for simplicity, so that L = Lcons + 1,
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the effective Hamiltonian in the sector labeled by m is

r:?f = (]'Lcons ® |¢m><¢m‘)H(1Lcons ® |¢m><¢m|)

N Leons—1
= Z ( Z gfb|aa> (bbliiv1 + ggzons (bm|a)(bldm)|a) <b|Lc0ns> ® [Pm)(Pml] (6.20)
ab=1 \ i=1

A @ |dum) (Do,

with some constant terms ignored. H} is essentially the same PF model as before, but now defined on a length L — 1

chain with an impurity Hamiltonian acting on the boundary whose matrix elements are

[Hi%p,eff]ab = gaLlions <¢m|a><b|¢m> ~ O(l) (6'21)

Therefore, the (r) statistics on a system of size L at A — oo should be the same as that of a system of size L — 1 at
A=0(1).

From the numerics, there does not naively seem to be a well-defined transition in the (r) statistics from Poisson to
GUE, as one finds in certain types of perturbed integrable models [117], although a more detailed numerical study will

need to be carried out to properly address this question.

6.C Krylov sector dimensions

6.C1 N=2

We first dispatch with the easy case of N = 2, for which the dynamics is not fragmented. The tree 75 is simply a line,
and the different Krylov sectors can be fully distinguished by the charge (); defined in (6.2), the value of which gives the

distance of the Krylov sector along the line. The number of Kyrlov sectors is simply
Ni(L)=L+1. (6.22)

The dimension of a sector whose irreducible string has length d is determined by counting the number of length-L

non-lazy random walks on the line which end at a distance of d > 0 from the origin. This number is simply

_ L
dim([Ky(L)] = O, (1), <L+d>
2

2L

~ m exp(LH (pa)),

(6.23)

where H(z) = —zlnz — (1 — z) In(1 — ) is the binary Shannon entropy and pg = (1 + d/L)/2.
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Figure 6.9: Left: The probability that a randomly chosen product state will lie in a Krylov sector with irreducible string
of length d. The dashed black line lies at d/L = (1 — 2/N) with N = 3, the most probable size in the L — oo limit.
Center: the sizes of Krylov sectors g with length-d irreducible string, compared with the size of the largest Krylov sector
(dots). Dashed lines are plotted using the approximate expression in (6.46). Right: the relative size of succesive Krylov
sectors arranged by distance d, exhibiting a decay scaling approximately exponentially with d/L. The dashed black line
is drawn according to (6.46).

6.C2 N >2

When N > 2 the dynamics is strongly fragmented, and determining the sizes of the different Krylov sectors is less trivial.
We start with the total number of Kyrlov sectors Ny (L). From thinking about the tree structure of Ty, it is clear that

this number is

L/2
Ni(L) =1+ NZ )2=1(L even)
(N -1 -1 L
(L+1 /2 - N -2 = OV =17
N Z Y2=2(L odd)

(6.24)

Note that while this number is exponentially large in L, it is still exponentially smaller than the Hilbert space dimension
dimH = NL.

We now begin in our determination of the Krylov sector sizes. For simplicity of notation we will restrict our attention
to the case when L is even. We start with the size of the largest Krylov sector IC(()L), which is identified with the vertex at

the center of the tree:

Proposition 1. For even L, the size of the largest Krylov sector ICSL) is
L/2
(L) :NL 1 1 N—Qn 1/2 —1)" 2n 6.25
6| P> ). (6.25)
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For both even and odd L, in the large L limit \IC(()L)| scales as

S| ~ L=3/2(Np)E, (6.26)
where
= 2N7_1 (6.27)
P=—% :

is the spectral radius of Ty [113].

Proof. As in Ref. [118], our proof will use generating functions to obtain an exact expression for |IC§)L) |. Since we are
assuming L is even, the size of IC((JL) can be determined by counting the number of non-lazy simple length-L random
walks on T which begin and end at the origin.

Let R(z) be the generating function for non-lazy simple random walks on Ti. R(z) is easily seen to obey the recur-
sion relation

R(z) =14 Nz?R(z)B(z), (6.28)

where B(z) is the generating function for returning walks on the rooted N-regular tree Ty, which begin and end at the

root vertex (which has degree N — 1). We thus need a recursion relation for B(x), which is readily obtained as
B(z) =1+ 2*(N — 1)B(x)?, (6.29)

which when solved yields [118]

Blo)—olo VI @V N (6.30)

- (27)?

We can now use this expression to get R(z), which we may write after some algebra as'

R(z) = & N(yv1- (2P -1) (6.33)

2(1 = (Nx)?)

We now want to determine the long-walk asymptotics, which requires that we perform the series expansion

R(z) = Z x2k|lC(()2k)|, (6.34)
k

which takes the form of a convolution between a geometric series and the series coming from the expansion of the square

L An aside: one should not be alarmed that R(1) is imaginary. If one wants the expected number of times an infinitely long walk returns to the
origin, one needs to write down generating functions for probabilities, rather than for number of paths. Since each individual move has an equal
probability of 1/, this amounts to sending = +— z /N, which gives

2(N —1)
R(z/N) = , (6.31)
(/M) N —24 Ny/1— (zp)?
and so sending = — 1 then gives
N -1
(number of returns) = . (6.32)
N -2

This appropriately diverges when N = 2 but is finite for all V > 2, and correctly approaches 1 as N — oo.
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root in the denominator. From (6.33), a Taylor expansion gives

R(z) =

N =

> (Na)m (2 ~N+N> (122) (—1)k(7x)2k> . (6.35)
= n=0

m=0

The Lth coefficient is then
L/2

1 Comi1 (1/2 o on
k() = NE 1+§ZN 2'“( é )(—1) e (6.36)
n=1

giving the exact result (6.25).

We now obtain the asymptotic result (6.26). For this we rewrite the fractional binomial coefficient above as

<1/2> (—1) = _(@n =31 (6.37)

n 2nn!

Since the fraction of length-2k walks which return to the origin vanishes as | — oo, we have (\IC(()L) |/NE)| 1o = 0,

which using the above implies

L N1=2nq2n (20 — 3)I!
Z =1. (6.38)
n+1
—~ 2ntlnl
Thus for large L we may write
P & NI2na2n (2 — 3)l
NL 2ntlp)
n=k+1
—~  [e3N2%(1-3/2
~ Y %(n —3/2)7%? exp (n[-2In(N/~) 4 In(1 — 3/2n)) (6.39)
n=L/2+1

o N2e3
~ /L/2 dn T6m n~%2 exp(—2nIn(N/~)),

where we used k!! ~ v/2k(k/e)*/? at large k.

Doing the integral (whose exact expression is written in terms of I'(1/2, L Inv)) then gives
S| ~ L=32(Np)E, (6.40)
where p = /N is the spectral radius introduced above. That the base of the exponential is N p also follows more directly

from the fact that p characterizes the return probability pre¢ (L) as p = limy _, o0 (pret (L)) /% [119]. O

Since p < 1 for all N > 2, the largest Krylov sector occupies an exponentially small subset of Hilbert space, and the
PF model is strongly fragmented for all N > 2.
We will also have occasion to know the number of length-L random walks that end a distance d from the origin. To

this end, we can generalize the above result about \ICéL)| to
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Figure 6.10: Scaling of the size of the largest Krylov sector K as a function of L, plotted for N = 3. Cyan circles are the
exact result (6.25), and the gray line is the asymptotic expression (6.26).

Proposition 2. The size of a Krylov sector IC;L) whose irreducible strings have length d is

) (L+d /2 d (Lados k)2
_ + n) k+n 2(n—d)
=2 S S et (1) (1)) (641

Proof. Let G(x;d) be the generating function for walks which travel to a specific vertex at distance d. In terms of the

generating functions introduced above, this is seen to be
G(z;d) = 2R(z) B (z). (6.42)

Performing an expansion of B%(x), we have

— od Z Z k+n< )(k/Q) n—d)|lcé?l)|1.2l+2n—d7 (6.43)

l,n=0 k=0

and so writing G (z;d) = > oo _, zd+m |K£ld+2m) |, we have

(2m)| _ gd Nm N g2l m—n) d\ (k/2

m)) _ d m—n _1\k+n 2(n—d)

K = 2t Y S K e () (M) (6.44)
n=0 k=0

For a length L random walk we will have m = (L — d)/2; inserting this above gives the exact expression (6.41). O
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Figure 6.11: The asymptotic expression (6.46) for the size of IC&L), shown here with L = 20.

Intuition: biased random walks

We have already obtained an asymptotic expression for |IC(()L)| valid at large L. When d/L is not very small, we can
obtain a complementary asymptotic expression for |ICfiL) |. This can be done from a straightforward (if unilluminating)
expansion of the binomial coefficients in (6.44). More physically, we can argue by realizing that N(N — 1)4-! \ICEIL)|
is equal to the probability for a length-L biased random walk on N to end a distance d from the origin; here the radial
direction of Ty is identified with N and the factor of N (N — 1)?~! is equal to the number of sectors at depth d. The bias
of this walk is probability of moving outward (1 — 1/N) minus the probability of moving inward (1/N), and hence the

walker has velocity

vy =1—2/N. (6.45)
Therefore i b, g
|/C(L)| ~ (- 1/N)TN77(#)NL
d -
o(N le(N_l)d ' J Iy (6.46)
%(7_)NLexp _w_dln(]\/‘_l) 7
N+V2wL 2L

where in the second line we have used that the probability distribution of a random walker on the real line with velocity
vy is p(x,t) = ﬁe‘(“”m)z/% (with ¢t = L and = = d in the above), and the factor of 2 comes from the fact that d
must have the same parity as L (with the —dIn(N — 1) ensuring that |IC51L) | is always monotonically decreasing with d).

This function is shown in Fig. 6.11.

6.4 From RU to stochastic dynamics

In this section we derive the generator of the stochastic dynamics that arises from studying circuit-averaged evolution in

the model of open-system RU dynamics introduced in the main text. A single timestep of the dynamics corresponds to
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evolution under the channel

Clp) =U' (TrL[p] ® ;) U, (6.47)

where Try, denotes tracing out the last site of the system, the 1 acts on the Lth site, and I/ is a random constraint-

preserving unitary defined via a depth-2 brickwork circuit:

L/2-1 L/2
U= Q) Vsizitr | | @ UV2i12i |, (6.48)
i=1 i=1

where each U; ;41 are independent unitaries which preserve the constraint. We will view the Try, [p] ® 1 part of (6.47) as
arising from dynamics in which a “bath” system at sites ¢ > L, which is coupled to the length- L system through a generic
interaction at site L, is acted on by generic Haar-random unitary dynamics and then traced out, resulting in completely
depolarizing noise being applied to the Lth site. In the following we will first consider the most general case in which
the U; ;11 are constrained only by their preservation of walk endpoints in the computational basis; we refer to this as
the case of “pair-flip” constraints. In a subsequent subsection we will consider a more restrictive case where the U, ;1
preserve walk endpoints in all single-site bases; this corresponds to a RU realization of the constraints present in the

Temperley-Lieb model.

6.4.1 Pair-flip

For general pair-flip dynamics, the elementary gates U; ;; take the form

Uiip1 = »_ Uk laa)(b] + > e*|ab)(ab] = U"" & e, (6.49)

a,b a#b a#b
where the matrix UF*" is drawn from the Haar ensemble on U (V), and the second term in the direct sum acts as a diago-
nal matrix of random phases on the subspace of states frozen under the PF dynamics, viz. those of the form |a, b), a # b.
We will be interested in understanding how an operator O evolves under the circuit-averaged dynamics, following

[111] and the slightly modified treatment given in [112]. We let

O(t) = E[C(O)] (6.50)

t

denote the circuit-averaged evolution of O over time ¢, where the E¢, denotes averaging over the unitaries constituting 4.
To help with notation, we will divide each unit time interval into three steps of length ¢ = 1/3: att € N the depolarizing

noise is applied, at ¢ € N + 1/3 the first layer of { is applied, and at ¢ € N + 2/3 the second layer is applied. Thus

Ot+1/3)=Tr [0O(t)] ® 1. (6.51)
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Decomposing O as
L/2-1

o(t) = ® O2i2i41(t) (6.52)
=1
without loss of generality, performing the Haar average gives

Tr[@gi,2i+1 (ﬁ + 1/3)HPF]
N

Osi i1t +2/3) = mPF + Z Tr[Og; 2i41 (£ + 1/3)I°]II%, (6.53)

a#b

where we have defined the projectors

7" =% "la,a)(a,al, 1= a,b)(a,b]. (6.54)
a
The action of the second layer of the brickwork is obtained similarly.
Note that since TI¥'F, TI%? are diagonal in the computational basis, so too is O after any nontrivial amount of time
evolution. We may thus focus on diagonal operators, i.e. states, without loss of generality. From (6.51) and (6.53), the

diagonal operator |¢) (1| evolves according to
[h(t +1)) = MoMML|(t)), (6.55)

where .
M =1, 1® ¥ Zb: |a) (b

L/2—1

® M2}2§1+1 (6.56)
i=1

L2

_ PF
Mo = Q) M", 5,
=1

M.

where we have defined the 2-site stochastic matrix

1
MPF = N2|a,a)<b,b| +Z|a,b><a,b\. (6.57)
a,b a#b

Note that M, MM is doubly stochastic and irreducible, and hence its unique steady state is the uniform distribution
on H (irreducibility would of course fail if M, were absent). This guarantees that RU dynamics will always thermalize

to the uniform distribution at long enough times.

6.4.2 Temperley-Lieb

For Temperley-Lieb dynamics, the elementary unitary gates are constrained to preserve the pair-flip constraint in any on-

site basis, which is done by enriching the previously studied pair-flip dynamics with SU (V) symmetry. The elementary
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unitary gates for this model take the form

Upivg = ePonItl 4 (1 — 17, (6.58)
where
1
TL _
e = - Zb: |laa) (bb|, (6.59)

and where each ¢; ;11 is sampled randomly from [0, 27).
The first part of each timestep, whereby the spin at site L is depolarized, is of course unchanged from the more

general pair-flip case. After averaging over the ¢; ; 11, one sees that the first layer of the brickwork maps operators as
Ogi2ip1(t +2/3) =TT O0g; 0541 (t + 1/3)TTTE + (1 — TTTE)Og; 9541 (¢ + 1/3)(1 — ), (6.60)

with the second layer of the brickwork acting analogously.

Because of the U(NV) invariance of TL dynamics, an operator which is diagonal in any single site product state basis
will remain diagonal in that basis. For concreteness we will continue to use the computational basis, although any other
basis is equally fine. Diagonal operators, or equivalently states, evolve as [{(t + 1)) = M]|i(t)), where the Markov

generator M has the same form as (6.56), except with M ¥ replaced by the matrix M7, where

N N2

MTL — (1 - Q(Ngl)) Z la,a){a,al + 2 la, a)(b,b|] + Z |la, b){a,b], (6.61)
@ a#b a#b

which follows from (6.60) and reduces to M ¥ when N = 2. Thus compared with M ¥, when N > 2 TL dynamics has
a smaller probability for pairs to flip. In particular, pairs completely cease to flip in the N — oo limit. As with pair-flip,

M is doubly stochastic and irreducible, and hence the uniform distribution is M’s unique steady state.

6.5 Rigorous bounds on relaxation and mixing times

In this section we will prove bounds on the relaxation and mixing times of the Markov process M associated with the
pair-flip RU dynamics studied in the main text, as defined in Sec. 6.4.

Before we begin, some remarks and reminders on notation. The initial states we consider will always be computa-
tional basis product states, referred to simply as “product states” in what follows. 1) will be used to denote an arbitrary
product state. We will write ¢ (¢) for a sequence of product states obtained as a particular realization of the Markov pro-
cess defined by M. This is to be distinguished from the probability distribution one obtains from evolving a given state ¢}
for time ¢, which we write as | M?%1). As mentioned above, the double stochasticity of M implies that M’s equilibrium
distribution is uniform on the space of product states, which we will denote as # by a slight abuse of notation.

The irreducible string associated with a product state »—which is obtained by iteratively removing pairs of adjacent

identical characters in ¢)—will be written as s,;,. In various places below we will write s; when we wish only to emphasize
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that the irreducible string in question has length d. As defined previously, Ks will denote a specific Krylov sector with
irreducible string s; when we wish to denote an arbitrary K with |s| = d we will instead similarly write K4, and when
we wish to explicitly specify the system size we will write ICEIL). In all of what follows we will assume for simplicity of
notation that L is even, although all results can be readily generalized to odd L.

We will refer to the graph whose vertices are Krylov sectors and whose edges are drawn according to how the coupling
to the bath connects the sectors as the Krylov graph. Since the constraint-breaking term moves the endpoint of the random
walk by a distance of exactly 2, each sector in the Krylov graph is connected to N(N — 1) other sectors, and thus the
Krylov graph is formed by the even / odd (depending on L mod 2) sublattice of the symmetric depth L N-regular tree
(see Fig. 6.2 a).

6.5.1 Markov chains and graph expansion

We begin by reviewing some central concepts in the theory of Markov chains,” letting M to denote the generator of a

given Markov process. A key notion in what follows will be that of the expansion:

Definition 1. Let R C H. The expansion of R is defined as the amount of probability flow that the uniform distribution

experiences out of R during one step of the Markov process M:
‘R| SN WM, (6.62)
YER Y ERC
where the sums run over sets of computational basis product states spanning R and R¢, respectively.

The utility of this definition is that when ®(R) is small, states initially in R take a long time to diffuse to its comple-

ment R° [113]:

Proposition 3. The probability that a product state 1(0) randomly drawn from R will leave R in time t is upper bounded

by
P(1(t) € R°|(0) € R) < t®(R). (6.63)

Proof. We proceed following Ref. [113]. Using the Markovity of the dynamics,

C H C
P((t) € B[ 9(0) |R|ZP 1) € R wir —1) € R)
t|H . 6.64
— P e rL w0 € B 669
=t®(R),
where we have used that the probability of selecting any particular state ¢ is 1/|H]. O

Regions with smaller R are more “cut off” from their complements R°. The most isolated subregion of /{ defines the

expansion of M:

2See e.g. [113] for a good introduction.

107



Definition 2. The expansion of M is defined by the minimal expansion of a subregion of #:

O(M) = min O(R). (6.65)
RCH:|R|<3|H|

® (M) thus provides a fundamental measure of the slowness of the dynamics. Its primary utility is that it can be used

to bound two important timescales characterizing the slowness of M, defined as follows:

Definition 3. The relaxation time is defined as the inverse gap of M:
(6.66)

where Ay = 1 — Ay, with A\, the second largest eigenvalue of M. The mixing time is defined as the amount of time
required for the distribution M?*1) to become close to the uniform distribution 7:

1
tmix = min{t : gg}{(”/\/ltt/} -l < 5}, (6.67)

where the maximum is over all initial product states in #.

trel and i, are essentially equivalent in their ability to capture the slowness of M, as follows from the general

bounds (tye; — 1) In2 < tix < trel In(4|H]) [120]. For concreteness we will focus on ¢, in what follows.

The expansion ® (M) bounds ¢, via a fundamental result known as Cheeger’s inequality (see e.g. [113]):

o(M)?

5 < A < 20(M). (6.68)

In what follows, we will calculate (M) for the Markov chains of interest and will use the above inequality to provide a
rather tight constraint on the relaxation time. We will also see how the calculation of ®(R) for appropriate choices of R

can be used to bound entanglement growth and the relaxation times of local operators.

6.5.2 Local and non-local chains

The Markov generator derived in Sec. 6.4 was obtained by considering brickwork RU dynamics composed of three alter-
nating layers: one layer of constrained 2-site gates on the even sublattice (M. in the notation of Sec. 6.4), one layer on
the odd sublattice (M,,), and one layer consisting solely of depolarizing noise applied to the spin on site L (M ). In this

section, we will write M, for the Markov generator so obtained:
Mioe = MM M. (6.69)

This dynamics is to be constrasted with a simpler “non-local” Markov process, obtained in the limit in which the de-
polarizing noise is weak, with the number of constrained RU brickwork layers being much larger than the number of

applications of the depolarizing noise. In this limit, the constrained part of the dynamics thermalizes within each Krylov
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sector much faster than the time scale over the constraint-breaking term acts. In this situation, the internal structure
of the dynamics within each Krylov sector is trivial: as soon as a state reaches a new sector, it instantly spreads out
uniformly across that sector, and the thermalization dynamics is consequently controlled solely by transitions between

sectors. We will denote the Markov generator of this dynamics by M ponioc:

Mnonloc = (MoMe)OOML = HunifML7 (670)
where
1
Hunif = Z W Z ‘8><8/| (671)
Vs Vsl 5 s7€ks

projects product states onto the uniform distribution over the Krylov sector they belong to.

Analytic bounds on the gap of M,cnioc are naturally easier to obtain than bounds on that of M., since for the
former, the locality of the dynamics does not come into play. In almost all of this section we will thus focus on M ,p10c,
rather than Mj,.. This is done without loss of generality since we are primarily interested in obtaining upper bounds on

the gap, and naturally the lack of locality means that
AMponioe = AMyes (6.72)

so that an upper bound on A x4 will also upper bound A »4,,,. On physical grounds we in fact expect

nonloc

AV
AMIOC ~ lz_:onlog , (6.73)

with the 1/L coming from the time needed for the dynamics to make transitions induced by the bath felt across the

system. Indeed, we will see shortly that numerical determinations of the gap agree with this scaling.

653 N >2

In this subsection we prove a variety of results establishing exponentially slow thermalization in the strongly fragmented
models obtained when N > 2. The case of N = 2, where thermalization is expected to be much faster, is dealt with in a

subsequent subsection.

The spectral gap
We begin by proving the following theorem:

Theorem 4. For N > 2, the expansion of the Markov process M onioc at large L satisfies

C
(M) < 757z0" (6.74)
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Figure 6.12: The krylov graph for L = 6, N = 3, with examples of regions C5, C indicated by the dashed lines.

where C'is an unimportant O(1) constant
2v/N -1
A (6.75)

s
Il
=

is the spectral radius of the symmetric N-ary tree.
To prove this, we need the following definition:

Definition 4. For a length d — 1 irreducible string s;_1, define the cone Cs, , C H as the subregion of Hilbert space
spanned by the /N — 1 sectors which lie at depth d and whose parent vertex is associated with the string s4_1, together

with all sectors which are children of these sectors. More formally, we have

Cop, = &y Ky, (6.76)

s'i(sh...8h_)=sa_1,|s'|>d

where the sum is over all irreducible strings of length > d whose first d — 1 entries are equal to sq_;. When the exact

string s4—1 is not important, we will simply write C, instead of Cs,_,. A graphical illustration of this definition is shown

in Fig. 6.12.
Our proof of Theorem 4 will rely on the following Lemma:
Lemma 1. The expansion of Cy is

L—-1
N-1 Lol

L—d L ’
NI (N - e

(6.77)

®(Ca) =
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Figure 6.13: The number of states in the cone C, for N = 3, L = 30. The exact result (circles) is compared with the
asymptotic expression (6.81) (solid line).

In particular, when both L, d are large and L — d = ©(L), ®(Cy) behaves as

_(d—vyD)?
2L

e @u—wmmu—w@+em@—@i—%ff, (6.78)

2(N _ 1)e(d/L—1)N)(1—1)N)

(I)(Cd) ~

wherevy =1 — 2/N as before.
Proof. To determine ®(C,), we need to know the sizes of both C; and its boundary. The exact size of Cy is

(L—d)/2

Cal = D |Kagae| (N —1)%F, (6.79)
c=0

When both L and d are large, we may use (6.46) to write

(N— )Q—dNL—l L—d

Cyl ~
| d| V2mL 0

(6.80)

_ 2
dr exp (JHde)) .

2L

The value of this expression depends on the sign of d/L — vy, which we will assume is ©(L). If d/L > vy, then
the saddle point of the integrand does not lie within the integration domain, and we may approximate the integral by
e~(d=vnD)*/2L (4 /[ —vy). If d/L < vy we may use the saddle point approximation, with the integral becoming v/27 L.
Thus

N — 1)2-dNL-1 —(d—vnL)?/(2L)
|Cy| =~ ( \/)ﬂ <@(d—UNL)€d/L_vN+@(UNL—d)\/27TL> , (6.81)

which is shown plotted against the exact result (6.79) in Fig. 6.13. This result means that when d > vy L, most of the
states in C are concetrated at a depth of d, while when d < vy L, most of the states are concentrated within a window of

width ~ v/L around vy L. This can be understood simply from the concentration of the biased random walk discussed
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near (6.46).

To get ®(Cy), we need to calculate the probability for states in C; to move to the complement C'j under one step of
Monloc- Clearly the only states which can do so are those in the N — 1 sectors at depth d. Under M,on10c, an arbitrary
state is equally likely (with probability 1/N) to move to each of the V — 1 distinct sectors it is connected to. Therefore

since there are IV — 1 sectors in C; whose states can be connected to C'§,

N-1
> D (W Muonoclt) = ——I{¥ € Ka : 0¥ N Koz # 0} (6:82)
YEC Y ECS
where I, is one of the depth d sectors in Cy, Cy_o is the depth d — 2 sector it is connected to, and dv denotes those
states that have nonzero overlap with My,oni0c|9). If a state in IOy is to have 9¢ N KCy—o # 0, the length-L walk on Ty

associated to ¢) must lie at depth d — 1 at step L — 1. Therefore
v e Kq : o n kP, = 1KETY), (6.83)

from which the exact expression (6.77) then follows. The approximate expression in (6.78) is then obtained using (6.46)

and a bit of algebra. O

The most important aspect of (6.78) is that ®(Cj) is exponentially small in L if d < vy L, while it is O(1) and roughly
L-independent when d > vy L. From (6.62), this means that a state initially localized in a random state in C, will take
exponentially long to diffuse out of C; when d < vy L, while it can take only O(1) time when d > vy L. This means
that diffusion on the Krylov graph is fast for states corresponding to random walks that reach a distance further from
the center of the graph than the expected distance of v L, and slow for states that reach a distance less than vy L. The
crossover between these two regimes occurs over a window of depths centered on vy L and of width ~ /L, which is
where most of the states in H lie.

As a particular case of the previous lemma and (6.40), we have

Corollary 1. The conductance of the region C is

d(Cy) = (N — 1)m ~ L73/2pk (6.84)
NE = K| |
where ~ denotes equality in the asymptotic scaling sense.
This then gives the desired bound appearing in Theorem 4. O
By Cheeger’s inequality, we thus have the following corollary:
Corollary 2. The relaxation time t,o) = Aﬁnonloc satisfies
tral > C'L32p~ T (6.85)

foran O(1) constant C'.
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Figure 6.14: Markov gaps for N = 3, computed with exact diagonalization. Left: The gap A, of the non-local
chain (blue circles) fit to the analytic bound o p% L~3/2 (dashed line). Right: As left, but for the local chain M), and
fit to oc p¥ L=5/2,

The above arguments have only established an upper bound on the expansion, but in fact we expect this bound to
be fairly tight, as we expect Cs to be fairly close to the true region of minimal expansion. As steps in this direction, we
note first that the region with minimal expansion will always be connected.” Suppose now that ®(R) is minimized by
a connected region whose boundary defines a cut between vertices on the Krylov graph, i.e. suppose that for all s,
either £, C R or Ky N R = {). If this is true then ®(R) is obviously minimized for R = C, for some d, since for a given
Ks € R, including every child sector of K, in R increases |R| but leaves Z¢ cRO W ERe (| Mponloc|®) unchanged. This
(5 defines a minimal expansion region if one can show that a minimal expansion cut must always be made between nodes
on the Kyrlov graph, instead of being made within any particular node. This may not be true in complete generality, but
we expect C5 to be close enough to the region of minimal expansion that ®(M,,on10c) still follows the same asymptotic
scaling as the upper bound (6.74). We thus conjecture that there exist constants C, Cy such that

CiL73p* < Ay < CoL3/%pt, (6.87)

nonloc —

While p < 1—implying exponentially large relaxation times—the factors of L ~3/2 L =3 appearing in the above inequality
dominate over the exponentiall parts for modest values of L, meaning that for smaller system sizes we expect a mostly
power-law scaling of #,e1.

In Fig. 6.14 we determine the gaps of both M ,on10c and its local variant M, for very small system sizes using exact

diagonalization. For the small values of L available, we observe a scaling of A ~ ng‘3/ 2, consistent with a

nonloc

3This follows simply from the fact that for positive numbers A; 2, Vi 2,

A1+ Az Aq Ao .
=p+Z21-p) > A1)V, AsVR), 6.86
Vi 1 Vs le-i- Vz( p) > min(Ay/V1, As/Va) ( )

where p = (1/V2)/(1/Vi + 1/V5).
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saturation of the upper bound on t, obtained from (6.87). We likewise observe a good fit of A r,.. to p3L~°/2, with
locality thus providing an extra factor of 1/L, as advocated for around (6.73).
In the following subsections, we prove that the exponentially long thermalization time is also manifested in both the

growth of entanglement entropy, and in the expectation values of certain local operators.

Entanglement entropy

We now use the formalism developed in the previous section to bound entropy growth. We will first focus on the case
where the dynamics is that of a random unitary circuit perturbed by depolarizing noise on the boundary. In this setting,

our diagnostic of thermalization will be the von Neumann entropy of the time-evolved state:

St;v) = ES(Ct(Iwwl», (6.88)

where the average is over depth-¢ quantum circuits C; defined as in the main text, and ¢ is a product state of our choosing.
More generally, for a subspace R C H spanned by product states, we will be interested in the average of the entanglement

entropy when the initial states are sampled uniformly from R:
StR)= E S(t;v). (6.89)

The ultimate fixed point of the dynamics we consider is always the maximally mixed state 1, so that regardless of R,

S(t — oo;R) = LInN.

We will prove the following:

Theorem 5. Let C; be as in (6.76), and suppose that d satisfies

d <uvnL, vnyL —d = @(L) (6.90)
Then
— dIn(N —1) Fy _jpa/p—vpy)?
: < LIn(N 1—-——= ] 2 91

wherec =1/e+2In(N — 1) — In(N) and Fy is an O(1) constant:

4(N -1
F; = ( >e(d/L—UN)(1—UN)_ (6.92)
V21 N?

This means that the entropy of the system will take a time exponentially long in system size to saturate if initialized

in a random state in Cj, although it may quickly approach the sub-maximal volume-law value of

In(|Cyl) ~ LIn(N) (1 - ZW) . (6.93)

In particular, it is easy to see that S(¢; [1) (¢|) < S(¢; Cy) for all d if |¢) is any state on the boundary of the Krylov graph,
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and thus a bound on the thermalization times of such boundary states may be obtained by minimizing the RHS of (6.91)

over d satisfying (6.90).
Proof. By the concavity of the entropy and linearity of the trace, we have

S(t;Cq) < S(E "y Co([9)(W1)) = S(p(t; ), (6.94)

where p(t; d) is the channel- and state-averaged density matrix:

ﬁ@M)=g¢ghQﬂwa) (6.95)

Normally this inequality is of limited use when studying random unitary circuits, since the averaged reduced density
matrix is usually rendered trivial by the average over the RU part of the dynamics. In our case, the slow mixing of M
will mean this is not so; indeed our above result on ¢, Will be seen to imply that for exponentially long times, p(¢; d) has
most of its support on only an exponentially small fraction of Hilbert space.

Anticipating this, we will first show that if o is a density matrix mostly supported on some subspace R, and if o does

not connect R with its complement, then S(o) cannot be much more than In |R|. To this end, define

R HRO'HR

7 = Tr[lpo]’

(6.96)
where I projects onto R. If Izoll# = 0 (where I3z = 1 — I1g), then the trace distance between o and o is

T(o,0") = Tr|o" — o

IIgoll
RIVR polly — Hpolls
TI'[HRO'] (697)

=1 — Tr[llgo] 4 Tr[lI}0]

=Tr

= 2Tr[ll%0]).
Fannes’ inequality then implies*
|S(0) — S(c™)| < T(o, %) In(NT) + é = 2LIn(N)Tr[ll50] + % (6.98)
Since rank(c*) < |R|, we have S(c?) < In |R|. Therefore

S(o) <In|R|+ 2LIn(N)Tr[ll0] + é. (6.99)

4This is not the strongest version of Fannes’ inequality, but strengthening it only modifies the unimportant L-independent part.

115



We now apply the above inequality to the model under study. From the definition of p 4 (¢; d),
Tr[II5, p(t; d)] = P((t) € Cq| ¥(0) € Ca), (6.100)
where the probability on the RHS is calculated using M. From (6.63), we then know that
Tr[I1g, p(t; d)] < t®(Cy). (6.101)
Since p(t; d) is diagonal in the computational basis, we have Il¢, p(t; d)II5, = 0, which allows us to apply (6.99) to give

S(t;Cq) < In(|Cql) + 2tLIn(N)2(Cy) + é. (6.102)

By (6.78) and our assumption that d < vy L, the expansion of Cj is

F, (d/L—vpn)?
d —L%

B(Cy) ~ ik , (6.103)
where the O(1) constant F}; is defined as in (6.92). Relatedly, (6.81) gives |Cy| ~ (N — 1)2~?NL~1 since d < vy L, and
so

S(t;Cq) < LIn(N) (1 - szrjl\(fj\_f)l) + t\l;%eLW> , (6.104)
where the < indicates that we have dropped the constant ¢ appearing in (6.91). O

This Theorem shows that the entropy for typical states in C; will take a time exponential in system size to fully
saturate provided vy — d/ L is positive and order L. To make this more concrete, we define the entanglement saturation

time tg(v; 1)) as the time needed for S(¢;v) to reach a fraction ~y of its maximal value S(t — oo;1) = LIn N:
ts(y;9) = min{t : S(t;¢) > yLInN}. (6.105)

We then have:

Corollary 3. Suppose that -y satisfies

1>~> =2(1 In(N —1) (6.106)
Y Vs Y« = UN 1H(N) 3 .

with |y — .| = O(LC). Then if |¢)) is a state on the boundary of the Krylov graph,

ts(yi1) > L LT (6.107)
2F,
where
In(V)
=L(1—7v/2)——. 1

dy=L(1 -7/ )ln(N—l) (6.108)
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Proof. This follows directly from Theorem 5 after fixing d = d.,, so that 1 — (d/L)In(N —1)/In(N) = ~/2. O

Note that [y — .| = ©(L) implies |d, — vn L| = O(L), so that tg(v; 1) is exponentially large in L. The result (6.91)
suggests that a product state at the boundary of the Krylov graph thermalizes in the following two-stage process. In the
first stage, the system undergoes a period of rapid entanglement growth as it quickly occupies sectors at depths d > vy L,
with the entropy reaching a value of S ~ In |C,,, 1| In the second stage, it undergoes a gradual In(¢) growth which takes
exponentially long in L to saturate to the steady state value. Note that the length of the first stage becomes smaller as N
gets larger, on account of the fact that vy _,oc = 1.

While there are exponentially many states on the boundary of the Krylov graph, such states are still an exponentially
small fraction of all computational basis product states. Nevertheless, a random product state is exponentially likely to

have an entanglement saturation time scaling in the same way as states on the boundary of the Krylov graph:

Corollary 4. For ~ satisfying (6.106),

(dvy/L—vp)? L (dy/L—vp)?
Py |ts(v9) > %ﬁeﬂiz = 31—/2%#2 =, (6.109)
gl Y

where v is sampled uniformly from all computational basis product states.

Thus with unit probability in the L — oo limit, the dynamics initialized from |¢)) takes exponentially long to ther-

malize.

Proof. As we have seen above, if ¢ is sampled uniformly from #, for large L, |irr(+)| will be distributed according to a

biased random walk on N with velocity vy, and hence Py|lirr(¢)| = d] ~ ﬁe*L(d/L*”Nfﬂ. Thus

Pyllirr(¥)] <dy] 5

(6.110)

1 dy L @/L—vy)? VL y/i—opn)?
dee F 2 ~ e L 2 ,
V2L Jo V2mnd,

which is exponentially small in L since |d, — vyL| = ©(L). Thus a randomly drawn 1 is exponentially likely to be
contained in Cy_ . Furthermore, the concentration of |irr(¢)| about vy L means that the saturation time of this randomly

chosen state will be bounded using 1/®(Cy, ) in the same way as in Corollary 3. O

Thus far we have focused on the entropy of the full system’s density matrix when undergoing evolution by the open

dynamics C;. In the setting with closed system time evolution performed by an appropriate random unitary circuit ¢4,

Corollary 5. For a spatial bipartition AB,

A| = |B| = L/2, define the circuit-averaged bipartite entanglement entropy as
Salt:v) = E S(TepUf [9) (0 |th)). (6.111)

Then S 4 (t; Cq) = Eyec, Salt;1)) satisfies

- dIn(N—1) 2F o?
S.4(t:Cy) < LIn(N) <1 _dhW-1) t—ze*L(d/Lz = ) te (6.112)
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whose only difference with respect to the bound (6.91) is a factor of 2 in the term proportional to t.

Proof. The reasoning is almost exactly the same as in the proof of Theorem 5. The only difference is in the anologue of

(6.98) that one obtains, which instead reads
1 1
1S(ca) = S(cB)| < T(0a,05) In(NL/?) + = < LTr[lIo]In N 4 —. (6.113)
e e

This follows from (6.98) after using the fact that the trace distance is monotonically decreasing under partial trace, so

that the reduced density matrices o 4, 0§ of the o, o appearing in (6.98) satisfy
T(oa,0%) < 2Tr([ll%0). (6.114)

O
Note that the maximum possible value of S 4 (t; Cy) is % In N, which is smaller than the ¢ = 0 value of (6.112) only if

In(|Cypr|) = LIn(N) (1 _dWn(N-1)

L
_ > .
T () > <3N = N =5 (6.115)

from which we conclude that (6.112) provides a meaningful bound only if N > 5.

Operator relaxation times

We now examine how operator expectation values diagnose the long relaxation times computed above. For an operator
O of unit norm and a computational basis product state |¢), we define the relaxation time ¢»(y;¢) by the time needed
for the expectation value of O in the circuit-averaged state p(t; 1) = Ec, Ct(J3)(|) to relax to within an amount ~ of
its circuit-averaged equilibrium value, where we require that 0 < v < 1,y = O(L°). Since the circuit-averaged density

matrix at long times is simply 1/|#/|, this definition reads

1

Mol < (6.116)

to(y; ) = minft : [{O)p(;9) —
It is not obvious that operators with exponentially long relaxation times exist. If one was willing to give up locality,
a naive guess would be to let |1)) be a state at the edge of the Krylov graph, and to set O = |zZ><zZ |, where |J> is any

product state on the edge of the tree whose Hamming distance with [¢) is L. In this case (O);,, ) vanishes at ¢ = 0

Py (t
and indeed takes a time of ~ t,¢ to increase to its equilibrium value, but that value is Tr[|¢)) ()] /|H| = N—%, whose
smallness means that Lyl (7;9) = 0 by virtue of our requirement that v = ©(L°).

Fortunately, there nevertheless exist local operators whose relaxation times are exponentially long. These are the

normalized charge operators

Qo= 7 Y_(-1)la)al: (6117)
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Figure 6.15: The quantum numbers of each Krylov sector under the symmetries (), for N = 3 and a system of size
L = 6. The darkest red sectors have the maximum value of Q, = L/2; the darkest blue have Q, = —L/2.

Indeed, let ¢« o be a product state with maximal (), charge (Qammx,a = 1. For concreteness, we will fix ¢ax,q =

(ba)*/? where b = a +1 mod N. In this section, we will prove the following theorem:

Theorem 6. Let 0 < v < vy /2, v = O(LP). Then the relaxation time of Q,, in the state [{pmax o) is exponentially long:
> f 1 2r—vn)?
tQ, (Vs Ymax,a) 2 DyVLe" 2, (6.118)

where the O(1) constant D., is defined as

2(1 + 27>(N — 1)@—(27—1;1\;)(1—1)1\1).

D
K N2\/2m

(6.119)

We will in fact prove a slightly more general version of this theorem which allows for more freedom in the choice of

the initial state.

Proof. Our proof strategy is to define a subspace A of states in 4 which all have a large nonzero expectation value of @,
and then argue that a system initialized in A typically takes an exponentially long time to move to the complement A°¢
of A in H. While knowing the values of (), in a given product state do not allow one to distinguish where in the Krylov
graph that state lies, the distribution of @, charges in the Krylov graph is not homogeneous (see Fig. 6.15), and this can
be used to select out an appropriate choice of A. Fixingb = (a + 1) mod N as above, and assuming that Ln € 2N in

what follows for simplicity of notation, the space we choose is the cone
A= Cpayense = {1 ¢ irr(eh) = (ba) P72 x 5%}, (6.120)

where ¥* is the set of the irreducible strings of all the product states of length less than L(1 — 7)), namely A is the space
of all product states whose irreducible strings have the first 2| L1 /2] elements equal to (ba)~"/2 (c.f. (6.76)).
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Let us compute the expected value of (), obtained after evolving a random state in A for time ¢,

(Qa)a(t) = E (Qa)p(ty)- (6.121)

PEA

This is

PEA W EAe

(Quhalt) = E, ( 7 P = ¥/[0(0) = )(Qu)wr + Y P(E) = ¥/[(0) = ¢)<Qa>w)

(6.122)
> E, ( Y P@(t) = ¢'[(0) = ¢)<Qa>w/) — P((t) € A°[4(0) € A),
P'eA
where we used minycy (Qq)y = —1. To deal with the first term, we need
Lemma 2. The average charge of states which begin in A and remain in A at time t satisfies
E, 2 PO =¥ 190 = 9)(@uur 2 (1L~ PYO € A4740) € 4) (6123)

Proof. This is true because the average value of (), for states in A is at least 1. Showing this is complicated slightly by
the fact that there exist states in A with (Q,) as small asn — (1 — i) = 2n — 1. Our strategy will be to show that these
states always pair up with states of larger charge to give an average charge bounded below by 7.

To this end, for each ¢ € A, write irr(¢)) = (ba)“"/? x s, for some length |irr(¢))| — Ly irreducible string s,,. Suppose
first that the second entry of s, is not equal to a, [sy]2 # a. Then define ¢ as the state whose irreducible string differs

from irr(4)) by a cyclic permutation on the last |s,| entries:

SJ = T(Sw), (6.124)

where T'is the cyclic permutation T'(as - - - an) = azas - - - an—1a1. Note thatirr(y) = irr(¢)) x s 7 is an allowed irreducible

string since [s 12]2 # a by assumption. Thus

E P@(t) =4 |9(0)=v¢)= E P@(t)=1v|v(0)=1v). (6.125)

YEA PEA
We may thus write

<Qa>w’ + <Qa>{5/

E > P@() =¢¢0) =) (Qu)y = E 2

weA S PEA

S PEt) =y [(0) =)

P'eEA : [Sw/]g;ﬁa

TEY E P = [00) = 0)(Qs.

A A
ve P EA: [syr]2=a ve

(6.126)

The point of writing things like this is that ((Qa)y’ + (Qa),)/2 = 7, simply because the @, charge of s ; is opposite to
that of s, (on account of the fact that 7" interchanges sublattices and thus 7Q,T~! = —Q,), meaning that ((Q, )y +
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Q.) ) /2 receives contributions only from the first Ly characters of irr(¢)"), which carry a Q, charge of . Therefore
& 8

E S P@(t) = ¢/[9(0) = ¥)(Qa)y =7 E

weA S PEA

S PEt) = [(0) =)

P'EA : [Sw/h;ﬁa

+ E > P@E) = [9(0) = ¢)(Qa)y.

A
ve YEA: [s,]2=a

(6.127)

The second summand in (6.127) can be dealt with similarly. Since this summand contains only states with [sy/]2 = a,
(ba)*"/2 x T(s,) is not an allowed irreducible string. We thus instead split up the states in the sum as ¢’ = (ba)*"/?ca x
py for some ¢ # a, where p,; is alength L — Ln /2 —2 irreducible string with [p,-]1 # a. We can then pair up the subset of
these states with [p,-]2 # a in the same manner as was done above by defining an appropriate 7:[;’ obtained from cyclically
shifting p,; each pair appearing in the sum is then seen to have an average (), charge of 742/ L. Repeating this process,
the successive paired states one generates are all seen to have average charge 4+ 2n/L, with 0 < n < (1 —n)L/2. Since

these average charges are all strictly greater than 7, we obtain the bound

B, D P =v[0(0) = ¥)@ay 20 B3 PW(H) = 1(0) = v)

veA T bea
— nP((t) € A|(0) € A) (6.128)
=n(l—P(p(t) € A°|¢(0) € A)),
which is what we wanted to show. O
This result lets us write (6.122) as
(Qa)a(t) =n— (1 +n)P(Y(t) € A°[¢(0) € A)), (6.129)

with the second term being bounded from above by t®(A) as in (6.63). Since A is a union of cones, the expansion of A
is simply

P(A) = 2(CLy+2), (6.130)
and so

(Qa)a(t) >n—t(1+n)®(Cryt2). (6.131)

As we saw in (6.78), ®(C,) is exponentially small only when d < vx L, |d/L — vx| = O(LP). To get a long relaxation
time, we thus will need to assume that

n < N, (6.132)

with |n — vx| = O(LP). If this is the case, we conclude from (6.78) that

t
o2 0
Dn/Qﬁ@L(" 2N)

(Qa)a(t) =n— (6.133)

121



with the constant
2
NTV2T o) (—ow)

W™ —1) (139

Dn/g =

The advertised bound on t¢, (7; ¥max,«) is then obtained by setting = 2. Notably, when v — 0, (Qa)4(t) 2 2y —

t®(Cs), so that the lower bound of ¢, is equal to that of the relaxation time, i.e.,

tQ. (v = 0 ¥maxa) 2 1/®(Co) ~ L3 ?p3 . (6.135)

654 N =2

We now compute the expansion for N = 2. In this case we expect a large expansion—and hence a fast mixing time—due
to the absence of strong Hilbert space bottlenecks.

In this subsection we will find it most convenient to label the Krylov sectors by their charge (), defined as

Q=) (-1)'z, (6.136)
with (@), measuring the endpoint of the random walk defined by the product state . For a length-L system, there are
thus L + 1 sectors g, with @ € {—L,—L +2,--- , L — 2, L} (in the language of the charges ), discussed for N > 2,

@ = @1 — Q2). The dimensions of these sectors are accordingly determined as

L
IKql = <L+Q) (6.137)
2

We now argue that charge relaxation in this case is polynomially fast. In particular, we will argue that the spectral

gap of M onloc Satisfies
< Muonloc S . (6.138)
e

We will give a rigorous proof of the upper bound, and a slightly less rigorous one for the lower bound. As in our analysis
of the N > 2 case, the lack of rigour for the lower bound comes from making the assumption that the subset S C H
with minimal expansion is determined by a cut which passes “between” two Krylov sectors, rather than cutting “within”
a given sector. Even if this is not true, we expect the minimal expansion to be asymptotically the same as the minimum
expansion of a region defined by making only inter-sector cuts.

With this assumption, it is straightforward to see that the S with minimal expansion can be taken without loss of

generality to be of the form

So = U Ko, (6.139)
Q'>Q

with the minimal S having () > 0 without loss of generality; in the language of our N > 2 discussion this is simply a
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cone Cg. To find the minimal Sg, we use the recursion relation
IKal =105q| +[0Sq+2|; (6.140)
which holds forall Q > 0and follows from the fact that each state in g is connected to exactly one state in K1 2UKg_s.
Solving this recursion relation for |0.Sg| yields
L
Q/

950l = > (1) Ko, (6.141)
Q'=Q

where the sum accordingly only includes those Q' with the same parity as L. Now the difference in expansions between

adjacent sectors is

_ 1501195q+2| — [Sq+2[105q|

(Sg+2) — 2(50) Soll50z2]

, (6.142)

which can be evalulated using (6.141) and the dimensions |Kg|, with some unilluminating algebra showing that the
RHS is always positive, meaning that ®(Sg) is minimized on the smallest value of Q) (viz. Qi = L mod 2). Taking

L € 2N + 1 for notational simplicity, this gives

(L-1)/2
_ L L+1(/ L 2
P, = 0(S)) =21 E : (_1)k<L-2i-1 +k) = L2L<L;1) ~ ;L, (6.143)
k=0

where we used |S;| = |#|/2 in the second equality, >} _,(—1)* S = S5 (%) in the third, and Stirling’s approx-

imation in the fourth. Cheeger’s inequality thus tells us that

8

nonloc S ?
L

A (6.144)

1
— <
wL
which is what we wanted to show.
Calculating the gaps of A g, A, €Xactly for small values of L with exact diagonalization yields the scaling

shown in Fig. 6.16. Even for very small values of L, the scaling of A x4 fits very well to the linear lower bound of

nonloc

~ L~'. The gap of the local chain M. is (as expected) observed to scale slower by one power of L as Apy,.. ~ L™2,

consistent with the simulations of Fig. 6.3. These finding are consistent with those reported in Ref. [121].

6.6 Lack ofthermalizationin Temperley-Lieb models perturbed by a single-
site impurity

In this section we show that a certain class of SU(NN) symmetric models—referred to as Temperely-Lieb Hamiltonians

in what follows—are such that they remain fragmented even when perturbed by an arbitrary term that has support only
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Figure 6.16: Markov gaps for N = 2, computed with exact diagonalization. Left: The gap A, Of the non-local
chain (green circles) fit to the analytic bound oc L~ (dashed line). Right: As left, but for the local chain M., and fit to
o L2

on a single site. The Hamiltonians we consider are of the form [107, , ]
L 1 XN
Hrp = Zlgipi,iJrla Piiy1= N z,Z1 la,a)(,bliiv1 = [V)(P]i i1 (6.145)
1= a,b=

with N > 2 in all of what follows. The projectors P; ;1 satisfy P, |, = P; ;11 and obey the Temperly-Lieb algebra

1 . .
P i1 Py i1 Piip1 = e Py, 1=j5=%1
(6.146)

Piiv1Pjjv1 = Pjj bt i—j > 1

The product states |s) = ®f:1 |s;) with s; # s,41 foralli = 1,..., L — 1 are clearly annihilated by Hr,. However,
these are far from the only types of states in the kernel of Hry. Frozen states can be constructed using “singlets” like
[®,p) x |aa) — |bb), which are orthogonal to |¥), as well as more complicated states. For example, when L = 3 we may

write down the state

x Y ¢ N(laa) + |aal)) - [111), (6.147)

a=1,...,N

where (y = ¢?™/N . |A) is annihilated by both P, 5 and P, 3 but is not constructible from the |®,;) or the |s). This makes
enumerating Hpy’s frozen states rather complicated.

Nevertheless, owing to the TL algebra obeyed by the projectors P; ; 11, quite a large amount of information about
the spectrum of Hry, can be determined analytically, even without explicitly constructing any eigenstates. We will only

need to know a few facts about the counting of Hr’s degenerate levels, the first of which is [108]
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Proposition 4. On an open chain of length L, the number of zero-energy eigenstates of Hry, is

(N + VNZ — 45+ 4 (N — N2 — 4L+

Q0] = oL+1,. /N2 _ 4

(6.148)

If g; > 0for all ¢, Hyy, is frustration free, and the states in €2, are in one-to-one correspondence with the ground

states of Hyy. Our results however will hold for arbitrary g;.

Proof. To keep our presentation self-contained, we will reproduce the proof from Ref. [108]. Let €2;, denote the space of
states annihilated by all of the P; ;:
QO = ﬂ ker P 1. (6.149)

We are interested in obtaining the dimension |2 | of this space.

We proceed by induction. Given 27,1, we determine (2, as
Qp = ker(PLg tHQO 1 — |\I’> X QL_2)7 (6.150)

where H is the onsite Hilbert space. It is easy to check that the map P, - is surjective, and thus |2 | is determined as

|QL| = dlm[H ® QL—l] — d1m[|\If> X QL_Q] = N|QL_1| — |QL_2|. (6.151)
The initial values needed to set up a recurrence relation are |Q2g| = 1, |Q21| = N. The soltuion to this recurrence
relation is precisely (6.148). O

We now ask about the spectrum of the model

H=Hrp + Himp7 (6.152)

where Hinp, is an arbitrary NV x N single-site Hamiltonian acting on the first site only. Cases with impurities acting
in the middle of the chain, or with multiple non-adjacent impurities, can be treated similarly at the expense of more
complicated notation.

We can use a similar approach as the one used in the computation of |2 | to determine a large number of degenerate

states of H:

Proposition 5. Let |«) be the eigenstates of Hiy,p, and e, be the corresponding eigenvalues. Let Q¢ denote the eigenstates

of H with eigenvalue €. Then ¢ is always non-empty, and in particular has degeneracy

197 = [Qr—1] — [Qr—2]| (6.153)

This proposition is rather surprising at face value: since [Hiwp,, Hrr] # 0 we would not generically expect H to have

eigenvalues equal to those of Hi.,p,, and (6.153) says that the number of such eigenvalues is in fact exponentially large in
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L. Indeed though, such states can be readily constructed, as we now prove.
Proof. Consder the space |a) ® €,_;. States in this space are almost the desired eigenstates of H, but they are not
annihilated by P, . The desired eigenstates are thus identified with the kernel

Q% = keI‘(Pl’g : |a> (9 QL,1 — |‘~I/> & QL,Q). (6154)

The map P, » here is surjective for almost all choices of Hij,,. Therefore using similar reasoning as above,

09| = dim[Je) ® Q1] — dim[|T) @ Q)]

=[Qp_1] — [Qr—2] (6.155)

1 1
=—Q—1— = | |Q2r_2]|
loul= (1 )02

A similar result holds in a situation where one places impurities on both ends of the chain:

Corollary 6. Let
Hiwo—imp = Hrr + Himp,1 + Himp, L, (6.156)

where Hiy,p, 1 /1, are independently random single-site Hamiltonians on the left and right ends of the chain, respectively. Let

€a,,, be their corresponding eigenvalues. Let also Q7 TPL e the set of eigenstates of Hiyyo—imp With energy o, +c3,. Then
|Q%l+ﬂL‘ =|Qp_a| — |QL_s]- (6.157)

This result is true even if the left and right impurities do not possess a common eigenbasis; all that matters is that

they act only on single sites.

Proof. The proof proceeds as in the previous proposition, except with the starting state drawn from the vector space

Q7' ®@16L)- O

The above results tell us that even in the presence of local impurities, the spectrum of H contains exponentially large
degeneracies. This leads to initially frozen states possessing memory of their initial conditions for infinitely long times,
since the large number of degeneracies mean that a large number of energy levels of H do not dephase relative to one

another. The following theorem makes this intuition precise:

Theorem 7 (non-thermalization of the TL + impurity model). Let M be the memory that typical fozen states in §2;, have

of their initial conditions:

T
M= E lim %/ dt |(fle” | £)|?, (6.158)
0

feQp T—oo
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where E¢cq, denotes an average over states in §1r. Then in the L — oo limit,

I O s VI
M—N(l (N+\/W)2> + (6.159)

is an order one constant (with the - - - denoting terms vanishing as L — c0).

Proof. Our proof will proceed by making use of the degenerate eigenstates in 2¢. We start by writing

M=E S Sum PP

Q
Te0r | L espec()

> E > > KulHPIwAHP (6.160)

Q
FERL | Spec(Himp) 1R

= E > (fMas|f)?,

Q
fer aeSpec(Himp)

where

Mos = > |yl (6.161)

HEQT

and the |u), |v) are orthonormal eigenstates of H.
We then use |[v|[3 > =+||v[|? for any v € RY together with an application of Jensen’s inequality E,[f(z)?] >

(Ex[f(2)])? to write 2

1
M>N E > (flMag|f)
fe@ aeSpec(Himp)

) (6.162)

> LE (flllag|f)

aeSpec(Himp) =

\Y
==

The average over frozen states gives Efcq, |f)(f| = q, /|QL|, so
1
M > NP > TrllggTlg,] | . (6.163)
aeSpec(Himp)

Since Q¢ C Qy, the trace is simply |Q2¢ | for all a. Thus

Q7 |)
M>N
N <QL|

1 [
— 5 (1- =) (6.164)

N$<LXNf%@?®Ji

where the ~ in the tast line denotes the leading scaling in the L — oo limit. O
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Since M ~ O(1) but |21 | is exponentially large, almost all frozen states are guaranteed to retain memory of their
intitial conditions for infinitely long times. From our numerical results we believe this result should remain true even

when a term

Hyz =Y htla)(al; (6.165)

i a=1
is added to H, although the proof techniques for this case must necessarily be different on account of the fact that the

degeneracy of H’s spectrum is completely lifted for a generic choice of h{.
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