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Abstract

This dissertation consists of three chapters demonstrating how the current econometric problems
can be solved by using machine learning techniques. In the first chapter, I propose new approaches
to estimating large dimensional monotone index models. This class of models has been popular in
the applied and theoretical econometrics literatures as it includes discrete choice, nonparametric
transformation, and duration models. A main advantage of my approach is computational. For
instance, rank estimation procedures such as those proposed in Han (1987) and Cavanagh and
Sherman (1998) that optimize a nonsmooth, non convex objective function are difficult to use with
more than a few regressors and so limits their use in with economic data sets. For such monotone
index models with increasing dimension, we propose to use a new class of estimators based on
batched gradient descent (BGD) involving nonparametric methods such as kernel estimation or
sieve estimation, and study their asymptotic properties. The BGD algorithm uses an iterative
procedure where the key step exploits a strictly convex objective function, resulting in computational
advantages. A contribution of my approach is that the model is large dimensional and semiparametric

and so does not require the use of parametric distributional assumptions.

The second chapter studies the estimation of semiparametric monotone index models when the
sample size n is extremely large and conventional approaches fail to work due to devastating compu-
tational burdens. Motivated by the mini-batch gradient descent algorithm (MBGD) that is widely
used as a stochastic optimization tool in the machine learning field, this chapter proposes a novel

subsample- and iteration-based estimation procedure. In particular, starting from any initial guess



of the true parameter, the estimator is progressively updated using a sequence of subsamples ran-
domly drawn from the data set whose sample size is much smaller than n. The update is based on
the gradient of some well-chosen loss function, where the nonparametric component in the model is
replaced with its Nadaraya-Watson kernel estimator that is also constructed based on the random
subsamples. The proposed algorithm essentially generalizes MBGD algorithm to the semiparametric
setup. Since the new method uses only a subsample to perform Nadaraya-Watson kernel estimation
and conduct the update, compared with the full-sample-based iterative method, the new method
reduces the computational time by roughly n times if the subsample size and the kernel function are
chosen properly, so can be easily applied when the sample size n is large. Moreover, this chapter
shows that if averages are further conducted across the estimators produced during iterations, the
difference between the average estimator and full-sample-based estimator will be 1//n-trivial. Con-
sequently, the averaged estimator is 1/+/n-consistent and asymptotically normally distributed. In
other words, the new estimator substantially improves the computational speed, while at the same
time maintains the estimation accuracy. Finally, extensive Monte Carlo experiments and real data
analysis illustrate the excellent performance of novel algorithm in terms of computational efficiency

when the sample size is extremely large.

Finally, the third chapter studies robust inference procedure for treatment effects in panel data with
flexible relationship across units via the random forest method. The key contribution of this chapter
is twofold. First, it proposes a direct construction of prediction intervals for the treatment effect by
exploiting the information of the joint distribution of the cross-sectional units to construct counter-
factuals using random forest. In particular, it proposes a Quantile Control Method (QCM) using the
Quantile Random Forest (QRF) to accommodate flexible cross-sectional structure as well as high di-
mensionality. Second, it establishes the asymptotic consistency of QRF under the panel/time series
setup with high dimensionality, which is of theoretical interest on its own right. In addition, Monte
Carlo simulations are conducted and show that prediction intervals via the QCM have excellent cov-
erage probability for the treatment effects comparing to existing methods in the literature, and are
robust to heteroskedasticity, autocorrelation, and various types of model misspecifications. Finally,
an empirical application to study the effect of the economic integration between Hong Kong and
mainland China on Hong Kong’s economy is conducted to highlight the potential of the proposed

method.
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Chapter 1

Estimating High Dimensional
Monotone Index Models by Iterative

Convex Optimization

1.1 Introduction

Monotone index models have received a great deal of attention in both the theoretical and applied
econometrics literature, as many economic variables of interest are of a limited or qualitative nature.
A leading special case in this class is the binary choice model which is usually represented by some

variation of the following equation:
yi = I[X2,85 —u; > 0] (1.1)

where I]-] is the usual indicator function, y; is the observed response variable, taking the values 0
or 1 and X.; = (Xo,, X;F)T is an observed p + 1 dimensional vector of covariates which effect the
behavior of y;. Both the scalar disturbance term w; with distribution function denoted by G(-),
and the (p + 1)- dimensional vector 3, = (ﬁ*,,@*T)T are unobserved, the latter often being the

parameter estimated from a random sample (y;,Xe;), i=1,2,..n.

The disturbance term wu; is restricted in ways that ensure identification of 3}. Parametric restrictions
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specify the distribution of u; up to a finite dimensional parameter and assume that u; distributed
independently of the covariates X;. Under such a restriction, 3 can be estimated (up to scale) using
maximum likelihood or nonlinear least squares. Estimators that are robust to these parametric
distributional assumptions have been proposed and analyzed resulting in a variety of estimation

procedures for 3%.

An important class of semiparametric restrictions used in the literature were based on indepen-
dence/index restrictions. Estimation procedures under this restriction include those proposed by
Han (1987), Ichimura (1993), Klein and Spady (1993). These cover but are not limited to the above
binary response model. This class of index models have a robustness advantage over parametric
approaches, but estimators within this class are difficult to compute' due to nonconvexity and in
some cases also nonsmoothness of their respective objective functions. For these objective functions,
even looking for a local optimum is generally NP-Hard, let alone the global optimum (Murty and
Kabadi, 1987). Furthermore the difficulty increases with the dimension of X;. Recent work which
is motivated by computational concerns is Ahn, Ichimura, Powell, and Ruud (2018). However, their
two step procedure involves a fully nonparametric estimator in the first stage, so is also not suitable

for models with a large number of regressors.

A related drawback of all these procedures is that they are designed to estimate parameters in
models of a small and fized dimension. A relatively recent and thriving literature in econometrics
and machine learning is recognizing the many advantages of allowing for large dimensional models or
models with a large set of controls. This class is a special case of models that consider the situation
when the dimension of x; is large, and this is now often modeled with its dimension increasing with
the sample size. Due primarily to its empirical relevance, there has been a burgeoning literature
on estimation and inference in certain econometric and statistics models with a large number of
regressors or a large number of moment conditions. For a surevey of examples in economics and
finance, see Fan et al. (2020). Recent papers include Newey and Windmeijer (2009), Chernozhukov
et al. (2017),Belloni et al. (2018), Cattaneo et al. (2018a), Cattaneo et al. (2018b),

Related to our work is the recent literature on estimating large dimensional binary choice or mono-
tone index models in Sur and Candés (2019) and Fan et al. (2020). Sur and Candés (2019) considers

inference in a large dimensional logit model, relying on the logistic distribution of the disturbance

IOther estimation of index models includes Stoker (1986) and Powell et al. (1989). While these are relatively
easy to compute, such derivative based estimators cannot be applied unless all components of X, ; are continuously
distributed.



term where it is shown that y? asymptotic approximations of the LR statistic are suspect when
the dimension of z is large. Fan, Han, Li, and Zhou (2020) on the other hand estimate parameters
by optimizing the objective function introduced in Han (1987), but with the number parameters
increasing with the sample size. Optimizing these rank based objective functions is unfortunately
hard even with recent developments in algorithms and search methods for optimizing non smooth
and/or non convex objective functions. See for example important recent work based on mixed

integer programming (MIP) as in, e.g. Fan et al. (2020) and Shin and Todorov (2021).

Therefore, in light of the drawbacks in the existing literature, this paper proposes a new estimation
procedure that is amenable to easier computattion. Specifically we aim to construct a computation-
ally feasible estimator for a semiparametric binary choice and monotone index models with increasing
dimension based on a convex objective function and then establish its asymptotic properties. As we
will discuss in detail in the next section, our algorithm uses an iterative estimator based on a batched
gradient descent (BGD) method, and we show how to use nonparametric methods to approximate
the distribution in each stage of the iteration. One is the method of sieves?, and the other is kernel

regression.

1.1.1 Notations

Throughout the rest of this paper, to facilitate the description and properties of estimation pro-
cedures we will be using the following notation. For any real sequences {a,}, -, and {b,} —,, we
write a, = o(by) if imsup,,_, . |an/bn| = 0, an, = O (by) if limsup,,_, . |an/bn| < 00, and a,, ~ by,
if both a,, = O (b,) and b, = O (ay,). For any random sequences {a,},_, and {b,} -, we write
an = Op (by) if for any 0 < 7 < 1 there are N and C' > 0 such that P {|a,/b,| > C} < 7 holds
for all n > N, we write a, = o, (b,) if for any C > 0, lim, o P {|an/bn| > C} — 0. For any
Borel sets A C R¥, denote its Lebesgue measure as m (A4). For any symmetric matrix A, we write
A > 0 if A is positive definite, and A > 0 if A is positive semi-definite. For any symmetric ma-
trices A and B, we write A = Bif A— B > 0and A = Bif A— B > 0. For any matrix A, we
denote o (A) as its singular value, and denote 7 (A) and o (A) as its largest and smallest singular
value. For any symmetric matrix A, we denote A (A) as its eigenvalue, and denote A (A) and )\ (A)

as its largest and smallest eigenvalue. For any vector x = (x1,--- ,xp)T, we denote its Euclidean
norm as ||| = />;_; 7. For any matrices A = (aij),,,,, we denote [|A[| = />, >, aZ;.

2See Chen (2007) who pioneered the use of sieve methods in econometrics.
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Note that when A is positive semi-definite, there holds ||Az| < A(A) - ||z|; for general square

matrix A, there holds ||Az| < & (A) - ||||. Finally, for any function f () with domain D, define

[flloe = SUPgep f ().

1.2 The BGD Estimator

To provide some intuition for our semiparametric estimators that will be introduced in the following
sections, in this section we consider a simplified version of the model where the cumulative distri-
bution function G (-) is completely known. Under such setup, we explore the batch gradient descent
estimator (BGD estimator) of 3% when its dimensionality p may increase, which is also important on
its own right. Throughout the following analysis we assume that the data set satisfies the following

assumption.

Assumption 1.1. An ii.d. data set D, = {(Xe,yi)}i, of sample size n is observed, where y;
is generated 3 by y; = I (Xo,iﬁg + XIB8* —u; > 0) with unobserved shock u; that is independent of
X, and has CDF G (-).

Given any loss function ¢¢ (3,,X.,y) that depends on G and is a.s. differentiable with respect to

B, € Be, the BGD estimator of 37 is based on the following iteration,

6 n
Begit =By — o > 0lc (B g Xeirvi) /0B (1.2)

i=1

where 6, > 0 is the learning rate. Note that n=*Y." | 0l¢ (B,, Xc,i,yi) /OB, constitutes a sample
analogue of the derivative JE [(g (8., Xe,vy)] /0B,. Unlike the stochastic gradient descent (SGD)
algorithm, in the BGD algorithm, in each round of update we evaluate the derivative of the loss
function over all data points. This increases the computational burden but provides a more accurate
estimator for the derivative of the expected loss function. Given the initial guess of the parameter,

Be 1, we iterate based on (1.2) until some terminating conditions are reached.

In this paper, we consider the following loss function

X?ﬁe

06 (B, Xery) = / G- uxIB,, (1.3)

3Here we are decomposing the vector Xe,; into a scalar component Xg ; and the vector X;, and decomposing
the vector of parameters 37 into the scalar term ;5 and the vector 3*. As we will see this is done for notational
convenience when imposing scale normalizations.



for some sufficiently large positive constant A. The loss function (1.3) was also considered in Agarwal
et al. (2014) and has many nice properties. For instance, under some mild conditions, we can show

that

OE (b (B2, Xe,y

e HCEARE S

= E{(G (X;F/@z) - E(y| Xe)) Xe} =0,

and
62]E (EG (ﬂe7 X€7 y))
9B.08.

—E {G’ (X;fge) XEXE} = 0,Y8, € B..

So B, uniquely minimizes El¢ (3,,X.,y) over B.. Another desirable property of the loss function
(1.3) is that the derivative of (1.3) with respect to 3., which is (G (Xgﬁe) — y) X, depends only on
G (-) instead of on its derivatives. So when we conduct a semiparametric iteration in the following
sections, we only need to nonparametrically approximate G (), which is generally more robust
compared with approximating its derivatives. Based on loss function (1.3), the BGD estimator is

obtained based on the following iteration

6 n
ﬁe7k+l = Iae,k - ;k Z (G (ngﬂe,k) - yi) Xe,i- (1-4)

b
i=1

We summarize our algorithm as follows in algorithm 1.

Algorithm 1: The BGD Estimator

input : Data set {(Xc,;,¥i)},,, sequence of learning rate {d}, ;, initial guess 3, ;,

=17

CDF G (+), and terminating condition 7
output: The BGD estimator 3,

1k« 1;

2 while The terminating condition T is not satisfied do
3 Bekr1 < Ber — % Yo (G (XTiBek) — i) Xess
4 k+—k+1;

5 ﬁe — /Ge’k:;

Remark 1.1. Key to the above approach is the construction of a convex objective function that
facilitates computation even with high dimensions. This transformed convex objective works for any
monotone model. In particular, for any model of the form y; = G(x}8) + € with Ele;|z;] = 0 and

monotone G(.), a similar convex criterion as in (1.3) can be used for inference on f.

We now describe the asymptotic properties of 3, ;.. We first make the following assumption.
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Assumption 1.2. (i) X, = [—1,11""'; (ii) B. is convex, and there exists some constant By > 0
such that for any B, € Be, |B;| < By for any 0 < j < p; (i) there exists integer vg such that
G has up to vg-th bounded derivatives; (iv) Define M, (8,) = +>" | G’ (XT,8,) X XL, and

M (B.) = E[M,, (B.)]. For any B, € Be, there holds 0 < A, < A(M (B,)) <X (M (B,)) < Ae < .

Remark 1.2. Assumption 1.2(i) and Assumption 1.2(ii) are convenient normalizations that facil-
itate the assessment of our model. Note that to ensure that B,y falls into a compact set for each
k, some form of truncation on B, ;. , in (1.4) is needed. While according to our results below, as
long as Be is sufficiently large, it can be shown that B, ; will fall into B, for all k with probability
going to 1. We then assume that B, € Be for all k. Assumption 1.2(ii) imposes some smoothness
conditions on G, where the requirement on vg will be stated in the following propositions and the-
orems. Assumption 1.2(iv) requires that the eigenvalue of M, (8,) is bounded from both below and

above uniformly over Be.

€

For any 3, € B, define A3, = B, — 3;. Also define ¢; = y; — G (X[,87), where E[e;] X,,] = 0.

When Assumption 1.1 and Assumption 1.2 hold, we have the following result.

Theorem 1.1. Suppose that Assumption 1.1 and Assumption 1.2 hold with vg = 3, that p° (logp)2 nl—
0, that the learning rate is chosen such that 0 = 6 < 2/ (SXE), and that B, is updated based on

algorithm 1. We have that

(i) Define

LBGD _ log HA/@e,lH + %IOg (n/ (plng))
L —log (1 —),6/2) ’

we then have

sup |88, ]| = 0, (Vi (ogp) /n) ;

k>kBGD 41

G

(ii) Define k§5P such that (1 — Ae5)k’3"D Vplogp — 0, we have

sup
k>kBGP 41

=0p (1/ﬁ)7

1 n
ABe krpop — M~ (8)) - ; giXe,i

(iii) For any k > kng + kggD + 1, define ,CA'IE = Bk Also define

e

S =M"1Y(B)E [G; (1-Gy) Xe,iXeT,i] M~ (B7),
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and

- . _ A xT - 3
>6.(1-6) xx} Vi (3.).

S|

i1,n = M'rjl (Be) {

where G; = G (Xzi,@*> and G; = G (Xzi,@e) Suppose further that E (Xe,ini) has uniformly

e

(with respect to p) upper bounded eigenvalues, there holds

Hilm _ 2{“ —, 0.

(iv) For any p+1 vector p such thatlim, . ||p|| < 00, lim, 0o pT3%p = 02 (p), and that p* M~ (B}) ﬁ Yo eiXei —a
N (0,02 (p)), we have that

pTAB/\E2(p) /n —a N (0,1),

where 52 (p) = pTian.
Proof of Theorem 1.1. See subsection 1.7.2. O

When p is fixed, Theorem 1.1(i) implies that sup,s;sep HAﬁe’kH = O, (1/y/n), and Theo-
rem 1.1(ii) implies that for k sufficiently large, the BGD estimator is an asymptotically linear
estimator, so there holds \/ﬁA,ﬁ'eykJrkESD —a N (0,%7) by the central limit theorem. The asymp-
totic variance can be estimated based on Theorem 1.1(iii). The number of iterations required to
obtain root-n consistency, kPSP is determined by many factors including the sample size n, the

distance between the true parameter and the initial guess [|AB, ||, as well as the lower bound of the

BGD s of order O (logn), but in practice when we apply the

,n

eigenvalues of M, (3.). In general, k
above algorithm, the specific number of iteration is difficult to determine. For detailed discussion
of the number of iterations, see Remark 1.5 at the end of Section 1.4. The inference on 3, based
on the BGD estimator is given by Theorem 1.1(iv). Note that for any given vector p, we require
that ﬁ pT M~ (B) >, eiX.,; is asymptotically normally distributed. An alternative approach is
to apply the high-dimensional central limit theorem to £ Y1 M ~1 (8%) X, ;&; (e.g., Chernozhukov

n

et al., 2017).

Before we conclude this section and move to semiparametric estimation, we further comment on
Theorem 1.1. Different from the stochastic gradient descent algorithm (e.g., Toulis and Airoldi,
2017), we show in Theorem 1.1 that the learning rate J; can be selected as a sufficiently small

constant. Indeed, in the following results, we show that J; can decay to zero at any rate as long

7



as Y peq 0k = oo holds, and the choice of &, will not change the asymptotic results displayed in

Theorem 1.1. In particular, we have the following proposition.

Theorem 1.2. Suppose that all the conditions in Theorem 1.1 hold and that B, is updated based
on algorithm 1. For any sequence of tuning parameters {0y}, satisfying &, > 0, & — 0,
lim supy,_, oo 0k—1/0k < o0, and Y-, 0 = o0, we have that

T.BGD

(i) Define Eng such that Z:!{ 0 > Ae_l {log (n/p (logp)) + 2log HA/BeJH} , and that SUD;~fBaD | Ok

N

2/A,, then there holds

sup (|88, ]| = 0, (Vi (logp) /n) ;

k>kBGP 41

(ii) Define kZSP such that Z:_%Z’ZDH 01/ log p — oo, then we have that
=FRin

= 0p (1/\/5)7

sup
k>kBGP 41

e o
AB, yigpen — M7 (B7) - > eiXe
' i=1

(iii) For any k > Eng —&—%ESD + 1, define B, = B,,. We have that Theorem 1.1(iii) and (iv) hold.
Proof of Theorem 1.2. See subsection 1.7.2. O

Theorem 1.2 shows that the choice of the learning rate basically does not affect the convergence
rate as well as the asymptotic distribution of the BGD estimators. The main advantage of using
a sequence of decaying learning rates is that we do not need to choose the constant § as required
in Theorem 1.1, since for k sufficiently large, o, < 2/ (SXe) will automatically hold. However,
the disadvantage of using decaying learning rates is that such procedure takes much longer time
to converge because the magnitude of the update in the k-th round decreases as k increases. For
instance, suppose that we choose §; ~ k=% for some 0 < v < 1, we have that Z?=1 §; ~ k'7v. Then

7.BGD ~
to ensure that j!{ §; > X' (logn +2log |AB..]]), we need kPGP ~ (logn)ﬁ. Obviously,
setting v = 0 leads to k ~ logn, which corresponds to the requirement in Theorem 1.1(i); when

v > 0, we can see that more rounds of iteration is needed compared with required in Theorem 1.1(i).

8



1.3 Semiparametric BGD Estimation

In the previous section, we focused on iterative estimators based on the BGD algorithm for the
parametric binary choice models. We show that when the CDF of the error term is known, the
iterative estimators based on the BGD algorithm are consistent and attain asymptotic normality
under mild conditions. However, having prior knowledge of the form of G is generally too strong an
assumption. In most applications, the source of the individual shock w in Assumption 1.1 is difficult
to justify, which makes it quite difficult, if not completely impossible, to know the exact expression
of G. In this scenario, the algorithm proposed in the previous section is infeasible. To overcome such
problem, this section generalizes the BGD estimator proposed in Section 1.2 to the semiparametric

setting where G is unknown.

In this setup, to ensure identification we set 33 to be 1, so our estimation target is 3*. To simplify
our notation, we denote the space of X as X, and the corresponding parameter space of 3 as B.
Suppose that an initial guess for 3* is given by 3;. In the k-th round of iteration, to update 3 based
on the BGD algorithm, we require the knowledge of G as in Section 1.2, which is infeasible when G is
unknown. A natural idea is that we can construct an estimator for G based on the index constructed
from the updated parameter in the previous round. More intuitively, suppose for a moment that in
the k-th round of iteration, 3, happens to be identical to the unknown true parameter 8%, then we

have that G (z) = E | y| Xo + X" 8* = z} =E [y| Xo+X"8, = z| for any z € R.

This motivates semiparametric estimation by using nonparametric methods to estimate G (-). We

consider kernel estimation and the method of sieves in each of the following subsections.

1.3.1 The KBGD Estimator

In this section we consider tkernel estimation to estimate G (-). The Nadaraya-Watson kernel esti-

mator of G (+) is of the form

> i K, (Z — Xo,j — XjT/Bk) Y5
> K, (Z — Xo,j — X;'Fﬁk)

G (2B = ,Z€R, (1.5)

where Kj, (1) = h™*K (-/h), K (-) is some kernel function, and h,, is some bandwidth parameter

depending on n. Given the estimated CDF G (-] Bg), we can update the parameter as if it were the

9



true CDF G (). In particular, 3, is updated as

Sk = [ A
B =B — =" (G (Xoi + XT B B,) - w) X (L6)

=1

Keep updating 3, based on (1.5) and (1.6), until some terminating conditions are reached. The
resulting estimator is labeled as the kernel-based batch gradient descent estimator (KBGD estimator).

We summarize our algorithm as follows in algorithm 2.

Algorithm 2: The KBGD Estimator
input : Data set {(Xc;,yi)},,, sequence of learning rate {05}, ,, initial guess B,
kernel function K, bandwidth h,,, and terminating condition 7
output: The KBGD estimator 3

k+1;

=

2 while The terminating condition T is not satisfied do
3 for i+ 1 ton do

-~ . T > Kny, (Xo,z‘JrX?ﬁk*Xo,j*X;Fﬁk)yj .
4 L G (Xo.+ X By| By) + >0y Kny (X0AX 1B —Xo,—X1B,)
5 | Brp < Br— %30, (G (Xo,i +XIBe| Br) — yz) Xe,i
6 k< Ek+1;
7 B By

Remark 1.3. In essence, the KBGD estimator can not be classified as a BGD estimator based on
a semiparametric loss function. In the semiparametric setup, given any loss function g (B, Xe,y)
(quadratic distance in Ichimura (19983), log-likelihood in Klein and Spady (1993), or loss function
given in (1.8)) with unknown function G, it’s a common practice to replace G with its nonparametric
estimator G and then minimize (or maximize) the resulting loss function to obtain the estimator of
B. Note that under the single-index framework, G usually involves the unknown parameter 3, which
is of the form G ()= §(| B). In this scenario, the BGD estimator is constructed by the following

iteration
BBCGD _ gBGD _ Ok Zn: ‘%G(-\ﬁEGD) (5k 7Xe,wyz)
k+1 k aﬁ ’

n <
=1

where 35@(.‘55013) (,BEGD,Xeyi,yl) /0B involves 8@(| Bi) /08, a complicated functions of By. In

particular, the BGD estimator under loss function (2.7) is given by

8 & ~ Xo,i+X7 By, aé 5
B =B~ (G(Xo7i+X;fﬁk\ﬂk)+/ (a;ﬁ’“)dz—m X,.
i=1 —o0

Obviously, an additional term is introduced compared with (1.6). On the contrary, during the con-

struction (1.6), we take G as given when taking the first order derivative of the loss function and

10



then replace the unknown G with its non-parametric estimator in the derivative. More specifically,

the KBGD estimator is updated as follows

Ik x~ G By, Xeis yi)
6k+1:ﬁk7;2 8661 - . )
i=1 G()=G(-1Bx)
so additional terms involving OG (-| B) /0B are avoided. Finally, as we discussed in Section 1.2, the
derivative of loss function (1.3) with respect to 3 depends only on G, so we also avoid approximating
the derivative of G, which has poorer finite-sample performance compared with approximating G.

Such update also ensures contraction map under some conditions, see 77.

For any fixed z and 3, under mild conditions there holds G ( z| 3) —p E [y| Xo + XTB = 2] . Denote
such limit as L (z,3). Obviously, L (z,3%) = G () holds for any z € R. Before we move to a formal
description of the statistical properties of the KBGD estimator based on (1.6), we first provide
some further discussion on L (z,3). For simplicity, in the following we only focus on the case where
all the covariates are continuous which permit continuous joint density function. We leave further
discussion of the case where some covariates are discrete to Remark 1.6. We point that when there
are discrete covariates, our algorithm can be directly applied without any modification, although

some further assumptions will be required.

When all the covariates are continuous, denote the joint density of X, and X as f. (X.) = fe (X0, X)
and f (X) = [ fe (X0, X) dXo, respectively. Denote z (X.,3) = Xo+XT3. Also denote fx . (X, z|3)

as the joint density of X and z (X, 3) given 8. Note that for any « and z,

PX <z,2(X,0) <2 = / 1 (5505() dXodX

X<z, Xo+XTB<z
- / [ / f. (f(ofi) d)?o} dX.
X<z Xo<z—XTpB3
This implies that the joint density of X and z (X, 3) given 3 is given by

fx,2 (X,2]B8) = fe (z — XTB,X), (1.7)

and the marginal density of z (X., 8) is given by

fo(218) = /X fx- (X, 2| B) dX = /X f. (= — X7B,X) dX. (18)

11



Define fx. (X|z,8) = fx,. (X,2|8) /f. (2| B) as the conditional density of X given z and 3, we

have that

L(z,ﬁ):E(G(zfXTA,B)‘z(Xe,,@):z)
:/XG(z—XTAB) Ixi. (X| 2 8) dX, (1.9)

where A3 =3 — 3.

Based on the above notations, now we formally study the asymptotic properties of the KBGD

estimator under increasing dimensions. We first introduce some further assumptions.

Assumption 1.3. The kernel function K (-) satisfies: (i) K is bounded and twice continuously
differentiable with bounded first and second derivatives, and the second derivative satisfies Lipschitz
condition on the whole real line; (ii) [ K (s)ds = 1; (iii) there exists positive integer v such that

JsUK (s)du=0 for1 <v<wvg—1and [u*K (u)du#0; (iv) K (s) =0 for |s| > 1.

Assumption 1.4. (i) There erists some constant ¢ > 1 such that (*! < f. (X.) < ¢ holds for all

X, € Xe; (ii) there exists positive integer vy such that fo (Xe) has bounded up to vy-th derivatives.

Remark 1.4. Assumption 1.4(i) together with Assumption 1.2(i) is a commonly-used assumption
in the machine learning literature (e.g., Wager and Athey, 2018). It basically requires that the joint
density of X is uniformly bounded from both above and below over X., so the density does not
degenerate over X,. Assumption 1.4(i) basically allows us to construct a subset of X. such that

12 (z2(Xe, 8)|8) is uniformly lowered bounded from zero over such subset.

The following lemma will be useful in the proof of our theorem.

Lemma 1.1. Suppose that Assumption 1.1, Assumption 12(2)-(2%), Assumption 1.3, and Assump-

tion 1.4 hold with vg = 3, vk = 2, and vy = 3. Define ¢ (n,p,h —1/log (pnh=1) /n + h2. If
hn, — 0 and p;zgﬁu/}p%l (n,p, hy) = 0 further hold, we have that

sup
BeB

nZG X 8)|B)Xi ~E[L (= (X 8) . B) Xil|| =0, (p™0 047 (n.p. b))

Proof of Lemma 1.1. See subsection 1.7.1. O

Lemma 1.1 implies that 1 37" G(z (Xe,i, B)] 8) X; will be closer to E[L (2 (X.;,8),8)X;] uni-

formly with respect to B as n increases. Note that such uniform convergence results are free of
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trimming; we do not need to trim X.; even when the density of z (X, ;,3) is small. So even when
G (z(Xei,8)| B) is a poor estimator for L (z (X. 4, B),3) for some X, ; and B, our results are still
valid. While on the same time, the cost of not conducting any trimming is that our guaranteed con-
vergence rate depends heavily on the dimensionality. As is required in Lemma 1.1, the dimension p
must satisfy p%wﬁ (n,p, hy,) = 0. Suppose that p/n — 0 and we choose h,, = ((logn) /n)l/G,
we have that ¢ (n,p, h,) ~ ((logn) /n)l/g. This implies that when p is fixed, the convergence

1/3(p+1)

rate in Lemma 1.1 is ((logn) /n) . When p increases with n, the dimension p should satisfy

plogp = O (logn), implying that p is allowed to increase only mildly with n. The restriction on p
basically comes from the fact that as X, ; moves towards the boundary of A,, the density of random
variable z (X, ;, 3) decreases faster towards zero given a larger p, which makes the convergence rate

sensitive to the increase of p.

For notational simplicity, in the following we denote z (X, ;, 3;) and z (X.;, 3%) as z;., and z}.
Based on the results in Lemma 1.1, we have that under all conditions as imposed in Lemma 1.1,

there holds
Brr1 = By — wE[(L (2ik, Br) — G (27)) - X;] + I - (small order terms). (1.10)

Note that 2z;x = 2F + XFAB, and L (2, B;) = fXG(zi7k —XTA,@k) Ixz (X zik, By,) dX, so
(L (25, Br) — G (%)) - X, equals to

{ [ 16 G2+ XI88, - XT88,) ~ 6 1) e (X200 ) dx} X,

Z/Ol/x [G’ (ZHt(Xi—X)T Aﬁk) Fxpz (X i, By) (XiXiT—XiXT)} ABdXdt,  (1.11)

where the integration is understood to be element-wise. To further simplify our notation, define

W (XX B) =6 (258 + (X - X)) 88) f. (X

2 (X, 8).8)

v (Xfiﬁ) - (XXT _ XXT) W (Xf(,@) :

and

A<6>=E[/)(V<Xe,i7xeﬁ)dxy
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we have that

E[(L (25, By) — G (7)) - X = /0 A(B* + tABy) ABydt,

which indicates that

1
AByy = {/0 (I, — 6, A(B" + tABy)) dt} AB}, + 0 - (small order terms).

To ensure that with probability going to 1 the above iteration shrinks ||AB, ||, we make the following

assumption.

Assumption 1.5. There hold

sup A (A (B) + AT (B)) < Xy < 0,
BeB

and

L A(A(B) + 47 (8)) = 24 > 0.

Based on the above assumptions, we have the following result.

Theorem 1.3. Suppose that Assumption 1.1, Assumption 1.2(i)-(iii), Assumption 1.8-27 hold with
v =3, vk =2, and vy = 3, 0 = such that § < min {1/ (2X,),1/ (4p* |G'|l)}, and that B is

updated based on algorithm 2. Define

5p+1 1
R L ] R )
Len 7 —log (1 —6A,/4) '

Then if h,, — 0 and pﬁgi})y)ﬁ (n,p, hy) = 0 hold, we have that

sup A8, = 0, (PED YT (n,p,h) )

k>kEBGD 11

In particular, if h, is chosen such that h,, = ((logn) /n)l/ﬁ, then

1
vi1 (logn 778
sup  [ABl = O, (ﬁwib ( Og”) ) .

n

Proof of Theorem 1.3. See subsection 1.7.2. O

Theorem 1.3 implies that the iterative estimator based on (1.5) and (1.6) is consistent under in-
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creasing dimensions, no matter whether the starting point is close to the unknown true parameter
or not. However, the convergence speed heavily depends on the dimensionality of the problem, p,
even when p is fixed. This is not ideal under our single-index setup but is not surprising since our

algorithm does not involve any trimming procedure.

We proceed to establish the asymptotic normality of the KBGD estimator. Due to technical diffi-
culties, throughout the following analysis in this section we only consider the case where p is fixed.
As we can see in Theorem 1.3, even in the case of fixed dimensionality, the guaranteed convergence
rate of the KBGD estimator based on (1.5) and (1.6) is at best ((logn) /n)ﬁ7 which still depends
on p. To obtain asymptotic normality, we need to slightly modify our algorithm to get rid of the
dependence on dimensionality. In particular, we introduce trimming to our algorithm. When up-
dating the parameter, we only use observations that fall into a pre-selected region as did in Ichimura

(1993). In particular, the algorithm is modified as,

Bry1 =B — (ik ZI? ’ (é(zzk
=1

n

Bi) — yi> X, (1.12)

where @(sz\ B,) =G (z (Xe.i, Br)| By) is defined in (1.5), If’ =1(X.; € X?), and X? is a subset
of X, given by
X ={Xce X |X;|<1-6,0<j<p} (1.13)

for some ¢ > 0 whose value will be determined later. Different from (1.6), the update of 3, based
on (1.12) uses only a subset of the whole sample for which the covariate vector X, ; falls into X2.
The reason why we choose the trimming set as in (1.13) is that, as we show in the subsection 3.8.1,
for any 0 < ¢ < 1, there holds inf(xg,ﬁ)engxls 12 (2(Xe,8)| B) = C¢pPp~P for some constant C' > 0
that depends on ¢. When p and ¢ are both fixed, f. (z (Xe,3)|8) is uniformly lower bounded from
zero for any combination (X., 3) € X¢ x B, so the uniform estimation accuracy of L (z (X., 3),3)
over X, ; and B will be improved. Note that trimming will cause some efficiency loss by dropping
some observations, but such loss can be controlled to be small if we choose ¢ to be close to zero. We
also point that trimming is only applied to the update of the parameter; when nonparametrically

estimating G, we still use all the data points.

To simplify our following notation, given the trimming parameter ¢, we denote I¢ - X as X?. We

also define

A¢(ﬁ):E[Ij’-/XV(Xe,Z-,Xe,ﬁ)dx .
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The following theorem provides a counterpart to the results in Theorem 1.3.

Theorem 1.4. Suppose that all the assumptions and conditions on va, vk, and vy in Theo-
rem 1.3 hold. Suppose moreover that h, — 0, 8, = 6 < min{1/(2X,),1/ (4p*||G'|l)}. ¢ <
64/ (16p* [|G'|| . €), and that B is updated under (1.5) and (1.12) (the trimmed version of algo-

rithm 2). Define

LKBGD _ log ([[AB,]|) —log (¢ (1, p, hn))
b —log (1 —6),/8) ’

then there holds

sup — [|ABk[ = Op (¢ (n,p, hn)) -

k>kKBGD 11

Proof of Theorem 1.4. See subsection 1.7.2. O

Note that when p is fixed, v (n,p, hy,) no longer depends on p asymptotically. The improvement
over the convergence rate basically comes from the improvement of the uniform convergence rate
of the kernel estimator due to trimming. Also note that under trimming, the minimum number of

iteration in Theorem 1.3(i), k<BGD

, is of order logn as long as nh, — oco. This implies that under
trimming, a faster convergence rate is guaranteed with the minimum number of iterations being of

the same magnitude as that of the estimator without trimming.

We now proceed to establish the asymptotic normality of 3. Define

n

€= > (Gat1p) —w) X7

=1

We note that

ABjyy = Aﬁk—*Z(é i, ) X?>
=88~ 30 (8 (1B - B (11 80) XD - i

1 n
_ Ok o 9G (2(X.,8) B)
IR

s
I
—

dtAB), — 0k&l,  (1.14)

B=B*+tABy,

where the integration is understood to be element-wise. To understand the properties of the above

algorithm, we need the following lemmas.

Lemma 1.2. Suppose that all the assumptions in Theorem 1.3 hold with vg = 4, vk = 3, and
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vy = 4. For any sequence of subset {B,},-_, with B, C B, we have that

Ly xp0GEXenBIB) (ﬁ)“ -0, (W (o (1)) /- 15+ sup Am) .
=1 n

sup
BEB, || T = op
Proof of Lemma 1.2. See subsection 1.7.1. O

Lemma 1.3. Suppose that all the assumptions in Theorem 1.8 hold with v = 4, vk = 3, and

vy = 4. If h,, is chosen such that h8n — 0, we have that \/ﬁﬁ'ﬁ —q N (O, Eé’), where

1)) (x5 (x] )]

Proof of Lemma 1.3. See subsection 1.7.1. O

2

S=E|(1-G ()G () (xf’ ~E (Xf’

Now we are in a position to illustrate the results of the asymptotic normality of our KBGD estimator.

Theorem 1.5. Suppose that all the assumptions in Theorem 1.8 hold with va = 4, vk = 3, and
vy = 4. Suppose moreover that 6, = 6 <min {1/(2X,),1/ (4p*[|G'||l) }, & < 6A4/ (16p* [|G']| . €).
hy is chosen such that nhS — 0 and hin/ (logn)® — oo, and that B is updated under (1.5) and
(1.12). Then

(i) There holds

s [[AB] =0, (n772).

K>RKBOD | REBGD 4

where kX BGD s given by

kKBGD — IOg (n1/2) + IOg (w (n,pv hn)) .
an —log (1 —6),/16)

(ii) Define 8= ,@k for any k — E{ffGD — kéfnGBD — 00, we have that
Vi (B-8) - (0.35),
¢ a1y st (-1 a0
where £ = A7 (8") ¢ (A¢ (8 )) .
Proof of Lemma 2.3. See subsection 1.7.2. O

We introduce the estimator for the variance matrix, based on which the confidence interval of 3*
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can be then constructed.

Theorem 1.6. Suppose that all the assumptions and conditions in Theorem 1.5 hold. Suppose also

that Zi is defined as in Theorem 1.5. Define

n

Se=23 (G (1-6) (xo B (x?

i=1

2)) (-2

2))')

and

i

~ n oG Xe,iaB B
Aq{)(@i;;@ (Z(aﬁT )‘ )

where

n ~ ~

—~ . K Zi — Zj§ i~

G, = ZJ;I hn { ' i)yj, E(Xf
> je1 Kn, (Zi — %)

and z; = Xo,; + XIT,B\ Then we have that

2) Y K, (B - )X
' S Kn, (Zi—7%)

T
1 (A e (-1 (3 ¢
i1 (B)5¢ (4 (B)) _zﬁH 0.
Proof of Theorem 1.6. See subsection 1.7.2. O

We finally provide some remarks for the KBGD estimators.

Remark 1.5. We first provide some remarks on the implementation of our KBGD estimator. The
KBGD estimator might be sensitive to the data magnitude. So when implementing such an esti-
mator, we recommend first standardizing the data so that each covariate has zero mean and unit
variance. Note that when constructing the KBGD estimator, we normalize the coefficient of Xo; to
1, indicating that the coefficients of X.; can not all be zeros. So we need to test whether at least
one covariate affects the conditional probability of y; = 1. One option is to run a Logit or Probit

regression and test whether all the coefficients are equal to zero.

When applying our algorithm, it is also crucial to determine the learning rate §, bandwidth of kernel
estimator h,, and terminating conditions of the algorithm. In Theorem 1.5, the tuning parameter
§ is required to be smaller than 1/ (2)\,) and 1/ (4p? ||G'||.), neither of which is known. So we
recommend setting & to be 1 in the first place, and gradually shrink it if the iteration does not
converge. For the choice of the bandwidth h,, Lemma 2.3 requires that h, is chosen such that
nh® — 0 and nh/ (logn)®> — oco. As a rule of thumb, we recommend choosing h,, = C - n~1/5.

For the choice of the constant C, we can choose C' = Cy, = std(z; ) for the k-th round of iteration
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and C = std(Z;) when estimating the variance EZ. We finally discuss the terminating conditions.
As we show in Theorem 1.5, to obtain root-n consistency and asymptotic normality, the iteration
number is required to be only of order log(n). However, such rule can not be directly applied to
determine the number of iterations since the initial distance |AB+]| as well as the lower bounded on
the eigenvalues A, are both unknown. We recommend the terminating condition maxi<;<p |Bj,k+1 —
Bj,k| < o for some predetermined tolerance o. During the simulation, we choose o = 107°. Note

that in many cases, maxi<;<p |Bj.x+1 — Bj.x| may not be monotonically decreasing with k; in some

extreme cases, Maxi<;j<p |Bj,k+1 — Ej,k may even be oscillating and does not shrink to zero. On
these condition, we recommend decreasing 8 or choosing hy, = C - n~/5 with C = 1 when iterating.
If the mazimum distance still oscillates, we recommend stop iteration when the maximum distance

achieves its minimum value.

Remark 1.6. Our previous discussion has be confined to the case where all the covariates are
continuously distributed, while our algorithm can be directly applied to the case where there are
discrete covariates without any modifications. The basic Teason is that, in contrast to the average
derivative approach (Stoker, 1986; Powell et al., 1989) that uses the differentiation with respect to
covariates, the KBGD estimator performs differentiation with respect to the parameters, so it does
not impose requirements on the continuity of the covariates. It should be noted that we do require
at least one continuous covariate to guarantee identification of the parameters. For simplicity, we
recommend choosing a continuous covariate as the standardization covariate Xo. Finally, we point
out that stronger assumption should be imposed to make our results valid when there are discrete
covariates. In particular, suppose that X, = (XE7X:1F)T, where X, is the collection of all the
continuous covariates, whereas Xq is the collection of all the discrete covariates. Also denote the
density function of X, conditional on Xq4 as fx,x, (X¢|Xa). Then we require that all the conditions

imposed on the f. (Xc) hold for fx x, (Xc|Xa) for any realizations of Xg.

1.3.2 The SBGD Estimator

In the previous section, we introduced the KBGD algorithm, where the update of the parameter
is based on a BGD-type procedure while the unknown CDF is replaced with its Nadaraya-Watson
kernel estimator constructed by the initial parameter. In this section, we consider an alternative
nonparametric approximation for the unknown CDF based on the method of sieves. Given a set of

basis functions {r; (2)}72, that is complete in C'(R) space, any smooth CDF G can be represented

19



by G (2) = X252 mirj (2) for any z € R, where {r7}22, is the unknown coefficients of the basis
functions. In practice, to make our algorithm tractable, we truncate the sequence of the basis
functions and only use the first g+ 1 basis functions for approximation, where ¢ increases with sample
size n at some rate. To approximate G, it then remains to provide an estimator for the unknown
coefficients of the basis functions {77}i_,. Our estimation procedure for {75}%_; shares similar
intuition as the one that motivates the Nadaraya-Watson kernel estimator in the previous section. In
particular, suppose for a moment that in the k-th round of update, we start with 3,, which happens

to be identical to the unknown true parameter 8. In this case, define r(z) = (1o (2),- - ,7q (z)7*

and 7y = (ﬂf, e ,w;)T, we have that
yi =G (zip) +ei =1y (zig) 7 + €5,

where recall that z; , = Xo; +X7T3,.. The above relationship motivates the following OLS estimator

for the sieve coefficients

Tynk = (Z T (zik) T, (Zi,k)> (Z Tq (%,k)@h‘) : (1.15)
=1 =1

Given the estimator of the sieve coefficients 7 ,, 1, the unknown CDF G in the k-th round of update
is approximated by

G (2|By) =TT (2) Rpghy —00 < 2 < 0. (1.16)

Based on the estimated CDF é(z| B), the update of the parameter can be carried out based on
(1.6). We iterate sequentially based on (1.15), (1.16) and (1.6) until some terminating conditions are
satisfied. The resulting estimator is then labeled as the sieve-based batch gradient descent estimator

(SBGD estimator). We summarize our algorithm as follows in algorithm 3.

Remark 1.7. In the above SBGD procedure, we update the sieve parameter based on the OLS-type
estimation. An alternative procedure can be based on the flexible Logit regression proposed by Hirano
et al. (2003). The advantage of using flexible Logit regression is that the estimated CDF G (2] By)
always falls between 0 and 1 for all z, which makes the update more stable. While the disadvantage
of such update is that the flexible Logit regression is based on MLE, which does not allow for an
analytical solution. Using numerical optimization to solve for the sieve coefficients in each round of

update will add to additional computational burdens.

Remark 1.8. Compared with the KBGD algorithm, the SBGD procedure has at least two advantages.
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Algorithm 3: The SBGD Estimator

input : Data set {(Xc,;,y:)};_,, sequence of learning rate {5}, ;, initial guess B, the
order of sieves ¢, sieve functions r(z) = r¢ (2),--- ,7¢ (2), and terminating
condition T R

output: The SBGD estimator 3

1k« 1;

2 while The terminating condition T is not satisfied do

s | Romk e (X1 me (Xoi +XTB,) rT (Xoi +XT8,)) ' (S0 7 (Ko + XTBy) vi);
4 for : + 1 ton do

s | | G(Xoi+ X-Tﬁk| Bi) < 7T (Xoy + XTI BL) gk

6 | Brp < Br—230, ( (Xo,: + X7 B.| Br) — y1> Xe,i;

7 | ke k+ 1

8 B < Bis

On the one side, the sieve-based approximation for the unknown CDEF is global and guarantees
uniform approximation error rate. This allows us to update the parameter without performing any
form of trimming as we did for the KBGD estimator. Moreover, this allows us to develop the
asymptotic distribution of the SBGD estimator for the case of increasing dimensionality. On the
otherhand, the KBGD procedure relies on the kernel estimation of CDF G at n data points, whose
computational complexity of each update is of order O (n2) While the most time-consuming part
of the SBGD procedure is the OLS procedure (1.15), whose computational complexity is of order
0 (nq2 + q3). When q/+/n — 0, the computational burden of SBGD estimator will be substantially
lower than that of KBGD estimator.

Define Ry (2) = G (2) —rT (2) 7}, Tyn (B) = £ 300 7q (Xoa + X7 B) ] (X0 +XTB), Dgnk =
Lyn(By), and X,, (2,8) = % Z?:l (qu (Xo i XT,B) an L(B)ry (2) Xi) . Through tedious algebra,

we can show that the SBGD procedure has the following representation,

Bris =B — % Z (Xi = Xy (210 B) (G (200) — G (1))

=1

1 n
E X, r (zik) q7n & g rq (2jk) Ry (25,6) + o E rq (2k) €
i=1

6 n
+2 Z (Rq (zi,6) Xi + X)), (1.17)

i=1
where recall that 2 = Xg; + XTB*. To study the properties of the above procedure, we introduce

some additional assumptions.

Assumption 1.6. (i) There holds maxo<j<q ||7j|| ., < Dg,0, maxo<;<q Hr;HOO
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D, ; (ii) Define Ty (B) =E (rq (XO + XTﬁ) T;F (Xo + XTB)) , there hold infgep A (T'y (B)) > Ap >
0 and supgep A (Ig (B)) < Ar < 0o for all ¢; (iii) There hold sup,cp |G (2) — rT (2) wk| < €40 and

sup,cp |G' (2) — (r' (z))T | < &1, where r'(z) = (ré(z), e gt (2))T

' q

For any —oo < z < 0o, define the population counterpart of X4, (z,3) as

%, (2,8) =E (r (z(X., 8) T, " (B) rq (2) X) .

Then we have the following lemma.

Lemma 1.4. Define 1, = \/quD;l’O log (pgDq,0Dg1n) /0, and x2,m = /P4D2 o (X1.n + Eq0) -
Suppose that Assumption 1.1, Assumption 1.2(i)-(iii), and Assumption 1.6 hold, and moreover,
vg > 1 and the combination of p, ¢ and vg guarantees that x1,, — 0 as n — co. Then the following

holds,
Biyr = Br — GE[(X = Xy (2 (Xe, By) , Br)) (G (2 (Xe, By)) — G (2 (Xe, 87)))] + 06 Rn s

where supy>y |Rn k|l = Op (x2.n)-
Proof of Lemma 1.4. See subsection 1.7.1. O

Obviously, Lemma 1.4 provides a parallel result to (1.10). In particular, define
\I/q (taﬁ) = E [G/ (Z (XEaﬁ*) + tXTAﬂ) (XXT - xq (Z (X57ﬂ) ?/8) XT)] ’
under all the conditions imposed in Lemma 1.4, we have that

1
A,@kJrl = {‘/O (Ip - 5k\I/q (t, ﬁk)) dt} A,@k + 5;69%“,;6 (118)

Obviously, (1.18) is also a parallel result to (1.11). As a result, to ensure that (1.18) actually consti-

tutes a contraction for | AB, ||, we impose the following assumption that is similar to Assumption 2.5.

Assumption 1.7. For any q > 0, there hold

. T >
OSt%IH‘HEBA (\Ijq (ta /6) + \I/q (ta /6)) = A\I/ > 07
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sup A (T, (¢,8) + \Iqu (t,8)) = Ay < co.
0<t<1,8€B

Based on the above assumptions, we have the following result.

Theorem 1.7. Suppose that Assumption 1.1, Assumption 1.2(i)-(iii), Assumption 1.6 and As-
sumption 1.7 hold, vg > 1, and the combination of p, q and vg guarantees that x1,, — 0 as
n — oo. Suppose moreover that the learning rate is chosen such that 0 = § with 0 < & <
min {1/ (2Ag),Ag/ (2 1GY||%, p? {1 +Afqu§70}2) }, and that B is updated based on algorithm 3.

Define

REDOD log ([AB4 1) — log (x2,n)
—log (1 —Agd/4)

then we have that

sup — [JABk[ = Op (x2n) -

k>kSBGD 41

Proof of Theorem 1.7. See subsection 1.7.2. O

According to Theorem 1.7, when x2, — 0 as n — oo, the SBGD estimator is consistent as long as
the number of updates exceeds k‘f BGD_ Based on such consistent estimator, we are ready to establish
the asymptotic normality of our SBGD estimator. Apply the mean value theorem to (1.17), we have

that
1y
ABjyr = {Ip - 51<:/ -~ ZGI (2 +tXTABY) (XX — Xgon (2ik, Br) X7) dt} ABy,
0 izt

E Xr (zik) an g Tq zjk zjk g Tq zjk

S n

i=1

Define Uy = E [G’ (2 (Xe, 89)) (XXT - X, (2 (X, 8),8%) XT)] and Y, =E (Xiqu (z}) 1";1 (,8*))
Similar to Lemma 1.2 and Lemma 1.3, we provide two additional lemmas that are useful to under-

stand the above algorithm.

Lemma 1.5. Suppose that Assumption 1.1, Assumption 1.2(i)-(iii), and Assumption 1.6 hold,

vg > 2 and the combination of p, ¢ and vg guarantees that X1, — 0 as n — oo. Then for any
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sequence {By},—_ | with B, C B we have that

sup
0<t<1,8€B,

% Z G (2F +1XTAB) (XX — Xgn (2 (Xe i, 8),8) XT) = U
=1

=0, (qui,oxm + VP D oDy 1 Sup ||Aﬁ> ~

n

Proof of Lemma 1.5. See subsection 1.7.1. O

Lemma 1.6. Suppose that Assumption 1.1, Assumption 1.2(i)-(iii), Assumption 1.6, and Assump-
tion 1.7 hold, and the combination of p, ¢ and vg guarantees that X1, — 0 as n — oco. Define

Tgik =Tq (Zik), and Ry, = Ry (2i1). Also define

X3,n = \/p2qD§,1 log (pgDg,2n) /n,

then we have that

1 < 1 < 1 —
T -1
sup = E Xirgiwlgnk | = E Tqj,kBRqjk + — E Tq4kE5 | +
k>kR§BCD 41 || TV i =

n

1 1 - * *
ﬁZRq (zik) Xi — EZ%Q (27,8%)¢;
i=1 i=1

= Op (X4,n) )

where Xam = /P4D% 0€4.0 + /PADg,0X2.nX3,n + X2.n \/p2q4D§,oD§,1 (log q) /n.
Proof of Lemma 1.6. See subsection 1.7.1. O

Based on the above two lemmas, we are now ready to study the asymptotic distribution of the SBGD

estimator.

Theorem 1.8. Suppose that Assumption 1.1, Assumption 1.2(i)-(4i), Assumption 1.6 and Assump-
tion 1.7 hold, vg > 2, the combination of p, ¢ and vg guarantees that x1,, — 0 as n — oo, and that

B is updated based on algorithm 3. We have that
(i) There holds

* d - * * -
AByiy = (I, — 6U%) Ay + - > (X = X4 (25, 8Y) & + Rk
=1
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where Supypseeo ) HST{H;CH = Op (X5,n) with
Xs.n = vPaDio (p+ qDg0Dg1) X5, + Xan;

(i) Define ,B = ﬁk+kaGD+k§BGD+1 with

pSBGD _ —108X2m +logyn
n —log (1 —Ay0/4)

and any k > 1. If the combination of p, q¢ and vg further guarantees that \/nxs., — 0 as n — oo,

we have that
2 *— 1 - * _1
\/ﬁ(ﬁ_ﬁ*) = 1%Z(Xi—3€q(zi,ﬂ*))ei+op (n z).
i=1
Then for any p x 1 wvector p such that ||p|| < oo and ﬁzz;l pTlllzfl (Xi — X4 (25, 8)ei —a

N (0,0% (p)) with

0% (p) = lim "0 LG (1) (1- G (21) (%K — X, (55, 87) (K — X, (21,87} (w371,

n— oo

there holds
Vnp" (B - ﬁ*) —4 N (0,0% (p))

Proof of Theorem 1.8. See subsection 1.7.2. O

We now provide the estimator for the variance.

Theorem 1.9. Suppose that all the conditions listed in Theorem 1.8 hold and quDf;Oé‘q,l — 0
as n — 0. Let B be as defined as in Theorem 1.8. Define Tq; = 7, (z (Xemﬁ)), T =
7':1 (Z (Xe,mB)), 7/‘\'q = (Z;L:l ?q,i?;i)_l (Z?:l ?q,iyi) ) éz = ?qT,ﬁ‘\'v é; = ?fi%qa @Z,i = %Z?:l a;
(XXT = Xgn (208) XF), X = £ X0, X7, T (B) iy and

70 =" Ly {@ (1) (%= %) (% - iq”’)T} (#)

=1



Then for any p x 1 vector p such that ||p|| < oo, there holds

5% (p) = o5 (p)] = 0.
Proof of Theorem 1.9. See subsection 1.7.2. O

We finally provide some remarks on the empirical applications of the SBGD estimator.

Remark 1.9. For the choice of sieve functions, we can use polynomial series for the case where the
error term u; has bounded support and Hermite polynomials for the case where u; has unbounded
support. Note that when using polynomial series {1, 2,22, - ,zq}, the correlation between the sieve
functions increases as the approximation order q increases, which may lead to a violation of As-
sumption 1.6(ii). To improve the finite sample performance of our method, we recommend using
Chebyshev or Legendre polynomials. Moreover, in the case where u; has unbounded support, follow-
ing Bierens (2014), we recommend first conducting the following transformation G (z) = G (T (2)),
where T : R v+ [—1,1] is a differentiable function, and then using standard Chebyshev or Legendre
polynomials to approzimate G. For example, in our following simulations and empirical applications
in Section 3.6, we use T (z) = 2r~ ! arctan (z). For the uniform error bound of truncated Legendre

polynomials, see Wang and Xiang (2012).

1.4 Monte Carlo Experiments

This section conducts Monte Carlo simulations to study the performance of our KBGD and SBGD
estimators. We focus on two aspects of our estimators. First we study the finite-sample properties
of the KBGD estimator, including the bias and the root mean squared error (RMSE). Let the
J-th argument of the true parameter be 57, and the simulation is repeated R times, where its

estimator in the r-th round of simulation is B]T, then the bias and RMSE are respectively given

by Bias = |& Zle(@f — B;5)| and RMSE = \/25:1(35 — B7)?/R. We also investigate whether
the confidence interval based on the asymptotic distribution has good coverage rate. We consider
nominal coverage rate a = 0.95, so the confidence interval for 57 in the r-th round of repetition is
given by CI} = [3;” —1.96- s/ta;, E; 4+ 1.96 - s/t?i;], where b/tas is the estimated standard deviation of

ar : : R r
B;. The actual coverage rate is then given by CR = P I(B; € CI7).

We are also interested in how sensitive our estimators are to the initial guess of the true parameter.
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Table 1.1: Finite Sample Performance of KBGD and SBGD Estimators

Bias RMSE CR Bias RMSE CR
KBGD SBGD KBGD SBGD KBGD SBGD KBGD SBGD KBGD SBGD KBGD SBGD
n = 2500 n = 5000

B1 0.0024 0.0031 0.1193 0.1240 0.9600 0.9680  0.0047 0.0005 0.0844 0.0867 0.9500 0.9600
B2 0.0002 0.0055 0.1255 0.1336 0.9480 0.9500  0.0031 0.0074 0.0846 0.0878 0.9520 0.9540
B3 0.0136 0.0260 0.1544 0.1791 0.9480 0.9460  0.0004 0.0074 0.1053 0.1112 0.9320 0.9320
B4 0.0093 0.0213 0.1551 0.1706 0.9500 0.9440  0.0012 0.0095 0.1035 0.1117 0.9600 0.9500
Bs  0.0257 0.0482 0.2511 0.2968 0.9540 0.9400  0.0007 0.0168 0.1648 0.1889 0.9400 0.9480
B 0.0236 0.0477 0.2502 0.2860 0.9480 0.9580  0.0121 0.0269 0.1723 0.1931 0.9540 0.9360
B7  0.0500 0.0964 0.4513 0.5416 0.9640 0.9420  0.0051 0.0352 0.3083 0.3525 0.9440 0.9420
Bs  0.0447 0.0920 0.4662 0.5441 0.9360 0.9520  0.0098 0.0394 0.3121 0.3477 0.9420 0.9440
8o 0.0242 0.0454 0.2921 0.3303 0.9480 0.9500  0.0072 0.0048 0.1840 0.1909 0.9540 0.9560
B0 0.0168 0.0338 0.1881 0.2223 0.9520 0.9440  0.0030 0.0147 0.1247 0.1402 0.9440 0.9380

NOTE: For KBGD estimator, we use fourth-order Epanechinikov kernel to construct the Nadaraya-Watson estimator.
We choose § = 1. In each round of iteration, the bandwidth h, is chosen as h, = oz - n’1/5, where n is sample
size, oz is the standard deviation of z; x, and 2z; , = Xo; + X;Tﬁk For SBGD estimator, we choose ¢ = 9 and use
Legendre polynomials with transformation discussed in Remark 1.9. For both estimators, the stopping rule is either
maxi<j<p|Bjr+1 — Bjkl < 10~% or k > 20000. The above also applies to our empirical analysis in Section 3.6.
Trimming is ignored during all the simulations. Due to the outliers of the simulation, we trim out the lower and upper
2% simulation results and calculate the bias and RMSE.

In each repetition of our simulation, we consider three different initial guesses: the true parameter
vector, the parameter vector estimated based on the Logit regression, and the parameter with all
elements being zeros. If the estimation results starting from different initial guesses are close or even
identical to each other, the estimation methods are insensitive to the initial guesses and thus are

robust in terms of computation. Denote BTT, B;, and BTZ as the estimators with starting points being

true parameter, Logit estimator, and vector of zeros. We use St = \/% S HBZ - /@TT| |? and Sz =

\/ DI HB; - B;HQ as the measurement of the sensitivity. To compare the performance of our
method with the existing estimators, we also consider Ichimura’s semiparametric least squares (SLS)
estimator (Ichimura, 1993) and Klein and Spady’s semiparametric maximum likelihood (SMLE)

estimator (Klein and Spady, 1993).

We consider data generating process y; = I(Xo; + 7 X1+ + 5i9X10i —u; > 0),i =1,2,--- ,n,

where data are i.i.d over ¢, and Xq;, X1, -, X10,i, u; are also independent. We set

B* =(1,05,-0.5,1,-1,2,—-2,4,—4,1.5,—1.5)T,

X,i~ N(0,1) for 0 < j <8, Xg; ~ Bernoulli (1/2), X0, ~ Poisson (2), and u; ~ Cauchy. We
consider two sample sizes n = 2500 and 5000. Finally, for finite-sample performance, we repeat the
simulation 500 times; for sensitivity analysis, we repeat 100 times.

Table 1.1 reports the finite-sample properties of our estimators. It can be seen that our estimators
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Table 1.2: Sensitivity of KBGD and SBGD Estimators: Fixed Coefficients

Sensitivity Running Time

Method St Sz True Logit Zeros

KBGD 0.0242 0.0198 113.21 79.120 158.91

" — 2500 SBGD 0.0175 0.0259 0.9504 0.9482 1.1587
SLS 0.8732 251.58 35.695 37.210 35.104

SMLE 0.9362 318.41 34.515 33.704 31.078

KBGD 0.0241 0.0175 157.48 87.954 230.07

n — 5000 SBGD 0.0189 0.0282 1.4644 1.4722 1.9074
SLS 0.6870 871.58 46.402 44.647 41.486

SMLE 0.7343 507.69 44.563 43.256 35.904

NOTE: SLS refers to semiparametric least squares estimator, and SMLE refers to semiparametric maximum likelihood
estimator. The running time is all in seconds. Due to the outliers of the simulation, we trim out the lower and upper
2% simulation results and calculate the corresponding results. The above also applies to Table 3.3.

Table 1.3: Sensitivity of KBGD and SBGD Estimators: Random Coeflicients

Sensitivity Running Time

Method St Sz True Logit Zeros

KBGD 0.0270 0.0214 122.00 74.433 166.94

n = 9500 SBGD 0.0123 0.0246 1.0132 0.8252 1.2044
SLS 0.9178 500.24 34.864 35.571 34.065

SMLE 0.9956 533.58 34.334 32.520 29.473

KBGD 0.0234 0.0232 163.74 91.449 247.49

n — 5000 SBGD 0.0077 0.0234 1.5529 1.4377 1.9217
SLS 0.6796 10737 43.935 41.420 46.449

SMLE 0.6821 698.63 43.616 44.825 37.763

work well in finite sample cases. Both estimators have small bias, whose RMSE decrease with the
increase of sample size. Moreover, the confidence interval constructed based on the asymptotic
variance and normal approximation has actual coverage rate that is quite close to the nominal rate

0.95.

Table 1.2 reports the sensitivity of our estimators to the starting points. We can see that for both
KBGD and SBGD estimators, S, and Sz are close to zero, indicating that the resulting estimators
starting from Logit estimator or zeros are almost identical to the ones starting from the unknown true
parameter. Such a result demonstrates that our algorithms are robust to different initial guesses.
On the contrary, the SLS and SMLE are both sensitive to the initial guess. As we can see, the
estimators starting from parametric Logit regression differ significantly from those starting from the
unknown true parameter, and such difference even explodes when we consider estimators starting

from the origin point. The above results highlight the numerical robustness of our estimators.

The robustness of our algorithm might also be sensitive to the setups of coefficients. To check whether
this is the case, instead of using the fixed parameters specified before, in each round of simulation

we randomly draw true parameter 8* as follows S5, 83, 85, 81 ~ N (0,1), 8%, 8%, 8%, 85 ~ 2N (0,1),

28



and S, 85 ~ 4N (0,1). The simulation results are reported in Table 1.3. We can see that the results
are similar to those under fixed parameters, indicating that our algorithm is robust to initial point

under different parameter setups.

1.5 Empirical Application

As an empirical illustration of our new methods, this section applies our KBGD and SBGD esti-
mation procedures to study how education affects the risk aversion. In the existing researches, it’s
extensively documented that, on the individual level, risk aversion is significantly correlated with
the level of education, although the directions of correlation are mixed, see Outreville (2015) for
a comprehensive review. In this study, we investigate how educational background of the family
affects the risk aversion of the household as well as household-level investing behaviors. We use
the national survey data from 2019 China Household Financial Survey Project (CHFS) (Gan et al.,
2014), which provides household-level information over demographics, asset and debt, income and
consumption, social security and insurance, and various household’s subjective preferences. The
dependent variable we are interested in is the degree of risk aversion of the household. In particular,
y; is constructed to take value of 0 if the i-th household is completely against any form of risks and
thus is described as being extremely risk averse; it takes value of 1 if the family is willing to bear
some form of risks when making investments. We study how the probability of y; = 1 is affected
by a set of factors based on the binary choice model. The key factor that we are particularly in-
terested in is the educational backgrounds, which is defined as the year of education of the head of
the household. We also consider a set of other control variables including gender, ethnicity, health
conditions, marital status, region of residence, economic knowledge, total income and total asset,
whose impacts on the risk aversion are of interest on their own right. See Yao (2023) for detailed

discussion on the construction of the data sets.

Before estimation, we normalize all the continuous variables so that the resulting variables all have
zero mean and unity variance. To provide a comparison to the semiparametric estimation results,
we first conduct parametric Logit regression and report the normalized coefficients in regression (I)
in Table 1.4. We then conduct KBGD and SBGD estimation and report the estimated coefficients
of education in (II) and (III). As we can see from Table 1.4, no matter which estimation methods
we use, the coefficient of educational background is estimated to be positive with significance at

1% level. This implies that, holding other conditions fixed, on average an increase in the year of
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Table 1.4: Estimation Results
O (D (1)

. 2.5543*** 2.4832*** 2.4647***
Estd. Coefficients (0.1070) (0.3638) (0.3239)
Num. of Obs. 26906 26906 26906
Estimation Methods Logit KBGD SBGD
Running Time 1.4276 8573.1 40.9941
Num. of Iteration - 14996 12986

Note: For Logit regression, we report the coefficient of education divided by that of total asset.
For semiparametric estimation, we normalize the coefficient of total asset to be 1. The standard
deviations are reported in the brackets below the coefficients. *** indicates significance at 1%
level. For both KBGD and SBGD estimators, we choose §;, = 1. For KBGD estimator, we choose
h, = C-n~'/5 with C = Cy = std(z;1), and use the fourth-order Epanechinikov kernel. For
SBGD estimator, we choose ¢ = 9 and use Legendre polynomials with transformation discussed in
Remark 1.9. The starting point of iteration for both KBGD and SBGD estimators is chosen as the
origin point with all arguments being 0. The stopping rule is set as maxi<j<p |5 r+1 — Bjk| < 0
with ¢ = 1075, Finally, the running time is in second.

education of the head in the households leads to the increase of willingness to bear risks. Comparing
the semiparametric estimation results with that of Logit regression, we can see that the KBGD
and SBGD estimators are close to each other, which are both smaller than that of Logit regression,
indicating that parametric estimation might suffer from model misspecification and lead to an over-
estimation of the impacts of education on risk aversion. We finally compare the computation time
of each method. We can see that both KBGD and SBGD estimators take much longer to converge
compared with the parametric estimation. Comparatively, the SBGD algorithm is significantly faster
than the KBGD algorithm, which takes over two hours to converge. This result supports the use of

SBGD algorithm when there are data of large scale.

1.6 Conclusions

In this paper, we proposed new estimation procedures for binary choice and monotonic index models
with increasing dimensions. Existing semiparametric estimation procedures for this model cannot
be implemented in practice when the number of regressors is large. In contrast, our algorithmic
based procedures can be used for many regressor models as it involves convex optimization at each
iteration of the procedure. We show this iterative procedure also has desirable asymptotic properties
when the number of regressors increases with the sample size in ways that are standard in big data

literature.
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1.7 Technical Details

1.7.1 Lemmas and Proofs

This part provides some lemmas that will be used during the establishment of our results in the
main context. If not otherwise stated, the dimension p of covariate X is allowed to increase with

sample size n.

Lemma 1.7. Consider i.i.d. random variables {U;};_, on probability space (2, </, P) and dy x dy
matriz A(U,0) : @ x © — R4 with © C RP being compact, supyeq geo ||As,t (U, 0)|] < Dao and
supyeq [[As (U, 01) — Ay (U, 62)
Then there holds

— Os|| uniformly for all1 < s < dj and 1 <t < ds.

n

-3 A(UL) - EAU:L0)

=1

sup

0cO n

\/ pdyd> D% log (dyda D A,m)
~0, .

Proof of Lemma 1.7. Note that

1 1
. - : < - . _ )
;1618 - ;ZlA(U“H) EA (U;,0) max || 7'glA(Ul,Gb) EA (U, 6)
+ ma su 1; A(U;,0) 1; A(U;,0p)
X - 79 - 79
1=b=B o ebuz— g nis b

+ max su EA(U;,0) —EA(U;,60)] -
2%, , e IEAWL0) ~EATL )]

)
.

1 n
E Z As,t (Uia 91) EAS t (Uza eb)
=1

For the first term, we have that

1 n
- > AU, 0) —EA(U;, 6,)
1=1

P | max
1<b<B

<ZP<

Z (U, 0,) — EA (U3, 60,)
=1

M= T

P | max max
1<s<d; 1<t<ds

i)

S
Il
—

M=

(i1 n

1
P < - E As,t (U’L7 ab) - ]EAS,t (U’L7 Hb)
1s=1t=1 n i=1

da
di ds

d1 da

o
Il

Mm

2exp (—Cn7?/ (dideD? ) = 2exp (Clog (Bdyds) — Cnr?/ (did2D3 )

S
[

1s=1t
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indicating that

n

1
- > AU, 60,) —BA(U;, 0)
=1

max
1<b<B

dldzD%70 log (Bdldg)
=0, - :

On the other side, for the second term we have that

LS A -1y awn

n
i=1 i=1

max sup
1<0<B g6, )<=
PI=TE

didoD
<V/didy max max sup sup |As:(U,0) — As+ (U, 0,)] < @~
1S8Sd1 1§t§d2 UueQ H9—9b\|ﬁ% <; B

The same bound holds for the third term. Then let B = (y/nDa1)", we finish the proof. O

Lemma 1.8. If Assumption 1.1, Assumption 1.2(i)-(iii), and Assumption 1.4 hold with min {vg,vs} >

2, then there exists a constant C that does not depend on X, z, 3 such that the following hold
(i) supx . g 10° fx - (X, 2| B) /02°| < C for 0 < s <wy;

(ii) sup, g |0°f= (2| B) /9z°| < C for 0 < s <wy;

(iit) supx . g 10fx .= (X, 2| B) /0B < C/p;

(iv) supx - 5 || 0% .- (X, 21 B) /0BOB" | < Cp;

(v) 19f= (21 8) /98Il < Cy/p;

(vi) ||92£. (<1 ) /808" || < C:

(vii) sup, g 1. (2 18)20 |0°L (2,8) /02°] < C for 0 < s <min{vg,vy};

(viii) sup, g ¢ (2 18)20 |OL (2, 8) /0B| < C\/p;

(i) Sup. g 1. -|)20 |[0°L (2, 8) /0BOB™ | < C:

(¥) supx, p.1.(=(X..0)8)20 Jx HaW (Xe’ieﬁ) /55H dX < CVp.

Proof. To prove Lemma 1.8(i) and Lemma 1.8(ii), we note that for any 0 < s < vy,

O fxz(X,2[B) _ 9°fe(Xo,X)
0z* 0X§

)

Xo=2—XTp3
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and

Of.(28) _ / {W] 0X.
X

0z¢ 0X§

Since f. (Xe) has up to vy-th bounded derivatives over X, according to Assumption 2.4(ii) and X,
is bounded by 1 for all 1 < j < p according to Assumption 2.2(i), Lemma 1.8(i) and Lemma 1.8(ii)
hold.

Similarly, note that

Ofx. (X.2|8) _ [3fe (X0, X) ] X

a3 X0 |xoexrp|
Pisa (XAD) [a% Tk XO_ZXTJ XX,
JACTIY [afe (o Xo_szJ XX,
PLAp) [ [a% o) onz_xw] XXX,

we validate Lemma 1.8(iii)-Lemma 1.8(vi).

To prove Lemma 1.8(vii), note that

Oz5~J

/ a9 (z— XTAﬁ) 9°77 fx|- (X|Z’ﬁ)dX’
x

8SL(z,ﬂ)‘<C -

0z°
- (7) .
ey el (),

8S_ij\z (X| Z)ﬁ) ‘ dX) )

0z5~J

According to Assumption 2.2(iii), HGm ||OO is bounded for all 0 < j < vg. Then it remains to show
that fX ’8S_jfx‘z/8z§o_j’ dX is also upper bounded for all 0 < j < vy. When j = s, we have that
Jx |85_jfx‘z (X|z,0) /8zs_j’ dX =1. When j = s—1, define X (z,8) = {X : (z -XTg, X) € Xe}.
We have that

/ dfx|- (X] 2, 8) IX
X 32
[ [ A 0 e (K18 S O (%1810
X foXvZ(X’Z|ﬁ)dX (fxfx,z(xaz|ﬂ)dx)2
< 2Jx10fx,: (X, 2] B) /02| dX _ 2||0fx:/0zl|ocm (X (2,8) _ ,
T [y fxs (X2 B)dX T ¢'m (X (z,8)) B
according to part (i) of this lemma. The proof of the case when j = s — 2,--- ,0 are similar, so is
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omitted.

To prove Lemma 1.8(viii), note that

=52 < /]

.

Obviously, the first term on the RHS is bounded by [|G’|| /P, and the second term is bounded by
1G]l [ |0fx> (X]| z,8) /08|| dX. Note that

el (z - XTAﬂ) fx: (X2 8) XH X

G (Z —xXTAg

an|z (X| 27/6)
) R H aX.

2 [y 10fx,= (X, 2] B) /9B dX
| Nos. (X128 fog] ax < 05 X100

2C,/pm (X (z,8))
S TImX(p) VP

according to part (iii) of this lemma. This proves Lemma 1.8(viii). Lemma 1.8(ix) can be similarly

proved.

Finally, to show Lemma 1.8(x), we note that

/.
</,
o,

Obviously, the first term is bounded by 2./ |G|, and the second term is bounded by [|G”||. [ Ha fxiz (5( 2 (X., ) ’ 8

oW (Xe, X, ﬂ)

93 dXx

G (2 (X.,B") + (X - X‘)T Aﬁ) (X - 5() H fxs (f(‘ 2 (X., ) ,5) dX

ofxi- (X|=(X..0).8)
o8

dX.

el (z (X..87) + (X - X)T Aﬂ) ‘

Note that

ofxi- (X|2(X.8).8)
o8

2 [y o1 (X, (X..8)| B) /98] ax

X < 7. (X 8)B)

/.
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We can see that

Ofx: (X2(Xe.P)|8)  0fx- (X2

B
196} 0z ) X

z=z(Xe,B)

ofx.- (X, 8)
R ’

Z:Z(Xeala)

+

according to (i) and (ii), we know that ‘ 0fx,» (X, z

'8> /9 z=2(Xe,8)

is bounded, and H 0fx,z (5(, z‘ ,6) /08
is bounded by C/p, so H&fx,z (5(, z (Xe7ﬁ)‘ ﬂ) /BBH is bounded by C\/p. So

z=z(Xe,B) H

Fe [ (X=X 8)]8) j08]|aX ¢ pomx 2 (%) 8)
£ (X, B)1B) S T mX((X.,8).0) VP

This finishes the proof of Lemma 1.8(xii). O

Lemma 1.9. Suppose that Assumption 2.1, Assumption 2.2(i)- (i), 2.3 and Assumption 2.4 hold

with vg = 3, vk =2, and vy = 3. Define

n

A (X B) = —— 3 K ((2(Xes B) — #(Xes B)) 1) - (5)

nh
n j=1

where - isy or 1. Also define A. (X, B) = lim, o Eg, Ay, (X, B), where the expectation Eg, is

taken with respect to the data set &,,. Then

(i) There holds

swp A (Xo.B) - Eg Ay, (X 8)] = O, (hm/p log (nphi") /n) ;

(Xe,B)EX . xEB

(i) There holds

sup  |Eg, An. (Xe,8) — A (Xe, 8)| = O, (h2) ;
(Xe,B)EX . XEB

(iii) Define 1 (n,p, hy) = hyty/plog (nphn') /n+ K2, there holds

sup |An. (Xe,8) — A (Xe, 8)| = O, (hﬁl plog (nphy') /n+ hi) :
(Xe,B)eX. xEB
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Proof. Lemma 3.5(i) is a direct result of Lemma 1.7 if we note that

K ((2(Xe, B) = 2(Xej, B)) /1) - ()] < Chy!

and

10 (K (2 (Xe, B) = 2 (Xey. B)) /hn) - (5)) /0B < O/phy, .

To prove Lemma 3.5(ii), we only need to note that

- Lg, [ (=20
:iTln]E@n [K<z(xe,ﬁ);nz( e,jﬁ))G( (X..;.0) XTAﬂ)]
= ;;/K<Z(Xe,’£) Z) G(Z—X}FAﬁ) fx.- (X5, 2| B) dX;dz
b [ (BB lpya [ 6 (- xpag) DX By,
— [k (CFEE ) e
L (2 (XerB) — huz, ) f- (= (X, B) — haz] B) d

I
h \
I

(Z(Xe,ﬁ))fz(Z(Xe,ﬁ)lﬂ)Jr% [azuz(xe,ﬁ) ngz( 2 (X, 8)| B) ] [/K 2dz]

{/K [83L Z, gigz(zm)} }

and similarly,

ol o= 8, [K<Z<xe,ﬂ> hnz<xeyjyﬁ))]

i[5 (G522 rem) os

:/K D F (2 (X, B) — hoz| B) d=
- g+ i [PLEE DD [ g ) 2]

s 230}

where Z lies between z (X, 3) and z. Note that according to Lemma 1.8 (i) and (ii), f, (2| 8) and

L(z,08)f.(z|8) = fX (z — XTA,B) fx,» (X, 2| B) dX both have up to third bounded derivatives
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with respect to z, so the results hold.

Finally, Lemma 3.5 (iii) is a combination of Lemma 3.5 (i) and Lemma 3.5 (ii). O

Lemma 1.10. Suppose that Assumption 2.1, Assumption 2.2(i)-(iii), Assumption 2.3, and Assump-

tion 2.4 hold. Given any positive sequence {gzﬁn} _, satisfying pe, | 0, define
e ={Xe € Xe: [ X;| <1 =6, 0<j <p}.

Then
(i) 1 = P (X, € X ) = O (pon), and infx, gyex., x5 fz (2 (Xe,B)|B) ~ ohp™?;

(i) If ¥ (n,p, hy) = 0 (¢Pp~P), there holds

swp |G (2 (Xe. B B) ~ L= (XesB).B)| = Op (167,70 (m.p, )

(Xe,B)EXe X B

Proof. To prove Lemma 3.6(i), note that for pg, < 1, m (X, — Xepn) = 1 — (1 — ¢,)" < pop. So
er_Xm fe (Xe)dX. < (pdn, = O (pdr) due to Assumption 2.4(i). To show the lower bound, note
that given any 8 € B and X, € X, ,, there holds |z (X, 3) — )~(Tﬂ — Xo| < X351 18;11X; — )?j|
This implies that for any X, X € X (z (X,, 8),8) if

X e {i e [0,1)": (sup Iﬁjl> X, - %] < ¢>n/p} .
BeB
Since the above set has Lebesgue measure of order O (¢ /pP), we have that

inf fz(z(xevﬂ)‘la)

(Xe.B)EXe n xB

> inf /
(X B)EXe n xB JRex(2(X..8).

e (2%, ) - X0, X) aX ~ 41127,
due to Assumption 2.4(i). This proves Lemma 3.6(i).

To prove Lemma 3.6(ii), note that for any X, and 3, we have G (2 (X., 8)| 8) = A,y (Xe,B) /An1 (Xe, B)

37



and L (Z (X&ﬂ) 7/6) = Ay (X&ﬂ) /Al (XSMB)' So

sup G(Z(X&ﬁﬂﬁ)_L(Z(X&ﬁ)aﬁ)
(Xeyﬁ)exe,n xB
[Any (Xe,8) — Ay (Xe, B)]

< sup
(X ,B)EXe. 0 X B Ana (Xe, B)

|An,1 (X7B) - Al (X7B)|

L Xe, ,
T xod G EEaP)B) 4, (X, B)

ObViouSIYa since 1/J1 (napa hn) =0 (d),fl/pp)’

sup |An,1 (Xevﬁ) - Al (Xe76)| = Op ((]Sfl/pp) )

(Xe.B)EXe,nxB

so inf(x, g)ex. . xB A;}l (Xe,8) = Op (pP9,P). Moreover, L(z(Xc,B),3) is upper bounded by

Lemma 1.8(vii). Then the results hold according to Lemma 3.5.

Proof of Lemma 1.1.

Proof. Note that

sup
BeB
I/~
< sup n;(G<z<xe7i,ﬂ>|ﬁ>xi—L(z(XE,i,m,ﬂ))xi
1 n
- L Xe’ia ) Xl —-E[L Xeiv ) X’L
g |13 L (= (Xe),8) X~ BIL - (%o ). 8) X1

Obviously, (1.1) is bounded by

n

Y (GEXn B BN~ L (X 0).8)) X

sup
n <
K3

BeB

=1

1< ~
< s |G (=X 8)18) X — L (2 (X 8) . 8) X,

1 < ~
i n Zwsilé% HG(Z (Xei,8)|8) X — L(2(Xe:,0),8) X;
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where I, ;, = I (X.; € X, ) and X, is chosen as in Lemma 3.6. Note that (1.3) is bounded by

1 < ~
- ;Ztelg HG(z (Xeis B)|8) Xi — L (2 (Xei, ), B) X - In.s

< swo [@G:X.AIAHX-LEZ(X..H).HX|

B (Xevﬁ)exe,n xB

-0, (pp+1/2¢;pwl (n,p, hn)) )

according to Lemma 3.6. For (1.4), we have that

n

£l Z sup Hé(z (Xet, )| B)X; — L(Z (Xes, B),8) X,

(1—1y,)
< OVREIL (Xe i ¢ Xo) = O (020,

according to Lemma 3.6(i). Then we have that (1.3) is of order O,, (pp“/Zng;pz/}l (n,p, hy) + p3/2¢n).

Now we go to (1.2). Similar to the above truncation, we have that

Z‘él; % ZZ; L(z(Xe,i,8),8) X —E[L (2 (X, 8),8) X
<sup | =S L2 (Xei8),8) X Lns —E[L (2 (X, 8), 8) X - L] (15)
BeB ||
+ Zlél; %ZL (2(Xe,i:8),8) Xi - (1 = Ing) —E[L (2 (Xe,i, 8),8) Xi - (1 — L) ‘ (1.6)
i=1

Obviously, (1.6) is O, (p*/2¢y,). For (1.5), note that ||L (= (Xe,;,3),8) Xj,i - I is bounded by C
and 9||L (z (Xe,i,8),8) Xj,i - In,:/0B| is bounded by C,/p by Lemma 1.8(vii) and (viii), we have
that (1.5) is of order O, ( p2nlog(pn)/n) using Lemma 1.7. Then

n

LN L2 (X 8),8)Xi ~ E[L (2 (Xe,8),8) X4

n -
=1

=0, (ViTog ) + %6,

sup
BeB
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Together, we have that

"3 G (= (X B)| )X~ E[L (= (X ). 8) X

n
=0, (pp“/zcb;pwl (n,p, hn) + v/p2log (pn) /n +p3/2¢n) :

_ 1
Then if we set ¢,, = pzTi Y (n,p, hy), we have that

1

- 2p sp1 Lo
POn = PO, U1 (N, p, hyy) = prH 1™ (n,p, hy) < p2PF0 YT (0, p, hy) — 0,

and
VP21 — o[ pTET T (n,p, h
p Og (pn) /TL =0 p P ’(/}1 (n,pa n) )
SO
1 — sprl Lo
sup ZZ Xei,8)8)Xi —E[L (2 (Xe.i, 8),8) Xil || = Op ( p20 007 (n,p, 1) ) -
This finishes the whole proof. O

Lemma 1.11. Suppose that p is fized. If all the assumptions in Lemma 3.5 hold with vg = 4,

vk =3, and vy = 4, we have that Lemma 3.5(i) holds. Moreover,
(i) There holds

sup |E@,,LAn,‘ (Xevﬂ) - A (XE7IB)| = Op (hi) ;
(Xe,B)eX.xeB

(i) There holds

sup A, (Xe,8) = A (X, B)| = Op (0™ log (nh=1) [+ 1) .
(Xe.B)eX . xEB

Proof. The proof is similar to the proof of Lemma 3.5 so is omitted. O

Lemma 1.12. Suppose that p is fixed. For any X, € X, and 3 € B, define

( evﬂ nh2 ZK/ Xevﬂ ( e,ju@))/hn)(x_xj)'('j)a

where - =1 or - = y. If all the assumptions in Lemma 3.5 hold with vg = 4, vk = 3, and vy =4,

then
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(i) There holds

wp |4, (%) - s, 4, (%.,0)]| = 0, (12 o () )

(Xen@)exe xB

(i) Define A; (Xe, B) = limy, 00 E@nA;l,y (Xe, 8) and A} (Xe, 8) = limy, 0 E@nA’ml (X, 8). We
have that Aj (X¢,B8) = 0H1 (2, X|B) [02|,_,x. g and A1 (X¢,B) = 0Ha (2,X[B) [02|,_,x. p)-
where
H, (2,X|8) = / G (z . XTAﬁ> £ (z - )~(Tﬂ,)~() (X - 5() X,
x
~T ~ ~ ~
(2 X18) = [ 1. (:-X"B.X) (x - X) aX.
X

and the differentiation of Hy and Hs are element-wise. Moreover, there holds

sup  ||Eg, 4], (X, B8) — A (X, 8)|| = O, (1),
(Xe,B)EX:xB

(iii) There holds

sup |4, (Xe,B) — A (X, B8)|| = O, (h,ﬂ log (nhy') /n+ hi) .
(Xe,B)EX.xB :

Proof. Lemma 3.8(i) is a direct result of Lemma 1.7 if we note that for each 1 <1 < p, h,, 2K’ ((z (X¢, 8) — 2 (Xe¢,j, 8)) /)
(-j) is bounded by Ch,? and its derivatives with respect to 8 and X are both upper bounded since

p is fixed.

To prove Lemma 3.8(ii), we note that

E@nA/n,y (X€7 ﬁ)

= o, [K (2 (X0, 8) == (X 8) /1) (X = X)) -G (X0, + X7 07))

= %E@n {K' ((2(Xe, B) = 2(Xe 5, 8)) /hn) (X = Xj) -G (z (Xe;.8) — X?Aﬁ)}

= }Ll%/K ((2(Xe, B) = 2) /hn) dz/X [G (z - XTAﬁ) fx.z ()ch ,6) (X - 5()] dX
1

= Bz (K" ((2(Xe, 8) — 2) /hn) Hy (2, X| B)] dz

(-
_ E/[K (2) Hy (2 (Xe, B) = haz, X| B)] dz

Note that both G and f. have up to fourth bounded derivatives with respect to z, and the upper
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bounds hold uniformly with respect to z, X and 3. This implies that each element of Hy (z,X]|3)
has up to fourth bounded derivatives with respect to z. Also ote that [ K’ (v)dv = K (v)|=,_ =0,
JuK' (v)dv= K )|, - [ K (v)dv=—1, [v°K' (v)dv=v°K (v)|>,_ —s [v* K (v)dv =0 for
s =2,3, and ’fv‘lK’ (v) dv| < 00. This implies that

[Eg, A%, (Xe,8) — A} (Xe, B)|| = Op (13)

uniform with respect to X, and 3. The proof of the uniform distance between Eg, A;, ; (X, 3) and

A} (Xe, 8) is similar. So we finish the proof of Lemma 3.8(ii).

Finally, Lemma 3.8(iii) is a combination of Lemma 3.8(i) and Lemma 3.8(ii). O

Lemma 1.13. Suppose that p is fized. If all the assumptions in Lemma 8.5 hold with vg = 4,

vg =3, and vy = 4, we have that

0G (= (X,,B8)|8) 0H, (z(X.,B),X.) /0=

B - [ (2 (X, 8))
-0, (h;2m+ hi) ,

sup
(Xe.B)exs =B

8H2 (Z (Xe,ﬂ) 7Xe) /az

+L (2 (X, 8),8) f. (2(Xe, B))

where X9 is defined in (1.18) in the main text.

Proof. Note that

8 ( Xeaﬁ)'ﬂ) aAnu(Xeu@) /816 Any(Xeaﬂ) aAn,l (Xeaﬁ) /816
B Ani (Xe, B) Ani (Xe, B) Ani (Xe,B)

_ Agz,y (Xev/@) o An,y (Xeaﬁ) Afn,l (Xev/@)
An,l (XeaIB) An,l (X€7ﬂ) An,l (Xeu@) ’
Then
HAjL,y (Xe, ) OH, (2(Xe, 8),Xe) /0| _ HA’ X, B) A, (X, B H
An (X, B) [ (2(Xe, 8)) (Xe,B)  A1(Xe,B)
ny (Xe, B) — Ay (Xe, B) H
H An 1 (Xmﬁ) (17)
H XewB Anl(Xeaﬁ)_Al (Xe»ﬁ)H (1 8)
A (Xeaﬁ) An,l (X€7IB) '

Now for any (X,,3) € X¢ x B, A; (X,,/3) is uniformly lower-bounded according to Lemma 3.6,

SO A;,11 (Xe,8) = O, (1) also uniformly holds. Moreover, HA; (Xe,,B)H is upper bounded, so
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|4, (X, B8)|| = O, (1) also uniformly holds. Then (1.7) is O, (h,;?,/log (nha) /n+h;=1) and

(1.8) is O, (h;ﬂ [log (nhy') /n+ hi) Similar method can be used to show that

Y (Xea/B) A;z,l (X€7ﬁ> _ L (Z (XewB) ’IB) 8‘[7[2 (Z (XEMB) 7X€) /82”
1 (Xeaﬁ) An,l (X€75) fz (Z (Xeaﬁ))

is also O, (h;Q\/log (nha') /n+ hi) This finishes the proof. O

Lemma 1.14. Suppose that p is fized. If all the assumptions in Lemma 3.5 hold with vg = 4,

vk =3, and vy = 4, then for any B C B, we have that

sup
(X.,B)ex? xB

where aq,n, = O, (h,_f\/log (nha') /n+ hi) and ag = O, (supﬂeg ||Aﬁ||>

<ar, t+ag,

aé(z(;cg,ﬂ)lﬂ) _/W (%, X..8) (X - X.) aX.

Proof. We only need to show that

OH, (2(Xe,B8) ,Xe) /02
[ (2 (Xe, B))

f/W (Xf{ﬁ) (X - 5() df(H —0(||ag]).

OH; (2(Xe, B), Xe) /02
[z (2 (Xe, B))

sup
(Xe,B)EX B

7L(Z (Xmﬁ) 7/6)

Note that

OH: (2(Xe,B),Xe) [0z — L (2 (Xe, B),8) 0Hz (2 (Xe, B) , Xe) /02

- /G’ (z (X, 8) — XAg) 1. (z (X.,8) - X' B, 5() (x - 5&) dX

+/G (z (X.,8) - XTAﬁ) (afe (z (X..8) - XTg,X) /82) (X . 5() X
~LX.8).0) [ (05 (-(%.8) - X '8.X) /o) (X - X) X

— /G’ (z (X..8) - XTAﬂ> f. (z (X..8) - XTﬁ,X) (X _ 5() ax

+ / (G (=(X..8) — X"AB) - G (= (X, B)] (9f. ((X.8) - X 8,X) /02) (X - X) aX
~(L(X00).8) -G (X B) [ (01 (:(.8) - X 8.X) Jo:) (X - X) aX.
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Note that

[ [e (5.0 - X"08) - 6 %..00)] (05, (= (%8 - X" 0.X) 02) (x - X) X
<C-sup |G (= (X, B) — XTAB) — G (= (X, B)| - m (X ( (X 8) X))
Xex

<C-AB]-m (X (2 (X, B8), X)),
and according to our choice of X2, we know that m (X (2 (X, 3),X)) > 0. On the other side,

(e m-cExam) [ (o5 (%0 -X'8.X) j0) (x - X) iX|

SC-L(2(Xe, 8),8) — G (2(Xe, B))| - m (X (2 (Xe, B) , X))

=C-|L(2(Xe,8),8) — L(2(Xe, 8),87)] - m (X (2 (Xe, B) , X))
<C: <iug 0L (2, 8) /%II) NAB] - m (X (2 (Xe, B), X))

< C-AB]-m (X (2 (Xe, B), X))
due to the upper boundedness of ||0L (z, B) /03| according to Lemma 1.8(viii). Note that
f-(2(Xe, B)|B) > C-m (X (2 (Xe, B) , X))

for some C' > 0 due to Assumption 2.4(i) and the choice of X?, so we have that

[(0H: (2 (Xe, 8),Xe) [0z — L (2(Xe, B), B) 0H2 (2 (Xe, B) , Xe) /02) [ f- (2 (Xe, B)| B)
- [ 6 (%08 - X"08) 1. (> (%08 - XT8.X) (X - X) a/1. (= (X.,)1 )|
= [[(0:H1 (2 (Xe,8), Xe) — L (2(Xe,8),8) 0:Hz (2 (Xe, B), Xe)) / f2 (2 (Xe, B)| B)
f/W (Xe,f(e,ﬁ> (X - 5() df(H <C-|Ag).

This proves the results.

Now we prove Lemma 1.2 in the main text.
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Proof of Lemma 1.2. Note that

1~ 590G (2 (Xe,,8)| 8)
= : ) —A
A o op ‘“B)H
e [9G (2 (X B)|B) | -
g;élgn ”;:1 X¢ ( 95 /W(Xw,xe,ﬁ) (X; — X) dX)H (1.9)
1 n
— be( Xe.is Xe, X;—X dX) - A . .
s ”;:1 i /W( i Xe, B) ( ) ¢(3)H (1.10)

Obviously, (1.9) is of order O,, (h;2‘ [log (nhy') /n+ h3 + SUPgeg,, HAﬁH) according to Lemma 3.2.
Using Lemma 1.7, we can show that (1.10) is O, ( (logn) /n) by noting that each element of

JW (X, X,, ) (X; — X) dX is bounded and that [}, HaW (X X., 5) /8ﬁH dX is uniformly up-

per bounded according to Lemma 1.8(x). This finishes the proof of Lemma 1.2. O

Now we prove Lemma 1.3 in the main text.

Proof of Lemma 1.8. We first show that

1 n n X X oy 1
=m0 (5 =) (Fh ) X+ (),

i=1 j=1 B

Define f7 (2f) = f. (2[B%) and fx , (X, 2) = fx - (X, 2| B8"). Recall that 2} = z (X i, 3"), so

%

1 n n N N oy,
€= m o3 5 —a0) (o) %0

i=1 j=1 i

1 & _1 - 1 1
= - . K Z*_Z;( i — Yi n - X?
n< n ; hn ( J ) (y; — vi) [Tll ijl Ky, (z]* — Z:) * (zz*)]
1 & _1 - 1 1
= . Kn Z*_Z;( y_G Z: n - * X?Z
n pa _njzl h ( J )( J ( )) [Tlle—1Khn (Z;—Z:) ;(Zz)‘| ()
N = N R s _ - X (i).
n;f n; o (3 =) [izlehn(z;—z;) fz@:)] )

For term (i), due to truncation, we have that

=0y (h;1m+hi)~

max
1<i<n

1 R S
s K, (25 —2) )]

We further provide a uniform bound for & Z?Zl Ky, (zj* —25) (y; — G (2))) Xf) over 1. We first note
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that

1 n
Eg, {n D H (55 = #0) 1y = G 1) X

where the RHS is equivalent to

{ [ Z (25— 2) (G (2)) = G (=) X{
{ (=2 (C(2) — G () 12 ()] dz}

n—1

i E{X?O/[K(z) (G (2F + 2hn) = G () f1 (25 + 2ha)] dz}.

Now note that since G and f; both have up to fourth order bounded derivatives, we have that

(G (2] + zhn) = G (27)) f7 (21 + 2hn)

1

1 1
= G () 2 (1) 2 + 5G" (20) 2 () 2%hs, 4+ G (20) f2 () 2B + O (2hy,)

So
/[K (2) (G (zF + zhy) — G (2])) [ (zi + zhy)]dz = O (hi) ,

where the bound does not depend on i. So

E

max
1<i<n

P Ko, (- #) (G2) - G ) X

‘ =0 (h2).
On the other side, we have that we have that

max
1<i<n

HZKh 2 —2) (y; — G ()XY

%ZKhn (2 = =) (w; = G () X | || = O (VV{logm) fuZ) .
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Together we have that

max nZKh 2= 20) (g = G () XL\ = Oy (" /Tlogn) fn+13)

So

1 1y 25— 2% (us — G (2F ! 1 ¢
22 |7 2 K (5 = o) 4y - G D) [ Sy i e )]x

1 1
LY K, (25— 2) [ (2)

< max [ 23" Ki, (5 - =) (o - G () X? || max
- J

1<i<n

= 0, (h? (logn) /n + h3) = o, (1/v/n) .

according to our choice of h,,, so term (i) is o, (1/+/n).

For term (ii), without of loss of generality, we assume that X? = Xf is a scalar; the general case

can be proved similarly. We note that

- 1< 1 1
€ |— Khn z; — Z: T rx (ox Xl(b
i:zl ”; (5 ==0) l vy K, (25— 27) (Z)]
i LS K, (27— 27)
=EY E{g |1 2= 2T XS X =0
2 { [ 72 ) s
due to the fact that the data is i.i.d. and that E (¢;| X, ;) = 0 for all i. Moreover,

Z ll_lz L () —zi*)]ngl

2
1 . . % Z?ﬂ Kp, (Zg* - Z;‘) #2
= ~EQG () (1-G () l1 — 7 ) Xi
2

C ]- - * * * *
<"E EZK (5 —2) = 2 (=) xP°

C - * * [ x * * * (% -
= SEXP | N E[(Kn, (5 = 20) = £2 D) (Ko, (27— ) — £2 ()| X7 ] + 0 (nhy!)

Gk

Note that E {(Khn (25— 28) = f2(20) (K, (2 — 25) = f2 (20)] Xf’] is O (hS) for all k # j, j # i,
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and k # i. So the above term is of order O (hS /n + h,'/n?), implying that

x?| =0, (hi/\/ﬁ‘F 1/ (”M)) =0y (1/v/n),

12":8 | _ i En, (7 — )
' f2 (z)

i=1
according to the choice of h,. This proves the first result.

Now we obtain the asymptotic distribution of

I v Yj — Yi
EZZKM (= = =0) (Z*(Z*)) X7

i=1 j=1 i

First note that

1222 hn(z;_zn (yj* ih) ?
i=1j=1 2 ()
1 S~ Yi ~Yio | Yi— Yi~o
R — Ky, (28 —2f J X7+ J X
e 2 20 (4 Z)<;(z;> : () J)
n—1 n
1 Yi = Yi o Yi— Y [
n? i=1 j=it1 " <Zj Z)( > (27) 2(2’]*) J)
-1
_nm-1) 7 "il i K, (=% — 27) Yi—Yixs  Yi~Yixo)|
2n? 2 i=1 j=i+1 s ED) fz*(za*') !

Let E;|; be the expectation with respect to the j-th observation conditional on the i-th observation.

Note that

* W\ Yi —Yi o
By K, (55— =) Yo

X¢
= T [Kn, (2 = 27) (G (2]) = vi)]
¢
— f*)%z*) /K (2) (G (2] + hnz) — i) f7(zF + hpz)dz
¢
= 72 [ KO (G606 GO+ 56 () 4.0 (95) — ) (2 (1) + O Gl
de
) /K (2) (G (28) — i) [ () dz + O () = XT (G (2) —yi) + O (h3).,
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and

E;; lKhn (23 = 27) ( ; E;jg) X?]
SR e e

= (-G / X*J. (KI00X £ 0 )

= —GEE(X?] %) +0(h) -

So

B |1 e - 1) Y + et )| = e (o -5

We also note that

K, (2 == ><jﬁi( ))qu

* J i J 3\ _ 1
st (g )] o+ ().

so according to Powell et al. (1989), we have that

2

E <CE(Kj (27 —2))=0(h,*)=0(n),

E,E

ili

-1

n| ¢ oy (Vi Yio Vi Y
v 2 2 K ("‘J’_Zi)<f}(z:>x TR )

2 i=1 j=i+1

ES(xon(x

)) +o0,(1).

This implies that

£¢__7251<X¢ (

)) +o,(1) »a N (0723).

Lemma 1.15. Suppose that Assumption 2.1, Assumption 2.2(i) and (i), and Assumption 1.6 hold,
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we have that

sup [T, (B) = Tq (B)] = Op (x1,n) -
BeB

Proof of Lemma 1.15. This is a direct result of Lemma 1.7 by noting that |r, (z) 7, (z)| < D2, and

10 (rs (Xo + XTB) ry (Xo + XTB)) /08| < C/PDg,0Dg,1- O

Lemma 1.16. Suppose that Assumption 2.1, Assumption 2.2(i) and (ii), and Assumption 1.6 hold,

and X1, — 0 as n — co. We have that

sup [T, 4 (8) = T;1 (B)]| = Op (x1.0) -
BeB

Proof of Lemma 1.16. First note that

sup [A(Tgn (8)) = A (T (B))] < sup [[Tgn (B) =Ty (B)]| = Op (x1.n)
BeB BeB

and

sup [A (Py,n (8)) = A (Tq (8))] < sup [[Tg,n (B) =Ty (B)] = Op (x1,0) -
BeB BeB

Since x1,, — 0, we have that with probability going to 1, there holds

’ inf X(Fq,’ﬂ (IB)) Z 5

SUPX<Fq,n B) < ses 9

e
BeB 2
indicating that supgep A (I‘;}L (B)) =0, (1).

Note that for any positive semi-definite matrices A and B, there holds min{\ 4 || B||,Ag || 4|} <

|AB|| < max {A4 || B, g ||A]|} , so we have that

sup |7, (8) =T (B)] = sup [T2n (B) (Tan (B) = Tq (8)) T3 (B)]

BeB

< <sup>\(Fq}l (B))) <8111>>\(Fq1 (ﬁ))) sup Tq.n (B) =Tq (Bl = Op (Xa.n) -

BeB BeB Be

O

Lemma 1.17. Suppose that Assumption 2.1, Assumption 2.2(i) and (i), and Assumption 1.6 hold,

and moreover X1, — 0 as n — co. Define

Z:{z:z:X0+XT,8f0rsomeX€€Xe andﬁeB}.
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We have that

sup sup [| Xy, (2, 8) — Xq (2, B)|| = Op (VPaDZ ox1.n) -

z€EZ BeB

Proof of Lemma 1.17. Note that
sup sup qu,n (Zv/@) - %q (Zvﬁ)”
2€Z BeB

< sup sup
2€Z BEB

-+ sup sup
z€Z BeB

For the first term, we have that

sup sup || Xq,n
2€Z BeB

- Z sup sup |7y (Xoi + X! 8) (T (B) =T (B)) rq (2) X

— €2 BeB

< CypaD} o Ty B) =T (B)| = Op (VPaD2ox1,m) -

For the second term, we note that

n

1 _
sup s (.9~ 1 S (07 (o + XTB) I (370 () X)
T3 1 . T T T7
< Zﬁ%%‘é‘;xi‘éi X, (Xo +X Byﬂ) - ; (Tq (X0 +X/B) T, (B) g (Xo +X ﬂ) Xi) ‘ :

where uniformly for all 8, 8, 35, ,B € B, X, € X, and X; € X, there hold

rT (Xos+XIB) T, (8)r, (Xo + X"B) Xi| < CaD2,
and N
ory (Xoi+XFB) T, (B)ry (Xo+XTB) X
S C\/ﬁqu,ODq,la
00X,
ory (Xo, +XTB) T, (8)r, (Xo+XTB) X
aIB < C\/I;qu,ODq,la

o1



rd (Xoa+ XFB) T, (B vy (Xo+ X B) = rf (Xoa+XIB2) T (B2) 7y (Xo +X"B) |

<

|8 (Yo + XI8,) = 77 (Yo + XIB,)) T, (B) 7, (X0 + X" |
+ HT:;F (Xo,i + X B,) (Fq_1 (B1) — Fq_l (B2)) rq (Xo + XTB) H

< CypgDg oDy 1 1By — Boll + Cqu?,o ITq (B1) =T (Ba) < C\/ﬁQQD;ODq,l 181 — Bal| -
So we have that the second term is of order O, (y/px1,n) - This finishes the proof. O

Lemma 1.18. Suppose that Assumption 2.1, Assumption 2.2(i)-(iii), and Assumption 1.6 hold with

vg 2> 1, and that x1,, — 0 as n — oo, then we have that

1
n

sup
BeB

> (Xi = Xy (X0 +X7B.8)) (G (Xo.i + X7 B) — G (Xo: + X78%))
1=1

—E((Xi — X4 (X0, + X7 8,8)) (G (X0 + XIB) — G (X0 + XI8)))| = Op (VPX1,0) -

Proof of Lemma 1.18. We only need to note that uniformly for all X.;, 1 < j < p, and 3, 8,,8, € B,
there hold

|(Xi; —Ex, (rg (Xo+X"8) T, (B)rg (X0 + X8) X;)) (G (X0, + XB) — G (X0, + X7 8Y))|

§ Cqu?,(),
and

|G (X0 +X781) Ex, (1 (Xo+X"8) T, (81) 7y (Xoi + X[ 81) X))

—G (Xo,i + X7 B,) Ex, (rg (Xo+X"B8y) T, (By) rg (Xo,i + X[ By) Xj)||

< (G (Xoi + X7 B1) = G (Xos + X7 B2)) Ex, (rg (Xo+XT81) T (B1)rq (X0 + X7 81) X5 |
+ |G (Ko +XTB2) Bx, ((ry (Xo+X781) =y (Xo+X7B2)) Ty (Br) g (Xos +X781) X5
+[|G (Xo,i + X[ By) Ex., (g (Xo+X"8y) (T, (B1) =Tyt (Ba)) 7 (Xoi + X7 B1) X)) |

+ |G (Xoi + X7 By) Ex, (ry (Xo+X"8,) T, (By) (rq (Xoi + X7 By) — rq (Xoa + X7 82)) X5) ||

< C\/ﬁqu;qu,l 181 — Ball -

Lemma 1.19. Suppose that Assumption 2.1, Assumption 2.2(i)-(iii), and Assumption 1.6 hold with
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vag > 1, and that x1,, — 0 as n — oo, then we have that

1 n

[S;é% szlr:}r( G'L’IB ( Zr e]>ﬁ) ( ( Bﬁjaﬁ))) :O;D (ﬁqD2,05q70)7

i=1

1

sup anr (Xe,i3) Ty ( (nz_: ry (2(Xej,8))e )H » (VPX1,n) 5

and
Zlé% - Z (Xe,i,8)) Xi +&X5) || = Op (\/135 0+ \/p(logp)/”) -
=1

Proof of Lemma 1.19. For the first result, we note that

sup XiTqT( (Xe,i, 3)) ZT‘ Xe,jsB)) Ry (2 (Xe,5,8)) H

BeB

_0p<\/1'7 sup - lrq (2 (Xe, B))|| ~ sup Tq(Z(Xe,ﬁ))Rq(Z(Xe,ﬁ))H)

BeEB,X . X, BEB,X . €X,

=0p (\/ﬁqu,O&Jﬁ) .

For the second result, we first have that

sup Zr Xe.j.08)) €l = Op <\/qu§70 log (pgDy1m) /n) ,

BeB ||

due to the fact that |r; (2 (Xec,j,8)) €] < CDyo and [[(0r; (2 (Xe,5,8)) /08) ;]| < C\/pDy,1 for all

0<1<q. So
1 n
X e 79 - 3
pess || ; "y A)) n g i B)) €
=0p (x/Fqu,o \/ gD o log (paDy,1n) / n) = Op (VPX1n) -
Finally for the third result, we have that |2 37" | R, (2 (Xe,i, 8)) Xi|| = Op (VPEq0) and || Y7, ;X ]| =

Op( p (logp) /n)~

Combine the above results, we finish the proof. O

Now we are ready to prove Lemma 1.4 in the main text.
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Proof of Lemma 1.4. We note that

) ~
B =B — — Z (G(Zi,k| Br) — yz) X

=1
Sk ~ N Sk N
=B D (g (k) Fans =7y (p) ) Xi = 23 (G (10) = G (1) X
i=1 i=1

Ok § —
+ ;k Z Rq (ZiJc) X; + E ZEiX
=1 i=1

Now we look at the 7., 1 — m,. Define 'y x = Ty (B), we have that

7rq,n k = < Z Tq Zi, k Zz k:)) (Tll Z Tq (Zi,k) yz>
= 7l' q n, k < qu Zl k Zl,k) -G (Z:))) q,n k ( qu Zl k Zl,k)>

Take the above expression of 7y, 1 — 7 into the update of 8, we have that

Brst = By %Z@ﬁﬂﬂmﬁMG@w%Wm

=1

E:XT (2ik) an E:rq (2j,k) Rq (2j) + §:Tq (2j6) €

Ok
7§ )X 4 e X,).
+ " (Rq (zik) Xi + &:X5)

i=1
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If we define

Rk =B (X =2y (2(Xe, B1), Br)) (G (2 (Xe, By)) — G (2 (Xe, 87)))

n

- % Z (X = X4 (2(Xe,i, Br) , B1)) (G (2 (Xe i, By)) — G (2 (Xei, 7))

£ (K= 2 (5 (X ) .80) (G & (Ko B) = G 2 (Xeis )

D0 (K = Xy (5 (K B) ) (G (= (K B) = G (2 (X )

_ %’“ ZXzT;F (zik) Fq_il X (rlz qu (zjk) Ry (2j1) + qu (zjk) 5])
g

we have that

Brir =By, = E[(X = X4 (2(Xe, By) , By)) (G (2 (Xe, By) = G (2 (Xe, B7)))] + 0kRs 1

It remains to verify the order of supjs; |9k, which is done based on Lemma 1.17, Lemma 1.18,

and Lemma 1.19. O
Now we prove Lemma 1.5 and Lemma 1.6 in the main text.

Proof of Lemma 1.5. Recall that
\II(I (taﬁ) = E [G/ (Z (Xeaﬁ*) + tXTAﬁ) (XXT - xf] (Z (X€7/6) ?IB) XT)] .
We have that

Z G/ + tXZTAIB) (XZX;T — %q,n (Z (Xe,ia /6) 7ﬂ) X'LT) - \IIZ

0<t<1 ,BEB
< sup ZG’ 2+ 1XTAB) (Xgn (2(Xei, B),8) — X4 (2(Xei,8),8) X
0<t<1,8eB ||
Z G' (27 +tXTAB) (XX — %, (2(Xei,8),8) X7 ) — ¥, (¢, ﬂ)H
0<t<1 ,aeB n

+ sup ||\Ifq (t,8) —\I';H.
0<t<1,8€B,
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From Lemma 1.17, we know that

sup sup [|X4.n (2,8) = 24 (2,8)[| = Op (V4D 0X1,1) »
zEZ BeB

and as a result,

sup
0<t<1,8€B

nch 2 HIXTAB) (Xgn (2(Xei, B) . 8) — X4 (2 (Xe i B),8)) X

= Op (qug,oXl,n) .

For the second term, we have that

0<t<1 ,666

- ZG’ £ XTAB) (XXE = Xy (= (X0 8), B) XT) — W, (aﬁ)H

=0p (\/p3q2D3,o log (paDg,0Dg,11) /n) = Op (Px1n)

due to the fact that

‘G, (Z: + tX;FA/@) (Xi,in,t - (xq (Z (Xe,iwg) 7ﬂ))5 Xi,t)| < Cqu.O’

and
|G (2] +tX]ABY) (XisXin — (Xq (2(Xeyir 81) . 81)), Xit)
—G' (2] +1XTABy) (Xi s Xin — (X4 (2 (Xeiis 82) , B2)), Xit)|
<qu D} 2.0Paq,1 18, — B2l -
Finally,
sup [, (t,8) — Vi
0<t<1,B8€8,

< sup |[E[G(2(Xe,8%) +tXTAB) — G (2 (Xe, B7)) (XXT
0<t<1,B€B,

- %, (X, 8),8) X")]|
+ sup HE[G' z(Xe,8%)) (X4 (2 (X, 8),8)

BeB,

— X, (2(Xe, 8%, 89 XT)]||.

Obviously the first term is bounded by C'\/p3qD2 ;supgess, [|AB]|, while the second term is bounded
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by

Cp sup H( (2 (Xe8) ) 13 B ry (2 (X)) = (i (2 (Xe8Y) ) Tt (B m (2 (X, 8Y) |

<p s | (ra (= (%0.8)) =+ (%0.8))) 137 017, - 05|
#0p sup o (= (e.8)) (072 8) 132 (8 s (X )|
+Cp s rq( (%e8t)) 137 (87 (ry (5 (X, 8) - 74 = (Ko ))|

< C‘/P3q2D2,ODq71 ﬁs:g 1AB] .

So
sup ||\Pq (t,8) — qj;” =0p <\Fq D} oD 1;UP |A5|>

0<t<1,8€B,

Combine the above results, we have that

sup
0<t<1,8€B,

ZG’ 2+ IXTAB) (X XT - Xgm (2(Xei, 8), B) XT) — 02

=0, (quq0X1n + V¢ D3 Dy, 1;up IIAﬂ>

Proof of Lemma 1.6. According to Theorem 1.7, we have that sup,>jszep iy [|[AB| = Op (x2,n)-

To prove the lemma, we first show that

n

1
sup E Xl qlk q,nk g 'rq]kR ]k+ E Tq5,k€5 — 72: q7j5j

K2kEOD 41 =

= Oy (vVPaD; 0€q.0 + /P1Dq,0X2,nX3,m) »

where X3, = \/quD(i1 log (pgDg 2n) /n. Note that

1
*
E Tq,i,kE — ﬁ E Tq,i€i
=1

1 n
{/ % > ey (2 +1XTABY) X?dt} AB,
0 iz

sup sSup
k>k‘SBGD+1 k‘ZkSBGDJrl
T T
< sup }ja (Xoi+XTB)XT|  sup  [|AByI.
BeB || kE>k$BGP 11

o7



Obviously, we have that supgeg H% Dy i1y (XO,J + XTB) XTH = (x3.n) due to the fact that
|eir!, (Xo,i + XTB) Xi| < CDy 1 and ||z (Xo: + X7 8) X¢/08]| < Cwa S0

sup

(XZ nX3, n)
k>kgBGED 41

n

>3 z

n 4 q,7, J QJ
=1

which leads to the result if we further note that

n
*
sup E X”qm q,nk E :ququJk+ E :rqjkgj E :rq,jgj
nia

k2kfDEP 41
n n n
1 1 1 .
=0Op | VPaDgo  sup o > Tk R+ o > Tk~ I D Tait
j=1 1=1 =1

k>ESBGD 41

=0y (\/ﬁqu,OEQ»O + \/ITqu,OXQ,nXS,n) .

Next we show that

Sup ZX rq i, kL qmn, k: —E (X Tq (XO it XTB ) (B*)) | =0 (p\/qing’ODq’IXQJJ '
K2KECD 41

T *

kzk;}ggpﬂ Zxrqﬂk an ;XT XOH—X IG) ke
T
o 2 KBTI T
+  sup ZX r Xo i+ XT3 ) q,n e ZXiqu (XO,i + X;rﬁ*) Fgl (B%)
k>kPBEP 1 i—1 i

The first term is obviously bounded in probability by

n

1 3K (g (Xoi +XTBy) — g (Xou +X767)"

i=1

C sup
kE>kE$BGP 11

< Cp\/aDq,l ||ﬂk - ﬂ*ll = Cp\/aDq,1X2,n~
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The second term is bounded by

1 n
su fE XrY (X + X B*)|| su HI‘ - (s
kaI;,n - q ( 0, 16 ) kaI; q,n,k q (IB )
< CypqDqyo  sup Hf‘q ek I‘q_l (8%)

E>KSBGD 11

. Note that

Now we provide an upper bound for SUDg>§BGD 11 ’ F;n A pq—l (8"

=0p< sup  |[[Fgnp —Tg (B )I)
k>k$BGD 41

sup ‘ I‘;n’,C F;l (B*)
k>kSBGD 41
=0p < sup [Py — Lgn (B + ITgn (B%) =T (5*)||>
k>kSBGD 41
= Op (VP4Dyg,0Dg,1X2,n + X1,n) = Op (vVPgDg,0Dg,1x2,n) -
So
sup ZX ro (Xoi+X7B)T, ), — ZXquT (X0, + X B*) T, (BY)
ZFin i:l

= Op (pq /qug,qu,IXQ,n) s
and together

sup
k>kSBGD 41

Z Xirg i1 Dgh i — Z Xiry (X0 +X7B8%) T, (8)
i:l

= Op (pv QSDg,(JDq,IXZn) .

Moreover, note that ||% S Xz-qu (X(),i + X?ﬁ*) 1",;1 (B*)—E (Xﬂ';r (X(Li + X;rﬁ*) F;l (,6'*)) H =

(\/p D o log (pn) /n) so we have shown the results.
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Based on the above results, we have that

kzkf]gGDH

N

1 1 — 1 —
< sup E Xiry Teikl q,n 2 E 0.k Ba gk + n E :rq,j,kej T E rq,j
=1

k>k$BGD 41 j=1 i=1

( Zxrqzqunk E (X} (me;fﬁ*)r;l(ﬁ*))) (;Zrm)H
i=1
SEE

=0, (\/ﬁqDS,OE 0+ vPaDg.0X2.nX3m + PV @D, 0Dy 1x2.m1/ (4D log q)/ N)

+ sup
k>kSBGD 11

+ sup
k>k$BGD 41

1.7.2 Proofs of Theorems

Proof of Theorem 1.1

Proof. We first prove Theorem 1.1(i). Recall that A8, , = 8, —B; and ¢; = y; — G (XT B; ) We

have that .
Aﬂe,k-ﬁ-l = Aﬁe,k - % Z (G (Xziﬁe,k) -G (ngﬂ:) - Ei) Xe,is
=1
SO . .
188, < 88,0~ 030 (6 (XT8L) — € (XT82) ) X+ 0 Do e
=1 =1

Note that mean value theorem leads to

n

AB, y — %Z (G (Xziﬁe,k) -G (szﬁé)) Xe,i

=1
—AB —/1{5Zn:G’ (XT 3 +1XT. A3 )X XT A }dt
- e,k 0 n e,ilMe e, e,k e,14xe g e,k
=1

1
- /0 (L1 — M, (8% 1 1AB. ) AB. .} dr,

where the integration is understood to be element-wise, and 3 + tAB, \, € B. due to convexity of

Be.
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We next provide a uniform upper bound for A (1,41 — §M,, (3,)) and lower bound for A (1,41 — dM,, (3,))
with respect to 8, € B, in probability. Since Assumption 2.2 holds, we have that G (Xwﬂ) XitXis

is bounded by ||G||s and [|0G (XT,8) X;:X; /08| < C\/p. Then according to Lemma 1.7, we

3
sup [|M;, (B.) — M (B.)|| :op< p logn>.
B.€B "

Since p°(logp)?n~—t — 0 holds, 1/p3 (logn) /n — 0 holds, so

have that

sup [A (M (B,)) = X (M (B.))] = 0, (1),

B.€B

and

sup [A(My (B)) = A (M (B,))| = op (1)

B.eB

Due to Assumption 2.2(iv), with probability going to 1, there holds,

A/2 < inf A(M, (B,)) < sup A (M, (B.)) < 3)\./2.
B.EB B.€B

Since 6 < 2/(3).), we have that with probability going to 1, there holds
0< mf A(Ips1 — M, (B,)) < sup A(Ips1 — M, (B,)) <1—A.0/2.

Based on the above inequality, we have that with probability going to 1, there holds

1
H G008+ 126,,)) 28, dtH

1
S/o {bup Npp1 — 6M,, (B,) }dt-||Aﬁe7kH < (1-2.6/2) || AB, k|-

B.€B

So with probability going to 1, for all k& there holds

2B k|l € (1 =A0/2) || AB 4| +6

% igixe %

<< (1= 00/2) HAﬁelHJrcSZ 1-X.0/2)" Zg, esi
j=1
RS
< (1_A66/2)k||Aﬂe,lH+2Ael E;Eixez
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Note that for any 7 > 0,

d

n

1
=D eiXeyi
n 4

i=1

n
1
— E EiXe,i
n <

=1

et

J

Mm)

I
=3

-

<
I
)

< 2 exp (Cm-z/p) = 2exp (Cl logp — 0277/7'2/]?) ,

SO

=0, (Vp(logp) /n).

n
1
— E 51'Xe,i
n <

=1

Then for k such that

(1= 2.0/2)" | A8, || < V/p (ogp) /n,

or equivalently,
log [|AB..|| + 5 log (n/ (plog p))
—log (1 —=X.0/2) ’

k> kPGP =

we have that

||A/3e,k+1” =0p (\/m) .

This proves Theorem 1.1(i).

Next we prove Theorem 1.1(ii). For any k > kB%P 4 1, there holds

1,n
ABLu = DB~ 5 (6(XI8.0) - G (XT8) - =) Xeo.
=1

_ § <&
= (IP+1 - 5Mn (6e,k)) Aﬂe,k + ﬁ Z;Eixe,ia

where 3, is element-wise and lies between 8, ; and 8. Since ||AB, .|| = O, ( p (logp) /n) for

AB, .|l =0, (\/p (logp) /n) also holds. Note that

k> kPGP +1,

1Mo (Be i) = M (B < || M (Be i) — M (B[] + 1M (B7) — M (B -

For the second term, ||M,, (B%) — M (8})|| = O, (\/p2 (log p) /n) obviously holds. For the first term,
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since G is twice differentiable with bounded derivatives, we have that

M, 7e - M, : X“X’el“i G" X;Five XreFiAie :
kz:;;ngHH (Bex) = Ma (BO)] < k>kS;§DHn;H 16" (XEBew) [1XEAB i
<CVp' swp |[Bey - B =0, (Vo' logp) /n) .

k>kBGP+1

where Be , lies somewhere between Be x and B and is also element-wise, and the second last in-
equality comes from the fact that || X XT,|| <p and |[XT;AB, ;| < [Xeill | AB, 1| This implies

that

sup ||Mn (Bek) H = (\/W>

E>ky 41

Define wy, = (M, (B, 1) — M (8})) AB. ;- Obviously, there holds

sup IIwkHS( sup ||Mn(ﬁe,k)M(ﬂ2)||>< sup ||Aﬁe,k|}>

k>kBGD 41 k>kBGD 41 k>EBGD 41

=0, (V" o /u2).

which is o, (n_l/ 2) according to Assumption 2.

Based on the above result, we have that for any k£ > 1,

5
Aﬂe7k+kE§D+1 = ( p+l — oM, (,@e k""kESD)) Aﬁe,k—i—k{%SD — g ZEiXE7i
« RN
= (I;DJrl - oM (/Be)) Aﬁe,kJrkESD - 50‘)14:-5-/@{2:513 - ﬁ Zgixe 7
=1

k—1
= (Ips1 = M (B2)" AB kpav 1 =8 Y (Iper = M (8Y)) wypupar_;

7=0
k—1
5 (S s — 601 (8 ( ngm)
7=0
For the first part on the RHS of the last equality, we have that

(T2 = 802 (8))* 8B, kpgo | < (1 = 2.0)* || A8 kpgo i

= (1-.0)° 0, (Vp(ogp) /n).
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For the second part, we have that

k—1 %)
6 Uy = M (B0 wiaper ;|| <63 (1= AdY |wiuper |
j=0 j=0

’ =0y ( p® (log p)? /nQ)

< A 'sup Hwk+k{3§D
k>1 ’

=0, (n_1/2) .
For the third part, we have that
k— 1 n
ZO p+1 - 6M ( ZEZ e z) - n (ﬂZ) (Tl ;Eixe,i>
Z X e Z X e,i

= (1-A.0)" 0, (Vp(logp) /n) .

17)\6 17)\5

nMg

This implies that when (1 — Aeé)kggD vplogp — 0, we have that

sup =0,(1).

k>kBGD 11

1 n
-1 *
\/ﬁAlge,k—o—kESD - M~ (B7) % ;&Xe i

This proves Theorem 1.1(ii)

Now we prove Theorem 1.1(iii). We first note that for any square matrices A, B, and C, there hold
[AB|| <7 (A) | B|| and [[ABC|| <7 (A) |BC|| <7 (A)7 (B) [|C]|. So

|t (82 - ;7 (B.)

)

| = a8y (v (B.) — 21 8)) 11, (B
<o) -7 (M (B.)) - |2 (B) - M

due to the fact that M1 (B;;) and M, (,@e) — M (B%) are both symmetric. Due to Assump-

€

tion 2.2(iv), we have that & (M~ (B8})) = N(M~*(B})) < A.'. Since HMn (Be> - M (B})

op (1) holds according to the previous proof, we have that with probability going to 1, & (M; 1 (Be)) =
A (Mn’1 (Be)) < 236_1. Then with probability going to 1, we have that

| () — () — 0, (V' (logp) /n).

| <2027 | (Be) - 2 (8Y)
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On the other side, we have that

% i G (1-Gi) X XT, ~E[Gr (1 - G XX

<

1 e~ ~ ~ 1 &
NG, (1—Gi)XeiXTl—— G (1—G) X, XT.
TL; s e, n; 1( z) i e g

+

%i G: (1 - G:) Xe,iXeT,i —-E |:G: (1 - G:) Xe,iXeT,i:|
=1

< OV, - 8t + 0, (V7 Gogp) /) = 0, (Vp*llogp)/n)

Together, we have that

Note that X (M~ (82)) < A, X (E 67 (1 - G) XX

<
2&;1 with probability going to 1, and A (% > @l (1 — @l) Xe7iX2i) < C with probability going

to 1, we have that

which validates the result.
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To prove (iv), we only need to show that 52 (p) — o2 (p) = 0, (1). Note that
57(0) = ()| = |07 (S0 = 1) p| < ol || (Z1 = 1) p|| < lloll® |1 = 51| =5 0
on\p o {p P 1 1) P> IP 1 1) Pl =P 1 1 P

given that ||p|| < oo for all n, which validates the result. O

Proof of Theorem 1.2

Proof. We first show Theorem 1.2(i). Note that from the proof in Theorem 1.1, we know that with

probability going to 1, we have that
[AB k11l < ;ue%X(IpH — 0k My (Be)) || ABe i || + O

n
1
*E €iXei
n

=1

1 n
ﬁ ; EiXe,i

< (1= A0k/2) |AB, || + 0k

N

1 j

)—1 n
1
(1=X.0;/2) | [|AB..| + Okj ( (1- Aeék_l/2)> H” > eiXei
0 i=1

<
1 j 1=

)

k

I
o

J

(1.11)

where H?;ol (1 =Abk—1/2)=11if j=0.

For the first term on the RHS of (1.11), since e® > 14 for all «, we have 1—-)\_6;/2 < exp (—A.6;/2)
for all j. Define Sp = 0 and S; = Z{:l 0y for 7 > 1, we have that

k

A, < A\, Sk
T1G—20,/2) | 188, < exp | -2 375, HAﬁe,lH:exp(—Z )“Aﬂw”'
=1

=1

Next we show that Zf;é Ok—j (H{;Ol (1 7365k71/2)> is upper bounded by exp (A dx+1/2) up to
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some constant scale that is independent of k. Since limsupy, 0x—1/dx < 0o, we have that

k-1 j—1 k-1 NS
Z Ok—j <H (1- >\e5kl/2)> < Z Ok—j exp (-26 Z5kl>
=0 1=0 =0 1=0
— A, (Sk — Sk_;)
< C’Jz::o Sk j+1€Xp (_6’“276—3)

2S5k o A Sk
=Cexp (—82 k) Z (Sk—j+1 — Sk—j) exp <e ; ]>

Then we have that

AS AS
|ABe k1] = Oy <exp (—62 k) HAﬂe,1H> + Op (exp (;“) p (log p) /n) :

When k£ > Eng + 1, we have that

exp (— Ac S
2

A0
exp (e;H) <e,

s0 ||ABe k1] = On ( p (logp) /n) This validates Theorem 1.2(3).

) 138, < Voo /.

and

For Theorem 1.2(ii), we know that for k > Eng +1, [[ABe| = Op ( p (logp) /n) holds, so we
have that

_ Si
Aﬁe,k+1 = (I;D-i-l - 5an (ﬂe,k)) Alge,k - Zk Zeixe,i

i=1

= (IP+1 - 6kM (ﬂZ)) AIé-).e,k' - 5k (Mn (Ee,k) -M (/62)) Aﬁe,k - %ZEiXe,ia
=1

where Be’k lies between 3, , and B} and is element-wise. Following the proof of Theorem 1.1, we

can easily show that

sup || M, (B..) = M (82| = 0, (Vo (logp) /).

k>kEGP+1
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Recall that wy = (Mn (Be’k) - M (ﬁ;)) A/@e,kv S0

sup x| = 0, (V5 lown* ) =o, (w2

k>kBGD 41
We have that

Aﬁe,k+%ﬁf’3+1 - (Ip+1 - 6k5§D+k1% (ﬁe)) A’Beyk+kffD §kf§D+kwlegD+k 5le§D+kn E &iXei
. . , , —

k—1
*
= ( p+1 — k.BSD_,’_k_jM (ﬁe)) Aﬁe,leSD-H
j=0 ' '
k—1
*
-2 { RPGP+h—j H ( chgDMsz(ﬁe)) } WEPGD i
Jj=0
k—1 Lo
*
lefD+k j H (IPH kBgD-i-k—lM(ﬁe)) i Z&‘Xe,i,
=0 i=1

e EPCD 1k
where Hl 0 ( 1l — 6k5§”+k—lM (,8;)) = 1if j = 0. For the first part, define SEESDJC = ZJ;EES;'D—H 05,

we have that

— k—1
H ( 1~ kBgD+k—jM(5Z)) AB, poni|| < 1 (1 *Ae%fguk—j/?) HAﬁe,EﬁgDHH
o s

< exp (7ACSE1BGD,’€/2> "Aﬁe’EFGD+1"

=0, (exp <_A€SE5§D,]€/2> p (log p) /n) .

For the second term, we have that

Jj—1

k—
Z { kBGD 4k H (Ip+1 - 5E5§D+k—zM (5:)) } WEBSD 1 k—j

=0

k— j—1
S DRI | (RS SRE | ¥ S e |

7=0 =0
k—1

exp (~AoSpeo /2) § 2 Gipeosn o (AcSipenny/2) {i‘i‘i”“ﬁﬁsmu}
=0 =

<¢m)
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according to the proof of Theorem 1.2(i). Now we look at the last term. Note that

=0 1=0

k—1 j—1
Min =: Z {(SEESDJHCJ' H (I”“ B 6EE§D+k4M (ﬁ;))}

e

= Ogpop g lpr1 + Oppon (IP“ ~ Open M (ﬁ*>) T

+0ppen iy (Ip+1 — Ogpon . M (B:)) (IPH - 5EESD+k—1M(ﬂ:)> (Ip“ B %ESDHM(B:)) ’

SO
Mit1.n = 0o gy D + <Ip+1 — Ogpon M (ﬂz)) M-
Note that
Mk-i—l,n - M_l (/62)
= My — M1 (B]) + Ogpep g M (B2) (M~ (B) = M)
- (Ip+1 — Ogpon 4 M (5:)) (Min = M7H(BY))
SO
HMk+1,n - M_l (ﬂ;)” < X (Ip+1 - 6E§§D+kM” (/6;)) HMk:,n - M_l (ﬂ;)”
< (1= 0gpon e ) [|Me — M1 (8Y)|
< exp (“AcSpgn,) [Mun M (@)
Then
k—1 j—1 1 &
5%{{5D+k—1—j H (I - 5E3§D+k—1M (5:))} n Z&Xe,i
§j=0 1=0 i=1
i Lo
=M1(B) - ;aixe,i + 0O, (exp (*AesgﬁgD7k) \/m) :
So we have

n

— * 1
ViAB, . rpan — M (BY) 7 > eiXe

l

-0, (exp (—AQS-EESD,,CQ) p (logp) /n>

i=1

+0, ( p° (logp)” /nQ)
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According to the definition of kBGD, we have that for k > k:BGD there holds S;scp ;/logp — oo,
1,n

this proves Theorem 1.2(ii).

The proof of Theorem 1.2(iii) and Theorem 1.2(iv) is the same as that in the proof of Theorem 1.1,

so is left out. O

Proof of Theorem 1.3

Proof. Define

N2,n = (;ZG(Z:)XZ_E[G(ZZ*)XJ) +%Z€i'xi-

i=1

Note that when 8* € B and B, € B, we have that 3 +tAB, € Bforall 0 <t <1, so

1
[ABk44 ]| < H/O (Ip = 6A(B™ + tAB)) dtAB || + 6 [[m1n (Bl + 6 (|72,

< {supa(fp — o4 (B))} [ABI =+ 6 11,0 (Bl + 0 n2.nll -

BeB

Note that for any 1 < s,t < p,

)

(A(8),.

_ ‘IE [/ (XoiXti — Xoi X)W (Xos Xo, B) dXH

<2)|¢’]. [/fx,z Xz (X ). ) d ]=2|G’|m,

so each element of AT (3) A () is bounded by 2p||G’||~, and we have that
Zupl; |o (I, —6A(B)) Y (Ip -4 (/1 (B) + AT (,8)))|
€

< sup 6?47 (B) A (B)]| < 2G|, p°6°
BeB

Then according to Assumption 2.5, we have that

Zu};ﬁz (Ip —0A(B)) <1—0A,+2 ||G/||OQ]32(52
€

70



When § < min {1/(2X4),1/ (4]|G’||, p*) }, we have that

0<1—0M+2]G|| p?0*> <1—6),/2< 1.

So
sup 7 (I, — 6A(B)) < V1 —0M,/2<1—6),/4,
and
2B | < (1= 0624/4) |1ABLI + 8 m1n (Bi)ll + 6 72,0
< S (1= 00/ | AB | + 6 kZZ (1= 02a/4) (|[m1n (85) | + lIm2:nll)
=
< (1=004/9)" |ABy ][+ - fjo (1—0x,/4) (;g; 1.0 (B)] + 772,n||>
=
= (1= 0A4/9)" A8y ]| + 425" <;1ég I (B + ||772,n||> :
Note that

Sp+1 1

sup (|11, (8)|| = p>@+0 Y +T (n,p, hy,)
BeB

according to Lemma 1.1, and
Inzall = 0, (Vi (logp) /1) = o, (557 (4 (n,p, ) 777 )
under any choices of h,, — 0. This implies that when
(1= 024/4)" 88,1l € p2E5 (4 (n,p, 1)) 77

or equivalently,

5p+1 1
L > kKBG’D _ 1Og (||A/61||) - 2(p+1) Ing T op+1 10g¢ (n,p, hn)
= FLn —log (1— 07, /4) ’

5p+1

we have that supyspxzepy [ABL]| = O, ( 2<p+1)1/;ﬁ (n,p, hn)> .




Proof of Theorem 1.4

Proof. We first note that

for all X ;, so

/ V (Xeis X, ) dxH <2 / P (X] 2 (XesB), B) dX = 2 || |
X X

sup 144 (8) ~ A(B)] < 2|6/ B (1~ 1F) <2602 |/ 6,
BeB
where the last inequality comes from the fact that m (Xed’) =1-(1-¢)" <pgo. So

sup [| 4y (8) — A(B)]| < 0A,/8 (1.12)
peB

holds under the choice of ¢.

Based on (1.12), the following proof is similar to the proof of Theorem 1.3. Define

M (8) = = 3G (= (X ) B) X! ~E[L (= (X 8),8) X7
=1

I I
L= D GENX -E[GED XS]+ Y X!
772,n ni:l (Zz) 7 (Zz) 7 +ni:181 7

We have that

AByy1 = ABy, — %Z (@(sz| Br) — Yi) X?

i=1

= A8y — OB [(L (2100, 8) = G (20N X!] +6 (nf, (B1) + 5.,

1
= [ A= 60(87+ 18B  ABa 5 (i (B + 12,

SO

1Byl < sup (1, — 645 (8)) 185 + 9 <sup |8, ) + ..
BeB BeB

) |

Obviously, since p is fixed, we have that Hngn =0, (n’l/z). Due to trimming, we also have that
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SUPgen ann (,6')” = O, (¥ (n,p, hy)). Note that (1.12) holds, so we have that

sup {Lp = 644 (B)} = {Ip, = SA(B)}] < 6Aa/8.

According to the proof of Theorem 1.3, there holds supges @ (I, — 64 (8)) < 1 —6A,/4 under the
choice of §, so we have that

sup o (Ip — 044 (B)) <1—-06A,/8.
BeB

Then based on the proof of Theorem 1.3, it remains to note that

sup (|[nf, 8] + .0
BeB

) = Oy (@ (.9, 1))

holds under any fixed trimming parameter ¢. O

Proof of Lemma 2.3

Proof. Note that under the choice of é and ¢, SUD) > FrBGD | 18, — B*|| = Op (¥ (n,p, hy,)) according

to Theorem 1.4. According to (1.14), we have that

|28 mpen |

< _ Ip_(si XfaG(z(Xe,iu@Nﬂ) 52

sup o T
k>kEBGD 41, t€(0,1] i=1 B

INAER)

3|

B=B*+tABy

According to Lemma 1.2, we have that

1) o aé(Z(X€7’L7IB)|ﬁ)
sup I, - gz X¢ 08"
i=1

% G
k>KIBCD te(0,1] B=pB*+1AB,

1, = 62 (8 + 88,0} = 60, (1% og (uhi )/ +12). (1.13)

due to the fact that

sup [AB] = Oy (r (m.p, ) = 0, (hﬁ <log<nh;1))/n+hi),

k>KKBGD 41

when p is fixed and h,, — 0.
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When nhS — 0 and h%n/ (logn)® — oo, we have that h;,2 (log (nhyt)) /n+ k3 — 0. So we have
that (1.13) is smaller than J) ,/16 with probability going to 1. According to the choice of ¢ and 9,
we have that supges @ (I, — 044 (B)) < 1—6A,/8 according to the proof of Theorem 1.4. So as n

increases, with probability going to 1, there holds

sup g|l,—— <1-4X,/16,

~ T
kSFEBGD 11 1e(0,1] e oB

B 5i X¢8@(z(Xe,i7f3)|ﬂ)

B=B*+tABy

Then as n increases, with probability going to 1 there holds

IN

(1= 024/16) | AB, s zgcnen

|28, 700

IN

< (1= 004/16)" | ABggpco., | + 1627

According to Lemma 1.3,

. (n—1/2), Also note that HAﬂE{(BGDJFIH = O, (¥ (n,p, hn)),

KBGD
then if we choose k§5¢P such that (1 — 6X,/16)" 2T < =121 (n p, h,,), or equivalently,

LEBGD S _ log (n'/2) +log (¢ (n,p, hn))
2,n

1
= log(1—oA,/16)

we have that supy>xeep iy HA'@kJrEKBGD ’ = O, (n1/2). This proves (i).
- T 1,n

To prove (ii), we consider the following decomposition,

AByi1 = (I, — 644 (BY)) ABy, + 0w (By) + 0wa (By,) — &,

where
' R BN G (2 (Xe,
@ (ﬁk):/ Ay (B* + tABy) fﬁz X a ’T BIB) dtAB,,
0 =1 s B=B*+tAB,
and
2B = [ (13 - 408" +188,)) 1,
Obviously, according to Lemma 1.2,
sup =1 (B0l = O, (h (log (nhi ) fn + h) Oy () =y (n1).

k>k{EBGD 4 KBGD 4]
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We also note that each element of matrix If . f +V (Xe,is Xe, 8) dX has bounded derivative with
respect to B for any X, ;. This is because, if X, ; ¢ X2, If’ = 0 so each element will be zero and the
results hold; if X.; € X2, then f. (2 (X, 8)|8) >0, s0 [, [0W (Xci, X, B) /08| dX is bounded

according to Lemma 1.8(x). This implies that

sp @2 (B < CABE =0, (nH).

kz%{ffGD+k§§GD+1
Then
Aﬁk+%{f§GD+k§f§GD+1
k

= (IP B 5/14’ (ﬁ*))k Aﬁ%{ffGDJrk;{EGDH + 62 (IP - 5A<z5 (ﬁ*))k_j w1 (ﬁ%{f;?GDMgffGDﬂ)

j=1
k k
k—j — k=j ¢¢
+Z (Ip =044 (87))" 7 @2 (ﬁEfEGD+k§BGD+j) Z (Ip =044 (B%))" 7 &
j=1 ’ " j=1

Note that supges @ (I, — 644 (B)) < 1—0X,/8, so

H(Ip — 64y (ﬁ*))k A5;55GD+,€§EGD+1 < (1-00,/8)" "ABE{ffCD+k§ch+1H 5

e

<
Il
—

(I, = 645 (B w1 (Brxneo umony, )| <0 (1= 02,/8) sup @1 (B
' ' =0

k>kKBGD 4 pKBGD 1]
—1/2)

|
/_\

k (o)
5 I 7(;/1 * k_jw .KBGD _ .LKBGD | ; 1*5}\ 8 su w
3 Uy = s () (Brgnoo pssons, )| < Z:j MY s B
= 0p (nil/z) ,
k
/1 (SZ I —(5/1¢ )k? ]6117 Sg)\zl (1_5AA/8)]C+1‘
j=1

= 0p (n71/2), SO

As k — oo, we have that A" (1 — 5AA/8)k+1 ‘

Ay jspangpan = 457 (B) €+ 0p (”_1/2) :
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According to Lemma 1.3, we have that \/ﬁﬁﬁ — N (0, Zg), so we have that

T
\/ﬁAﬂk+%{fch+k§fGD = A;l (B8%) \/ﬁgi +o0,(1) =54 N <O,A;1 (8%) Z? (/1;1 (ﬂ*)> ) .

Proof of Theorem 1.6

Proof. We only need to show that H//l\;ln (,@) — A;l (8%) ‘ig — Zg” —p 0 both hold.

Note that Lemma 1.2 indicates that H/Tgbn (B) — Ay (B*)H —p 0, which implies that H/T;z (B) - A;l (8%)

—p 0 and

—p

0 also holds.

Now we show that Hf)g — EE’H —p 0 holds. Our basic proof method is similar to that of Lemma 1.1.
In particular, let ¢, | 0 and A, , be as defined as in the proof of Lemma 1.1. Then we have that

[ (zF) > C¢P as long as X, ; € X . Denote Gf = G (2}), we have

7

st <155 (1 61 (- ) (-2

) (xt-2(x1)")
, z)) (Xf —]E(X;?’ z))T>H (1.14)
1— é) (X¢ _E (X;” 2)) (X;" -E (Xf

) - (x

z*) are all upper bounded, so (1.15) is O, (¢r,).

(1 1) 61 (- 60) (X - B (X!

K2

Note that G, Gf, X, B (X7

2) and E (Xj’

Now we look at (1.14). Note that

Y K () 9G (2 (X B)|B)
Gi— Zj:;il f};hn Z(Z: _Z;;;JJ - 0BT ’ AB,

where B lies somewhere between [Ai and B*. According to the proof of Lemma 3.1, we have that

0G (= (X.,B)|8)
08T

sup
(Xe,B)EXe,n xB

H =0, (1)

if 6,7 (2 /log (nhir?) fn+ b ) = 0, since || £ (2 (X, 8)) OH: (= (X, B) . X,) /0] and || L (= (X... 8), ) £ (= (X
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are both bounded for all 8 € B and X, € &, ,. So

<él . Z;Lzl Khn (Z;*_ Z;1y1> . In’i
Zj:l Khn (Zi - ZJ)

Also note that when ¢, ? (h;%/log (nha') /n+ hi) -0

<Zﬂ 1B, (5 7 ) Il =

Zj:1 Ky, (2 — z;

=0, (n_1/2) .

max
1<i<n

max
1<i<n

(s (e ).

this indicates that

max I, ; - ‘G G (=) =

1<i<n

O, <¢np (hnl log (nhy') /n+ hi)) ,

due to n'/? (h;l log (nhﬁl) /n+ h;’;) — oo under the choice of h,,. Using similar argument, we

can also show that

(B (x1]5) -2 (xt]))

So we have that (1.14) is of order O, ((b p( log (nhy') /n+ hi) +n_1/2). It remains to

¢n:0<(h;1m+hi)pil>

to conclude the proof. O

max
1<i<n

Op(qbnp(h 1 log (nhy )/n+h3)>

choose

Proof of Theorem 1.7

Proof. The proof is similar to that of Theorem 1.3. Note that

sup (7% (I, = 0% (1. 8)) = X (L, =8 (¥4 (£, 8) + ¥y (£, 8)))]

0<t<1,8€8

<6 sup ||U, (8, B)|° < 8 |G")% p? {1+ AptgD? o}
0<t<1,8€B

7



So if 62 HG’Hiop2 {1 + Afqug,o}z < %A‘I,é, or equivalently, 0 < Ay / (2 ||G'||iO P2 {1 +31?qu3)0}2) ,

we have that

sup ’62 (Ip - 6\1111 (t7ﬁ)) - X (Ip - 6 (\Ijq (t716) + \I/E (t,ﬁ)))| S A\115/27

0<t<1,8eB

SO

sup - (I, — 00, (t,8)) <1—Ay6/2 < 1,
0<t<1,8€B

and

sup (I, — 00, (t,8)) < 1 — Ay 3/4.
0<t<1,8¢B

Then we have that

1
2By ]| < H /0 (I, — 69, (t, By)) ABdt + §R,

< sup (I, — 09, (£, 8)) [ABkl + 6k 1Rkl < (1 — Agd/4) |ABLI + 0 [|[Rnkll < -+
0<t<1,8€B

k
(1= 2g0/0) AL+ (1= Ag6/4)" 7 [R5l

=1

< (L= 200/0" 188,11+ 4/240, (500 1911 )

IA

. log(]|A —lo n
When (1 — A0/ 4)* [|AB,]| < x2.n, or equivalently, k > gg‘los(lll‘)_AW?;Z;’ ) = kPBEP | there holds

|88k ]| = Op (x2n)- O

Proof of Theorem 1.8

Proof. We first prove Theorem 1.8 (i). Note that

1
AByyy = {/O (I, — 59%) dt} ABy, + 6Rk

i=1 i=1

§ — 1<
= (I, — 09}) ABy + - Z (X; —Xg0)ei+6 {Eﬁn,k - Z (Xi —Xg) e
1 n
+ / (W; - %Z G (2 +XTAB) (XiXT = Xgn (2 (Xeis B), B) X?)) thﬁk} :
0 i=1
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Define

~ 5§ <&
nk = YInk — — Xi_ i) €i
Rk = Rk ni( Xgi)eit

i=1

1 n
/0 (‘I’g - % Z G/ (Zz* + thTAIB) (XzX;F - xq,n (Z (Xe,ia /6) 7[7') X?)) thIBk'

According to Lemma 1.5, we have that

1 n
1
sup / U — = 3"G (2 + tXTAB) (XiXT = Xg (2 (X, B), B) XT) | dtAB,
k2R CP+1]/0 "=
< sup — = G (2 +XTAB) (X X[ — Xy (2(Xeiy B),8) XT) sup || ABL|
k>k§BGD 4+1,0<t<1 ne= k>k$BGD 41
=0p (x/ﬁqu,o (P +¢Dg,0Dq1)  sup IIAﬁll2>
k>k$BGD 41
=0y (ﬁqu,o (p+qDg0Dy,1) X%n) .
According to Lemma 1.6, we have that
6 n
sup Rk — — Z (X = Xgi)€if| = Op (xan) -
k2ki P +1 [
This shows the result.
To prove Theorem 1.8(ii), we note that
* J S T
ABpypsnan g = (I, —0%3) ABpypsnan + I Z (Xi = Xg.0) € + Ry, pyasnen,
i=1
k
= (I, = 69})" ABygnon iy + Y (I, — 00;) ( Z X, — %) € )
Jj=1 i=1
i -1z
+Z (L _(N’* Rkt kFBOD 41—
Jj=1 h
n k
11 ok i1
15 Z (Xz - :fq,i) g; + (Ip — 5\Pq) A,@kls’EGD_H + Z (Ip — §\I’q)J mn’k+kiﬁcfj+17j

Jj=1
5n
+§ (I, — 52’ (nE (X; — Xg.)e )

Then since



k [e's)
\J—1 K
S (1~ 09 T Ry psmon 1| <30 (- A8/47 T sup Hm ’“H =0, (xs5.n) »

j=1 j=1 ’f>kls,5cD+1
and
oo 5 n n
S (1, - 0wy (Z (Byrg (2 )5i> < (1—Agd/4)" Z (Xi — Xg:)e
j=k+1 nia = =1

pgD?  (log p)

Op [ (1= Ag8/4)"

n
=0, (1= 206/9)" x20)

_ k -1/2 ; SBGD _ —logxantlogyvn
So as long as (1 — Ayd/4)" x2.n < 1 , or equivalently, k > k5 = , we have

» ) —log(l—Aw5/4)

that
*— 1 . * —5
sup AByyrgpen i — Vg = Z (Ugrq (27) + Xi) €i|| = 0p (” é) :
k>k5 TP +1 o "

The following results hold trivially. O

Proof of Theorem 1.9

Proof. Note that under all the conditions imposed in Theorem 1.8, we have that

= 0, (/Pa*Di (0gp) /).

due to the fact that each element of (X; — X, ;) &; is bounded by Cqu,o and Assumption 1.7 holds.

To prove the theorem, we first show that

Gi— G (z})

sup
1<i<n

=0, (\/p2q4D§,0 (logp) /n+ qD,iOS )0) )

Define z; = 2 (Xe,i, B) To show the above result, note that

sup |G; — G (z)| < sup ?:ii (7g — 7))

1<i<n 1<i<n

+ sup [P ,mh—G(Z)|+ sup |G (Z)—G ().
1<i<n 1<i<n

Obviously, the second and third terms on RHS are of order O, (§,,0) and O, (\/pQQQDf;O (log p) /n)7
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while the first term is bounded by /gDg,0 Hﬁ'q —m’||. Note that

all
Ty -y =T, (ﬂ)( grq, - (:)))H;k(ﬁ) (;Z?Rm)
)5 >

So we have that H?rq -7 H =0, (\/qu?’Dgo (logp) /n + \/qDg,0& ,0) and the third term is of order
O, <\/p2q4D§70 (logp) /n+ quﬁoé'q}o) . This proves the first result.

We also note that according to the proof of Lemma 1.17, we have that

sup
1<i<n

Xyn (3:8) = X, (21.8Y)

=0p (\/pSQGDé?ngg log (pn) /n) .
Then we show that

max

i G (1-60) (%= %00 (5.8)) (X X0 (28)) 61 =G (%= 2, (1,87) (K, %, (1,8

=0, (\/p‘lqu;j‘O (logpn) /n (Dgo + Dg1) —|—pq3D2705q70) .

Note that the above is bounded by

o | (6 (1= 8) = 1= 6) (%= 3o (28)) (% e (25))
# G 0= G0 (%= 200 (28)) (X0 = o (28)) = 0% = %, (2.7 (- 2,87

where the first term is of order O, <\/p q8D16 (logp) /n + pg® Dq 0&q. ), while the second term is
of order O, <\/p D4, Dz | (logpn) /n) Together we show the result.

Next we show that

|95 - w;

=0, (\/p4q4D3’0 log (pgDg,0Dg,110) /n) :
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Since vg > 2, we have that

@; -G (2 (Xe,i,ﬁ*))’ < sup

~IT [~
sup p [Py (g — )
1<i<n 1<i<n
+ sup [Pms— G ()| + sup |G (5) - G (2))]
1<i<n 1<i<n

=0, (\/r2a' D3 o D2 1 (10gD) /1 + aD4.0 Dy 1Eq0 + £ ) -
So

I * *
v v <

)

ii (Gi-c' () (XXT = %y (2.8) XT)

i een (20 (5.8) - 2,1.89) xT)

1 = * * * T *
+ EZ:G/<Zi)'xq(zi’/3 )X, =y

=0p (\/pélqﬁDé?ng,l log (pn) /n + pqug,qung,O + qug,quJ) )

which also implies that & (\Tl;_l) =0, (1), and

|

(I\};_l - qj;_l H =0p (\/p4q6D;,2oD§,1 (logpn) /n + PQ2DS,ODq71‘€q,O + qu,ogq,l)

Now we are ready to demonstrate the consistency of the variance estimator. Note that

| p)— 0§ (p )|

n

o608 o 63 55 3} 5

i=1

< lpll

o (2356, 0-8) (ks (25)) (%00 (25) ")
o (% (58)) (550 (58)}) (5

+ [lpl? xp;—lﬂz{e( (=G (=) (X — Xq (27, 87)) (X, %q(zz-*,ﬁ*»T}(‘T’?_I—WZ_I)H'

The first and the third terms are of order O, <\/p6q8D;’60D§’1 (logpn) /n + p*¢* Dy oDy 1Eq0 + pq2D2,05471> ,
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and the second term is of order O, <\/p4q8D;f‘0 (logpn) /n(Dgo + Dg1) + pq3D2708q70). Together,

we have that

’3?9 (P) - ‘7% (P)‘ =0, (\/P%SD;?ODSJ (bgpn) /n + pq3D370 (quJ + D?,o) Eq,0 +pq2D3,05 ,1) )

which implies that |5% (p) — 0% (p)| —p 0 under all the conditions. O
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Chapter 2

Stochastic Learning of
Semiparametric Monotone Index

Models with Large Sample Size

2.1 Introduction

Consider estimating the unknown parameter in a monotone index model (Han, 1987; Cavanagh and
Sherman, 1998) using loss function L(X.,y,8.|G) which is differentiable with respect to 3, and
satisfies 37 = argming_ep, E[L(y, X., B.|G)], where y is the response variable, X, = (XO7XT)T =
(Xo, X1, - 7Xp)T € X, is the covariate, 3 = (Bg,ﬂ*T>T = (B, B, 75;)T € B, is the true pa-
rameter, and G(z) = E(y|XT 3% = z) is the monotone link function. When G is known, given data set
{(Xe,i»yi)}1,, the estimator of 3 can be constructed as ,@e’n = argming g, + Y1 L(Xei, ¥is Be| G).
However, when G is unknown, the estimation problem becomes semiparametric, and the above esti-
mator can not be constructed directly. One solution is to replace the unknown G with its Nadaraya-

Watson estimator

1 n T

-~ Z‘:l K((z —X; ;18)/hn)y;
Gn L) = nhn ]n »J ,
(Z|ﬁ ) nilzn Zj:l K((Z - Xrer,jﬂe>/h7l)
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where K is the kernel function and h,, is the bandwidth parameter. Then the estimator of 3} can

be constructed by minimizing the new plug-in loss function

o~

1 — .
= in — L Xei; irMelIn\"I|Me))- 2.1
Ben argﬁrenelgﬁn;ﬂ (Xe,ir Uis BelGn(+18.)) (2.1)

Ichimura (1993); Hérdle et al. (1993); Klein and Spady (1993); Rothe (2009) consider different
loss funcctions and provide sufficient conditions that guarantee 1/y/n-consistency and asymptotic

normality of ,@e’n in (2.1).

This paper investigates the computational aspect of semiparametric estimation (2.1) under an ex-
tremely large n setup. In this scenario, hundreds of thousands of or even millions of data points
are available for estimation. Indeed, due to the rapid development of technology in data collection
and data storage, it’s becoming more and more common nowadays for data analysts to deal with
data set with extraordinary amount of observations (Wang et al., 2018). This offers the researchers
opportunities to more precisely understand the potential mechanism lurking behind the data, while
on the same time brings about a series of new challenges. Among others, the key challenge is the
extremely heavy computational burdens and exhaustive computational time that make the existing
statistical methods numerically prohibitive. Consequently, it’s more urgent than ever before to study
estimation methods that is applicable in the big-data era. In the recent literature, many methods for
large n estimation have been extensively studied, including subsample-based optimization (Forneron,

2022; Toulis and Airoldi, 2017) and estimation (Wang et al., 2018; Wang, 2019).

To get a brief idea of the computational difficulty associated with the semiparametric estimator
(2.1), we note that to numerically solve the optimization problem in (2.1), gradient-based methods

are generally applied. In particular, starting from an initial guess of B Be.1, the following Batch

e,n’

Gradient Descent (BGD) iterations are repeatedly performed until some terminating conditions are

satisfied (Ruder, 2016; Bottou et al., 2018)

5 i OL(Xei U, Be |G (18, 1)) (2.2)

ﬁe,kJrl = ﬁe,k - ; 8,66 )

i=1

where d;, > 0 is the learning rate. Note that the gradient of L(X,,y, 8,|Gn(|8.)) with respect to 3,
generally depends on G, (-|8,), G (2|8.) /0%, and 8G,,(-|8,)/08,. For example, let L(X,,y, 8,|G) =
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(y — G(XTB,))? as in Ichimura (1993), there obviously holds

OL(X.,y, B.|Gn(-|8,))
08.

8én(z|5e) 6én(z|’6?)
B Xet =55,

z=XT3, z2=XTB3,

= Q(én(XgﬁeL@e) - yz)

Due to the nature of Nadaraya-Watson kernel estimator, for each input z, evaluating @n(z|ﬂe),
0G,(2]8,)/0z, and 0G,,(z|8,)/08B, involves performing summations over n data points, so requires
computational time of order O(n). This implies that evaluating the gradient of the plug-in loss
function at merely one data point requires computational time of order O(n). Consequently, evalu-
ating the gradient functions at all data points and performing a single update based on (2.2) require
computational time of order O(n?). Such computational complexity increases too fast with the
sample size n, and makes, as was pointed out by Ichimura (1993), solving (2.1) roughly n times
more numerically complicated compared with worst-case parametric estimation with differentiable
loss function'. This renders semiparametric estimation numerically infeasible even in the modest n

scenario.

Nevertheless, it is straightforward to use stochastic optimization strategies to alleviate the devastat-
ing computational burden of the above semiparametric estimation when n is extremely large (Ruder,
2016; Bottou et al., 2018). For example, instead of using the full data set to perform the update in
(2.2), one may resort to using only a subset of the data. In particular, Mini-Batch Gradient Descent

(MBGD) suggests the following update (Ruder, 2016; Bottou et al., 2018; Forneron, 2022),

67]6 aL(Xe,iayivﬁe,k‘an('|ﬁe,k))
B 0B, ’

1€JB,k

Bekt1 =Ber — (2.3)
where B is the subsample size and Jp  is the subsample index set that is randomly drawn from
{1,2,--- ,n} with replacement and is independent over k. Under MBGD algorithm, the gradient of
the plug-in loss function is evaluated over B data points, so the computational time for each update
is of order O(nB). Obviously, nB < n? if we choose B/n — 0, so the computational burden is
relieved to some extent if we choose B diverging more slowly than n. While when pursuing 1//n-
consistent estimators, it’s generally required that B/y/n — oo (Forneron, 2022), so the updating

time is still of order at least O(ny/n), which is y/n times more complicated than the worst-case

1When the loss function is smooth and differentiable with respect to the parameter, each single update of the
parameter based on BGD algorithm requires computational time of order O(n) (Ruder, 2016; Bottou et al., 2018).
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parametric estimation with differentiable loss function. This is still numerically difficult when n is
extremely large. Moreover, different from the conventional stochastic optimization approach that
imposes less pressure on the computer memory requirement?, in the above semiparametric setup,
even if stochastic optimization (2.3) is applied, all the data points have to be stored in the memory
because each evaluation of the kernel estimator (or its gradient with respect to 3,) requires access
to all the data points. This imposes heavy burden on the computer memory when there are millions

or even trillions of data points.

Motivated by the extremely heavy computational burdens and intensive memory requirement caused
by large sample size, this paper proposes a novel computationally friendly estimation procedure for
semiparametric monotone index models. We propose a new iterative algorithm whose computational
complexity for each update can be made sufficiently close to O(n), which is the worst-case parametric
updating complexity. Based on the new algorithm, the semiparametric estimator can be constructed
within several minutes even when there are millions of data points. Moreover, when conducting the
new algorithm, only roughly O(y/n) data points have to be stored in the computer memory in each
round of update, so it substaintially alleviates the memory requirement. More importantly, we show
that the new estimator is 1/y/n-trivial with respect to the full-sample-based estimator constructed
based on (2.2), implying that there will be no loss of estimation accuracy despite the substantial

improvement in the computation speed.

The key technique adopted to relive the devastating computational burden is subsampling. Such
technique is similar in spirit to but essentially different from the existing MBGD algorithm that we
discussed before. According to our previous discussion, the heavy computational burden in update
(2.2) is caused by full-sample-based update and Nadaraya-Watson kernel estimation. Even though
stochastic optimization approach such as MBGD algorithm uses a small portion of data points to
perform the update, full-sample-based Nadaraya-Watson kernel estimation still takes up a huge
amount of computation time and memory requirement. Motivated by such observation, our new
algorithm is fully subsample-based. In other words, in each round of update we will randomly draw
a subsample Jp j, and then use such subsample to both construct the Nadayara-Watson kernel
estimators and perform the update. To be specific, in the k-th round of iteration we start with

parameter 3, ;, then consider the following Nadaraya-Watson kernel estimator of G(z) constructed

2This is becuase, for example, when using MBGD algorithm to update the parameter, only B data points need to
be accessed in each update, so only B data points have to be effectively stored in the computer memory.
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based on the data points in subsample Jp x,

% Ziejg,k K ((z - ngﬁek) /hn) Yj
% ZiejB,k K ((z - X;F,iﬂe,k) /hn)} \/Qf’

G7L(Z|1667k7jB,k‘7gf) - { (2,4)
where K and h,, are all similarly defined as before, and ¢ > 0 is some sufficiently small constant.
Such subsample-based kernel estimator is constructed as if we only observe the data points in the
subsample Jp . Note that for both the numerator and denominator of (2.4), summation is only
performed over B data points, so the computational time for evaluating the kernel estimator is of

order O(B). Given (2.4), we perform the following subsample-based update

Ok Z aL(Xe,ivyiaﬁe,k|én('|ﬁe,kajB,k7§f))

:Be,k—i-l = 66,]@ - E a/@e ) (25)

i€JIB K
Obviously, the computational time required for update in (2.5) is of order O(B?). According to our
theoretical results, B can be chosen close to y/n, indicating that the computational complexity of
each update based on (2.5) is close to the order O(n), which is almost linear in sample size n and is

numerically feasible when n is large.

This paper contributes to the literature of semiparametric estimation of monotone index models. The
existing estimation methods can be roughly classified into two categories: M-estimation approach
and direct construction approach. For the first category, the estimator is obtained by optimiz-
ing some objective functions. The standing estimators include maximum score estimator (Manski,
1975, 1985; Horowitz, 1992), maximum rank correlation estimator (Han, 1987; Sherman, 1993; Ca-
vanagh and Sherman, 1998; Fan et al., 2020), semiparametric least squares estimator (Hérdle et al.,
1993; Ichimura, 1993), semiparametric maximum likelihood estimator (Cosslett, 1983; Klein and
Spady, 1993), and more recently KBGD and SBGD estimators (Khan et al., 2023). Apart from
M-estimation, the second class of estimation methods features direct construction of the estimators,
which includes average derivative estimator (Stoker, 1986; Powell et al., 1989; Horowitz and Hérdle,
1996; Hristache et al., 2001), special regressor approach (Lewbel, 2000) and eigenvalue approach
(Ahn et al., 2018). Unfortunately, almost all the existing methods can not be effectively applied
when the sample size is extremely large. Moreover, apart from intensive computational burdens,
there are many other crucial limitations that prohibit the use of existing methods in the empirical

applications?.

3For M-estimation, the objective functions are usually heavily discontinuous and/or non-convex with respect to the
parameter. In this case, even looking for a local optimum is generally NP-Hard (Murty and Kabadi, 1987), let alone the

89



In principle, the general idea of our methodological development in this paper can be applied to
any loss functions such as least squares (Ichimura, 1993) or maximum likelihood (Klein and Spady,
1993) loss functions , but to make our discussion more intuitive, we adopt the loss function used
in Khan et al. (2023) (KLTY hereafter). KLTY consider a less commonly-used loss function whose
derivative with respect to the parameter depends only on G(-) itself. They then propose an iterative
algorithm that deviates from the conventional practice of gradient-based approach. In particular,
instead of plugging the kernel estimator of G(+) into the loss function and then calculate the gradient
of the plug-in loss function, they first calculate the gradient of the loss function as if G(-) is known.
Then they replace the unknown G(:) in the gradient function with its Nadaraya-Watson kernel
estimator or sieve estimator, and use the plug-in gradient to perform the update. They argue that
the twisted algorithm ensures that the update effectively forms a contraction map for the parameter,
and the resulting estimator based on such update is numerically robust to the choice of the initial
guess. Similar to all of the semiparametric M-estimators such as those in Ichimura (1993) and Klein
and Spady (1993), the key bottleneck of KLTY’s method in the large n setup lies in the heavy
computational burden, as we have discussed earlier. Indeed, when using kernel estimators as the
replacement of the unknown function, n kernel estimators have to be evaluated in each update and
each kernel estimator is constructed based on the full sample. This leads to a computational burden

of order O(n?), making such method computational infeasible even for modest n, say, n = 50000.

Similar to the development from deterministic optimization to stochastic optimization, this paper
develops a fully subsample-based estimation procedure based on KLTY’s algorithm, where the non-
parametric estimation as well as the update are all based on a random subsample from the full data
set. Inheriting from the advantages of KLTY’s method, our proposed method does not suffer from
optimization issue and can be applied to the case where there are many covariates with mixture of
both discrete and continuous ones. The key theoretical challenge arising from such methodological
development lies in the sizable bias caused by subsample-based kernel estimation. In particular,
when using subsamples to construct (2.4), subsample-based summations appear in both the denomi-

nator and the numerator, making (2.4) a biased estimator of the full-sample-based Nadaraya-Watson

global optimum. This makes the optimization procedure computationally infeasible (Khan et al., 2023). On the other
side, the direct construction approach generally imposes more structure on the covariates. For example, the average
derivative approach requires that the covariates are all continuous, so can not be directly applied to discrete covariates
such as dummy variables. Moreover, the application of such method usually involves nonparametric estimation of the
density functions or their partial derivative of some random variables conditional on the covariates. Such estimation
becomes an intractable problem even when the number of covariates is modest. Although there have been some
attempts to reduce the dimensionality of conditional density estimation (e.g., Hall et al. (2004)), the methods are still
computationally-intensive, which may not be applicable in a data-rich environment, see Ouyang and Yang (2023) and
references therein.
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estimator. Such bias dampens the 1/ v/ B-convergence rate of the subsample-based estimator, mak-
ing it converge at a much slower rate than standard subsample-based estimators?. We then proceed
to decompose the bias. We find that the first-order bias has 1/y/n-trivial conditional mean (condi-
tioned on the subsamples in the previous updates and the data set), while the second-order bias is
uniformly 1/4/n-trivial as long as we update sufficiently many times. This motivates us to follow
Polyak and Juditsky (1992) and use average to eliminate the first-order bias and accelerate the
convergence rate. In particular, after some burn-in rounds of updates, all the estimators produced
during the following updates are averaged. We show that as long as the numbers of burn-in and
follow-up updates are both large enough, the averaged estimator will converge at 1/1/n rate and is
asymptotically normally distributed. Such a result demonstrates that our subsample-based method
not only improves the computational speed, it also maintains the estimation accuracy on the same

time.

Since the subsample-based estimator is asymptotically normally distributed after averaging, inference
on the true parameter can be conducted if some consistent estimator of the asymptotic covariance
matrix is available. Unfortunately, when sample size n is extremely large, estimating the covariance
matrix based on the full sample also requires large amount of time because it involves evaluating a
large number of nonparametric estimators. To faciliate the inference, we also propose a subsample-
based estimator of the covariance matrix, which subtantially improves the computation speed. We
show that the subsample-based estimator is a consistent estimator of the unknown covariance matrix,

so the inference using such subsample-based estimator will be asymptotically valid.

The main contribution of this paper to the econometric and machine learning literature is that it
proposes a novel computationally friendly algorithm that can be used to semiparametrically estimate
the monotone index models even when the sample size is extremely large. Our new algorithm
essentially generalizes the mini-batch estimation approach to the semiparametric setup. It can be
easily applied when there are tens or hundreds of covariates and hundreds of thousands of or even
millions of data points. Essentially, it bridges the gap between semiparametric estimation theories

and empirical applications in the data-rich environment.

The remainder of the paper is arranged as follows. In section 2.2, we formally introduce the two-step
fully subsample-based updating algorithm. In section 2.3, we develop the asymptotic properties of

the proposed algorithm, and we also propose a subsample-based inference procedure. In section 3.4,

4For conventional MBGD estimators, 1/+/B-consistency is a standard convergence rate.
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we illustrate the performance of new algorithm by conducting some Monte Carlo experiments. In
section 3.5, we illustrate the empirical applicability of our new algorithm by analyzing three real
world data sets. Finally, section 3.7 concludes. All the proofs of the lemmas and theorems are

arranged to the Appendix.

2.1.1 Notations

o0

For any real sequences {a,},., and {b,} |,

write a, = o(by,) if imsup,_, |an/bp| = 0, an =
O (by,) if limsup,,_,o |an/bn| < o0, and a, ~ b, if both a, = O (b,) and b, = O (ay). For any
random sequences {a,} —; and {b,},-, write a, = O, (b,) if for any 0 < 7 < 1 there exist N and
C > 0 such that P {|a,/b,| > C} < 7 holds for all n > N, I write a,, = o, (b,) if for any C > 0,
P (|ay/bn| > C) — 0. For any Borel set A C R, denote its Lebesgue measure as m (A). Denote I,
as the p-dimensional identity matrix. For any symmetric matrix A, we write A = 0 if A is positive
definite, and A > 0 if A is positive semi-definite. For any symmetric matrices A and B, I write
A>=Bif A—B>0and A > Bif A— B > 0. For any matrix A, denote o (A4) as its singular value,
and denote 7 (A) and o (A) as its largest and smallest singular value. For any symmetric matrix
A, denote A (A) as its eigenvalue, and denote A (A) and A (A) as its largest and smallest eigenvalue.

T . . .
For any vector @ = (1, ,z,) , denote its Euclidean norm as ||z|| = \/>_}_, 2. For any matrices

A = (aij) denote [|A]| = /377, >0 af;.

nxm? J

2.2 The Algorithm

To fix idea, throughout this paper we will focus on the following binary choice model
y=1(XoB5+X 8" —u>0), (2.6)

where 1 (+) is indicator function and w is the unobserved individual shock with CDF G (). Binary
choice model is a leading example of monotone index models, which has a wide range of applications
in many areas such as economics, business, and biostatistics. We also emphasize that all of the
conclusions obtained in the following paper can be applied to general class of monotone index

models without any modifications of the algorithm.

We make the following assumptions regarding the data generating process (2.6) and the data set we
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observe.

Assumption 2.1. An ii.d. data set D,, = {(Xc;,yi)},_, of sample size n is observed, where y;
is generated by y; = 1 (Xoﬂv + XT3 —u; > 0) with unobserved shock u; that is independent of X ;

and has CDF G (-).

Assumption 2.2. (i) X, = [—-1,11""'; (ii) B. is convex, and there exists some constant By > 0
such that for any B, € Be, |B;] < Bo for any 0 < j < p; (iii) The CDF G has up to (D +1)-th order

bounded derivatives.

To make the illustration of the new algorithm more intuitive, we start with a special case where the
CDF function G(-) is known. Following Agarwal et al. (2014) and Khan et al. (2023), we consider

the loss function

XTB,
L(X..y.B.1C) = / RRCICLEE: (2.7)

for some sufficiently large positive constant A. Khan et al. (2023) show that loss function (2.7) has
many properties such as global minimization at true parameter 8* and positive definite Hessian
matrix with respect to 3,. Based on the MBGD updating rule (2.3) and loss function (2.7), the

MBGD estimator of 3 is constructed based on the following iteration procedure:

1)
ﬂe,kJrl = /Ge,k: - Ef Z (G (X;[:iﬂe,k) - y’b) Xe,iﬂ (28)

1€IB K

where 3, ; is given, B is a positive integer and is the sbusample size. For each k, dx > 0 is the

learning rate, and

Ik = {ik1,0k,2, - ,ik,B} (2.9)

is an index set that is randomly drawn from {1,2,--- ,n} with replacement and is independent over
k. In other words, under MBGD algorithm, in each iteration we randomly draw a subset of size B,

and then update the estimator based on such subsample.

Now we turn to the case of semiparametric estimation, which is the main focus of this paper. To
ensure identification, we set 35 to be 1, so the estimation target now is 3*. To simplify notation,

denote the space of X as X', and the corresponding parameter space of 3 as B.

Remark 2.1. Here we provide some discussion on the choice of the normalized covariate. The

covariate whose coefficient is normalized to 1 must have nonzero and positive true coefficient. Since
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the true coefficient is unknown, we recommend choosing the covariate based on economic theories.
However, there could be scenarios where the (unknown) actual coefficient has the opposite sign as
to that implied by economic theories. So it’s also recommend to conduct a preliminary estimation
based on Logit or Probit to provide some additional insights. In particular, it’s suggested to choose
covariate whose coefficient is significantly different from zero. If the estimated coefficient is negative,
then use the negative value of such covariate for estimation. Finally, it’s also recommended using

continuous variable as the normalized covariate.

Note that the MBGD algorithm (2.8) relies on the nonparametric component G (+) as a key input,
which is unavailable in the current semiparametric setup. So the conventional MBGD algorithm is
infeasible. To make the update feasible, a natural idea is to replace the unknown component with its
nonparametric estimator. However, as we have discussed in section 2.1, if we use the conventional
Nadaraya-Watson kernel estimator as did in Khan et al. (2023), even evaluating one estimator will
take up O(n) computational time, which leads to O(Bn) computational time for a single update.
To further relieve the computational burden, we propose to use the novel subsample-based kernel
estimator (2.4). In particular, at the beginning of the k-th round of update, the initial point is given

by B;. Then using the subsample-based kernel estimator of G (z), consider the following update of

/8k7
5

/614:+1 :5k - B

Z (é (Xo,i + X7 B Br JB.kCf) — yz) X7, (2.10)

i€IB K

where X? =X; 1(X.; € X?),and X? = {X. € X, : |X;| <1—¢,0<j <p} for some 0 < ¢ < 1°.
Since the above algorithm generalizes the conventional MBGD procedure to the semiparametric
setup, we label the new algorithm the Kernel-Based Mini-Batch Gradient Descent Algorithm (KM-

BGD). The algorithm is summarized in algorithm 4.
We provide two more remarks.

Remark 2.2. We provide some comparisons between the KMBGD algorithm and the KBGD al-
gorithm proposed in KLTY. Basically, the latter algorithm is a full-sample-based algorithm; if we
choose Jpj, = {1, -+ ,n} for all k, then KMBGD degenerates to KBGD. For computational burden,
we obviously have that KBGD has computational complexity of order O(n?) in each update, while the
update of KMBGD has complezity of order O (32). If we choose B close to 1/v/n, the computational

complezity of KMBGD will be close to n, which is linear in the sample size and is roughly n times

5Such truncation is basically used to improve the uniform convergence speed of kernel estimation. Similar method
is applied in many research such as Ichimura (1993), Klein and Spady (1993), and Khan et al. (2023).
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Algorithm 4: The KMBGD Estimator

input : Data set {(Xc;,¥:)},_,, sequence of learning rate {05}, ,, initial guess B,
kernel function K, bandwidth h,,, subsample size B, number of iterations T,
trimming parameter ¢ and ¢,

output: The KMBGD estimator B

k+1;

while £ < T do

Generate index set Jp ;
for [+ 1 to B do

5 G (Xo,z‘k,l + X;Fk,ﬁk’ Bkva,kan> —
% ZjeﬁB,k Khn (X()Jk,z+X;Fk,lf6k_X0‘j_X;FBk)yj .
{# % eap  Knu (Ko +XE Bi—Xo,—XTBy) fve,’
d ~ ~
6 | Brp1 ¢ Br—F Dican, (G (Xo,i + X7 B| Br» I,k cf) — yz) X?;
7 | ke k+ 1

8 B+ Bryy;

B W N

smaller than that of KBGD. This implies that when n is extremely large, KMBGD 1is a better option.

Remark 2.3. Similar to the KBGD algorithm, our method is also iteration-based and does not rely
on any optimization procedure, so it can be easily implemented when the number of the covaraites
p is also large. In other words, the KMBGD estimator applies to the scenario where both n and p
are large. However, since in this paper we mainly focus on the scenario where the sample size n is

extremely large, in my following theoretical analysis we will take p as being fixed.

2.3 Asymptotic Properties of KMBGD Estimator

In this section, we formally develop the statistical properties of the proposed KMBGD estimator.
Under some regularity conditions, we first show that as long as we update the parameter sufficiently
many times, the KMBGD estimator is consistent. However, the convergence rate is slower than
1/y/n if we choose B < n. Indeed, such rate is even slower than 1/v/B, which is the convergence
rate of general mini-batch estimators. Then we will show that although KMBGD estimator itself
converges at a slow rate, we can conduct averages across all the estimators produced during updates
to accelerate the convergence rate. In particular, we show that if we properly choose subsample
size, bandwidth prameter, order of kernel function, and number of iterations, the average estimator

obtains 1/4/n-consistency.

Before we illustrate the main results, we first introduce some notations. Let f. (X.) and f(X)

95



denote the joint density of X. and X°. Define z (X.,8) = Xo + XT3. Let fx.(X|z, 3) be the

conditional density of X given z (X, 3) = z and 3. Define

w(X..X..8) =¢ (z (X..08) + (XX)TAﬁ> fxi- (X|=(X..8).8).
v (xfiﬁ) _ (XXT _ XXT) W (Xf(,@) :

Ay (B) =E [11;" : /X V (X, Xe, B) dX} .

The following additional technical assumptions are imposed.

Assumption 2.3. The kernel function K (-) satisfies: (i) K is bounded and twice continuously
differentiable with bounded first and second derivatives, and the second derivative satisfies Lipschitz
condition on the whole real line; (i) [ K (s)ds = 1; (ii) [s"K (s)du =0 for 1 <v <D —1 and
JuP K (u)du # 0; (iv) K (s) =0 for |s| > 1.

Assumption 2.4. (i) There erists some constant ¢ > 1 such that (~! < f. (X.) < ¢ holds for all

X € Xe; (ii) fe(Xe) has up to (D + 1)-th order bounded derivatives.

Assumption 2.5. There holdsupgep A (Ao (B) + A7 (8)) < Ax < o0, and infgep A (Ao (B) + 47 (8)) >
Ay > 0.

All the above assumptions are also imposed in KLTY. Based on the above assumptions, now we
formally study the statistical properties of the iterative estimator 3, based on iteration (2.4) and
(2.10). We first introduce some further notations. Let P denote the probability measure of the data
set D,,. Let P* be the probability measure corresponding to random variables {Jp 1}, and P} be
probability measure corresponding to {33,1@/}12?2 . conditional on the observation of {J B,k/}],z,;ll for
k > 2 and P} = P*. Let E* and [}, be the expectation with respect to P* and Pj. Finally, let P be
the probability measure of {D,,,Jp1,Jp.2, -}, where D, is the data set.

Recall that the Nadaraya-Watson kernel estimator for E (y| Xo+ XT3 = z) based on the full data

~

is given by G (z|83). For any 8 € B, define A3 = B — 3*. We obviously have the following

6By assuming X, has joint density function, we require that X, is continuous, which facilitates our following
discussion. However, we point out that our analysis can be trivially extended to the case where there are some
discrete covariates, see KLTY.
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decomposition for the KMBGD update (2.10),

Sk o /A
ABrsr = A8y — ;k Z (G (Xo.: + X7 Bi| By) — yz) X?
i=1

- 5ké Z (é (Xo: +X{ 8| By) — yz‘) X7 - %Z (@ (Xoi+X{ 8| By) — yi) b &4

iGJB,k =1
T1,n,k
1 A _
_@EEZ@MmﬁX%W%%@m—Gumaﬁmmmxf (2.11)
1€TB,k
T2, n,k

It’s not difficult to see that if m1 ,, = T2 5 x = 0, then (2.11) degenerates to the full-sample-based
KBGD algorithm. Indeed, 7y 5 describes the randomness caused by updating using only a subset
of the data, whereas 3 ,, ; describes the randomness caused by performing nonparametric kernel
estimation using only a subset of the data points. Essentially, 7y i is shared by all the mini-batch
estimators, while 7 ,, 1, is specific to the semiparametric setup we consider in this paper. We have

the following lemma describing the properties of 71 ,, 1, and m p 1.

Lemma 2.1. Suppose that Assumption 2.1-Assumption 2.5 hold with D > 4. Suppose also that cy
is chosen such that inf,czs gep fz (2| B) > 3c;. If By, is update based on (2.4) and (2.10), We have
that

P [supE* (||7r17n7k||2> < } S,
E>1

and

P

-2
‘2> < Clog (Bh,,?) Y

Bh2

sup E* <||772,n7k
k>1

for some C that does not depend on n, B, h,, and k.

Lemma 2.1 immediately yields the following result.

Theorem 2.1. Suppose that Assumption 2.1-Assumption 2.5 hold with D > 4. Suppose also that c¢

is chosen such that inf,c zo gep fz (2] B) > 3¢;. Suppose moreover that 6, = § < min{1/(2X,),1/ (4p*[|G']l o)}
¢ < 6ry/ (16p% |G"|| o C), i is chosen such that hon'/?P — 0 and h,n'/¢/log"® (n) — co. If B

is update based on (2.4) and (2.10), define

o (127 + fog (B1:) /B17) ~ 1o (/57 186,

Fin = log (1~ 62,/8) ’

97



we have that

>kp+1 BhZ

. log (Bh;;?
s B (188°) =0, (th + H) .

According to Theorem 2.1, if we choose B < n to improve computational speed, the upper bounded

1/2 gven when the order of the

on the estimation error E* (||]AB,||) will be of rate slower than n~
kernel function is large. The slower convergence rate is a common feature of all the mini-batch
estimators. Indeed, the mini-batch estimators converge at the rate 1/ VB at best, see, for example,
Lemma 2 in Forneron (2022). However, different from the conventional mini-batch estimator, my
KMBGD estimators are guaranteed to converge no faster than \/W . If I choose B =1/+/n

and h, = n~Y% then the convergence rate would be \/log(n)n~—1/12

VB = n-1/A,

, which is much slower than

The slower convergence rate of the KMBGD estimator is mainly due to the fact that we use sub-
samples to construct the kernel estimator. In this case, the subsample-based gradient is no longer
an unbiased estimator (conditional on the previous subsamples) of the full-sample-based gradient,
that is, E*(m,n%) # 0. The bias makes the convergence rate of KMBGD estimator slower than
1/ Vv B. However, surprisingly, in the following we will show that if we appropriately choose the
kernel function and bandwidth parameter, even with B < n, we can still obtain 1/+/n by following
Polyak and Juditsky (1992) and conducting average across KMBGD estimators produced during

iterations.

To formally show the above results, we first further decompose the KMBGD dynamics. To ease
our following exposition, for any z and 3 denote A, , (z,8) = %Z:‘L:I Ky, (z — Xo, — X;fﬁ) Yi,
Api(2,8) =131 K, (2= X0, — XTB), Any (2,8 k) = 5 >icap. Kn, (z — X0, — XT8) v,
and A, 1(z,B|Tpx) = % Ziejs,k Ky, (z — Xo.i — X;fﬁ). We have the following lemma.

Lemma 2.2. Suppose that all the assumptions and conditions in Theorem 2.1 hold. Suppose more-
over that B - min{hS/1og?(n), b2,/ (/i log(n))} — oo. Define € = 10 (G (211 87) — y) XY,
where zf = z (X, 8%). Also define z;, = 2(Xe i, 81). If By is update based on (2.4) and (2.10),
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we have that

AByi1 = (I, — 044 (B") ABy, — 662 + 8927

n

_ 5% iejZBk (@ (zik| Br) — yz> X¢ — 7’17,; (é(zlk By) — yl) X?
01,k
_5l Z X7?~(An (zidr Bl T5.%) — Any (Ziks Br))
B i€Ip K An i (2ik, Br) YT : v \Riks
02,k

An,y (Zi,ka 5k) X?
A%J (ziks Br)

1
+ 5§ (Ani (i, Bl IB.k) — Ant (2ik, By)),

i€IB K

03,n,k

where supy>y, 41 E* HQSH = 0p (n’1/2) .

We now provide some intuitive discussion for Lemma 2.2. Basically, if there are no noise terms
01k, 02nk, and 03, %, then the dynamics of AB, simply degenerate to the full-sample-based
KBGD algorithm in KLTY as implied in Lemma 2.3 in Appendix. However, since we use subsamples
to perform the update, additional noises due to subsampling are introduced into the update and
these noises are captured by the above three terms. Basically, 01 5 5 describes the impacts of using
subsamples instead of full sample to perform the update. Such error is shared by all the mini-
batch-based methods. While the remaining two terms g2 5,  and 03 1 describe the impacts of using
subsamples instead of full sample to construct the Nadaraya-Watson kernel estimator, so are specific
to my algorithm only. Simple calculation leads to E* (01,n%) = 0, E* (02.,x) = O, (1/Bh,,), and
E* (03,n,x) = Op (1/Bhy,) uniformly with respect to k. The above implies that for & sufficiently large,
the first-order difference between KBGD and KMBGD estimators almost constitute a martingale
difference sequence. By “almost” we mean that the conditional expectation is of order O,(1/Bh,,),

which can be made n~'/?-trivial if we choose B > n'/2h 1.

Lemma 2.2 implies that although the KMBGD estimator itself does not obtain 1/y/n-consistency
due to noises caused by subsample-based kernel estimation and update, we can follow Polyak and
Juditsky (1992) to conduct average across the estimators produced during iterations to eliminate
these noises. Similar to the conventional mini-batch gradient estimator, the resulting estimator will
be 1/4/n-consistent as long as we choose B that diverges at some rate. In particular, let k* be the

number of burn-in iterations and 7" be the number of follow-up iterations. The averaged KMBGD
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estimator (AKMBGD) is defined as follws,

_ 1 X
/8 = T Z/@k*-q-t- (2~12)
t=1

We summarize the algorithm in algorithm 5.

Algorithm 5: The AKMBGD Estimator
input : Data set {(Xc;, %)}, ,, sequence of learning rate {0y },-,, initial guess B,
kernel function K, bandwidth h,,, subsample size B, number of burn-in
iterations k™, number of follow-up iterations T, trimming parameter ¢ and c;
output: The AKMBGD estimator 3
k <+ 1;
while £k < k*+ T do
Generate index set Jp ;
for [ + 1 to B do
G (KXo, + Xalﬁk’ B Tnscs)
5 Zj€3B,k Kh, (XO,ikyl“Fx;‘rk,lﬁkfx(),jfx;rﬁk)yj )
{% 2ierp  Khn (Xo,iw+X;Fkyl,3k*X0,j*XJT,5k) }ng ’
s ~
6 Bri1 < Br — F Dicap, (G (Xo: +XT8y| Br) — yi) X?;
7 | k< k+1

7 1 T .
85“72ﬁ:1ﬁk*+t,

o W N

Now we provide the theoretical properties of the AKMBGD estimator.

Theorem 2.2. Suppose that all the assumptions and conditions in Theorem 2.1 hold. Suppose
moreover that B-min{h8 /log?(n), h2/(n'/?log(n))} — oco. Let k* = k,, +[—log(n)/log(1—36A,/8)].
If B,. is update based on (2.4) and (2.10), for any T > 1, we have that

_ 1/4
AB = —451 ()€1 +O: ( v 10;5“) .

If T is chosen such that Bh2Tn~! — oo, we have that
3 ¢
VIAB —a N (0,35),
[0} —1 (g% o —1 /g% T
where X = A, (B") B¢ (/1(15 (B )> and

T =E [(1 ~G (%)) G (z) (xf —-E (xf

) -

z)ﬂ .

Theorem 2.2 is the key result of this paper. It demonstrates that even though we only use a random
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subsample whose size is substaintially smaller than the full sample size to conduct kernel estimation
and perform update in each round of iteration, the average of estimators produced during iterations
will be equivalent to the full-sample estimator up to some small order terms. The small order
terms will be uniformly 1/,/n-trivial as long as we choose B > max{log®(n)h; ¢, /nlog(n)h;?}
and T > nB~'h, 2. This implies that as long as we choose kernel function properly, the KMBGD
estimator will be as efficient as the one based on the full sample, despite the fact that we only use

a much smaller subsample to perform the update in each round.

Theorem 2.2 also suggests that the computational speed of each update can be improved by appro-

priately choosing the kernel function. In particular, since h,, must satisfy h,, < n—1/2P

according
to the conditions required in the theorem, then B > max{n?/P log?(n), n'/>*1/P log(n)} must hold,
so the computational complexity will be of order at least O(max{n% P log*(n),n'*?/Plog?(n)}).
Obviously, to improve the computational speed, we can choose a high-order kernel function. For
example, if we choose a 8-th order kernel, the computational complexity is of order O(n/*1log?(n));
if we choose a 12-th order kernel, the computational complexity is of order O(n7/6log?(n)). If we

can choose sufficiently large D, then the computational complexity is lower bounded by nlog? (n),

which is almost the linear rate O(n).

We finally discuss the total computational time of KBGD and KMBGD estimation. Suppose k*
updates are necessary to eliminate the impacts of the initial guess, then the full-sample-based KBGD
algorithm requires O(k*n?) computational time in total, while the KMBGD algorithms requires
O(k*B? + B2T). Since Theorem 2.2 requires that T'>> nB~1h, 2, then the total computational time
of KMBGD will be at least O(k*B? + nBh;,?). If we choose B > \/nh;;?logn and h, < n~/2P
then k*B? +nBh, %2 > k*n't2/Plog?(n) + n3/>*2/P_ So the upper bound on the ratio between the

total computational time of KBGD and KMBGD is of order

n172/D log—2(n) + k*n1/272/D.

Obviously, when D > 6, the above ratio diverage at rate n?/% + k*n'/®. More crucially, the above
rate will be large when k*, the number of burn-in updates, is large, which will often be the case

when the number of covariates is large and A/A is small,

Remark 2.4. We provide some guidance on the applications of the KMBGD estimation. We recom-

mend standardizing all the covariates’ before estimation to improve the numerical performance. Re-

"For any covariate w, the standardized covariate is given by (w — W)/c4, where W is the sample mean of w and
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garding the choice of the tuning parameter, we recommend choosing 6 = 1 for all k in the first place,
and if the iteration does not converge (around a fized point), gradually shrink it towards zero, say, try
8k = 0.1 and 8, = 0.01. For the choice of B, we recommend choosing B = max{3000, \/nh,,*log(n)}.
For the stopping rule, we recommend updating until the mean of the estimators produced during
iterations is stable. For example, let T and gap be two positive integers. First update the param-
eter T + gap rounds. Then for each k > T + gap, compare two average estimators % Z?:l B
and % ZJT:1 Br—j—gap- If the mazimum distance between arguments of the above two estimators is
smaller than some given tolerance o, then stop and use the average of last T + gap estimators as
the final estimator. For another example, we can choose some pre-specified numbers of burn-in and

follow-up updates, as long as both are sufficiently large.

We finally discuss the inference-related issues when the sample size n is large. According to Theo-
rem 2.2, the AKMBGD estimator is asymptotically normally distributed, so inference on the true
parameter 3% can be conducted if we can consistently estimate the asymptotic covariance matrix
EZ. In their paper, KLTY provide a consistent estimator for the covariance matrix based on the
full sample. However, to construct such estimator, we need to construct nonparametric estimators
for conditional expectation E(X?|z: ) for each 4, which may cost large amount of time when both n

and p are large.

To solve the above inference issue in the large n scenario, this section provides a subsample-based
estimator for the covariance matrix. Let {Jp .} be a sequence of random index sets defined in

(2.9). For each 1 <r < R, define

@f:;EZQ@@_QM¢¢@(xf

i€IB,r

7)) (%0 -F (%

z))T>,

and
~ 1 0G (2 (X, B)| B, 35,0 71)
0B =5 > X | |
1) 7 T ’
B i€IB,r aﬁ
where
PR > 2 ¢
G % Yiean. Kn, (Zi = Z))y; S (X¢ 2) B B >jerp, Kn, (Zi — %) X]
i = 5 7 v) ~ ~ _ 7
{% > jean., Kn, (Zi — Zj)} Vv ey {é Yj—eap,, Kn, (Gi = ZJ)} Ve

oy is the sample standard deviation.
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and z; = Xo; + X;FB Also define

%-(paam) () (Gree) 21)

Then we have the following result.

Theorem 2.3. Suppose that all the assumptions and conditions in Theorem 2.2 hold. If Bh? — oo,
we have that

H]P)*limR_mflg _ ng —p 0,

where P* and P are defined in section 2.3. Moreover,

S5 AVnAB —a N(0, 1)

2.4 Monte Carlo Experiments

This section conducts some Monte Carlo experiments to evaluate the finite-sample performance of

the KMBGD algorithm. We consider the following data generating process
yi=1(Xo;+ 087 X1+ +585Xo: —u; >0),1<i<n, (2.14)

where n is the sample size, and (X, , Xo4,u;) is iid over i. For all 1 <i <n, X,,; ~ N(0,1),
X1 ; ~ Bernoulli(1/2), Xa,; ~ Poisson(2), and X;; ~ (x?(1) —1)/v2 for 3 < j < 9. So we have a
mixture of both continuous and discrete covariates. Moreover, X ; is independent over j for each
i. wu; is the random error with cumulative distribution function G(w), which is independent of the
covariates. We consider four setups of error distrubtion: Cauchy, t(4), x2(3), and N(0,1). We
set the true parameter vector as 8* = (1,1,0.5,2,5,—0.5, -1, -2, 75)T. Finally, in the following
simulations, whenever we conduct kernel estimation, we use eighth-order Epanechnikov kernel to
construct the Nadaraya-Watson estimator, where the kernel function is given by K(u) = 16.15(1 —

u2)(0.1667 — 1.5u% + 3.3u* — 2.043u8) - 1 (Ju| < 1).
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Table 2.1: Finite Sample Performance of Kernel-Based Estimators

u; ~ Cauchy
B B2 B3 Ba Bs Bs Br Bs Ba
Bias 0.0051 0.0010 0.0016 0.0042 0.0088 0.0003 0.0015 0.0041 0.0100
n = 50000 RMSE 0.0533 0.0314 0.0309 0.0610 0.1305 0.0258 0.0326 0.0549 0.1222
CR 0.9570 0.9520 0.9490 0.9660 0.9660 0.9590 0.9580 0.9550 0.9670
Bias 0.0006 0.0007 0.0003 0.0004 0.0016 0.0003 0.0009 0.0012 0.0036
n = 100000 RMSE 0.0366 0.0208 0.0206 0.0425 0.0924 0.0173 0.0229 0.0379 0.0879
CR 0.9580 0.9590 0.9530 0.9490 0.9540 0.9640 0.9540 0.9570 0.9480
Ug ~ t(4)
Bias 0.0023 0.0003 0.0000 0.0014 0.0019 0.0002 0.0004 0.0011 0.0019
n = 50000 RMSE 0.0362 0.0201 0.0187 0.0397 0.0869 0.0169 0.0213 0.0357 0.0805
CR 0.9420 0.9490 0.9470 0.9600 0.9450 0.9430 0.9520 0.9470 0.9530
Bias 0.0001 0.0001 0.0000 0.0004 0.0003 0.0003 0.0001 0.0005 0.0011
n = 100000 RMSE 0.0245 0.0138 0.0135 0.0273 0.0588 0.0115 0.0148 0.0248 0.0559
CR 0.9490 0.9470 0.9490 0.9470 0.9600 0.9540 0.9580 0.9530 0.9650
ui ~ x” (3)
Bias 0.0018 0.0015 0.0005 0.0008 0.0033 0.0001 0.0007 0.0001 0.0038
n = 50000 RMSE 0.0429 0.0246 0.0225 0.0482 0.1076 0.0217 0.0289 0.0458 0.1077
CR 0.9590 0.9400 0.9490 0.9430 0.9380 0.9520 0.9450 0.9410 0.9420
Bias 0.0001 0.0000 0.0002 0.0008 0.0020 0.0002 0.0001 0.0004 0.0002
n = 100000 RMSE 0.0301 0.0163 0.0159 0.0322 0.0718 0.0149 0.0197 0.0300 0.0707
CR 0.9480 0.9540 0.9550 0.9490 0.9550 0.9620 0.9520 0.9650 0.9550
Ui ~ N (0, 1)
Bias 0.0006 0.0001 0.0001 0.0004 0.0007 0.0004 0.0005 0.0006 0.0021
n = 50000 RMSE 0.0315 0.0166 0.0167 0.0347 0.0762 0.0145 0.0182 0.0306 0.0712
CR 0.9500 0.9580 0.9570 0.9540 0.9500 0.9480 0.9590 0.9470 0.9420
Bias 0.0001 0.0003 0.0008 0.0012 0.0007 0.0002 0.0002 0.0000 0.0000
n = 100000 RMSE 0.0214 0.0120 0.0119 0.0247 0.0534 0.0104 0.0134 0.0219 0.0506
CR 0.9510 0.9590 0.9430 0.9480 0.9540 0.9510 0.9410 0.9560 0.9590
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2.4.1 Finite-Sample Performance

We first study the finite sample performance of our AKMBGD estimator. We consider two sample
sizes: n = 50000, and n = 100000. We report the bias, root mean squared error (RMSE), and
coverage rate of AKMBGD estimators for 87 to 8. Suppose that the simulation is repeated R
times, in the r-th round the estimator of 37 is denoted as B\; Then the bias and RMSE of 57 is

defined by

2
Bias = .

1, 1 /5
72,0~ 5| RMSE= RZ_;(/&;—B;)

We consider nominal coverage rate 0.95, so the actual coverage rate is given by

R
1 ar ~r * ar =T
CR =7 Y"1 (B - 19657 < 7 < B} +1.9657 )
r=1

=r

where 07 is the subsample-based estimator of the variance of BJT

The learning rate is chosen as v, = 1 for all k. The bandwidth used in the k-th round of update
is h, = ¢ - h;l/lo, where ¢, = std (z;%) and 2, = Xo,; + X;Fﬁk. The initial guess is chosen as
the Logit estimator. When constructing the AKMBGD estimator, I first run 2000 burn-in updates.
Then the stopping rule is chosen as that in Remark 2.4 with 7' = 10000, gap = 1000, and ¢ = 0.001.
The subsample size B is chosen as 3000 for both estimation and inference. Finally, when conducting

inference, i randomly draw 200 subsamples to construct the variance estimator.

The simulation results are reported in Table 2.1. It can be seen that the AKMBGD estimators have
small bias, whose RMSE decreases with sample size almost at rate v/n. Moreover, the confidence
interval constructed based on the subsample-based variance has actual coverage rate that is quite
close to the nominal rate 0.95. This demonstrates that the AKMBGD estimators and subsample-

based variance estimator have great finite-sample performance.

2.4.2 Computational Efficiency

This subsection formally compares the computational efficiency of several gradient-based estimators
for semiparametric montone index models. In particular, I compare KMBGD estimator with the
KBGD and SBGD estimators proposed by Khan et al. (2023).

I first compare the updating speed of each algorithm under different setups of sample sizes. In partic-
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Table 2.2: Comparing Updating Speed

Sample Size Method KBGD SBGD KMBGD
— 2500 Unparalleled 0.0475 0.0003 0.0081
= Parallel 0.0412 - 0.0321
5000 Unparalleled 0.2009 0.0004 0.0078
"= Parallel 0.0669 - 0.0292
B Unparalleled 0.8335 0.0006 0.0078
n = 10000 Parallel 0.1822 - 0.0302
B Unparalleled 3.2828 0.0027 0.0075
n = 20000 Parallel 0.6166 - 0.0293
B Unparalleled - 0.1267 0.0508
n = 500000 Parallel - - 0.0374
. Unparalleled - 0.2602 0.1530
n = 1000000 Parallel . - 0.0574

Note: All running time in seconds. Parallel computation is conducted over 6 cores. B = 1000 when n < 20000,
B = 3000 when n = 500000, and B = 5000 when n = 1000000.

ular, for each algorithm, I keep updating 100 times and report the average running time of each single
update. For kernel-based updates (KBGD and KMBGD), I consider two computation strategies: un-
paralleled and parallel computation. When using parallel computation, kernel estimators are simul-
taneously calculated over 6 cores. I consider six sample sizes: n = 2500, 5000, 10000, 20000, 500000,
and 1000000. For SBGD estimation, the sieve functions follow those used in Khan et al. (2023).
The order of sieves is chosen as ¢ = 9 when n = 2500 and 5000, ¢ = 11 when n = 10000 and 20000,
and ¢ = 31 when n = 500000 and 1000000. The subsample size B is chosen as B = 1000 when
n < 20000, B = 3000 for n = 500000, and B = 5000 for n = 1000000. The simulation results are

reported in Table 2.2.

It can be seen that without parallel computation, the updating time of full-sample-based KBGD
algorithm increases roughly at rate n?, which is in linear with the previous discussion. In particular,
when sample size is 2500, each single update requires 0.0475 seconds, which amounts to 21 updates
within one second. However, such updating time increases to 0.2 seconds when sample size is
5000, which amounts to only 5 updates each second. When the sample size is 20000, without
parallel computation, each single update of KBGD requires more than 3 seconds, indicating that
1000 updates may cost around 1 hour of computational time. For extremely large sample sizes
n = 500000 or 1000000, KBGD is practically infeasible, so the computational time is not reported.
It can also be seen that parallel computation may significantly decrease the updating time when n

is large (n = 10000, 20000), but the updating time is still too long to be practically feasible.

I then look at the updating speed of SBGD and KMBGD. Apparently, when sample size is small
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Table 2.3: Comparing KMBGD and SBGD Estimators

Distribution Sample Size  Method RMSE Running Time
o000y SBGD 0.0620 08417 3.2841

Conet KMBGD  0.0628 04719 0.1042
Ay W — 1000000 SBGD 0.0398 17304  13.921
= KMBGD  0.0407 0.5002  0.0968

SBGD 0.0390 08210 3.3434

et (@) n=900000 pyiBaD  0.0390 0.3954  0.1045
1000000 SBGD 0.0273 16701 13.893

= KMBGD  0.0276 0.4158  0.4059

SBGD 0.0475 07016 3.3534

() n=500000 wNiBGD  0.0475 0.4098  0.1047
X - Loooo00 SBGD 0.0319 14244 14.196

= KMBGD  0.0330 0.3703  0.3515

SBGD 0.0341 08261 3.3310

w ML) n=500000 piBGD  0.0341 0.3930  0.1056
Y eooooo SBGD 0.0216 16498 14.134

= KMBGD  0.0218 0.3500  0.3542

NOTE: All running time in hours.

or modest, SBGD exhibits excellent performance: when sample size is 2500, 5000, and 10000, each
single update of SBGD requires only 0.0003, 0.0004, and 0.0006 seconds, which amounts to 3300,
2500, and 1600 updates within one second. Even when sample size is 20000, each update of SBGD
requires only 0.0027 seconds, so 370 updates can be conducted within one second. This suggests
that SBGD significantly outperforms KMBGD when the sample size n is small or modest. However,
when the sample size n is extremely large, KMBGD starts dominating SBGD. In particular, when
n = 500000 and 1000000, the updating speed of KMBGD (with parallel computation) is roughly 4

and 5 times faster than that of SBGD.

Of course, the reduction of computational time of each single update of KMBGD compared with
that of SBGD may come at the cost of longer total running time or large estimation error. To study
whether it is the case, I then compare the total running time of SBGD and KMBGD. I also consider
four setups of random error distributions as I did in subsection 2.4.1. I consider two extreme sample
sizes: n = 500000 and n = 1000000. The subsample size B = 3000 when n = 500000 and B = 5000

when n = 1000000. The stopping rule for SBGD is maxi<;<g|Bjr+1 — Bk < 1076 and that for

KMBGD is the same as before. For both updates, the initial guess is located at Logit estimator,
and the maximum number of updates is 20000. For inference, I choose subsample size B = 3000
when n = 500000 and B = 6000 when n = 1000000. The number of subsamples is chosen as 200.

Finally, I note here that for both estimation and inference, unparalleled computation is considered.
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Table 2.4: Comparing True and Estimated Variance

u; ~ Cauchy

B1 Bo B3 B4 Bs Be B7 Bs Bo
True Std  0.0173 0.0102 0.0099 0.0193 0.0442 0.0079 0.0105 0.0159 0.0411

"= 500000 Est Std 0.0173 0.0099 0.0097 0.0203 0.0444 0.0082 0.0107 0.0177 0.0409
n = 1000000 True Std  0.0114 0.0064 0.0069 0.0142 0.0260 0.0057 0.0083 0.0115 0.0264
Est Std  0.0123 0.0070 0.0068 0.0143 0.0313 0.0058 0.0075 0.0124 0.0287

U; ~ t(4)
n = 500000 True Std  0.0118 0.0059 0.0063 0.0126 0.0280 0.0052 0.0074 0.0113 0.0261
Est Std 0.0110 0.0062 0.0060 0.0124 0.0275 0.0053 0.0068 0.0111 0.0257
n — 1000000 True Std  0.0071 0.0045 0.0040 0.0084 0.0196 0.0041 0.0047 0.0077 0.0180
Est Std ~ 0.0078 0.0044 0.0043 0.0088 0.0194 0.0037 0.0048 0.0079 0.0182

ui ~ x> (3)
n — 500000 True Std  0.0120 0.0074 0.0066 0.0149 0.0316 0.0067 0.0093 0.0137 0.0321
Est Std 0.0135 0.0076 0.0071 0.0148 0.0332 0.0068 0.0089 0.0143 0.0325
n — 1000000 True Std  0.0092 0.0045 0.0047 0.0107 0.0226 0.0049 0.0061 0.0096 0.0214
Est Std ~ 0.0096 0.0053 0.0051 0.0105 0.0235 0.0048 0.0063 0.0101 0.0230

Uj NN(O, 1)
n = 500000 True Std  0.0099 0.0053 0.0049 0.0113 0.0246 0.0048 0.0059 0.0098 0.0225
Est Std 0.0096 0.0054 0.0053 0.0109 0.0240 0.0046 0.0060 0.0097 0.0225
n = 1000000 True Std  0.0068 0.0038 0.0035 0.0072 0.0146 0.0036 0.0040 0.0061 0.0139

Est Std ~ 0.0068 0.0038 0.0037 0.0077 0.0170 0.0033 0.0042 0.0069 0.0159

I report the RMSE and running time of both estimation and inference in Table 2.3. As can be seen
from the table, for all combinations of error distributions and sample sizes, the RMSE of SBGD and
KMBGD are almost identical, indicating that updates based on subsamples do not result in loss of
estimation accuracy. When looking at the running time, it’s impressive to see that, the estimation
time of KMBGD is substantially shorter compared with that of SBGD. When n = 500000, KMBGD
decreases the running time by roughly half, while when n increases to 1000000, the reduction of
estimation time is more significant: running time of KMBGD is only around one forth of that of
SBGD. It is also interesting to see that, when the sample size increases and I use a larger subsample
size, the running time of KMBGD even slightly decreases. This implies that although using a larger
subsample size may make updating speed slightly slower, it makes convergence faster because the

amount of noises in the update is decreased.

I finally look at the computational burden of inference based on different methods. As can be seen
from Table 2.3, the operational time of variance calculation of SBGD is over 3.2 hours without
parallel computation when n = 500000, and it rises to around 14 hours when n = 1000000. This
implies that even SBGD may have adequate computational efficiency in terms of estimation, it may

still cost a large amount of time to conduct inference. When turning to the subsample-based infernece
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under KMBGD, it can be clearly seen that variance estimation only requires around 0.1 hours (10
min) when n = 500000 and 0.4 hours (40 min) when n = 1000000, which significantly improves
the speed of inference. I also report in Table 2.4 the true standard deviation and subsample-based
estimator of the standard deviation of each estimator, which are close to each other. This implies

that subsample-based inference improves the speed while does not suffer from much accuracy loss.

2.5 Real Data Analysis

2.5.1 Run_or_walk_information

This section applies the KMBGD algorithm to data set Run_or_walk_information from OpenML3.
The data set contains 88,588 observations, each of which has 6 features. So the data set is medium-
sized. The binary response y is provided in the data set. We model y and the set of features as a
semiparametric binary choice model as in (2.6) and use KMBGD estimation procedure to estimate

the model.

When conducing the estimation, we standardize all the covaraites. For the setup of iteration, we
choose 0 = 1, B = 3000, k* = 10000, gap = 1000, tolerance p = 0.005, and the maximum number
of iterations as 50000. We normalize the coefficient of acceleration_y to be 1 because preliminary
Probit and Logit regression indicate that its coefficient is strictly positive. Whenever we construct
kernel estimators, we use eighth-order Epanechnikov kernel function given by K(u) = 16.15(1 —
u2)(0.1667 — 1.5u% 4 3.3u* — 2.043u®) - 1 (Ju| < 1), and the bandwidth is chosen as h,, = ¢ - n~1/13,
where ¢y, is the standard deviation of the index in the k-th round of iteration. We use Logit estimator
as the starting point. Finally, in each update, parallel computation over 6 cores is performed when

calculating subsample-based kernel estimators over different data points.

The estimation procedure takes 7.78min in total, where around 11,000 rounds of iterations are
conducted. We plot the estimated coefficients based on Probit, Logit, and KMBGD in Figure 2.1.
We can see that the KMBGD estimators converge very quickly to be fluctuating closely around the
AKMBGD estimatros. Moreover, the estimated coefficients based on KMBGD and AKMBGD differ
significantly from those using Probit or Logit, which suggests potential model misspecification under

parametric setup.

8https://www.openml.org/. Data ID: 40922.
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Figure 2.1: Estimated Coeflicients of Walk or run information
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The sizable difference between parametric estimation results and KMBGD estimators suggests po-

tential gain of the use of semiparametric estimation. Observing this, we use different estimation

methods to predict the outcome of the binary response variable. In particular, we randomly split

the data set into a training set and a testing set, where the latter contains 10,000 observations.

Then we use different methods including Probit, Logit, and KMBGD to estimate the training set,

and use the estimation results to predict the outcome of the observations in the testing set?. We

plot the ROC curves of different methods in Figure 2.2. We can see that the ROC curve of KM-

BGD almost always lies above those of Probit and Logit, indicating better predicting performance.

More precisely, the AUC!? of Probit, Logit and KMBGD are given by 0.8841, 0.8841 and 0.9112,

respectively. This implies that KMBGD significantly outperforms the parametric methods in terms

of prediction accuracy.

9When estimating the conditional probability using AKMBGD estimators, we use second order Epanechnikov
kernel function with bandwidth Ay, = ¢, - n~1/5. This also applies to subsection 2.5.2 and subsection 2.5.3.
10 Area under the ROC curve. The large AUC is, the better prediction accuracy it indicates.
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Figure 2.2: ROC of Probit, Logit and KMBGD for Walk or run information
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2.5.2 simulated_adult

This section applies our method to data set simulated_adult from OpenML!!. The original data
set contains 5.1 million observations, each of which has 14 features. The binary response is con-
structed as y = 1 if the class is “>50K” and y = 0 otherwise. We model y and the set of features
as a semiparametric binary choice model as in (2.6) and use KMBGD estimation procedure to esti-
mate the model. Before we estimate the model, we perform the following data clearing. We leave
out observations whose native-country is not United-States, workclass is Without-pay, occupation is
Armed-Forces, or race is not White. This leaves us with a data set of 4,734,097 observations, which
is an extremely large data set. We generate 5 dummies for workcalss, 12 dummies for occupation,

2

one dummy for marital status, and one dummy for gender'?. After constructing all the dummies

HData ID: 45689.

12We provide more details of the construction of the dummy variables. For workcalss, after dropping Without-pay,
we are left with 6 types of workcalss, then we leave out the last type of workcalss for identification. For occupation,
after dropping Armed-Forces, we are left with 13 types of occupations, then we leave out the last type of occupation.
For marital status, we generate a dummy which is 1 if the marital status is Married-AF-spouse, Married-civ-spouse,
or Married-spouse-absent, and is 0 otherwise. Finally, for gender, we generate a dummy that equals 1 if the gender is
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Figure 2.3: Partial Estimated Coeflicients for Simulated_adult
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variables, we have 25 regressors in the model, which include age, workclass dummies, fnlwgt, eudca-
tional years, marital status dummy, occupation dummies, gender dummy, capital-gain, capital loss,
and hours-per-week. When conducting estimation, we standardize all the covaraites including the

dummy variables as we did in the previous section.

For the setup of iteration, we normalize the coefficient of age to be 1 because preliminary Probit
and Logit estimation suggest its coefficient is strictly positive. Since we are now working with an
extremely large data set, we now choose B = 5000. All other setups are the same with those in the

previous section.

The estimation procedure takes 16.64min in total. We plot partial estimation results in Figure 2.3.
We can see that when we have more covariates, the convergence of the estimated parameters takes

more rounds of iterations compared with that in subsection 2.5.1. We can also see that for some

male, and 0 otherwise.
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covariates such as Capital Gain, AKMBGD estimators deviate from the Probit or Logit estimators,
indicating potential model misspecifications. We finally randomly divide the data set into training
and testing sets, where the latter contains 400,000 observations, and compare the prediction accuracy
based on different methods. Similar to subsection 2.5.2, we find that the predicting results based
on KMBGD are similar to those based on Probit or Logit. The ROC curves of Probit, Logit, and

KMBGD almost coincide with each other, with AUC being 0.9227, 0.9226, and 0.9227, respectively.

2.5.3 Revisiting Helpman et al. (2008)

In this section, we will illustrate the empirical applicability of the KMBGD algorithm by revisiting
the data set used in Helpman et al. (2008). In their paper, Helpman et al. (2008) consider estimating

the following model,
Pr (T;; = 1| observed variables) = G (4 + & + ¢} + 7" dij + £ ¢45)

where Tj; is an indicator of whether country j exports to country 4, £ is the exporter fixed effect of
the j-th country, * is the importer fixed effect of the i-th country, d;; is the natural logarithm of
the geographic distance between countries 7 and j, and ¢;; is a vector of covariates that describe the
variable country-pair fixed trade cost. The full sample contains a total of 248,060 observations and
336 covariates, which features both large n and p. The covariates contain 10 key variables including
Distance, Land Border, Island, Landlock, Legal, Language, Colonial Ties, Currency Union, FTA,

and Religion, and 158 exporter fixed effects, 158 importer fixed effects, and 10 year fixed effects.

When estimating the model based on the full sample, Helpman et al. (2008) consider a parametric
Probit setup, where G is specified to be the CDF of standard normal distribution. In this section, we

reestimate the model without assuming the functional form of G by applying the KMBGD algorithm.

When estimating the model, we standardize all the covaraites including the dummies as we did
before. We also leave out as few fixed effects as possible to ensure that the covariate matrix is
nonsingular. We choose to normalize the coeflicient of negative distance to be 1 since economic
theories indicate that a larger geographic distance is generally associated with higher trading costs
and such covarite has negative impacts on the conditional probability of the presence of trades

between two countries'3 (Helpman et al., 2008). Finally, all the setups of the iteration are the same

13When we apply Logit or Probit to estimate the model, the estimated coefficient of Distance is significantly
negative.
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Figure 2.4: Partial Estimated Coefficients for Data in Helpman et al. (2008)
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as those in subsection 2.5.1 except that the initial guess of the parameter is fixed at the Probit

estimator.

The estimation procedure takes 25.04min in total. We plot partial estimation results in Figure 2.4.
Obviously, since the number of covariates considered in the example is large, the convergence of
the estimated parameter is slower compared with that in the previous examples, taking over 20,000
rounds of iterations. We can also see that for some covariates such as Island or Landlock, AKMBGD
estimators deviate from the Probit or Logit estimators, indicating potential model misspecifications.
We finally randomly divide the data set into training and testing sets, where the latter contains
24806 observations, and compare the prediction accuracy based on different methods. Similar to
subsection 2.5.2, we find that the predicting results based on KMBGD are similar to those based on
Probit or Logit. The ROC curves of Probit, Logit, and KMBGD almost coincide with each other,
with AUC being 0.9388, 0.9391, and 0.9389, respectively.

2.6 Concluding Remarks

This paper investigates semiparametric estimation of monotone index models in a large-n environ-
ment, where the number of observations is extremely large. We propose a novel subsample- and
iteration-based estimation procedure. Essentially, starting from an initial guess of the parameter, in
each round of iteration a subsample is randomly drawn and then used to update the parameter based
on the gradient of some well-chosen loss function, where the unknown nonparametric component is
replaced with its subsample-based kernel estimator. The proposed algorithm essentially generalizes
the idea of mini-batch-based algorithms to the semiparametric setup. Compared with the KBGD
algorithm proposed in KLTY, the computational speed of the new estimator substantially improves,
so can be easily applied when the sample size n is extremely large. We also show that further aver-
aging across the estimators produced during iterations yields a 1/4/n consistent and asymptotically

normally distributed estimator.

Some issues in this paper remain to be addressed in the future studies. For example, similar to
Ichimura (1993), we show that a particular sequence of bandwidth satisfying some order conditions
guarantees all the theorems. However, in the theorem the bandwidth is assumed to be unchanged
across iterations. Obviously, as the updates proceed, the magnitude of the index value also changes,

so a bandwidth adjusted to such change in index value in each round of iteration may lead to a
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better kernel estimator and improve the updating results. Similarly, other tuning parameters such
as the learning rate 0 and subsample size B are all assumed to be given, while their optimal choices

remain to be studied.

Another potential future research direction is to generalize the noval subsample-based updating tech-
inque to the full-sample-based SBGD algorithm proposed in KLTY. Different from the kernel-based
learning approach, the SBGD algorithm relies on the full sample to update the sieve coefficient in
each iteration. So it is still unclear whether using subsamples to perform the update will also yield
1/y/n-consistent estimator. However, since the SBGD algorithm runs significantly faster than the
KBGD algorithm, developing subsample-based SBGD algorithm may further improve the computa-

tional speed, which deserves further study.

2.7 Appendix

Lemma 2.3. Suppose that Assumption 2.1-Assumption 2.5 hold with D > 4. Suppose moreover
that 6, = 6 < min{1/(2X,),1/ (4p*|G'll)}, & < 6A4/ (16p* [|G'|| o C), ha is chosen such that
hont/2P — 0 and h,n'/%/log"/? (n) — co. If By is updated under (2.4) and (2.10) with Ik =

1,---,n, then

(i) There exists some positive integer kxpap such that

sup A8, = 0, (n77%);

k>kxBGD

(ii) Define &F = %Z:L:l(é (27| B%) — y:)X?, where 2} = z (Xe,is B%). There holds

AByi1 = (I, — 644 (B%)) AB,, — 662 + 8922,

where SUP>k, pop ||!~2,‘3H =0, (n1/%). Define B = B,, for any k such that k — kxpep — 0o. There

holds AB = —A;" (8") &5 + 0p(n~1/?), and

VIAB = N (0,5)
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where Zg = A;l (8%) Zf (A;l (ﬂ*)) and

2

¢ =E [U ~GE)GE (XP-E (X!

) (x5 (x] )]

Proof of Lemma 2.3. See Khan et al. (2023). O

Proof of Lemma 2.1

Proof. We start with the proof of the first result. Define ¥(n, h,, D) = +/log(n)/nh,, + h?. Khan
et al. (2023) show that

sup |G (] 8) ~ E (y] Xo + X"B = 2)| = Oy (¢ (n,hn, D)) .

z€Z%,BeB

Define event

={ sup |G/ (=) sz},

z€Z% BeB
then P (e1,,) — 1 since ¢ (n, hy, D) — 0 according to the choice of h,,. Over event e; ,,, we have
that
« 1 -~ T 13 1 - ~ T [
By B Z (G(X0+Xi Bu| By) —yi) X, - EZ (G(X(H-Xi By| By _yi) X7 <

i€IB K =1

wlQ

Now we prove the second result. Recall that A, , (z,8) = L 1" | Ky, (2 — X0 — XTB8) yi, Ani (2,8) =

IS Kn, (2= X0, —XTB), Any (2,8|Ik) = 5 Yicap, Kno (2= Xoi — XIB) yi, and A1 (2,8]Tpx) =
i Dicap . Khn (2 — Xo,; — XTB). According to Khan et al. (2023),

sup  |An1(2,8) = [z (2] B)] = Op (¢ (n, hn, D))

2€Z%,8eB

Note that inf.ezo gep fz (2| 8) = 3c; and sup.czs gep [z (2] B) < €5, where ¢y is some sufficiently

large positive constant, define event

€2.n = {QCf S inf An,l (Zvﬁ) S sup An,l (Zaﬁ) S QCf} .

z€2%,B€B 2EZ% BEB

Since ¢ (n, hy, D) — 0, we have that P (ez,,) — 1. Moreover, P (e1,, Ne2,) — 1 and over e ,Neg p,
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we have that

S [Any (B < swp [Aua (2B sw  |G(21B)] < 4.
2€Z?,8€B 2€Z¢,8€B 2€Z?,8€B

Define

5 s = { sup |Any (2 Bil T5) — Any (23 By)] < }

2EZ®

and

ok = { Sup [Ans (2, Bel T5.0) — Ans (2 By)] < } .

zEZP

For € = €(() = 2¢;/( with ¢ > 2, we have that over e; , Nez, Nes,, , Nef ,,, there holds

sup Any (2,8 IB,k) _ Any (2,8)
2€Z¢ An,1(2,5k|33,k) An,l (z,ﬁk)
An1 (Z;ﬁk|jB k) - Any (Zv/gk) Any (27/3k|33 k) (An 1 (27/6k|jB k) — An 1 (Zaﬁk))
< sup A - : + sup : J J : J
2€Z% An,1(2,8y) 2€Z® A (2,8 I5k) Ana (2, 8;)
< o S Ay (2,8 T0) — Auy (2. 8y)] 4 75T Ans (B4l T3.) — Ans (2,
— su n Z, — An zZ, su n z, ) — Ay 2,
- ez o ! U (2¢p) (2¢r — 2¢4/¢) rezs ™ FISB 1 k
<al(Qe
where

01(0:@ mﬁﬁ,

and ¢7° is a positive constant depending only on ¢y and c¢;. Moreover, when € = ¢; /¢ is cho-
sen such that ¢ > 2, there holds 2c,/( < ¢y, so over e, Nezn Neg, , Neg,,, there holds

inf.eze Ani (2,8 Ipk) = ¢y, and G (2| BrIBk:Cf) = Any (2,84 IB.k) [Ana (2,81 TB k).

Since ‘Kh" (z — Xo,i — X;F,Bkﬂ < Ch,;!, we have that for any fixed z and e,

Pr (|Ana (2,8, TB.k) — Ana (2,8,)] > €) <2exp (—CBhieQ/Q) ,

and

Pr (1Any (2,81 Ip.) — Any (2,81)] > €) < 2exp (~CBhye®/2)
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Also note that

sup [An,1 (2,8, I5.k) = An1 (2,8

ZzEZ?

~ B —2
S 1?3§S‘An,l(zsa/3k|JB,k) An,l (Zsa/Bk)|+Chn /S7

for any positive integer S and a set of well-chosen points 21, - - - , zg in Z%, where the positive constant

C does not depend on 3, the index set Jp i, S, and the choice of z1,--- ,zg. Let S be such that

Ch,?/S < €, we have that

P ( sup [Ans (2Bl T5) — Ans (2, B)] > )
z2€EZP
S

<Y P; (| Ana (26, 8kl TB.k) — Ant (26, By)] > € — Ch?/S)

s=1

< 2exp (1og S — BhZ (e — Ch;2/S) /2) . (2.15)

Using similar method, we can show that

P (sup Ay (2284 95.0) — Auy (22 80)] > )

2EZP

< 2exp (1ogS — BhZ (e - Ch;?/s)2 /2) . (2.16)

. 2
Now consider Ef ||72 , ||” when e;,, N ez, occurs. We first have that

2 2
B manhl* = B (e el| €5, 0 €6k ) P (€50 M €5t

| (e N €5n) ) P (5 N €5) ) -

+Ef (lImans
For € < 2¢; /¢ with ¢ > 2, we have that
% (o] €6 M €50 ) < 62 [[X2]2, & = 0.

On the other side, according to (2.15) and (2.16), we have that

2 C C
Ei (Imam tll] (5, 0 €6 ) i (€5 N i) )

< Ch;?P; ((e;mk N e;nyk)c) < Ch % exp (C log S — CB2 (e — Ch;2/S)? /2) .
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Together we have that over e;, Nea p, there holds
E} ||manill® < C (8 +h2exp (c log § — CBh2 (e — Ch;;%/S)* /2)) .

If we choose

n B 8 (log (hn?) + log (4C2Bhy,?) + log (8Bh2))
log (Bhy?)’ Bh2 ’
we have that Ch,?/S < ¢/2 and € < 2¢; for n sufficiently large, and

log (Bh;Q)

E* l<C
kT2 kl” < Bz

Since supy > Ef ||71'27n7k||2 < C implies that sup>; E* ||772,n7;€||2 < C, we have that

log (Bh 2) log (Bh’z)
* 2 n * 2 n
T < > T <

> P(el)n N 627n) — 1.

This proves the result.

Proof of Theorem 2.1

Proof. Note that

[AB || < sup T (I, — 644 (B)) [AB] + 6 <Sup [ B+ [[n2nll + 1710kl + IIWz,n,kH)
BeB BeB

)

< (1=024/16) [|AB [ + 6 (Sup [71.n (B)
BeB

where

Mn (B %Z (Xei, @) 8)X: — E[L (= (Xe, 8),8) X,

n

(;Z [G(zi*)Xi]> +%Zgi.x,—.

=1
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Using Minkovski inequality, we have that

. 2\ 1/2 . 2\ 1/2
(B 188k 7)< (= 024/10) (B 1ABLI") ™ + 8 50 s (B)]+ 8
1/2 1/2
#) 7+ 8 (B izl
" 9 1/2
< (1= 621/16) (E* [ABL[P) " + 6 5up [l (B)] + 8 e,
BeB

log (Bh7?) \/*
Bh2 '

+6 (E* 7100

+034ﬂ+0<

This implies that

1/2 1/2
(B |aBa ) = (1= ax4/16)" (B 28, )
1/2
log (Bh,j?)
+C glélg [, (B + [[n2,n ]l + (Bh%

Then when k > k,, + 1, we have that

k * 2 1/2 —92 2\1/2
(1 =634/10) (7 188,17) " < sup o (9] + el + o (B07) /882) .

. . . 2\1/2 L 9\1/2 _
implying that (]E HA’Bk“FlH ) =0, (supﬁeg l71.0 (B + In2,n]] + (log (Bhn ) /Bhn) ) Fi-
nally, Khan et al. (2023) show that supgeg [|71,n (8) + [|72,n ]l = Op(¥(n, by, D)). Since B < n, we

have that

E* ||A,6’k+1||2 =0p (hgzD +

log (Bh,j?) ) .

Bh2
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Proof of Lemma 2.2

Proof. Note that

1
ABpss = /O (I, — Ay (8" + 7AB)) drAB, — 667

1L, 0G (Xoi +XT N .
_6/ Z X7 o:+ X151 5) — Ay (B" +TABy) | dTAB(4)

aﬁT B=B*+TAB
1 é 1 - A .
—4 5 ieg[;k (G(Z’i,k| ,6k) - yi) X? - Zz:; (G( 5 k) - yi) Xj) (”)
1 ~ ~
-5 3 ie%‘k (G (2ikl By, IBkscp) — G (2ik ,@k)) X% | (iid).

For (i), we have that
log (n) log (Bh;;?)
D 2D | 05\ P )
" ) (h B2 ) i B2

s B ()] =0 ((h
fep+1
1og(n) log(Bh,j2)+hiD

nBhS " n Bh2

This implies that given the choice of B and h,,, E* ||(i)|| is 0,(n~'/2) uniformly with respect to k.

Now we look at (iii). To further simplify our notations, we denote A, , (zik,Br) = Any.ik
An (2ig: Br) = Antiks Angy (2ik, Bl Tpk) = A i ks Ana (Ziks Bl Ipk) = A7 14 We have
that

(i) = % > ( bk *“_”“)Xf

i€Tn.8 An,l,i,k/\Qf An1ik

1 D44 '
=B Z L (A ik — Angik) (i)

A .
i€3p .k n,1,i,k
1 Ap i X9 1 A X
Y52, i J J n,y,i,k .
S D0 DR (4] A = Aa) () - D TS (AT i) (0)
i€IB K n,1,4,k i€TB .k n,1,i,k

71/ ik Any.ik) (Ag,lvi,k Nep — Aguk) (vid)

zE”in nlLk

myﬂ k An,y,z‘,k) (Ag,y,i,k - An,yﬂ'k) (viid)

ZGJB K ’I’L,lﬂ,k:

2 A1, X7 .
o Y RS (AL — Angan) (i),

€sn An 1k
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~ =3
where A2 |, and A, ,,, both lie between A7 |, Acp and Ay k. Define mathbbEi{|j} as

the conditional expectation with respect to P} holding the j-th index i ; fixed. Note that for any
1<j<Bandk,

2

)

2
B

* 1 .

=E; <B Z Kn, (Zin ;b = Zin.ok) Yip — Z K, (Zip ;6 — 2o,k yk,b> J
b=1

* J
Ek { (An,y,ik7j,k - An7y:ik,j)k)

TL

2
1 B—-11¢ C
<C (yk] - ZKh Zik gk Zb,k)yb> g EZKi" (v = 20) v SBTlZf
b=1 '

for some positive constant C' that does not depend on k£ and j. Similarly, we have that for all

1<j<Bandk,

2
* J
]Ek { (An,mk,j,k - An,l,ik,j,k)

1. ¢
T =Br2"

n

So with probability going to 1, for all k

o C
Fllia)] < SE; Do 1A ik = Anik) (A3 ik — Anrin)|
1€JB K
C_. J '
< EEk ZEk (‘( Nk gk T An,y,ik,pk) (An,17ik,j>7f - A"’l’i""'j’k) ‘ ‘ ‘7)
B
C.. , i e i
< EEk Z\/ k { (Agyzmk - An,y;ik,jvk) J}\/ * { (A’j“l»iw’k B A”71’i’“’j’k) J}
=1
B
C_. C
<55 L om ) < mr

Similarly, we have that Ej ||(iz)|| < C/Bh2 for all k with probability going to 1. Due to the choice
of B and h,,, we have that E* ||(viii)| and E* ||(iz)|| are both o,(n~'/2) uniformly with respect to

k. On the other side, note that

Ei [[(vid)| < CE;

4

W =

2
E : \/ n Yyik, 5,k An’y,ik,j,k)

B
j=1
B

2
Z ( B 2 ) \/ ]’; { (A'rjz 1k, ik A Cf An,l,ik)j,k)
j=1 n

}\/ k { (An Vin kNG~ An’l,%k)z’
i}

< CE;

W =

123



Note that
2
Ex { (AZ gk NCF — An,l,ik,j,k) ’J} < Ch;’P;, (A?L,l,ij,k < Qf‘ j) .
Now consider Pj; (Ag,l,ik k< gf’ j). Note that
B

1
3
Atk < Cp =3 ;Khn (2ins ok — 2iy) Yip — ZKh Zig ok — Zik) Yi

1 n
<Cp— n ZKhn (Zik,j,k - sz) Yi
i=1

1
:>§ ;Khn (Zik,j,k — R yzk b T ZKh Zig, .k Zi,k) Yi < —C¢p —
J

1 B-11
:>zseu§)¢ E ;Khn (Zik,jvk — Zik,b) Yipo — Tﬁ ZlKhn (Zihj,k Zi k) Yi| > Cf + =

This implies that

Pr (Ag,l,z‘j,k: < Qf’j)

B-11¢
sup Z Khn Z’Lk J,k,‘ Zik,b) Z/ik,b - Ti ZKhn (zik,]',k Zi k) Yi > Cf +
ez | B i

< 2exp <logS Bh? ( Bi — Ch,, 2/5) /2)

Bh |7

for any sufficiently large positive integer S. Let S = Bh. !, we have that for n sufficiently large, we

have that

exp <1ogS—BhfL ( ¢ — Bi h > /2) < Cexp (C (log (Bhy') — Bh2)),

implying that

2

K} { (42 10 Ay = Anin,n) j} < Chy%exp (C (log (Bh;Y) — Bh2)) .

So uniformly with respect to k, there holds

Cexp (C (log (Bh,') — Bh2)) .

n

E; |[(vig)]| <
il < o

Similarly, we have that E} ||(v)|| < Chy, ' exp (C (log (Bh,') — Bh2)) for all k. Given the choice of
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B and h,,, we have that E* ||(vii)| and E* ||(v)|| are both o,(n~'/2) uniformly with respect to k.

We finally note that uniformly for all &,

(/01 Ay (B" +7ABy) dr — Ay (B*)> ABy,

. log (Bh.;2
< CE" |ABi|* = O, (hiD + (Bh2)> :

This finishes the proof.

Proof of Theorem 2.2

Proof. Define

= 1 5 JINN
-Zik =3 (G(Zi,k| Br) — yz) Xy — - Z (G(sz|,3k) - yz> X7,
1€JB,k =1
1 X
2, == (A : Tpk) — Any (2
2k B S An,l (Zi,khﬁk) ( n,y (Zz,k;6k| B,k) n,y (Zz,kak)) )

and

[l]

ti’
Z ny zz k:a/@k) (An,1(2’i,k>/3k‘33ﬁk)

_An Ziks .
2 A o) 2 B )
i B,k

2 2
We obviously have that sup, E; HE‘ka < C/B, so sup, E* HE‘fk ‘ < C/B holds. Moreover,
E; (20,80%) =0 for all k # K, so E* (¢,8{}, ) = 0 for all k # k. We then show that

2 1 * —
Eg’kH :OP(Bm)’ sup | B :ng (Bh2>

E>kp+1

sup [E*
k2k7l+1

and

sup ‘ = (logn> sup E*E? =221, =0 <logn) .
k! >k A1, k£k! B2hZ )7 ks k1, ktk 3,kT3k B2h2
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We will only show the results for Eg’ x- The results for Ef x can be similarly proved. For the first

result, according to the proof of Lemma 2, we note that with probability going to 1,

J J
‘ (An,l,ikijC - An;17ik,j)k) (A7’L71,ik=l,k - An;]-ﬂ;k,hk) ‘)

x? xT

Uk,j " Ukl

Analﬂk,j»kAn-,ly'Lk,hk

¢ ¢T
1 * Xz i 2
+ B2 Z]E < ﬁ (ijz 1k, 5.k An,l,ik.j,k) >
j=1 n, L,k 5,
B-1 B B
C 1 C 1 C
“m 2 2 pEtE Ll S e
j=11=j+1 n j=1 n n

The derivation of the second result is more complicated. Without loss of generality, we assume that
Egk is one-dimensional and k < k’. Then E*:gk:g o = E* (EZEgk (EZ,E;’ k,)), We first look at

EZE? . for general k. We have that

=
Ekn_a

RN

&

X3
Ay (Zi:;k7 Bk) Ez {An,y (Zik,j,kaﬁk| jB,k‘) - An,y (zik,j,ka /Bk) ’ j}]
x4

B n
i .1 1
—An,1 (Zz:jj,kﬁk) {Ek { B ;Zl Ky, (Zik)j,k — Zik,l,k) Yip, — - 1221 K, (zz'k,j,k - Zl,k) U

tu \

e
e

il

Ud \

Obviously, for [ # j, we have that Ej {Khn (Zik,]-,k — zik,l,k) yik,l‘j} = %E;Ll Ky, (Zik,j,k — zhk) .

So
1 & 1 <&
Ez { E ZKhn (Zik,j,k — Ziga,k ylk T E Z hn sz ok Zl,k) Y1 ]}
=1 =1
S K (0)yi, ; liKhn (Zin, b — 20k) Ui
B "3
So
EiES, — 1 ZEZ 1 i (K(0)yi,, — 250 Kny, (i, 0 — 216) W)
27k7 B j=1 B An 1 (Zlk j,kaﬁk)

Now define z} = X ; + X1 3", we have that with probability going to 1, there holds

X0 (KO i, = £ X0 Kn, (54, =2 )u) X0, (KO i, = X0 K, (5, — 2 u)
An,l (Zik,j,ka/@k;) An,l (Zz*k j”@*)

S ClAB
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Then

s}

¢ 1 n * *

R 1 " 1 sz J (K (0) ylk; ~n Zl:l Khn (Zik,j -2 ) yl) C HA,B]CH
]Ek=‘2,k; — E E ]Ek E N S B ’
j=1 An,l (Z:hfﬁ )

which is equivalent to

imo 1 X7 (K (0) i — 3 S50 K, (5 —2p)m) \ | _ ClAB|
An,l (Zl*a/@*) - B ’

Based on such result, we have that

1 (X7 (K (0)ys — £ 300 K, (37 = 2) w)
* (= R N 1 4 ? =1 n \“j l
Ek (“2,1@ (Ek/‘—'g k')) E < =2 knB Z ( An 1 (Z:,,@*)
. |= N Cy/logn
< CE; (‘H“’HAﬂk,H /B<CM E: |ABy|2/B < e
uniformly for all £ when k > k,, + 1. On the other side,
E* E¢ i i Xf) (K (O) Yi — %Z?:l Kh Z - Zl
k 2,knB ‘ An 1 (Z:,ﬁ*)
1 X¢ K (0)yi — £ 301 Kn, (5 — 21) 1) 1
~ B - ) % - KL i
BZ_I( An,l(zz*wg*) B yk’ Z han ZkJ’ Zl’k>yl
1
P\ B2

uniformly for all k. This proves the desired result.

)

Now denote k = [~ log (n) /log (1 — 6A,/8)], so k* = k, + k. We have that

Aﬂk*-i-l-i-t
k t+k 1 k .
t t 1—
= (I -0y (B) " ABY 1 +6 Y (I—644(8))"" 2
k=0
t+k—1 ~ t+k—1 . i
*\\t+k—1—k *\\t+k—1— — p— —

—5 Y -0 ()T e -5 Y (- 64,(8Y) (2241 + Bhsien — Zrare)

k=0 _
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So

1 T 1 I 5T t+k—1
t+k t+k—1—k
TZAEIC*+1“ = fZ(I_(S/Lz& (8Y)) " A/Bk,LJrl += Z Z I =644 (8) i Qlf H1+k
t=1 t=1 = k=0
T t+k—1
k — *
- (ﬂ)E‘ﬁ—*Z Z (I=044(8%)" = A1 (8") | &%
t=1 k=0
5 &L trh—1—k (= - =
B TZ (I =044 (6%) (51,kn+1+/c+=§7kn+1+k*=§,kn+1+k)-
t=1 k=0

We look at the above terms separately. We have that

T T
| 7 0 = 040 (8 A | < (10049 132100 /9) B 885,
P} s
<C(1- 53/1/8)k E*[|ABy,, 1] = Op (1),
§ — glag th—1—k §
E* TZ (I_5A¢ (,@ )) " Ql(f +1+k TZZ 1 - 5)‘A/8 Qlfn+1+kH
t=1 k=0 =1 k=0

<c m = (|92 =0 ().
k>kn+1

1z t+k—1 T )
T2 (5 > (=64, (87)" ~ 45" (8Y) ) " 2(5 > U-d4:(8 >>’“) 3
=1 k=t+k
= p(n_1/2>.

We finally look at the last term. We will focus on 2 Zthl Zf:j(fl (I —04, (ﬁ*))H'k_l_k E;knﬂ_%

< C(1— 0/

only, because verifying the remaining terms can be done similarly. Without loss of generality, we

again assume that Eg’ k. +1.k is one-dimensional. We note that
v

1 T t+k—1 - X
tHk—1—k =
T Z (I =044 (87)) =2,kn+14k
t=1 k=0
1 t 1 k-1 T
4 t'—1 =¢ 4 t+l 1 =¢
T Z Z (I =044 (87)) St T—t T T Z I—04 =2kt h—l

t=1t'=1 =1 t=1

128



We have that

|
—_

N =
M’ﬂ

(I—6A4(B)) T 1E?

2 kn+k—1
1=1 t=1
~ 2
= l T -
=E | 5D (104, (8 NI = 644(8) I
1=1 t=1
A l
— _ f’—l _ =¢ =¢
< T2 2 Z Z (1—0A4/8) Z (1 (D\A/S ("'271@,1+E+T—t"'2,kn+E+T—l)
t=1 I=1 t'=1 =1

—_

_|_

0 Viogn
P\TBh2 B2nZ )

On the other side, we have that

=1 t=1
k—1k-1 T T

_ L _ a\\EHE A =2 s (= —_c

~ T2 ZZ (I =344 (87)) E (“‘z,kn+E—l“2,kn+E—l)
I=11'=1t=1¢'=1

C [ !
<2 (Z (1-6A4/8) ) sup E ('—'2,kn+k 2kt )‘
=1 ’

This implies that

1 & R t+h—1—k =¢ 1 10g1/4 (n)
T;kz_o =04 B0) St Op<m+ Bhy, )

This proves the result.

Proof of Theorem 2.3

Proof. To prove the result, it remains to show that

P (IP’* lim £ = 2¢) 1,

R—o0
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where ig is the full-sample-based covariance matrix estimator prposed in Khan et al. (2023). In

particular, define

and

)

S~y 100G (2 (Xei,B)| B)
Ay (5> “n ;X? 08"

where

(3

A = Kn G-y o (

% A> Y K, (B — )X
DY HCEEI

X%z —
' S Kn, (Zi— %)

o~

_ . . e N\T
and z; = Xo; + X7 3. Then Eg is defined by $0 = A¢1 (B) E? (A;l (,3)) . So we only need to

show that, with probability going to 1,

and

as R increases to infinity. This can be easily done using the previous proof method.
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Chapter 3

Quantile Control via Random Forest

3.1 Introduction

Estimating treatment effects in panel data with only one treated unit has attracted a large amount
of research attention in applied work. Due to the limitation of the real data, it is not uncommon
that the econometrician may fail to observe the key factors that drive the evolution of the outcomes
of the treated and untreated units. This motivates the use of the outcomes of the control units
in the panel as proxies for these unobserved factors to predict the outcome of the treated unit.
Popular methods include synthetic control method (SCM, Abadie and Gardeazabal, 2003; Abadie
et al., 2010, 2015) and regression control method (RCM, Hsiao et al., 2012; Hsiao and Zhou, 2019)*.
Collectively, these methods are sometimes known as “synthetic control methods” (Cattaneo et al.,

2021) or “counterfactual and synthetic control methods” Chernozhukov et al. (2021b).

Despite their great popularity among empirical researchers, statistical inference for these methods
is still an active research area. The first contribution of this paper is on studying robust inference of
treatment effects under the SCM framework that accommodates flexible relationship across different
units as well as high dimensionality. Compared with the existing methods such as those in Cher-
nozhukov et al. (2021b) and Cattaneo et al. (2021), our proposed method is a more robust approach.

In particular, we do not make assumptions over the functional relationship between the outcomes

ISince Hsiao et al. (2012) use regression to construct the counteractual control unit, we coin the term “regression
control method” in the same spirit as “synthetic control method”. Gardeazabal and Vega-Bayo (2017) and Wan
et al. (2018) compare the empirical performance of synthetic control method and regression control method using
simulations and real datasets, but reach different conclusions.
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of the treated and control units, nor do we restrict the behavior of the projection error (such as ho-
moskedasticity). Instead, we only require that there is a stable distributional relationship between
the outcomes of the treated unit and the control units, so that information on the quantiles of the
treated unit can be inferred from the observations of the control units. Our inference procedure does
not depend on the assumption of random assignment of interventions or the symmetry assumption,
nor does it require a large number of post-treatment periods. To accommodate such a general model
structure, we propose to use a machine learning technique called “Quantile Random Forest” (QRF),
also known as “Quantile Regression Forest” (Meinshausen, 2006), to efficiently and robustly estimate
the conditional distribution of treatment effects. The proposed method is robust to heteroskedastic-
ity, autocorrelation and various types of model misspecifications. Since our proposed method uses
quantile regression and QRF in particular to construct a synthetic counterfactual control unit as
well as its relevant quantiles, we call it “Quantile Control Method” (QCM). Our Monte Carlo sim-
ulations show that, comparing to methods in the existing literature, prediction intervals via QCM

have excellent coverage probability for the treatment effects even in small samples.

Meinshausen (2006) originally proposes the QRF and develops a framework to establish its consis-
tency. Recently, Athey et al. (2019) propose “Generalized Random Forest”, which offers an alternative
algorithm to estimate the conditional quantile function via Random Forest based on the gradient
of the check function as in Koenker and Bassett (1978) and established its asymptotic property for
“honest” trees. In our unreported simulations, the performance of generalized random forest is simi-
lar to the original QRF by Meinshausen (2006). Therefore, we stick with the latter for the simplicity

of its algorithm.?

As another contribution of this paper, we formally establish the asymptotic validity of the QRF under
the setup of weak dependence and high dimensionality, which nests SCM as a special case but also
applies to general high-dimensional time series scenarios. Despite its track record as one of the best
predictive algorithms and huge popularity among data scientists and practitioners, the asymptotic
theory for Random Forest is still a growing area. Breiman (2004) offers heuristics for the consistency
of a simplified version of Random Forest. Biau (2012) formalizes Breiman (2004)’s approach, and
provides a proof of consistency based on similar assumptions. Scornet et al. (2015) provide a more

general proof of consistency at the cost of imposing an additive regression model. Mentch and

2A related literature to the high dimensional quantile regression is the penalized quantile regression approach (He
et al., 2013; Wang et al., 2012). For example, Belloni and Chernozhukov (2011) derived an error bound for sparse
high dimensional linear quantile regression with the Li-penalty. Wang et al. (2012) studied such regressions based on
nonconvex penalties MCP and SCAD. Various extensions are developed along this direction, see Belloni et al. (2017)
for additional discussions on high-dimensional quantile regression methods and related literature.
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Hooker (2016) derive the asymptotic distribution of Random Forest by replacing bootstrapping
with subsampling and making use of the theory of U-statistic. Wager and Athey (2018) also develop
asymptotic normality of random forests, based on a different set of assumptions that require the trees
to be “honest” and “regular”. Meinshausen (2006) provides a framework to establish the consistency
of the QRF'. Despite its novelty, there are some theoretical limitations in his framework that limit the
potential use of the QRF. For example, in Meinshausen (2006)’s work, the data is required to be iid
and fixed-dimensional. This leads to a question of whether the QRF can be applied to the data with
weak dependence and high dimensionality. Moreover, when constructing trees, it is assumed that
each covariate will be selected as splitpoint with probability bounded from below, which leaves the
tree growing procedure a “black box”. It is important to answer whether such high-level assumption

will actually hold when the proposed algorithm is empirically applied.

In this paper, we address these issues and formally establish the validity of the QRF algorithm for
data with weak dependence and high dimensionality. We show that, under the algorithm proposed
by Breiman (2001), almost all trees in the forest will choose signal variables with increasing number
of times under some sparsity conditions. Our proof first applies the “approximating rectangles”
method proposed by Wager and Walther (2016) to show concentration of forest prediction. However,
different from Wager and Walther (2016), we do not impose a Guess-and-Check tree structure when
analyzing the bias of forest prediction as well as showing the consistency of QRF. Indeed, the Guess-
and-Check procedure is designed to screen out noise covariates that are independent of the response
variable. While under the time series/panel data setup such as SCM, although some variables do
not directly affect the response, they are not necessarily independent of the response. For example,
when analyzing Hong Kong’s economic growth, Hsiao et al. (2012) find that only Austria, Italy,
Korea, Mexico, Norway and Singapore have nonzero impacts, but this does not imply that Hong
Kong’s economic growth is completely independent of the growth of the US. In fact, as long as the
US economy has impacts on the economic growth of the above six countries, such impacts could be
transmitted to Hong Kong’s economic growth, which leads to correlation between Hong Kong’s and
the US’s economic growth. Above analysis implies that Guess-and-Check procedure may choose too
many noise covariates due to their dependence with the response and lead to too many splits along
them. To deal with this issue, we follow the original splitting procedure proposed by Breiman (2001).
Under some regularity conditions, we show that as long as all the noise variables are conditionally
independent of the response variables, and almost all of them contain less “information” compared

with the signal variables, then for almost all trees, each signal variable will be selected as the
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splitting point with increasing number of times as the tree grows, and hence the consistency of QRF
holds. Our results not only facilitate the inference of the treatment effect based on the panel/time
series data environment in SCM, but also are applicable to general time series analysis with high

dimensionality.

We conduct extensive Monte Carlo experiments to investigate the performance of our method. We
compare the proposed method with other methods in the literature. The simulation results show
that confidence intervals via QCM have excellent coverage probability for the treatment effects even
in small samples, and is robust to the presence of heteroskedasticity, autocorrelation and nonlinear
functional forms. Under a variety of DGPs including linear or nonlinear factor models, as well as
models free of factor structures with or without sparsity, the proposed QCM prediction intervals

enjoy outstanding performance across the board.

The proposed QCM approach provides a useful inferential tool for applied work of policy evaluations.
As an illustration, we apply QCM to revisit the example on studying the effect of the economic
integration between Hong Kong and mainland China on Hong Kong’s economy (Hsiao et al., 2012).

QCM can be easily implemented by using forthcoming packages qcm in both R and Stata.

3.1.1 Literature Review

A popular way of inference for SCM or RCM relies on design-based placebo test (Abadie et al., 2010;
Gardeazabal and Vega-Bayo, 2017). This in-space placebo test is akin to permutation tests used
by classical randomization inference when the intervention is randomly assigned, which, however, is
not a probable setting especially in the contexts with aggregate units. Hahn and Shi (2017) point
out that the validity of permutation tests depends on the symmetry assumption, which may not
hold in the case of SCM. Also see Carvalho et al. (2018); Galiani and Quistorff (2017); Firpo and
Possebom (2018); Ferman and Pinto (2017) for other work on placebo tests. Another approach of
statistical inference focuses on average treatment effect (ATE) for the single treated unit over the
entire post-treatment periods, such as Carvalho et al. (2018); Chernozhukov et al. (2018); Li (2020);
Shi and Huang (2021). The asymptotic theories require the number of post-treatment periods to be

large, which may not be satisfied in empirical work.

For pointwise inference, Fujiki and Hsiao (2015) provide a simple textbook formula for the standard

errors and confidence bands of the treatment effects based on a strong assumption of i.i.d. errors.
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Xu (2017) uses the interactive fixed effects model to impute treated counterfactuals, and proposes
a parametric block bootstrap of the residuals to obtain uncertainty estimates of the average treat-
ment effect on the treated (ATT) based on assumptions of correctly specified parametric model and
homoskedastic error terms. Arkhangelsky et al. (2021) combine insights from difference in differ-
ences and SCM in a “synthetic difference in differences” estimator and propose a variance estimator
based on placebo tests similar to Abadie et al. (2010). This “placebo variance estimator” also relies
fundamentally on homoskedasticity across units. In addition, Bayesian approaches have also been
adopted to tackle the issue of statistical inference for SCM, such as Amjad et al. (2018); Kim et al.

(2020); Pang et al. (2022).

In a recent paper, Chernozhukov et al. (2021b) study the inference of SCM based on the assumption
that the underlying model is able to generate a mean-unbiased proxy P for the counterfactual
outcome of the treated unit in the absence of the policy. They investigate several models regarding
the specification of P, Based on these models, they consider testing hypotheses about the treatment
effect 6,. The proposed method chooses a fine grid of values of 8, say, {67,---,05}. For each
candidate value 67, the mean-unbiased proxy P? can be estimated based on the model and the
corresponding null restricted data. Then a conformal inference of hypothesis testing by permuting
blocks of estimated residuals is proposed. In another recent paper, Cattaneo et al. (2021) consider
a linear model between the features of the treated unit, a;, and features of the untreated units and
control variables p;. They consider the linear least square problem B = argming ZtTil (ar — p} 5)2,
and the predictive interval of the treatment effect are constructed by approximating the uncertainty
in pL, (B—B) and er, where er is the projection error. Cattaneo et al. (2021) propose to approximate
the uncertainty in p%(3 — B) using simulation approximation based on random draws from Gaussian
variates with an appropriate estimator of the covariance matrix. Based on different assumptions
on the model structure, Cattaneo et al. (2021) discuss model specifications corresponding to iid,
stationary, and unit root nonstationary data. Approximating the out-of-sample uncertainty in e
requires additional strong distributional assumptions. Cattaneo et al. (2021) discuss three different
strategies to assess the uncertainty based on progressively stronger restrictions. Such assumptions,

“however, are difficult to avoid” (Cattaneo et al., 2021).

Finally, we would like to make a comment on nonstationarity. The current paper focuses on the
case where the data is stationary over t. Cattaneo et al. (2021) and Chernozhukov et al. (2021b)
discussed models with certain types nonstationarity such as cointegration. For example, Cattaneo

et al. (2021) considered the nonstationary case where the pre-treatment outcomes are integrated
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process. In such cases, the pre-treatment outcomes are differenced so that stationarity can be
achieved. The variance of the (stationary) differenced data can be estimated and random samples
can be drawn from a normal distribution with appropriate estimated variance matrix. Note that
under appropriate assumptions on the form of nonstationarity, we may transform the nonstationary
data into stationary one, and then our proposed method may be applied to the transformed data.
However, when the nature of nonstationarity is unknown, such transformations are infeasible and

existing methods will generally be invalid?®.

3.1.2 Organization

The rest of this paper is arranged as follows. Section 3.3.2 formally introduces the setup of our
problem. Section 3.3 presents the inference procedure for the treatment effects via QCM. Section
3.4 proves the asymptotic consistency of the QCM. Section 3.5 reports Monte Carlo simulations
to demonstrate the small-sample properties of QCM. As an empirical illustration of our proposed
method, Section 3.6 applies the proposed method to study the effect of the economic integration
between Hong Kong and mainland China on Hong Kong’s economy. Finally, Section 3.7 concludes.
Additional results for simulation and empirical applications, and auxiliary results for theoretical

establishment are rearranged to the Supplementary Material to this paper.

3.2 The Model

Suppose that we observe panel data with outcome variables Y;; for individuals ¢ = 1,...,n + 1 (for
example, “regions” in regional policy evaluation, such as countries, states or cities), over periods
t=1,-- Ty, To+1,---,Tog+ Ty :=T. The time dimension 7T is divided into two parts: Ty + 17,
where Tj is the number of pre-treatment periods (from period 1 through period Tp), and T} is the
number of post-treatment periods (from period Ty + 1 through period Ty + T7). Without loss of
generality, assume that the first individual is the only treated unit, while all other individuals are
control units, which form a donor pool*. In other words, a policy intervention or treatment happens

to the first unit from period Ty + 1 through period Ty + 77, while all other units receive no treatment

3Indeed, Chernozhukov et al. (2021b) point out that “both unrestricted patterns of nonstationarity and misspecifi-
cation is not possible in general. To obtain valid inferences with nonstationary data, one has to either rely on correct
specification and consistency or impose assumptions on the particular structure of the non-stationarity, which allow
for preprocessing the data to make them stationary.”

4The case of multiple treated units can be accomodated by applying the same procedure to each treated unit
separately.
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throughout.

Following Rubin’s causal model, denote Y;} and Y;? as the potential outcomes with and without
treatment for individual i in period t. The observed outcome is given by Y;; = d;;Y;t + (1 — d;y) Y9,
where d;; is a dummy indicating the treatment status for unit 7 in period ¢. The treatment effect for
unit ¢ in period ¢ is defined as A;; = Y;} — V0. Our basic interest is to make period-wise inference
on the treatment effect of the first unit based on the data we observe. A fundamental problem of
the inference is that we do not simultaneously observe both Y} and Y7} at the same time. Note that

Yy = Y for t < Ty, and Yy, = Y3, for t > Ty + 1. To make inference on the treatment effects on

the first treated unit, we need information on the unobservable Yy} in the post-treatment periods.

Let Zit, ..., Zpt be covariates that can be used to predict Y,%, and N = n + p. To ease our notation,
we denote Y; = Y} and X; = (Yar, -+, Yoi1.4, Zit, - - ,Zpt)T. A key operating assumption in the
existing literature for treatment effect estimation and inference under the SCM framework is that
there exists a cross-sectional relationship between Y; and X;. In this paper, we assume that the

relationship between Y; and X, is characterized by

where f (-] -) is an unknown conditional density function. Equation (3.1) implies that if the treatment
never occurs, the distribution of the outcomes of the treated unit conditional on all the control units

will remain stable throughout time.

Now we make some comparisons between our setup in (3.1) and the setup in the conventional SCM.
The conventional SCM assumes that there is a linear relationship between the outcomes of the
treated and control units (Abadie et al., 2010; Hsiao et al., 2012; Amjad et al., 2018; Cattaneo et al.,
2021), that is,

Y, = XI'Wo + &, (3.2)

where Wy is the (pseudo) true linear projection parameter and e; is the error term. To predict
the (conditional) mean of Y3, it remains to estimate Wy; see Cattaneo et al. (2021) for an excellent
review for the estimation methods of Wy. While such linear setup makes the SCM easy to implement
and interpret, it misses some important information. On the one side, some latent factors may
have asymmetric impacts on different individuals, rendering (3.2) misspecified. Even though in

many situations we may view linear synthetic control as a reasonable approximation for the true
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process®, distributional information on the quantiles is inevitably ignored when we focus on the mean
prediction. For example, a region is more likely to experience negative shocks when its neighboring
regions are in economic downturns, indicating that the distribution of the region’s economic growth
is shifted leftwards and may have a thick left tail when we observe negative growth rates of its

neighboring regions. If we focus on conditional mean only, such useful information might be missed.

Comparatively, our setup (3.1) is a natural generalization of the conventional SCM. It demonstrates
that the distributional information of the outcome of the first unit without treatment can be deduced
from the observations of the outcomes of the control units. Apart from stable conditional distribu-
tion, it does not impose any model structure on the cross-sectional dependence between the treated
and control units. What mainly distinguishes our setup (3.1) from the setup of the conventional
SCM is that (3.1) goes beyond conditional mean and provides information over the quantiles, so the
distribution of Y; is completely determined after we have observed the outcomes of the units in the
donor pool. Given such distributional information, we can construct the prediction interval for Yz,
which we will show later can be used to make inference on the period-wise treatment effects. We
also point out that the specification in equation (3.1) is in fact very general such that it encompasses
both factor and non-factor based models. In particular, factor models as used by Abadie et al.

(2010) and Hsiao et al. (2012) are special cases of (3.1).

Remark 3.1. We make two additional comments on the setup (3.1). First of all, although (3.1)
assumes that the conditional distribution is stable throughout time, we do not rule out time depen-
dence. See Assumption 3.1 and Assumption 8.2 in section 3.4 below. Second, the conventional
SCM estimator for the treatment effect can be expressed as a functional of estimated f(Y|X). In
particular, if we have an estimator for f(Y|X), denoted as f(Y| X), then the point estimate of
treatment effect is given by Ay = Y1, — f/lot, where )A’l% = fyf(y| X)dy. In addition, based on the
point estimate of the treatment effect ﬁu, the average treatment effect on the first unit from period

To + 1 to period Ty + T1 can be estimated as 31 = T% ZtTi—qtoTh ﬁlt.

3.3 The Quantile Control Method

In the case of linear models specified in (3.2), the original papers of both SCM (Abadie and Gardeaz-

abal, 2003) and RCM (Hsiao et al., 2012) rely on informal inference. In many empirical applications,

5For example, Cattaneo et al. (2021) define Wy and e+ as the pseudo true linear projection parameter and residual
that satisfy Wy = arg miny E((Y; — X7 W)?2|H), where H is an information set, and e¢ = Y; — X7 W.
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the predicted outcome for the first unit before treatment closely tracks its observed outcome, which
lends support to the trustworthiness of the imputed counterfactual outcome for the first unit after
treatment. Typically, a “gap graph” is drawn to reveal the divergence between the observed and
counterfactual outcomes after treatment (in contrast to their closeness before treatment), as a way
to showcase the presumably significant treatment effects. However, this type of informal inference is
unsatisfactory. First, the pre-treatment in-sample fit may not be a reliable indicator of the model’s
ability to predict future data that it has not yet seen, which is widely known as “overfitting” in the
machine learning literature. Second, it is possible that despite an imperfect pre-treatment fit, the
estimated treatment effects are still significant. Consequently, requiring perfect pre-treatment fit
unnecessarily restricts the applicability of synthetic control methods in applied work®. Both issues
can be remedied if we could provide valid prediction intervals for the treatment effects. For exam-
ple, even if the predicted outcome for the first unit does not track the actual outcome before the
treatment very well, the treatment effects might nevertheless be significant if the prediction intervals
do not contain zero for some periods after the treatment, as these confidence intervals have already

taken into account the uncertainty from the imperfect pre-treatment fit.

Motivated by our model setup (3.1), in this paper we propose to estimate the conditional quan-
tiles/distribution of unobserved Y} given the observation of Y3, -- ,Y,? 1,45 L1ty Zpt, and then
construct the prediction intervals for the treatment effects via quantile regression (Koenker and Bas-
sett, 1978; Koenker, 2005). The usefulness of quantile regression as a way to construct prediction
intervals have long been recognized and proven in the statistics literature (e.g. Zhou and Portnoy,

1996; Koenker, 2005).

3.3.1 Prediction Intervals Based on Quantile Regression

We first introduce the general framework based on which we construct the prediction intervals for
the treatment effect. Recall that we denote Y, as Y and (Yar, -, Yoy1.6y Z1t, - - - ,Zpt)T as X;. To
construct a point-wise prediction interval of Ay for t > Ty + 1 with a confidence level (1 — 2«), we

start with the o and (1 — «) quantiles of the counterfactual outcome Y;. Denote Qy, (| X:) and

6Ben-Michael et al. (2021) propose to de-bias the synthetic control estimator with imperfect pre-treatment fit
via ridge regression. However, Ferman and Pinto (2021) warn that when the pre-treatment fit is imperfect, synthetic
control estimators are generally biased if treatment assignment is correlated with time-varying unobserved confounders,
even when the number of pre-treatment periods goes to infinity. Nevertheless, Ferman (2021) shows that this bias
goes away if both the number of pre-treatment periods and the number of control units tend to infinity.
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Qv, (1 — a|X}) as the @ and (1 — a) conditional quantiles of Y;, respectively. Then we have
P(Qy, (a|Xy) <Y <Qy, (1 — | Xy)|Xy) =1 - 20
Since Y; = Y{}, we have that Ay, = Y} — Y}, and
P (Qy, (o] Xy) <Y}, — Ay < Qy, (1 — o Xy)| Xy) =1 - 20,
which is equivalent to:
P (Y1 = Qy, (1-alX;) <Ay <Yir— Qy, (o X4)[Xy) = 1 - 20, (3-3)

(3.3) provides a theoretical prediction interval with confidence level (1 —2a) for the treatment
effect Ay If Qy, (o Xy) and Qy, (1 — | X;) were known, the prediction interval for Aj; can
be readily constructed. In practice, suppose that we obtain consistent estimators @yt (| X;) and

Qv, (1 —a|Xy), then
P (Qv, (alX,) €Y < Qv (1 -l X)| X, ) 51 - 20
and an asymptotic (1 — 2«) prediction interval for Ay, can be constructed by

Yie — Oy, (1 —a|X,), Yy — Oy, (04|Xt)}. (3.4)

In the special case where f(-]-) in (3.1) belongs to some parametric model family, we may use a
parametric (usually linear) quantile regression to estimate the a- and (1 —«)-th conditional quantiles
of Y;. But a parametric quantile relationship may be generally misspecified in practice. Indeed,
even if E (Y;|X}) is a linear function of X; as in (3.2), when the error term has heteroskedasticity
and/or autocorrelation of unknown forms, the linear quantile regression could be inappropriate and
the estimated quantiles will be poor. Furthermore, Monte Carlo simulations (unreported to save
space) show that even under correct model specification, prediction intervals based on linear quantile
regressions converge too slowly to have satisfactory coverage probability in finite samples. Also see

Chernozhukov et al. (2021a) for related discussion on the “plug-in” approaches.

To overcome these theoretical and practical issues based on traditional quantile regressions, we
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consider the most general setup as specified in (3.1) and propose a method based on Random
Forest. Suppose that we can obtain a (uniformly) consistent estimator for the conditional distribution
function F (Y|X), denoted as F (Y|X), then given any observation X; in the post-treatment period,

the conditional a-quantile of Y; given X; can be constructed as
Q. (alx)) =inf {y: F (41 X)) 2 a (3.5)

Then we can plug (3.5) into (3.4) and the prediction interval is constructed. The above analysis
implies that all the problems now boil down to how we can construct a consistent estimator for
F (Y|X). When N is very small and Tj is large, nonparametric estimation procedure such as kernel
method can be readily applied. However, when using SCM for policy evaluations, the number of
pre-treatment periods is often moderate, and at the same time, the number of control units is
relatively large. Both of the problems make conventional nonparametric procedure infeasible in the
applications. To address the above concerns, we propose to use the Quantile Random Forest (QRF,
Meinshausen, 2006) for the construction of @yt (a|X¢), which will be discussed in detail in the next

subsection.

3.3.2 Quantile Random Forest

Before we discuss the QRF method, we first briefly introduce the regression trees and Random
Forest. Given a training set {Y%, Xt}tTil, the regression tree and Random Forest both aim to predict
E (Y|X) at the test point X. Denote the N-dimensional feature space of X; as x CR", the popular
CART (Classification and Regression Tree) algorithm grows a tree by recursive binary axis-parallel
partition of x. In the case of regression trees for continuous response Y;, the partitioning rule at each
node is to minimize the mean squared errors by selecting the best splitting variable and splitting
position (also known as “cut”). In particular, given any node (rectangle) R = ®i1\i1[ri_ ;i C x,

define r; y = A\rj + (1 — \) 7} and

TRy = (v 1) - HEOL <10l (v R g < )
_#(EN {;(;: )G (v RA (X > ). (36)

where 52 (Y| R) = Y2 (R) — (V (R))2, Y (R) = 2 Yx,en Yo V2(R) = 75 Vg, Y7, and #R =

Ht : X: € R}|. Let (i,A) = argmaxlSiSN,AI@)\), then R is split into two subsets R; =
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RN{X; < r:5} and Rp = RN{X; > r;5}. After many rounds of cuts, x is partitioned into a
number of hyper-rectangles known as “terminal nodes” or “leaves”. The prediction by a single tree

at X is just the average of all Y;’s falling into the same leaf as X.

In general, the prediction based on a single tree is a discontinuous function of the data and the new
test point, which has large variance. To improve the prediction accuracy, Breiman (2001) proposes
Random Forest as an ensemble learning algorithm by injecting randomness into the tree-building
process, and then taking the average of the resulting randomized trees. Specifically, M resamples
based on bootstrap are obtained from the original training data to grow M trees. To further diminish
the correlations among these trees, random feature selection is conducted. In particular, at each
node of an individual tree, only my,, features are randomly chosen out of all NV features as candidate
splitting variables, where my,., is a tuning parameter’. Since the panel data evolves over the time
dimension, we skip the bootstrap procedure and simply use the original sample to preserve its time

series nature®.

Due to the randomization in growing the forest, each tree in the forest can be denoted as T'(,,),
m =1, ..., M, where 0,, is an iid random object characterizing the randomness in the m-th tree?. For
each tree, its leaves are determined by the training data as well as the randomness during partition
described by 6,,,. For any test point X € x, there is a unique leaf that contains X. We denote such
leaf as R (X, 6,,). Basically, R(X, 6,,) contains all the feature vectors that are close to X under the
m-th tree. Then the prediction of E (Y| X) based on tree T'(6,,) is obtained by averaging over the
observed values of Y; in the leaf R(X,6,,). Alternatively, we can view the prediction as a weighted
average of all Y; in the sample, where observations in the same leaf as X receive equal weights that
sum to one, and all other observations receive zero weights. Thus, the prediction based on tree

T(0,,) can be written as

To
(X, 0,,)=> w(X,0,)Y:, (3.7)
t=1
where the weight w;(X,0,,) is given by

(X, € R(X,0,,)
wi(X, 0) = #{s:X, € R(X, 0} (3.8)

"For regression forest, m¢,y is by default set to be [N/3] in R or Matlab.

8In our unreported simulations, we find that the performance of using the original sample is similar or even slightly
better than using bootstrap samples. This is consistent with Breiman (2004)’s claim that “omitting the bootstrapping
of the training set has very little effect on the error rate”.

9For example, when the bootstrap procedure is omitted, the randomness in each tree lies only in the procedure of
feature selection, then 6,, is a collection of random sets of indices, indicating the sets of covariates that are considered
for maximization of (3.6) at each parent node in the tree.
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where 1(-) is the indicator function. Finally, Random Forest predicts E (Y| X) based on the com-
bination of the prediction results from the M trees. Define w;(X) as the average of w;(X,8,,) over

these trees,
M

wy(X) = > wi(X,0,,). (3.9)

The prediction from the Random Forest is then given by
To
mX) =Y w(X)Y;. (3.10)
t=1

Remark 3.2. Based on Random Forest, given the pre-treatment training set {Y, Xs}zil and post-
treatment observations of Xy, t > Ty + 1, the prediction of the conditional mean of the first unit
without treatment is given by }AQ =m (Xy). Then the point estimate of the treatment effect of period

t is given by ﬁlt:Yufﬁ:Yufﬁi(Xt),tZTO+1.

Next we consider QRF, which is also known as “Quantile Regression Forest” (Meinshausen, 2006),
as an efficient and robust implementation of quantile regression. Inheriting from all the merits of
Random Forest algorithm, QRF is free of restrictive assumptions on functional form and thus is
robust to heteroskedasticity and/or autocorrelation of unknown forms as well as various types of
model misspecifications. Basically, QRF aims to estimate Qy («|X) via Random Forest. Assuming
that the response variable Y; is continuous, as we showed in (3.5), the estimator of Qy (a|X) can be
constructed as the inverse of the estimated conditional distribution function F (y|X). Note that for

any y € R, F (y|X) can be written as
F(yX)=P(Y <y|X)=E1(Y <y|X),

where 1 (-] X) is the indicator function conditional on the observation X. Similar to how we predict
E(Y|X) by a weighted combination of ¥;’s in the Random Forest algorithm, to predict the con-
ditional expectation E1 (Y < y| X), we can similarly define the estimator by the weighted average

over the observations of 1 (Y < y) given X:

To
F(yX)=Y w (X)1(¥; <y), (3.11)

where the weights w; (X)’s are the same as those for Random Forest defined in (3.9). The QRF esti-

mator Qy (a|X) is obtained by plugging F (y| X) to (3.5), based on which the estimated prediction
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interval can be constructed based on (3.4).

We summarize the proposed QCM Algorithm for convenience of application.

Algorithm QCM

Data: {Yj;}, where i = 1 is the treated unit, and ¢ = 2, ...,n+1 are control units; Z;;,j =
1,--- ,p, are covariates; t = 1, ..., Ty, are pretreatment periods, and ¢t = Ty +1, ..., Ty +T1,

are posttreatment periods. Denote Y; = Yy, and Xy = (Yar, ..o, Yoy1,6, Z1t, - - - ,Zpt)/.

Algorithm: (1 — «) Prediction intervals of treatment effects for post-treatment periods

t=Ty+1,...,To+Th.

1. Using pretreatment data, run quantile regression of {Yt}tTil on {Xt}?il via random

forest (QRF)! at quantiles /2 and 1 — /2.

2. For each posttreatment period t = Ty + 1, ..., To + 11, compute conditional quantiles

@yt (a/2|X}) and @y,(l — /2|X}) using results from Step 1 and posttreatment data for

To+T1
t=Tp+1"

control units {X;}
3. For each posttreatment period t = Ty + 1,...,Ty + T1, compute (1 — «) prediction

intervals of treatment effects as [Yt —Qy,(1— a/2[X,),Y; — Qy, (0/2|Xy)|.

Remark 3.3. The estimated quantile function provides an alternative point estimator for the treat-
ment effect. In particular, given the Random Forest estimator of F (y|X), F (y| X), we can obtain
the mean prediction based on m(X) = fydﬁ (y| X), and thus the estimator of the treatment effect
is given by Ay =Yy, —m (Xy). Alternatively, if we set o = 0.5, then @yt (a|X}) corresponds to
the median prediction of Y; conditional on X;. Based on the median prediction of the counterfac-
tual outcome, we can also construct the median prediction of the treatment effect, which is given by
Ay =Yy 7@)@ (0.5|X;). Compared with the mean prediction of Y given in Remark 3.2, the median

prediction Qy, (0.5|X,) is often. more robust to outliers of the data set.

Remark 3.4. In Athey et al. (2019)’s approach, the gradient of the check function as in Koenker
and Bassett (1978) is used to define a pseudo-outcome, which is then used for splitting and growing
regression trees. Their gradient tree-based approach requires the trees to be “honest”, which is ac-
complished by splitting the training set into two distinct parts, one part for growing trees only (i.e.,

estimating the tree structure), and the other part for computing the mean value within each leaf.

10To guarantee the asymptotic validity of the QRF, additional assumptions will be needed when constructing the
trees and forests. See Section 3.4 for more details.

144



3.4 Asymptotic Properties of The QCM

In this section we study the asymptotic properties of the proposed QCM. The validity of the proposed
prediction interval depends crucially on the consistency of QRF in the presence of weak dependence
and high dimensionality. In the following analysis, for any new test point X, we use Fy (y]| Xop) =
221 wy (Xo,0)1 (Y <y) to denote the prediction of F (y|Xp) based on an individual tree with
random feature selection procedure 6, where the weight w; (Xo, 6) is defined in (3.8). Obviously, the
prediction from an ensemble of M trees is given by FM (y|X,) = M~ Z%ﬂ Fy, (y|Xo), where
0, is the random feature selection procedure of the m-th tree. We also define the theoretical forest
prediction as EqFp (y| Xo) = fﬁg (y| Xo) dO (0), where O (0) is the CDF of the random object 6.
Essentially, the theoretical forest prediction is the expectation of tree prediction with respect to the
random object 6 conditional on the data set. Note that when 6,, is iid over m, Law of Large Numbers
indicates that limas_oc P (‘ﬁM (y] Xo) — Egﬁg (y] Xo)‘ > 5) = 0 for any € > 0, where Py is the

probability with respect to 6. So in this section we will focus on the consistency of Eeﬁg (y] Xo)-

Throughout the following discussion, the following notations will be frequently used. For any positive
sequences {a,},o, and {b,} —,, a, = o(by) if limsup, a,/b, = 0 holds, and a, = O (b,) if
lim sup,, a,, /b, < C holds for some constant C > 0. We also write a,, ~ b, if both a, = O (b,)
and b, = O (a,). For any X = (Xl,...,XN)T € x and any index set Q@ C {1,2,---, N}, define

X

Jle

Xl = (X;

s s )T, where j; < jo < -+ < Jjol and j; € Q for all i. For any X, X', and Q,

define V = [X]5 Q) [X']gc, where V = (V1, V3, - ,VN)T, and for each 7, V; = X, if i € Q and
Vi=X]ifie QY SoX = [X]o®[X]gc holds for all X. For any subset R C x, define [R], =
{[X]Q X € R}. If R = {X =(X1, -, Xn) 1] <X; < r;r}, then we write R = ®£V:1[r;,r;r].

For an arbitrary set A, define diam (A) = supy yvica [V —V/||.
To highlight the theoretical findings of this section, we informally state our main theorem as follows:

Theorem. Suppose that some regularity conditions hold and that |Y'| < 1 holds almost surely. Then
we have that

sup sup_[EqFy (4] Xo) — F (4] Xo)| = 0,
XoeX —1<y<1

and

sup sup ‘@y (o] Xp) — Qv (04|X0)’ —p 0.
XoEX 0<a<1

Readers of interest may refer to the theoretical development of the above theorem in the following
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subsections. Basically, the above theorem demonstrates the asymptotic consistency of the QRF
under time series setup and high dimensionality, and hence, the asymptotic validity of our QCM
method. The proof of the above theorem basically consists of three steps. In the first step, we
show that EgFy (y| Xo) concentrates around EoF (y| R (Xo,6)), where F (y| R (Xo,0)) is the true
cumulative distribution of Y conditional on X € R(Xg,6). In the second step, we show that the
difference between EoF (y| R (Xo,6)) and our target F' (y|Xo) is upper bounded. Finally, in the

third step, we show that such upper bound degenerates to zero as the number of splits increases.

3.4.1 Concentration of Forest Prediction

This subsection is devoted to the derivation of the concentration bounds of the forest prediction.

We first make the following technical assumptions.

Assumption 3.1. The feature space is x = [0, 1]N, (Yy, Xy) is identically distributed over t with
joint density f (Y,X). Moreover, there exists ¢ > 1 such that (7! < fx (X) < ¢, where fx (X) is

the marginal density of X;.

For convenience, we standardize the feature space x to [0, 1]N. This is a common practice in the
literature (Meinshausen, 2006; Biau, 2012; Scornet et al., 2015) since the forest prediction is invariant
to any monotone transformation of the feature space. Assumption 3.1 also requires that the marginal
density of X; is bounded from below and above, a standing example of which is that X; is uniformly
distributed over x. In general, it rules out the situation where X; has zero probability on a subset

of x with positive Lebesgue measure.

Remark 3.5. The stationary distribution requirement imposed in Assumption 3.1 is standard in the
literature of Random Forest, while it rules out the existence of nonstationarity such as cointegration.
As argued in Section 3.3.1, under appropriate assumptions on the nature of nonstationarity, we
can transform the data to restore stationarity, and apply our proposed method to the transformed
data. Of course, additional assumptions about the model are needed to pursue investigation along

this direction. In the current paper, we focus our attension on the stationary data.

Assumption 3.2. {Y;,X;},2, is a-mizing with mizing parameters oy satisfying
a <Cr-pt (3.12)

where Cy is a constant and p > 1.
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Assumption 3.2 requires that {V;,X;},2, is a strong mixing process with exponentially decaying
mixing parameters, which nests many commonly used time series processes such as ARMA(p, q)
processes. As shown in Liebscher (1996), the tail behavior of the sum of a-mixing dependent
random variables relies on the a-mixing parameters. So this assumption is mainly used to obtain
the exponential bound on the tail probability for the sums of random variables. In principle, such
an assumption can be weakened to a; < C - t~# for some B > 0, but on this condition we have to

require that the dimension of covariate N to increase at a slower rate than that in Assumption 3.4.

Next we make assumptions on the tree structure. Define splitting level as the maximum number
of nodes that any input has to pass to reach the terminal node. A tree is called balanced if the
maximum and minimum numbers of nodes that inputs have to pass to reach the terminal nodes are

equivalent. We make the following assumptions.

Assumption 3.3. The tree is balanced. For any parent node ®£\Ll[ri ,7i] and splitting direction

Jj, the splitting point lies within the interval
[(1 — §_1) T —1—5_17“;', f_lrj_ + (1 — 5_1) Tﬂ
with some & > 2.

Assumption 3.3 imposes two restrictions on the structure of the individual trees. The first require-
ment of balanced tree can be easily weakened to restrictions on the minimum and maximum cutting
numbers for each terminal node. While for convenience, we stick with the balanced-tree assumption
in the following development. Assumption 3.3 also requires that any potential splitting point lies in
the [5*1, 1-— 5*1] region with £ > 2 for any node and splitting direction, which seems to slightly
deviate from the existing literature. In the existing literature, it is usually assumed that each child
node contains at least 5*1 proportion of the total observations in the parent node for some 2 > 2
(Meinshausen, 2006; Wager and Walther, 2016). However, in the Appendix, we show the following

proposition!!.

Proposition 3.1. Suppose that Assumption 3.1, Assumption 3.2, and Assumption 3.4 hold, then:
(A) If further, in each round of split, each child node must contain at least §~_1 proportion of
the data points in the parent node, where E > 2, then with probability going to 1, for any par-

ent node R = ®£\;1[r7 r] and splitting direction j, the splitting point lies within the interval

1001

11We thank one anonymous referee for motivating us to think about how our Assumption 3.3 is connected to the
existing literature. Such connection is formally stated in Proposition 3.1.
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[(1-¢71) T +§_1rj+, 5_17“; +(1-¢1) rf] where & > 1.1¢2%¢; (B) If Assumption 3.3 further
holds, then with probability going to 1, each child node contains at least E—l proportion of data

points in the parent node, where §> 0.971¢2%¢.

Proposition 3.1 shows that asymptotically, our Assumption 3.3 is equivalent to the conventional
assumptions made in the existing literature. In principle, Assumption 3.3 provides a convenient
control for the decreasing speed of the volume of the terminal nodes. Note that under Assumption 3.1
and Assumption 3.3, for any node R that may appear in the first k rounds of splits, we have that

p(R) > €7k where pu(-) is the Lebesgue measure, and consequently, P (R) > (~1¢~F.
Finally, we assume the following.

Assumption 3.4. The splitting level k and the dimension of covariates N satisfy: (A) there exists
a constant B € (0, %) such that N = O(exp(TOB)), and (B)

(log k 4 log N) log® Ty (log log Tp)
To

7 (k, N, Ty) := (26)" - \/ -0, (3.13)

Assumption 3.4(A) restricts the increasing speed of the dimension of the covariates. We allow for
ultrahigh-dimensional data set. Assumption 3.4(B) mainly controls the increasing speed of the
splitting level k. It requires that 2log (2€) k + loglog N + 3 log log T + log log log Ty — log Ty — —o0.

So the splitting level increases at a speed no faster than log T — loglog N.
Based on the above assumptions, we have the following result.

Theorem 3.1. Under Assumption 3.1-Assumption 3.4, there exists a positive constant C' such that

lim P {sup sup [EgFy (y| Xo) — E¢F (y| R (Xo,6))| < C -7 (k, N, Tp)| = 1. (3.14)
To—ro0 Xo€x yER

Theorem 3.1 indicates that uniformly with respect to the input Xg and y, the deviation of forest pre-
diction EgFp (y| Xo) from E¢F (y| R (Xo,0)) is at most at the rate of 7 (k, N, Tp), which degenerates
to zero according to Assumption 3.4. When N = O(T") for some 0 < o < o0, the convergence rate
simplifies to (2§)k log® Ty \/m. Note that given N and Ty, the splitting level k affects the
convergence rate 7 (k, N, Ty) exponentially. This is mainly because as k increases, the volume of each
terminal leaf decreases exponentially. A smaller node contains fewer observations, based on which

the estimation results of the conditional distribution may be more inaccurate. The dimension of
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the covariate N affects the convergence rate mainly through complicating the set of terminal leaves.
As the number of potential terminal leaves increases, the space over which the supreme operator is

performed becomes more complicated, and finally the maximum deviation increases.

We finally compare our results with those in the existing literature. In Wager and Walther (2016),

the concentration of forest prediction is of order \/log(Tp/s)(log(N<) + loglog(Tp))/s, where  is the
minimum leaf size. Since Wager and Walther (2016) assumes that each child node contains at least
« proportion of the data points in parent node, there holds ¢ > Ty, where k is the number of

splits according to our notation. When the equality holds exactly, we have that

V/ (log(To /<) (log(N<) + loglog(Tp))) /s
= (wl/a)k \/(log(l/a)k(logN + klog(a) 4 log Ty + loglog(Ty))) /To

> (\/1/04)]“ V(k(og N +log Tp)) /To.

for Ty sufficiently large.

3.4.2 Bounds on the Bias

In the previous subsection, we have shown that the forest prediction EgFy (y| Xo) concentrates
around EoF (y| R (Xo,0)). In principle, the concentration bounds demonstrate how fluctuating our
QRF estimator is, while EgF (y| R (X, 0)) is still different from our primary target F (y| Xo). The
task of this subsection is to provide a simple upper bound on the deviation of E¢F (y| R (Xo,0))

from F (y| Xyp). In particular, we will work on the following distance

sup sup [EgF (y| R (Xo,0)) — F (y] Xo)|. (3.15)
XoEX yeR

Before we proceed, we make some further restrictions on the signal structure under high dimension-

ality.

Assumption 3.5. There exists an index set Q such that for any X and Y, there holds

Frix Y 1X) = fyix, (V|Xlg) .
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where fy|v is the density of Y conditional on V. Moreover, for any X, X', and X", there holds

£ (XKl @ XNoe) ~ £ (VK @ XNoe) [ < L) - [~ Xl (316)
with [, L (y)dy = L < oo for any Y € R.

Assumption 3.5 first restricts the signal structure of the true data generating process. Under As-

sumption 3.5, we have

f[X]Qc,Y|[X]Q (X]ge, Y[[X]g) = f[X]Qc\[X]g (X]gel[X]o) fY|[X]Q (Y[X]o)-

So Y is independent of [X]gc conditional on [X]g. When the index set Q is fixed while the di-
mension of X is allowed to increase with sample size T, such an assumption can be interpreted as
a sparsity condition, which is generally used to deal with high-dimensional case. Assumption 3.5
also requires that for any fixed Y, the joint density of (Y,X) is L (Y')-Lipschitz with respect to
[X]o. Define fo (Y,[X]y) as the joint density of (Y,[X],). Under Assumption 3.5, we have
1fo (V,[X]g) — fo (Y. [X']g)| < L(Y) - |[[X]g — [X]g|: so fo(Y,[X]g) is also L (Y)-Lipschitz
with respect to [X]g. Moreover, define fixj_ ([X]g) as the marginal density of [X],. There holds

‘ fixyo (Xlo) = fixg ( [X’]Q)’ < L-[|[X]g — [X']g||, which implies that fix, ([X]g) is L-Lipschitz.
Based on Assumption 3.5, we have the following result.

Theorem 3.2. Under Assumption 3.1 and Assumption 3.5, there exists a constant C such that

sup sup [EoF (y| R(Xo,0)) — F (y| Xo)| < C- sup Egdiam ([R (Xo,0)]o) -
XoeX yeR XpeX

Theorem 3.2 implies that based on the sparsity assumption, we can construct an upper bound for the
bias of the forest prediction that depends only on the signal variables. In the following subsection,
we will show that such upper bound degenerates to 0 under some further conditions, and hence

prove the consistency of the QRF.

3.4.3 Consistency

In the previous subsection we have shown that the bias of the QRF is, up to a constant term, bounded

by supx,cx Egodiam([R (Xo,0)]g). When the number of the covariates is fixed and each covariate is
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split with a probability bounded away from 0 (e.g. Meinshausen, 2006), supx ¢y Egdiam([R (Xo, 0)]o) —
0 as kK — oo naturally holds under Assumption 3.3. While in the high-dimensional scenario where
N > k, if we do not distinguish between the signal variables and noise variables (for example, pick
each covariate with the same probability), we may end up making too many splits along the noise

variables, which does not effectively decrease the bias.

Many attempts have been made to avoid the above problem. For example, in Wager and Walther
(2016), a Guess-and-Check tree structure is imposed to screen out noise variables that are indepen-
dent of the response. However, such framework does not directly apply to our setup. For the panel
data driven by common factors, noise variables are not necessarily independent of the response. On
this condition, when a noise variable is picked, splitting on it will lead to significant child nodes’
differences, hence the noise variable will be unblocked and we may end up making too many cuts

along the noise variables.

Going back to the tree splitting algorithm discussed in Section 3.3.2, we now consider a specific
test input Xy and one individual tree with random feature selection vector . When splitting a
parent node that contains Xg, 1, features are randomly selected based on the realization of 0
and then compared. For some fixed positive integer d, suppose that my,, ~ N and we conduct &k
rounds of splits. Then the probability that the j-th covariate is selected as a candidate for split
with less than or equal to d times goes to 0 as k — oco. This implies that as the split proceeds, the
number of rounds in which a particular signal variable is taken as the potential splitting direction
will increase to infinity with probability going to 1 (probability with respect to 8). So the remaining
task is to investigate whether each signal variable is indeed selected and split with growing number
of times. For simplicity, we assume that |Y| < 1 throughout this section. Such upper bound can be
replaced with any positive constant. The upper boundedness of the response is for technical proofs
and is mainly used to obtain exponential concentration inequalities for dependent data. Similar
boundedness assumption is also imposed in Wager and Walther (2016). It is possible to replace such

condition by sub-Gaussianity of Y;.

-+
i1

As was discussed in Section 3.3.2, given any rectangle R = ®iV:1 [r ] C x, the splitting criterion

o — —

is to maximize Z (R, i, \) with respect to ¢ and A. Define the population counterpart of Z (R, i, A) as
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follows

T(R,i,\) =0*(Y|R) —P(RN{X; <rix}|R)o*(Y|RN{X; <rip})

—P(RN{X; >rix}R)o*> (YIRN{X; >7i2}). (3.17)

(3.17) is obviously the splitting criterion we would maximize if we were able to observe the whole
population. According to Lemma 3.7 in the Appendix, the empirical criterion (3.6) constitutes
a good approximation of (3.17) uniformly with respect to rectangles R, splitting direction ¢, and
splitting location A\. Motivated by such result, to guarantee that each signal variable can be selected
and cut for increasing number of times, we only need to impose more restrictions on Z (R, 4, A). This

is done by the following Assumption 3.6 and Assumption 3.7.

Assumption 3.6. Q is fized. Define

) = inf inf T(R,i,1/2), 3.18
) € {R=Q@\[r; rf1Cx:rf —r; =n} ( /3 ( )

there holds § (n) > 0 for any n > 0.

Assumption 3.6 imposes restrictions on the lower bound of Z (R, ¢, \) for signal variables. It requires
that the total variation of Y contributed by the variation of signal X; can not be fully explained
by the combination of the remaining covariates, and the unexplained variation is uniformly lower-
bounded by a positive function depending only on the length of the interval where X; takes value.
So even after we have split along the same signal variable for sufficiently many times, we will still

find significantly different child nodes if we continue to cut along such direction.

Remark 3.6. We provide two examples for Assumption 3.6. Consider the following linear model
Y =) coXit+e, where X;’s and € are mutually independent. For any R = ®;-V:1[r;, r;r], we have
that 0* (Y| R) = Y ,co 02 (Xi| Xi € [r;,77]) + 02. Suppose further that X; ~ U (0,1), we have
Z(R,i,1/2) = (r] — r;)Q /16. Consider another evample Y = [[;co(1 + X;) + ¢, where X;’s and ¢
are mutually independent, and X; ~ U(0,1). For any R = ®;V:1[r;7 rj], we have that Z(R,i,1/2) =
(Tlico ui (U () +r7) 20 (U477 /443 /4224 (1430 fa+7r7 /4?2 /2= (147 /2477 /2)?).
Then due to the fact that (1 + 21)%/2 + (1 + 22)%/2 — (1 + (21 + 22)/2)? = (z1 + 22)?/4, we have

that Z(R,4,1/2) > ([1jcq (1 + (rf +7r7)/2) - (rF —77)?/16 > (r] —r7)?/16.

We finally make another assumption on the information of the noise variables.
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Assumption 3.7. If N is diverging, there exists a fized set Q1 2O Q such that for any R C x
and i ¢ Q, there holds supg—1<y<j_¢-1 Z(R,4,\) < wmax;eo, Supg-1<r<1—¢—1 L (R, 5,A), where
0<w<1. Let Q3 ={1,2,--- ,N} when N is fized. For N either fized or diverging, the Lipschitz

condition (3.16) also holds for Q;

Assumption 3.7 implies that, when there is increasing number of covariates, although splitting on a
noise variable can lead to larger differences in the child nodes compared with splitting on any of the
signal variables, there are not infinitely many such covariates. Note that such an assumption does
not rule out the possibility that all the noise variables are correlated with the response; instead, we
only require that the number of “more informative” noise variables is finite. On this condition, if
we had observed the whole population, we would never split on the covariates outside Q; if we can

choose from all the variables in Q.

Remark 3.7. Assumption 3.7 can be regarded as an extension of the scenario where all the noise
variables are independent of the response. In fact if so, we have 0 (Y| RN{X; <1 \}) = > (Y| RN{X; > ri\}) =
0?(Y|R) for any R and i ¢ Q, so I (R,i,\) =0 for any X € [0,1]. If Assumption 5.6 further holds,

we have 0 = T (R,i,\) < W (R,j,1/2) <supg-1cycy_¢-1 L (R, 5, \) for any j € Q.

Based on the restrictions on the population splitting criterion as were made in Assumption 3.6 and
Assumption 3.7, we study the behavior of the empirical splits and the bias of QRF. We first provide
two lemmas that are useful when N is diverging. Define ¥ (Xy, k, d) as the collection of § such that
in the first k& rounds of splits along the nodes that contain Xy, there are at least d rounds in which all
the covariates in Q; are simultaneously selected as candidates. Note that if we we choose my.y ~ N,
since N — 00, myyy > | Q1| for N sufficiently large and hence limy o Py [V (X0, k,d)] = 1 for any
fixed d. Moreover, given the feature selection procedure 6 and the total number of splits k, define
N (Xo,0,k,7) as the number of cuts over covariate j, which is a random variable. We have the

following result.

Lemma 3.1. Suppose Assumption 3.1-Assumption 8.7 hold. Suppose moreover |Y| < 1 holds almost

surely, N is diverging, and my., ~ N. For any fixed k and d < k, there holds

li P inf inf Xo,0.k,7) >d| =1.
Toso XOEX:\IJI(I;(o,k,d);é(Z) ee\pglcok,d) jezQ: N (Xo,0, k. 5) 2
1

The idea of Lemma 3.1 is intuitively discussed as follows. Under Assumption 3.7, when all covariates
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in Q; are selected, we will choose one covariate in Q; to split if we can observe (3.17). So if Q;
is selected d times, there must be at least d rounds in which splits take place in Q;. Although in
practice we can not observe (3.17), its empirical counterpart (3.6) constitutes a good estimate for

(3.17), so the split based on (3.6) will be asymptotically identical to that based on (3.17).

In the Appendix, we also show that Z (R, 4, \) with ¢ € Q; decreases exponentially uniformly with
respect to R and A as the number of splits along such covariate increases. Combine such result with
the lower bound on Z (R, 4, \) as assumed in Assumption 3.6, it is then intuitive to expect that as
long as d is sufficiently large, each covariate in Q will be cut with no less than a predetermined

number of times. Such a result is formally stated in the following lemma.

Lemma 3.2. Suppose Assumption 3.1-Assumption 3.7 hold. Suppose moreover |Y | < 1 holds almost
surely, N is diverging, and my, ~ N. For any fized d € N, let d* satisfy 2C - (1 —5_1)d*_1 <
inf, ~¢—w-1) 6 (n), where C = C (d*) is a constant depending on d*. For any fized k, there holds

lim P inf in min N (6,k,7) > d| = 1.
To—o0 XoEX:¥(Xo,k,| Q1| max{d,d*})#0 0¥ (Xo,k,|Q1|-max{d,d*}) jEQ

Based on Lemma 3.1 and Lemma 3.2, we have the following result which is crucial in showing the

consistency of QRF.

Lemma 3.3. Suppose Assumption 3.1-Assumption 8.7 hold. Suppose moreover |Y| < 1 holds almost

surely, myry ~ N and k — oo. Then for any positive integer d > 0, we have

plimyp, XionefXPg gréiélN(Xo,H,k,j) >d| =1,

where Py is the probability measure with respect to 6.

Lemma 3.3 is the key result of this section. It demonstrates that under the QRF algorithm, no
matter whether the number of covaraites N is diverging or fixed, as the number of split £ increases
the average (with respect to ) number of splits over each signal variable will increase to exceed any
fixed integer with probability going to 1. Such a result implies that with probability going to 1, the
average number of splits over signals will go to infinity, and consequently, the bias also degenerates

to 0 according to Theorem 3.2.

Based on Lemma 3.3, now we can demonstrate the consistency of the QRF.
Theorem 3.3. Suppose Assumption 3.1-Assumption 3.7 hold. Moreover, suppose |Y| < 1 holds
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almost surely, miy ~ N and k — oo. Then we have that

sup  sup |EgFy (y| Xo) — F (y| Xo) —p 0.
Xo€X —1<y<1

Suppose further that supx cx ., Fy (y[ Xo) < oo, infx cx y<c Fy (y|Xo) > 0 for all 0 < c <1 and
. -1 .
(1an0€X,|y|§c F, (y] XO)) (1 _C)'Supxgex,\mzc F, (y| Xo) = 0 for ¢ — 1, where F,,(y|Xo) is the

partial derivative of F(y|Xo) with respect to y. Then

sup sup |Qy (aXo) — Qy (aXo) —p 0.
XoEX 0<a<1

Remark 3.8. (A) Our proof technique can be easily extended to prove the point consistency of
the Random Forest prediction of the conditional mean in the high-dimensional scenario. So under
the similar conditions, we can show the consistency of the treatment effect estimator discussed in
Remark 3.2. Such a result is not trivial compared with Wager and Walther (2016) since we do not
impose Guess-and-Check strcture. (B) The high-level assumptions we use throughout the proof are
Assumption 3.6 and Assumption 3.7. In general, both assumptions are difficult to break down to
more primitive assumptions, while it is easy to verify them when given specific setups of the data
generating processes. Note that when n = 1, Assumption 3.6 is equivalent to the Assumption j
(monotone signal) in Wager and Walther (2016). (C) Note that the above asymptotic consistency
results hold for any fized index set Q. It’s also not difficult to see that there exists a slowly increasing
sequence of index sets {Qr, } 75— such that limg, o [Q1,| = 00, and that the consistency results

still hold.

3.5 Simulations

In this section, we investigate the finite sample performance of the proposed method via Monte Carlo
simulations. We consider a wide-range of data-generating processes, including those in Hsiao et al.
(2012), then add heteroskedasticity, cross-sectional heteroskedasticity, autocorrelation or within-
panel autocorrelation, and nonlinear transformations, followed by DGPs free of any factor structure
with or without sparsity. In particualr, following Cattaneo et al. (2021), Chernozhukov et al. (2021b)

and Hsiao et al. (2012), we consider the following 13 different data generating processes:

(1) DGP1 (sparse weights). We model the potential outcome without treatment for the first treated
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unit as a sparse linear function of the other control units:

N+1

0 _ 0
Y = @ + E :wjyjt+ut’
=2

where a;, y;)t and u; are iid random draws from N(0,1), and

(wa, ..., wn1) = (0.2,0.2,0.2,0.2,0.2,0, ..., 0).

(2) DGP2 (even weights). As a variation of DGP1, consider DGP2 with small effects for all cross-

sectional units:

N+1

0 _ 0
Yie = i+ E Wiy + Ut
Jj=2

1

where «;, yjo.t and u; are iid random draws from N(0,1), and (wa, ..., wn41) = (%, N

2|~

(3) DGP3 (single iid factor). The third DGP has a simple i.i.d. factor (r = 1):

Y = a; + bifi + wit, fi ~ia N(0,1),

where «;, u;, and f; are random draws from N(0,1), while factor loadings b;s are random draws

from N(1,1).

(4) DGP4 (two stationary factors). The fourth DGP consists of two (r = 2) stationary factors:

Y = a; + bi1 fie + bia for + wir,

with

fie = 03f10—1 + €14, for = 0.6f24_1 + €24,

where «;, €1; and e9; are random draws from N (0, 1), factor loadings b;; and b;2 are random draws

from N(1,1), while we let u;; = x?(1) — 1 as a variation.

(5) DGP5 (DGP1 + sine). DGP5 applies a nonlinear sine transformation of DGP1:
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N+1
0 _ o . 0 4
Y1 = SIN | ¢y wjyjt U,
=2

where «;, yg-)t and wu; are iid random draws from N(0, 1),
(wa, .y wn11) = (0.2,0.2,0.2,0.2,0.2,0, ...,0),
and sin(+) is the sine function.

(6) DGP6 (DGP1 + cube). DGP6 applies an unbounded cubic transformation of DGP1:

N+1
0 _ 0
Yie = |+ Z WY |+ Ut
=2

where a;, y?t and u; are iid random draws from N(0,1), and

(wa, .., wrn1) = (0.2,0.2,0.2,0.2,0.2,0, ..., 0).

(7) DGP7 (DGP2 + sine). DGP7 applies a nonlinear sine transformation of DGP2:

N+1

0 —gin |, + 200+

Y1ie =8 @ W;5Y e Ut,
Jj=2

where ay, y?t and u; are iid random draws from N(0,1), and (wa, ..., wn4+1) = (%, %, cey

).

2|~

(8) DGP8 (DGP2 + cube). DGPS8 applies an unbounded cubic transformation of DGP2:

N+1
0 _ 4 0 i
Yie = | Qi W;Yjit Uts
=2

where a;, Z/;)t and u; are iid random draws from N(0,1), and (wa, ..., wn41) = (%, ﬁ, ceey

2|~
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(9) DGP9 (cubic transformation with sparse weights). DGP9 considers the following nonlinear data
generating process:

1/3
N+1 /

yhe = | o1+ Z wj(y_?t)g +u )
j=2

where a1, 3, and u; are i.i.d.random draws from N(0,1), and

(wa, .. wn41) = (0.2,0.2,0.2,0.2,0.2,0, ..., 0).

(10) DGP10 (cubic transformation with equal weights). DGP10 considers the following nonlinear

data generating process:

1/3
N+1 /

W=+ D wiwf)? +u |
j=2

where a7, yjo»t and u; are i.i.d.random draws from N(0,1), and (wa, ..., wn41) = (%, %7 e

).

=zl

(11) DGP11 (DGP4 + heteroskedasticity). DGP11 is a variation of DGP4 with cross-sectional

heteroskedasticity, but without within-panel autocorrelation:

Y = a; + biy fie + bia for + 0.2hug,

with
fie =03 f10-1 + €11, for = 0.6f24 1+ €24,

where hs are random draws from uniform distribution U(0,10), factor loadings b;; and b are

random draws from N(1,1), while o, u;, £1; and e9; are random draws from N(0, 1).

(12) DGP12 (DGP4 + autocorrelation). DGP12 is a varation of DGP4 with within-panel autocor-

relation, but no cross-sectional heteroskedasticity:
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Yoy = i + bit fre + bia for + Wity Uix = Pitlig—1 + Vit

with

fie =03f1t-1+ €11, far = 0.6f24 1+ €24,

where v;; are random draws from N(0,1), while p}s are random draws from uniform distribution
U(0,1). Note that u;; is standardized to have unit variance in order to maintain homoskedasticity

across units.

(13) DGP13 (DGP4 + HAC). DGP13 is a variation of DGP4 with both cross-sectional heteroskedas-

ticity and within-panel autocorrelation:

Yor = @i + bit fe + bia for + 0.2hiwse, Ui = pitig—1 + Vit

fre = 03f10—1 + €14, for =0.6f24_1 + €24,

where hls are generated as in DGP9, while v;; and p; are generated as in DGP10, and u;; is again

standardized to have a unit variance.

In all simulations, the true treatment effect of size 1 is assumed to impact the first unit after the
treatment, while all other units receive no treatment. The nominal coverage rate is 95%. The
coverage probability (i.e., empirical coverage) is computed as the frequency that the constructed
prediction intervals contain the true treatment effect in 1000 simulations. When using the R package
quantregForest for the implementation of quantile random forest, we set the number of trees to be

1000, the minimum size of terminal nodes to be 10, and turn of the bootstrap part of the algorithm?!2.

Table 3.1 reports the performance of the QCM approach by varying the number of pretreatment
periods from 10 through 90, with NV = 30. To save space, additional results with different number
of control units N are reported in the Supplementary Material'®. The results are quite similar. The
results reported in Table 3.1 demonstrate great finite-sample properties of QCM prediction intervals
across different DGPs. The coverage probabilities reach around 0.9 even with Ty = 20. Overall,

the coverage probabilities appear to approach the nominal coverage rate of 0.95 as Tj becomes

12We find that the minimum size of terminal nodes of 10 is slightly better than the default setting of 5 for our data
structure.
13The readers are also referred to an earlier version of this paper for more results on the Monte Carlo experiments.
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Table 3.1: Coverage Probabilities of QCM (N = 30)

DGP | Ty, =10 | Tpo =20 | Tpo =30 | To =40 | Ty =50 | Ty =60 | Tp =70 | Tp =80 | Tp =90
1 0.822 0.908 0.921 0.916 0.921 0.929 0.918 0.935 0.929
2 0.829 0.888 0.927 0.911 0.91 0.925 0.947 0.942 0.925
3 0.799 0.889 0.92 0.917 0.943 0.943 0.933 0.947 0.943
4 0.781 0.877 0.911 0.919 0.934 0.947 0.953 0.948 0.956
5 0.814 0.895 0.918 0.912 0.903 0.927 0.921 0.917 0.934
6 0.838 0.892 0.908 0.925 0.937 0.923 0.944 0.945 0.932
7 0.821 0.909 0.904 0.917 0.925 0.92 0.927 0.922 0.935
8 0.808 0.883 0.923 0.925 0.921 0.933 0.947 0.94 0.936
9 0.826 0.887 0.911 0.923 0.922 0.917 0.945 0.92 0.927
10 0.816 0.892 0.926 0.929 0.924 0.928 0.928 0.916 0.919
11 0.798 0.883 0.922 0.925 0.934 0.945 0.955 0.96 0.96
12 0.778 0.879 0.928 0.914 0.937 0.948 0.96 0.937 0.953
13 0.786 0.865 0.909 0.93 0.938 0.941 0.952 0.96 0.943

Note: Tj is the number of pretreatment periods. The nominal coverage rate is 95%.

large. These simulations confirm that QCM prediction intervals have excellent coverage properties
even in small samples with the number of pretreatment periods as small as 30. Moreover, QCM
prediction intervals are shown to be robust to heteroskedasticity, autocorrelation, sparsity and model
misspecification, since quantile random forest is nonparametric by nature as an ensemble learning

based on decision trees.

Next, we compare the performance of the prediction intervals derived from the quantile control
method (QCM) with existing approaches in the literature. In particular, we compare the finite sam-
ple performance of the proposed procedure with those of Cattaneo et al. (2021) and Chernozhukov
et al. (2021b). Cattaneo et al. (2021) propose three approaches to measure the out-of-sample un-
certainty of synthetic control methods: the sub-Gaussian approach using concentration inequalities
under subgaussian distribution, the location-scale approach relying on location-scale model, and the
quantile regresssion approach applying linear quantile regression to the residuals. '* Chernozhukov
et al. (2021b) adopt a conformal inference relying on moving-block permutation of the estimated
residuals to hypothesis testing for synthetic control methods, and builds prediction intervals indi-
rectly by test inversion. For the three approaches by Cattaneo et al. (2021), we use the R package
scpi provided by the authors for implementation. For the implementation of conformal approach

by Chernozhukov et al. (2021b), we use the R package scinference provided by the authors.

In addition to the above methods, two other methods based on stronger assumptions are also con-
sidered in our Monte Carlo. In particular, Fujiki and Hsiao (2015) proposes confidence intervals for

regression control method (RCM) under the assumptions of linear factor model, iid disturbances

M As commented in Cattaneo et al. (2021), one may also consider using nonparametric quantile regression.
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and normality. Bai and Ng (2021) proposes a Tall-Wide algorithm to impute counterfactual out-
comes in a similar panel data setting, as well as confidence intervals relying on assumptions of linear
factor model, identical distributions (homoskedasticity) and normality. We also include these two

procedures for the comparison of the QCM with existing methods.

The sample size is Ty = 30, and the number of control unitsn is N = 30. We choose these sizes
because they are close to those in empirical applications in the literature, for example, the pre-
treatment periods for the California tabacco control study (Abadie et al., 2010) and the Germany
reunification study (Abadie et al., 2015) are only 19 and 30 respectively. The simulation results are
presented in Table 3.2 and Figure 3.1. Under a small-sample setting with N = 30 and 7y = 30,
the coverage probabilities of QCM are all above 0.9, and not far from the nominal coverage rate of
0.95. In comparison, prediction intervals of the Gaussian, Location-Scale and Quantile Regression
approaches generally undercover, with coverage probabilities being generally below 0.9, sometimes
dipping down below 0.8. Moreover, the performance of conformal approach seems unstable, with
coverage probabilities fluctuating between severe overcover (e.g., CP reaching 0.999 in DGP7) and
severe undercover (e.g., CP dropping to 0.709 in DGP3), despite great performance in DGP8 and
DGP12. The RCM-based method performs poorly when the sample size Tj is small, and undercover
in general. The Tall-Wide algorithm based approach has reasonable performance for some sim-
ple DGPs, but generally undercover in complicate models. As shown in Figure 3.1, the prediction

intervals of QCM clearly dominate other approaches in terms of coverage probabilities.

We finally compare large-sample properties of different approaches by considering the case with
To = 100 and N = 30. While Ty = 100 is unrealistically large in practice, it is helpful for in-
vestigating the consistency of prediction intervals. The results are reported in Table 3.3. With a
larger Tj, the performance of Gaussian, Location-Scale and Quantile Regression approaches have
all improved. In particular, the performance of Location-Scale and Quantile Regression approaches
are now comparable to QCM, and even slightly outperform the performance of QCM under simple
linear or linear index setups (for example, DGPs 1, 2, 5, 7, and 8). However, these methods are
generally dominated by the QCM when the data generating process displays severe nonlinearity (for
example, DGPs 9, 10, 11, and 12). Both the RCM-based method and the Tall-Wide algorithm based
approach improve when Tj is large, but still undercover when nonlinearity increases. Such results
highlight the robustness of our proposed method. Finally, we note that the coverage probabilities of

conformal approach remain unstable and are far away from the nominal rate of 0.95 in many cases.
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Figure 3.1: Comparing Prediction Intervals
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3.6 Empirical Application

In this section, we study the impact on Hong Kong’s real GDP growth rate with the implementation
of CEPA between mainland China and Hong Kong using quarterly data from 1993Q1 to 2008Q1
for 25 countries and regions including Hong Kong (Hsiao et al., 2012). In June 2003, Hong Kong
signed the Closer Economic Partnership Arrangement (CEPA) with mainland China, which went
into effect on January 1st, 2004. CEPA aimed to strengthen the linkage between mainland China and
Hong Kong by liberalizing trade in services, enhancing cooperation in the area of finance, promoting
trade and investment facilitation and mutual recognition of professional qualifications. Using AICC
information criterion, Hsiao et al. (2012) select six countries including Austria, Italy, Korea, Mexico,
Norway and Singapore, and use OLS to construct the counterfactual GDP of Hong Kong if CEPA

was not implemented.

Some preliminary results based on the OLS regression control method are provided in Section B of
Supplementary Material. In particular, we replicate Hsiao et al. (2012)’s results with Hong Kong’s
actual GDP and its OLS prediction (the gap graph), and report it in Figure B.1. Moroever, Figure
B.2 presents the point estimates of the treatment effects using RCM (based on OLS). While the
estimated treatment effects remain positive throughout the post-treatment periods, we are unsure
whether they are statistically significant, since no pointwise standard errors, confidence intervals or

p-values are given in Hsiao et al. (2012).

We next revisit this dataset using the proposed QCM to study the effect of the economic integration
between Hong Kong and mainland China. When implementing Random Forest (using R package
randomForest) and QRF (using R package quantregForest), we again set the number of trees to
be 1000, and turn off the bootstrap part of the algorithm. Since there are only 24 control units, we
use the default value of 5 for the minimum size of terminal nodes. We also provide a Stata command

qgcm available froom SSC for easy implementation of QCM.

Figure 3.2 graphs Hong Kong’s actual GDP and its Random Forest prediction (i.e., using Random
Forest for point estimation, as we discussed in Remark 3.2), where the pre-treatment R? reaches
0.970. It is interesting to observe that while the Random Forest prediction has a better overall pre-
treatment fit than RCM prediction (which is 0.931, see Figure B.1 in Supplementary Material), the
former actually misses some of the deep trough and subsequent sharp rebounce following the political

integration of Hong Kong with mainland China in 1997Q3. Since the event of political integration
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with mainland China presumably only impacted Hong Kong to a large extent, the fluctuation of
Hong Kong’s GDP following 1997Q3 in Figure 3.2 is not supposed to be fully explained by other
control countries or regions’ GDP movements. In light of this, the near perfect RCM prediction
following 1997Q3 appears to be overfit, which may reduce its ability to generalize to future unseen

data.

Actual Outcomes versus Random Forest Prediction

0.20
|

— Actual Outcomes ---- Forest Prediction

0.10

Growth Rate
0.00

-0.10

RARARRRRRRRRRR AR RN RN R RN RN RN R RN R R RN R RN RRRRRRARRRRRRARE
1993Q1 1995Q3 1998Q1 2000Q3 2003Q1 2005Q3 2008Q1

Quarter

Figure 3.2: Actual Outcomes versus Random Forest Prediction

Figure 3.3 graphs the point estimates of treatment effects by Random Forest, as well as the 95%
prediction intervals by QCM. It is clear from Figure 3.3 that only the treatment effect for the second
period after the treatment (i.e., 2004Q2) is statistically significant at the 5% level, since its associated
prediction interval does not contain zero; whereas prediction intervals for all other post-treatment
periods contain zero. This is reminiscent of the effects of temporary boom in West Germany’s
GDP following the German reunification (Abadie et al., 2015). However, the effects of the economic
integration with mainland China on Hong Kong’s GDP remained in the positive territory afterwards,

despite losing their economic and statistical significance over time.

In Figure 3.3, the point estimates of the mean treatment effects via Random Forest appear to be

mostly centered in the QCM confidence intervals, which may not always be the case if the conditional
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Mean Treament Effects by Random Forest with 95% CI
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Figure 3.3: Mean Treatment Effects by Random Forest with 95% CI

distribution is not symmetric. Alternatively, one could use “median treatment effects” estimated by
QRF at the 50% quantile as point estimates, as we discussed in Remark 3.3. The results are presented

in Figure B.3 in Section B of Supplementary Material, which are very similar to Figure 3.3.

Detailed information behind Figure 3.3 and Figure B.3 are also presented in the Supplementary
Material. As robustness checks, in Section B of Supplementary Material, we also conduct in-space
and in-time placebo tests, which yield results consistent with QCM. Moreover, when we restrict
the pre-treatment periods to avoid potential confounding events, the results from QCM are still
robust, as reported in the Supplementary Material. Comparing to the empirical results based on the
RCM, the proposed QRF method indicates smaller treatment effects of the CEPA on Hong Kong’s

economic growth.
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3.7 Conclusion

In this paper, we study robust inference for treatment effects in panel data under SCM framework.
We propose a simple way to construct pointwise confidence intervals for the treatment effects via
QRF. As a nonparametric ensemble learning based on decision trees, the greatest strength of QRF
lies in its robustness to heteroskedasticity, autocorrelation and model misspecification. Since this
approach uses quantile regression and QRF in particular to construct a counterfactual control unit
with its relevant quantiles, we call it QCM. Under some regularity conditions, we prove that the
proposed method is asymptotically valid under our panel and time-series setting. Monte Carlo
simulations show that QCM confidence intervals have excellent coverage probability close to the
nominal rate even in small samples, which are robust to heteroskedasticity, autocorrelation, and
model misspecification. We also revisit the case study of the economic integration between Hong

Kong and mainland China to demonstrate the usefulness of QCM.

The basic idea of our proposed inference via QCM is straightforward for empirical practitioners.
Moreover, QCM can be easily implemented by using forthcoming packages qcm in both R and Stata.
We hope that practitioners would find QCM a reliable and robust approach of inference while

estimating treatment effects for a single treated unit with panel data.

3.8 Technical Details

3.8.1 Approximating Rectangles

The proof of the consistency of QRF will be based on the technique of approximating rectangles de-
veloped by Wager and Walther (2016). For any data-dependent node R (Xq, 8), Wager and Walther
(2016) propose to use a set of rectangles to approximate it, where the rectangles are predetermined
and do not depend on the data. This section introduces some basic results of approximating rect-

angles.

For a balanced tree, there are 2* terminal nodes at splitting level k. For any positive integer k

and 1 < ! < 2% the I-th terminal node R; can be represented as R; = ®N

- 4115
=1l 751", where

. . N —_ _ _ —
15Note that in practice, R; = &®j=1 Ri,j, where R, ; could be [rlyj,rl'fj], (rl’j,r:j], [rl,j,rl":j) or (rl,j,rl":j). For
notational ease, we do not distinguish between all of these situations.
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0<r,;< rlfj < 1. For any node (rectangle) R = ®;-V:1[r;, r;f], define the support of R as S (R;),
where
S(R)={je{1,2,-- N} :either r; >0 or 7”;? <1}.

J

Intuitively, the support of a terminal node is the collection of all j’s such that along the j-th covariate

R was cut at least once.

Denote s = min {N, k}. At splitting level k, there obviously holds |S (R;)| < s. Let S C {1,2,--- , N}
such that |S| = s. According to Wager and Walther (2016), each terminal node R; with support in
S can be approximated by a set of rectangles Rs .. in the sense that, for any terminal node R;, if
w is the Lebesgue measure and p (R;) > w, we can find RT, R~ € Rg , such that R~ C R; C RY,
and

e (RY) <p(R) <ep(R). (3.19)

Consequently, let

RN kwe =Usc(1,2,.- N},|S|=s RS w.e-
If ming <;<or 1t (R;) > w, then any R; can be approximated by Ry k,w, in the sense of (3.19).

Wager and Walther (2016) demonstrate that if |S| = s, then

R we] = % (8;2 (1 + log, BD) {(140(e).

When g (R;) > &% for all [, taking w = ¢F and € = o(1) implies that for T, sufficiently large,

N
there holds |Rn kw.e| < 2 gk (Cszks’z)s. Tedious algebra leads to

log |RN kw,e| < Ck (logN +logk + logefl) ,

for any combination of N and k.

Finally, when w = ¢ % and ¢ = 0(1) hold, there holds
min {¢(R) : R € R e} > (26)7".

This is because, consider R € Rs ., according to Wager and Walther (2016), the rectangle has

length at least w2™ along covariate j, where j € S, 7; € 0,1,---, [log2 w_l} and Zjes T 2
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(s —1)logy (1) — s. So the volume of R is at least'®

1 s—1 )

H (w2'rj) = wSQEjes i > <) 9275 — w2~ min{N,k}
w

JjES

>¢rok = (207

3.8.2 Additional Lemmas

This section displays the auxiliary lemmas that will be useful in the proof of our main results, whose

proof can be found in Section C of Supplementary Material to this paper.

Lemma 3.4. Under Assumption 3.1-Assumption 3.4, taking w = ¢% and ¢ = 7 (k, N, Tp), then

there exists a constant C > 0 such that

lim P

To—o0

Z (Y, <y)— F (y|R) =1.

Xt€ER

sup  sup|—— <C-7(k,N,Tp)

RERNVka < yeR

Lemma 3.5. Under Assumption 3.1-Assumption 3.4, if w and € are taken as in Lemma 3.4, then

there exists a constant C > 0 such that

#Ry —#Ry  P(Ry)— P(Ry)

li P
> #R, P (Ry)

To—o0

sup <C-7m(k,N,Tp)

RiCR2ERN k,w,e

Lemma 3.6. Under Assumption 3.1-Assumption 3.4, if w and € are taken as in Lemma 3.4, then

there exists a constant C > 0 such that

#RT — #R™

lim P sup IR

To=oo | R-CRTERN kw.-
p(RT)<e** u(R™)

‘<C'7T(k,N,T0) = 1.

Lemma 3.7. Suppose that Assumption 3.1-Assumption 3.4 hold and |Y| < 1 almost surely, then
there holds

sup T(R,i,\) — T (R,i,\)| = O, (r (k,N,Tp)) .
p(R)>E= (k1) e=1<A<1 €1

16Note that in Wager and Walther (2016), the approximating rectangles have the form R = ®§V:1[rj_,rj'}, and
moreover, taking j for an example, when rj_ +w2™ > 1, 'r;' is truncated to 1. This implies that when 'rj_ is close to 1,
u(R) < (2&)_k may occur since rj' rj_ < w27i. To deal with this problem, we can slightly enlarge R by expanding
[r;»1] to [r;,r; +w27]. Then (3.19) still holds, and min {(R): RE RN kwe} > (2¢) 7% holds at the same time.
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Lemma 3.8. Suppose that Assumption 8.1, Assumption 3.5 and Assumption 3.6 hold, |Y| < 1 holds

almost surely, and k is fized, then inf,<p<1 9 (n) > 0 holds for any 0 < a < 1.

Lemma 3.9. Suppose that Assumption 3.1 and Assumption 3.5 hold and |Y| < 1 holds almost

surely, then for any rectangle R = ®1 ] and § € Q1, we have

I(R,],)\)SC(’/‘;_—TJ_),

where C' is a constant independent of R, 7, and .

3.8.3 Proofs of Main Results
Proof of Theorem 3.1

Proof. Take w and ¢ as those in Lemma 3.4. According to Wager and Walther (2016), under As-
sumption 3.1-Assumption 3.4, for any terminal node R; with p (R;) > w, we can find approximating
rectangles RT, R~ € Ry kwe such that R~ C R C RT, and e “u(RY) < p(R) < efp(R7).

Denote such pair of R and R~ as RlJr and ;. Then we have

sup sup | Fy (4] X) — F (y]X € R(X,0))
Xex yeR

1
< supsup 1(Y:<y)— 57
I yeR Rz X;%, #R,

+ sup sup

+
R R
ver | 71 XteRJr

+supsup |F (y| Xy € RY) — F (y| X € Ry)| (iii).
I yeR

For (i), we have that

1 1
()<bupsup Iy Y1y - R+ d 1y <y) +SUpSUp |- Y 1M <y)
yeR |7 X eR, I X.eR ver | # 8y X.e(R} —Ri)
#R —#R #RT — #R™ '
<2sup | ————| <2 sup |-
1 #R R™CRTERN yw.e #IT

n(RT)<e?* pu(R7)
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For (ii), we have

1
1) < sup  sup 1V; <y —F(yXeR).
) 2w bR 2 1W<y - FlIXeR)

For (iii), we have for Ty sufficiently large,

Jxer S F V. X)dYdX [xop [0 F (V. X)dYdX

(#it) < supsup

I yeR P (X eR) P(XeR)
. Jxe(ry—m) Joo LX) dVAX | ,|P(XeR})-P(XeR)
sup su sup su
lpyeg P (X eR}) - lpyeg P(XeR)
P(XeR)-P(XeR) : - :
< 2 <2¢(1-e7%) <8¢%.
SRR peny | c U

The above implies that for T sufficiently large,

sup sup [Eq £y (4] X) — EoF (y X, € R(X,0))|
Xex yeR

#R" — #R~

IRt + 8C2%e.

<2 sup
R™CRTERN k,w,e

w(RT)<e* u(R™)

Z (Y; <y) - F (y|X; € R)
xXtER

‘ + sup sup
RERNﬁk,w,E yeR

From Lemma 3.4, Lemma 3.5, and Lemma 3.6, let C = 2C5 + Cy + 8¢2, we have

P [supsup BuFy (41X) — EoF (41X, € R(X,0))| > - (i, . To>]

x€Ex yeR
+ _ —

<P|2 sup M‘ > 2Csm (k, N, Tp)

RigR*»eRN,k,w,E #R

uw(RY)<e? u(R™) |

1
+P sup  sup I(Y; <y)—F(y|Xy€R)|>Cor(k,N,Tp)| —0.
RERN k,w,e YER #R X,€R

This finishes the proof of Theorem 3.1.
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Proof of Theorem 3.2

Proof. Note that under Assumption 3.1, we have (~! < f[X]Q ([X]Q) < ¢ holds for any X € x. For

F (y| R (Xo,0)), we have that

crixos ] Frix (Y X) fx (X) dYdX
F(ylR(Xo,0)) = Ixeroeoo fp (XYeXR(()io,;))X(
. fxeR(Xo,e) fx (X)dX ﬁoo fYI[X]g (Y HX]Q) dy
a P (X € R(Xo,0))
erR(XO )fX de Iy X]Q Y’XO dy
P (X € R(Xo,0))
Jxerxon x (X)dX [T {frixie (V[[Xlg) = frixie (Y [[Xolg) } dY
P (X € R(Xy,0))

_|_

For the first term on the RHS of the last equality, we have

Jxerexo 0 Ix (X) dX Y frixie (Y [[Xolg) dY _ F(y]|[Xolg) - P(X € R(Xo,0))
P (X € R(Xo,0)) B P (X € R(Xy,0))

= F(yHXO]Q)

The remaining task is to obtain an upper bound for the second term. Note that

fo (Yi[X]g) fo(Y. )
[frixie (V[Xlg) = frixio (Y [[Xolg)| = Ton (X] z) - f[x ([Xo z)
_fe(ViX]g)  fo(Y:[Xo]o) N _

fo (Y. [Xolg)  fo(Y:[Xolo)
fixio (Xlg)  fixjo (Xolg) |

T fxe (Xlo)  fixe (Xo)

For the first term on the RHS of the inequality, we have

fQ (Y’ [X]Q) _ fQ (Y, [XO}Q) L (Y) : H[X]Q QH ) .
T T |5 g <0 1Mlo = el
For the second term, we have
fo (V\[Xolg) _ fo (¥ Xolo) | fo (Y, [Xolg) - |fix1o (Xg) — fix10 (Xolo)|
fixio (Xlg)  fixio (Xolo) f[X]Q (Xolo) fixjo (Xlg)
LCfQ 0lo) - I Xlg — Kool
f[x ([Xo] ) .
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Since H[X]Q - [XO]QH < diam ([R (Xo,0)]g), we have

Jxerxon fixio X)dX [T {frixio (V[Xlg) = frixie (V|[Xolg)}dY
P(Xe R( ,0))

< fxeR(Xo,a) fixjo (X)dX [Y_CL(Y) - diam ([R (X0, 0) lo)dY

o P (X € R(Xy,0))

y  Lfo(Vi[Xolg)-diam([R(X0,0)]o)
fXGR(XUvQ) f[X]Q (X) dX f_oo fixig ([Xolo) v

P (X € R(Xo,0))
_ fXGR(XO,G) Jix)o (X)dX [ ¢L(Y) - diam ([R (Xo,6)]g) dY
- P (X € R(Xy,0))

oo Lfo(Y,[Xolg) -diam([R(X0,0)] o)
N fxeR(xo,e) fixjo (X)dX [7 fix)o (1Xolo) Y

P (X € R(Xo,0))

< ¢Ldiam ([R (Xo,6)] ) + ¢Ldiam ([R (Xo,6)] ) = Cdiam ([R (Xo,6)] ) -
As a result, we have
|F (y| R(Xo,0)) — F (y| Xo)| < Cdiam ([R (Xo,0)]g) -
So

|EoF (y| R (Xo0,0)) — F (y| Xo)| < Eg |F (y|X € R(Xo,0)) — F (y| Xo)|

< CEgdiam ([R (Xo, 9)]Q) .

Taking supreme for both sides with respect to Xy, this finishes the proof of Theorem 3.2.

Proof of Lemma 3.1

Proof. We only need to show that

1i P inf /\/ Xo, 0,k <d-1| =0.
T(,lgloo XoEX: \I/(XO k,d)#0 6€\II(XO k.d) GZQ: 0.0, K, )
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Note that

inf inf Xo.0.k ) <d—1
XOEX:‘I}&O’kvd)?f@GE\IIII%k,d)jé N( 0, Y, a]) Iy
1

- sup sup sup Z(R,i,\) — sup sup Z(R,j,\)| >05.
RCx:u(R)>€—(k=1) [i¢ Q1 €-1<A<1—¢-1 JEQ1 £-1<A<1—£-1
Since
sup sup sup Z(R,i,A\) — sup sup Z(R,j,\)

RCx:pu(R)>&~(k=1) |i¢ Q1 €71 <A<1-€71 JEQ1LE-1AL1—¢1

< sup sup sup Z(R,i,\) — sup sup Z(R,j,\)

RCx:p(R)>£— (k=1 |ig Q1 £-1<A<1-¢~1 JEQ1 €71<AL1-¢!
+ sup sup sup Z(R,i,\) —T(R,1, )\)‘

RCx:u(R)>E~ (k=1 i Q 1 <A<1—¢-1

+ sup sup sup
RCx:p(R)>€-(k—1) jEQ; £-1<A<1—£-1

I(Ra]7>‘) 7I(R7]7>‘) .

o — ’

According to Lemma 3.8 and Assumption 3.7, we have

sup sup sup Z(R,i,A) — sup sup Z(R,j,\)
RCx:pu(R)>¢~(k=1) |3 Q1 £-1<A<1—¢71 JEQI £-1<A<I—¢-1
<—(1-w) sup sup sup I(R,j,\)<—(1-w) inf d(n).
RCx:pu(R)>&~ (=1 jEQ1 £-1<A<1—£1 n>g= =l

According to Lemma 3.7, we have

sup sup sup I@)\) —I(R,i,)\)‘ =0, (7 (k,N,Tp)),

RCx:p(R)>€~ (=D i¢Qy £-1<A<1-€1

and

sup sup sup I@A) —Z(R,j, )\)‘ = O, (7 (k,N,Tp)) .

RCx:u(R)>¢~ (k=1 jEQ1 £-1<A<1—£1

The above implies that

lim P sup sup sup Z(R,i,\) — sup sup Z(R,j,A\)
To=oo | RCx:u(R)>€~ (k=1 |igQy £-1<A<1—¢-1 JEQ1 E-1<ALTI—¢1
1
——(1-— inf ¢ = 0.
>-g-w) int oG]

This leads to the desired result.
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Proof of Lemma 3.2

Proof. First note that since the total number of splits is fixed at k, with probability going to 1,
we only split on the covariates within set Q; when all the covariates in Q; are simultaneously
selected as candidates. For any fixed X such that U (X, k,|Q1| - max {d,d*}) # 0 and any fixed
0 € ¥(Xg, k,|Q1] - max {d,d*}), since the total number of rounds in which all covariates in Q; are
simultaneously selected as candidates is | Q1 |- max{d, d*}, then at least one covariate j; € Q; is chosen
and split for no less than d* times within the rounds in which all the covariates in Q; are selected
as candidates. Suppose there is some covariate j, € Q such that it was split with less than d times,
then supg—1<y<1_¢-1 Z(R, j2,A) is lower bounded by inf,>¢—(a-1 d () according to Lemma 3.8.
Consider the round where all the covariates in Q; are selected as candidates and the last split
of ji takes place. In this round, supg—1<y<q_¢—1 Z(R, j1,A) is upper bounded by C - (1 — 5*1)d*71
according to Lemma 3.9, which is strictly smaller than % inf, > ¢—ca-1) 6 (). So the difference between
suPe-1<a<1_¢-1 Z(R, j1,A) and supg-1<yq_¢—1 Z(R, j2, A) is at least § inf, 51 6 (). Moreover,
Lemma 3.7 implies the estimation error degenerates to zero uniformly with respect to all the nodes
that may appear in the first £ rounds of splits. So js should be split instead of j; with probability
going to 1, which leads to a contradiction. Note that the above argument does not depend on the

specific X or 6, so we prove the result. O

Proof of Lemma 3.3

Proof. We first prove the result under diverging N. Note that for any fixed k, Lemma 3.2 leads to

lim P [\IJ (Xo, k, |91 - max {d,d"}) C {9 : I%iSN(XO,G,k:,j) > d} for all Xo} =1,
j

To—o0

which implies that

lim P [Pg (¥ (Xo, k, | Q1] - max {d, d*})] < Py [miSN(XO,F),k,j) > d] for all XO} =1,
VIS

To%OO

and

. N _ 1L
ElgN(XO,Q, k,j) > d” 1

J

. . ) N <
Tginoop {Xlonefx Py [ (Xo, k, | Q1| - max {d,d*})] < XlgnefX Py [
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Note that in each round of random feature selection, a total of my,, features are selected. So in a

single round, the probability of drawing all covariates in Q1 simultaneously is given by

Miry—| Q1]
OnZloa (1l (1l (<l
C;:;try N N -1 Mitry

N—mypy
N—myp, Mtry Tty L.
s (- 1) (- )Y T e Oin)) g

Mitry Mtry

for N large. Then for N sufficiently large, we have that
|Q1|-max{d,d*}—1
Py[¥ (Xo,k,|Quf -max{d,d"})] =1~ > ClA-P)F7P.
j=0
Note that the RHS does not depend on X, so we have that
|Q1|'max{d,d*}—1
. . * >1_ J k—j pJ
G Po (W (Xo, b, |Quf - max {d, d"})] > 1 ]Zo Ci(1— PP/,

Take limit with respect to k for both sides, we have that

|Q1|-max{d,d*}—1
lim _inf Py [0 (Xo,k,|Q| max{d,d*})] >1— lim > Ci(1— P)k=ipI
X k—o0

k—oo Xp€ —
J:

=1
Then for any 0 < ¢ < 1, for k that is sufficiently large, we have that

lim P[ inf Py {mlnN(XO,H k,j) > d] > C:| =1
To—00 XpeX

holds. As a result, we have

plimy, o XionefXPg kréigj\/'(Xo,H,k,j) > d] =1

Now we prove the result under fixed N, in which case Q; = {1,2,--- ,N}. We will only consider
Miry > 1, otherwise the proof is trivial. We first assume that we observe Z(R,j, A) directly. Note

that showing the result is equivalent to showing that

lim sup Py mlnN(Xo,9 k,j)<d| =0
k~>oox cx jeQ
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for any fixed d. Note that

Py |min N (Xo,60,k,7) < d| <SPy IV (Xo,6, k, §) < d],
g Xk <] < 30PN 00 0.85) <

so we only need to show that

lim sup Py [N (Xo,0,k,7) <d =0
k%ooxoex

for each j € Q. Suppose the above result does not hold, then for some fixed d and some j* € Q,
there holds

liminfy oo sup Py [N (Xo,0,k,5%) < d] > 0.
XpeX

Define ®(Xq, k,7*, N - s) as the collection of 6 such that any covariate j # j* is simultaneously
selected with j* with no less than N - s times. Then for any 6 € ®(Xq,k,j*, N - s), at least one
covariate is split with more than s times when it is jointly selected with covariate j* (such covariate
can be j* itself). Now let s = max{d,d*}, where d* is specified in the proof of Lemma 3.2. If
for such 6, covariate j* is split with no less than max{d,d*} times, then such § can not be con-
tained in set {6 : N (Xo, 0, k, j*) < d}. If for such 6, some covariate other than j* is split with no
less than max{d, d*} times, then consider the last round where covariate j is selected with j* and
is split over. If at that point covariate j is split with less than d times, then sup, Z(R,j,A) <
1/2inf, 5 ¢—@-1) 0(n) while supy Z(R, j*, \) > inf, >¢—@-1 6(n), implying that in that round j*, in-
stead of j, should be split, which leads to a contradiction. This also implies that 6 can not be in the set
{0 : N (Xo,0,k,j*) < d}. So together {6 : N (Xo,0,k,j*) < d}(P(Xo, k, 7%, N - max{d,d*}) = 0.
Then

1> sup Pp[{The Collection of All 8}] > sup Py [®(Xo, k,j*, N - max{d,d"})]
XoeX XoeX

+ sup P0 [N(X(%gakaj*) < d] .
XpeX

Taking lim inf for both sides with respect to k, we have that

liminfy oo sup Py [P(Xo, k, ", N -max{d,d"})] =1
Xo€X

and this leads to a contradiction if liminfj_, supx, e Po [N (Xo,0,k, j*) < d] > 0. So it can not

happen. Note that above proof requires that we observe Z(R, j, A), but again, Lemma 3.7 implies
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that the estimation error is uniform bounded for any fixed k, this finishes the proof. O

Proof of Theorem 3.3

Proof. According to Theorem 3.1 and Theorem 3.2, it remains to show that

sup Egdiam ([R (Xo,0)]g) — 0.
XpeX

Since
sup Egdiam ([R (Xq, 0
sup Eodiams (R (Xo.0)])
< XS:ler Eg {diam (IR (Xo,0)]g) | %iBN(XO, 0,k,j) > d} Py (ﬁiél./\/'(xo, 0,k,j5) > d)

+ XsouerEg {diam ([R (XO,G)]Q)’%BN(XO,H, k,j) < d} Py (gréiél./\/(xo,e,k,j) < d)

<= sw m s

XoEX

EISN( 0797k’]) < d) )

and according to Lemma 3.3, we have that supx, ¢y Py (minjeo NV (Xo,6,k, j) < d) —, 0as Ty — oo
and k — oo, S0

: . < ey g
TO}}lcrgooP [XsouerEgdlam ([R(Xo,0)]g) <2(1-¢71) 1

Since this holds for any d, we have supx, ¢y Eodiam ([R (Xo,6)]5) —p 0, and hence the uniform

consistency result is proved.

To prove that the conditional quantile estimator is uniformly consistent, we first show that

sup  |[EoFy(Qy (alX0)|Xo) — a| =, 0.
XoEX,0<a<l

Suppose that the above does not hold, we can find a sequence of ng and o’ and some positive

constant v such that
lim inf o0 P (Egﬁg(@y(aTO|Xg°)‘XgU) —al > v) > 0.

Note that according to the definition of quantile function, EgFp(Qy (aTo|X20) — o|X2°) < aTo for
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arbitrary small o > 0. Then

v < [EoFo(Qy (o™ |X?) = oX]°) — EoFo(Qy (™ XF")X])

< |EoFo(Qy (a™[X{") = ofX{?) = F(Qv (a™1X{?) - ofX7")

+[BoFo(Qy (o™ [XE)XF) — F(Qy (™ [X5)|X5?)

+ | P@y (@™ XT) = ofXT") = P(@Qy (™ [XF)|X)

<2 sup |EgFp(y|Xo) — F(y|Xo)|+ sup F,(y[Xo)-o
XoEX,y XoEX,y

Obviously, we can choose ¢ small such that supx ¢y, Fy (y[Xo) - @ < v/2. Then the above implies
that supx cx EoFy (y| Xo) — F (v Xo)’ > v/4. But such event has probability going to zero
according to the uniform consistency of the conditional CDF estimator. This leads to a contradiction

and hence proves our result.

Now we prove our theorem. For any a and positive constant ¢, define (a). = a if —¢ < a < ¢,

(a)e = —cif a < —c and (a). = ¢ if a > ¢. We have that,

EoFy(Qy (a]X0)|Xo) — a = EgFy(Qy (|X0)|Xo) — F(Qy (e|X0)[Xo)
= EgFo(Qy (a|X0)|Xo) — F(Qy (a|X0)|Xo) + F(Qy (a|X0)|Xo) — F((Qy (alXo))c|Xo)

+ F((Qy (a]X0))e|Xo0) — F((Qy (aXo)c|Xo) + F((Qy (afXo))e[Xo) = F(Qy (afXo)[Xo).
Define L, = infx,ex,—c<y<c Fy(y|Xo), which is strictly positive for any positive ¢ < 1, then

sup |(Qy (alXo)).e — (@y (alXo)).

Xo€X,0<a<1

<zt s [EaFulQy(alXo)iXo) - F@r(alXo)Xo)
XoeX,0<a<1

Xo€X,|y|>c

+ 2 ( sup Fy(y|X0)> “(I—c)+ (Eeﬁe(@Y(MXo)\Xo) - a)} ;

where the RHS comes from the fact that |(a). —a] < (1 —¢) for any |a] < 1 and 0 < ¢ < 1. Since

(infx,ex,—c<y<c Fy (Yl X)) ' (1-¢)- SUPxX, e, |y/>c Iy (Y] Xo) — 0 for ¢ — 1, we have that for

any e,

2Lt < sup Fy(y|X0)> (1—¢)<e/2

Xo€X,|y|>c

for ¢ sufficiently close to 1. Since supx cy

Eo Fp(Qy (a|X0)|Xo) — F(Qy (a|X0)|Xo)| — 0 and
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EoFo(Qy (| X0)|Xo) — v —, 0, we have that for the above mentioned fixed ¢, with probability going
to 1,

L' sup ‘Eeﬁe(@Y(MXONXO) — F(Qy (a]X0)[Xo)| < ¢/4,
XpeX,0<a<ll

and

L+ (BoFy(@y (afX0)[Xo) — ) < /4,

So supx,cx.0<a<1 ’(@y(a|Xo))c — (Qy (a|Xp)¢| is bounded by ¢ for ¢ sufficiently close to 1 with

probability going to 1. Finally, note that

sup ‘@Y(MXO) - QY(OZ\XO‘ < ‘(@Y(MXO))c — (Qy (a|Xp)e| +2(1 = ¢).
XoeX,0<a<1

So for ¢ sufficiently close to 1 with probability going to 1, there holds

sup ‘@y(a|X0) - Qy(a|X0)‘ <e+2(1-c).

XoeX,0<a<l

Finally, since € and c are both arbitrary, we prove the result. O

3.8.4 Proof of Proposition 3.1

We first list a lemma, whose proof can be found in the proof of Lemma 3.7 in the Supplementary

Material.

Lemma 3.10. Suppose that Assumption 3.1, Assumption 3.2, and Assumption 3.4 hold, we have
that

#R' B P(R)
#R  P(R)

sup
R/CR,u(R)>¢~ (=1 pu(R)>€EF

= O, (r(k,N,Tp)) .

Based on Lemma 3.10, we can prove the Proposition 3.1 in the main context.

Proof of Proposition 3.1. Let’s consider any set R = ®£\;1[r7 ] such that pu(R) > &=, Define

7001

R, = RN{X; : 1]

2

< X; < (1-¢71) T+ f‘lrj}. Obviously, there hold u(R;) > €% and
P(R;)/P(R) < ¢2¢71. According to Lemma 3.10, with probability going to 1, there holds

#R, _ P(R;)

2¢—1 2¢—1
=) +0.1¢2¢7 < 11¢2¢ L

Then since 1.1¢2671 < €71, we have that #R;/#R < €1, which indicates that to ensure that
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the child node contains at least E—l proportion of the observations in the parent node R, the

splitting point along direction j can not be smaller than (1 — §_1) T

5+ 5_17“;7. Similar argu-

ments directly lead to that the splitting point along direction j can not be larger than & _17"; +

(1 — £ ’1) r;r7 either. It then remains to use induction to show that starting from y, for any par-

ent node R = ®f\;1[r7 7] and splitting direction j, the splitting point lies within the interval

i)'

[(1 — ffl) T+ fflrj, 5’17"]7 + (1 — 5*1) rj] . Then (A) is proved. The proof of (B) can be done

similarly, so is omitted.
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