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We compute effective error rates for the equidistribution of translates of di-
agonal orbits on Hilbert modular varieties. The translation is determined by n
real parameters and our results require the assumption that all parameters are
non-zero. The error rate is given in explicit polynomial terms of the translation
parameters and Sobolev type norms of the test functions. The effective equidis-
tribution is applied to give counting estimates for binary quadratic forms of

square discriminant over real number rings.
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Chapter 1

Introduction

Dynamics on homogeneous spaces is of classical interest and has strong con-
nections with number theory. Two fundamental ideas are that of mixing and
the equidistribution of orbit translates. For both topics, foundational work was
laid by Ratner in [Rat87] and in her series exploring unipotent orbits [Rat90b |
[Rat90a] [Rat91]. The orbit equidistribution question in particular often has im-
mediate and intrinsic number theoretic applications. Specifically, orbit equidis-
tribution can provide a way to asymptotically count lattice points [EM93] [DRS93]
[KM98].

The two dynamical phenomenon just mentioned are very much intertwined.
One can view equidistribution as a “singular version” of mixing, and this view
yields an intuitive proof strategy that works for finite volume orbits. Making
this more explicit, let G be a connected semi-simple Lie group and I' C G a lattice
so X = I'\G is of finite measure. The measure p on X is inherited from the Haar
measure on G, and so we have a p-invariant G-action X given by I'x — I'xg. For
f1, f2 € LA(X, p) we call this action mixing if

[ r@pedu— [ f@du [ 0 du =) w2
X X X

as g — oo (in the sense of leaving compact sets). Ineffective mixing (that is
without explicit error terms) in this fairly general setting (by comparison to
the setting we will consider) is a well known consequence of the Howe-Moore
theorem [HM79]. The G action above is of course a representation of G on
L%(X, u) given by (11(g) o f)(x) = f(xg), with the fixed subspace of 7 consisting of
locally constant functions. If f; and f, are orthogonal to the subspace of locally
constant functions then mixing implies that (rt(g) o f1, f2) — 0 (as g — ).
Thus mixing is an example of the decay of matrix coefficients, a phenomenon
for which effective results are well established in more generality than used
here, see [Rat87], [HC66], [Ven10] and [Oh02].

For equidistribution we consider a closed subgroup H C G with its Haar
measure dh and the quotient Hr = (H N I)\H. We could then consider the mea-

sure uy(f) = Lr f(h)dh and the translates by g € G givenby py,(f) = Lr f(hg)dh.



We say the translates of the H-orbit equidistribute if

upg(f) > fx F@) du

as ¢ — oo in some sense. One could view uy(f) as integration of f over X mul-
tiplied against a singular distribution supported on the orbit Hy. If the orbit is

of finite volume, so L 1dh < oo, equidistribution then could be seen as analo-
T

gous to mixing of f and this singular distribution. To illustrate, suppose Z; is
a distribution on X such that

[ oy du= [ sayan
X H

and normalized so that _[( Ep(x)du = 1. Then “mixing” would say that

J fozaeg du= [ s an— [ f@dp- [ s@au= [ oo dp

Of course, Ey; is not in L?(X), so mixing results don’t apply, however this anal-
ogy provides intuition into how equidistribution might follow from mixing. By
approximating Ey by a smooth function supported on a small neighborhood of
the orbit of H, we could then apply mixing to this smoothed orbit. This works
so long as translates of this thickened orbit remain as a smooth approximation
of the translated orbit. Eskin and McMullen in [EM93] were able to do this
for finite volume orbits via their wavefront lemma, which essentially states that
the translation of this thickened orbit remains a smooth approximation of the
translated orbit.

The wavefront lemma unfortunately doesn’t work for orbits of infinite vol-
umes and obtaining equidistribution results in this setting, both effective and
ineffective, has been the focus of more recent research. In the work of Shapira
and Zheng [SZ19] they refine the notion of weak* convergence and describe,
ineffectively, the limiting distribution for translates of diagonal orbits on the
quotients

SL(d, Z)\SL(d, R).

In [OS13], [KK17] and [KK20], equidistribution for diagonal orbits on I'\SL, (IR)
is given effectively. In particular, in [KK17], soft, dynamic methods give effec-
tive equidistribution. This in turn is applied to a diophantine counting prob-
lem as well as to weighted second moments of GL(2)-automorphic L-functions.
While not as immediate as the finite case, effective decay of matrix coefficients
is an important step in the process still, and the exponent of the error rate for
equidistribution ultimately derives from the exponent for mixing.

1.1 Equidistribution of Diagonal Orbits
In this thesis we extend the method in [KK17] from G = SL,(R) to the group

G = SLy(R)" for arbitrary n. However, we limit ourselves to only consider-
ing the lattices I' that arise from a totally real number field L (of degree n) as



SL,(&), where @'is the ring of integers of L (the details of this will be made ex-
plicit). We then consider translates of the diagonal orbits in I\G. Additionally,
the test-functions we consider are K-invariant (where K C G is the subgroup
K =50(2)"), thus the equidistribution takes place on the Hilbert modular vari-
ety ING/K. A generic translate, in this context, can be understood by analyzing
translation by a tuple of unipotent matrices:

(b T8 T)

We are able to obtain an effective error term for equidistribution under the as-
sumption that IN(T)| = JIIT;| > 0. For the error term to be smaller than the
main terms it is not sufficient that N(T) — oo as in fact we need the large T; to
effectively approach oo slightly faster than the small T; are approaching 0. We
let A be the diagonal subgroup of (SL,(IR))" and define

Ar = (AND)\A. (1.1)
Then we have

Theorem 1.1. There exists a constant 1 > 0 (determined from the spectral gap of ')
such that for any K-invariant Schwartz test function ¥ and any € > 0

W(any) da =p(W)2" "IN D Y, log(L + T?) + p(¥) + Oy
Ar j=1

1
]

Tjsl Tj>1

where % and Z are the requlator and discriminant of L and pg is a reqularized Eisen-
stein distribution, the precise definition of which will follow.

The dependence of the error term on W will be made explicit in terms of
Sobolev-like norms, and the constant 7 is derived from already established ef-
fective decay of matrix coefficients [Venl0] and [Oh02]. If i, is an exponent
for effective mixing on I'\G, then our equidistribution exponent is

_ M
= i )mn+2)

From the work of Blomer and Brumley estimating the spectral gap of I'\G, [BB11],
we have the estimate 1, = 1/2-7/64 — ¢ = 25/64 — ¢, independent of the number
ring L.

We will conclude this section with a note on proof strategy. A crucial step in
the proof of Theorem 1.1 will be establishing the decay of Fourier coefficients,
to which chapter 4 is dedicated. In the case @ = Z, one can imagine a function
1 on SLy(Z)\H where H is the hyperbolic plane

H={z=x+iyeC:y>0}



Then 1 has a Fourier expansion from the periodicity in the real component:
P(x +iy) = P(x + 1 + iy), and we have the expansion

Ylx+iy) = Y, ay(m;y)ermin
meZ.

As shown in [KK17], these Fourier coefficients a,,(1m; y) decay to zero asy — 0.
We use the higher dimensional analogue of this. To do this we use the higher
dimensional analogue of the equidistribution of low-lying horocyclic segments.
This is done, these segments being compact, by the intuitive method described
earlier: the horocyclic segment is thickened and then mixing can be applied.

1.2 An Application: Counting Quadratic Forms

A standard application of such an equidistribution result is the asymptotic count-
ing of lattice points, as done in [EM93] and [KK17], and is directly related to
a classic question in Diophantine analysis of counting the integer points of an
affine variety, as in [DRS93]. One can consider a variety V defined by integral
polynomials f; € Z[xq, -+ x,,]:

V={xeC": filx)=0,i=1,---mj}.
The desire is to understand the asymptotics as T — oo of the function
N(T,V) = {m € V(Z) : ||ml| < T}.

For the number ring &, we consider an @-analog to this question: let f; € @'[xy, -+ x,,]
and define, for a real embedding o of ¢, the variety

Ve={xeC":0(f))(x)=0,i=1,---m}
so that we can consider the variety V = [[ V,. Then we can define the set
V(@) ={adeo™: o) e V,}
and consider the analogous asymptotics of the function
N(T,V)={d e V(O):|all < T}

for an appropriately defined norm || - ||. Analogous to the counting results in
[KK17], our result allows the counting of quadratic forms of a square discrim-
inant, and the counting follows the pattern established in [EM93], [DRS93]
and [KK17]. Let f, € @[xy,x,,x3] be defined as x3 — 4x;x3 — @ and define
V, = {x € R®: f,(x) = 0}. A quadratic form ax? + bxy + cy? of discriminant
d = b? — 4ac can be viewed as living on the variety

Wi = Vo) X Vayay X - X Vo, )



via the map
(a,b,0) = (01(a), 01(b), 01(€), -+, 7, (2), 7, (), 0, (c)) € R".
We will call the @-points of W; the image of the above map, so we define
Wy(@) = {(a,b,c) € @3 : (a, b0, D) e V ). (1.2)

Then I acts on Wy(¢') and our equidistribution result allows us to asymptoti-
cally count the I'-orbit points that lie inside a norm-ball of a given radius for a
K-invariant norm on W;. From [Efr87] we know that W;(¢') decomposes into
finitely many orbits allowing us to count each orbit separately and sum over the
orbits.

Explicitly, for (a,b,c) € Wy(@), y € SLy,(¢) we will write (a,b, c)” to indicate
its image under the action of y. We denote the stabilizer of (a,b,c) by H, ) =
{y € SLy(@) : (a,b,¢)” = (a,b,c)}. Then we can construct the counting function

Nigpo)(R) = #y € Higp,0)\SLo (@) * [l(a, b, )| < R} (1.3)

For a given square discriminant d = w?, we will show that {(0,w, 7) : T € @/(w)}
comprises a full set of representatives for the classes of forms. Thus we are
interested in the counting function

Ay®R) = D, NgwoR) (14)
T€0)(w)

and have the following result

Theorem 1.2. For w € &, there exists constants Ky and Ky = Ky(w), n > 0 such that
AoR) = V,(R)(Kq1og(R) + Kp + O(R™))

where V,(R) = T(n/2 + 1)1 "2R" is the volume of an n-dimensional sphere of radius
R.



Chapter 2

Background and Notation

We will say f(x) = O(g(x)) if there is some M > 0 such that |f(x)| < M|g(x)| for
all x in the domain of both functions. If the bound only holds for a reduced
domain of x it will be stated explicitly. We will also use the notation <: we will
write

f) <g(x) &= flx)=0@x).

If simultaneously f(x) < g(x) and g(x) < f(x) then we write

fx) < g(x).

A subscript on O or < indicates something on which the implied constant may
depend, as in the statement of theorem 1.1. Without any subscript the implied
constant is allowed to depend on L.

Fourier series will play a crucial role throughout so to make notation more
concise we will use the following definition

e(x) = exp(2mix). (2.1)

2.1 Real Number Rings

Totally real number rings play a critical role in these results and so we record
here some of the elementary properties that will be needed for the analysis
ahead. See [Mar18] for a thorough reference on the topic.

Definition 2.1. If L/Q is a finite field extension, we say L is a totally real extension
if for every embedding o : L — C we have that o(L) C R. We say a € L is an integer
of L if there is a monic polynomial f € Z[x] such that f(a) = 0. The set of integers
is denoted @) and form a ring. We call @} a real number ring if L is a totally real
extension of Q.

Throughout this thesis we will consider L fixed and denote the degree of the
extension by [L : Q] = n. As L will be considered fixed, we drop the subscript



L and just refer to the integers of L by @. Of critical importance will be the
structure of the units of &. We begin by recalling the definition of the norm of
elements of L.

Definition 2.2. Let 0y, -+, 0, be the n distinct embeddings of L into R. We will adopt
the notation that & = o;(a). Then for a € L the norm of & is defined to be

N(a) = [] oi(a).
i=1

Similarly the trace of a is defined as

n

tr(a) = Z a®,

i=1

For convenience we will use the notation N(y) and tr(y) for tuples generically. So for
y =1, y) € R* we let N(y) = 1 y; and tr(y) = X, y;-

Thus if @ € L then N(a) € Q, and a € @ implies N(a) € Z. We can then
define

Definition 2.3. An element u € @'is called a unit if IN(u)| = 1. We let U denote the
group of units.

The units U form a group under multiplication, the structure of this group
plays a critical role in our analysis.

Theorem 2.4 (Structure Theorem). The group U is the product of a cyclic group
and a free Z-module of rank n —1. The cyclic group is {-1,1}. A basis for free part will
be called a set of fundamental units

For proof see [Mar18], Chapter 5. We will implicitly associate the element
a € L and the vector (o1(a), --,0,()) € R" with the understanding that an
ordering to the embeddings has been fixed. Thus for x = (x1,---,x,) € R" we
will denote {(«, x) = Ei aDy;. In this vein, we will use the notation |a||., to mean
maxi{la(i)l}. Using this association we have that @ C R” is a lattice. For the next

definition we will make a basis of U explicit: let (€, -+, €,_1) be a fundamental
set of units. Then we can construct the matrix

1 log |€§Z| log |e,2_;1
u= 1 108!€1| 10g|€n—1 (2.2)
1 logle| log e

Definition 2.5. The discriminant of &, denoted &, is the square of the volume of the
fundamental domain of @. Furthermore the regulator of &, denoted 7%, is defined to be
det(U)/n. This is independent of the choice of fundamental units.

We now give with proof some elementary facts that will be needed later.



Lemma 2.6. For any nonzero ideal | C @ and any u € U there is an integer m € Z
such that
ut—ume]

Proof. By the finiteness of &/] we have that for any u € U there is some m € Z
such that #?” =1 mod J. Thus u?" -1 € . And we have that

W -le] = W -Du"=u"-u"e]
O

We now consider the dual lattice to @, which we denote @*. This is defined

by
O ={a"eR": Tr(a*a) e ZV o € O} (2.3)

We note the following fact about &*:

Lemma 2.7. @™ is a fractional ideal of ¢, and as such is also realized as a lattice in R".
Thus there is some smallest integer my € Z such that m; @™ = || C @'is an ideal.

Given a smooth function f : R" — Csuch that Va € &, f(x) = f(x + ), we
can write it as its Fourier series

f)= 3% agaear,x) = Y} aglajmy)e((e, x)fmy)

ared* aegfr,

It will often be useful to consider the function log : L — R" given by
log(@) = (log(la®]), -+, log(a®). (2.4)

Note that if u € U then log(u) lies in the hyperplane orthogonal to the vector
-, 1).

Now we consider the equivalence relation on elements of @ (or @) given
by U. Namely, for a, f € @we say a ~ f if du € U such that o = uf (likewise
for a*, * € &™) and denote by [a] (resp. [@]) the equivalence class. Note that
since N(af) = N(a)N(B) then N([«]) is well-defined. We have

Lemma 2.8. There exists Cq such that any [a] (or [a*]) has a representative oy such
that for alli € {1, -+, n}

CUN (@M < )| < CyIN(a)n

Proof. Let P denote the hyperplane in IR” that is orthogonal to the vector (1, ---, 1),
and for x € R" let xp denote its orthogonal projection onto P. By theorem 2.4
log(U) forms a lattice in P. Let D denote a fundamental domain of this lattice.
Then for any @ € @ there is some u € U such that (log(x) + log(u))p € D. D is
finite, so there is some C; such that for all x € D, ||x]|, £ C;. Then we simply
note that log(a)p = log(a/IN (a)]"), and we are done. O

An immediate consequence of lemma 2.8 is a similar result but for the action
of square units on the set [¢"]. We have the following corollary:



Corollary 2.9. If we consider the action only of square units (u? with u € U) on the set
[a*], then there are 2"~ equivalence classes inside [a*). Furthermore there is a constant
C = C(L) such that each class has a representative & such that foralli € {1,---,n}

CTHIN(@)M" < @) < CIN(@)"
We call the set of such representatives {&"*}.

Proof. For a given o, we consider the set (2a* 1 u e U). Letting {e, -+, €,-1}
denote the set of fundamental units, there is an element a* of {u?a* : u € U}
such that

ar = (ef' ey )ag

where aj is the representative from Lemma 2.8 and with e € {0,1}. Then we set

n—1
C=Ciexp [E | 10g(€j)||oo]

j=1
and our result follows from Lemma 2.8. O

We now give a lemma that will allow us to use N(a*) as a bound for the
decay of Fourier coefficients.

Lemma 2.10. Let Q" = (B, --- p,) be an integral basis of @*. For a* € & let & be
the representative from Corollary 2.9 and let m = (my, --- ,m,,) be the coefficients of &*
in the basis Q*. Then we have that

11 imil < NG

m;#0
where the implied constant depends only on Q3.
Proof. First note that N(a*) = N(a*). Now let
1
B B
Dx- — E . :

51(11) ﬂﬁl”)
so m = D*@*. We then observe that

TT 1l < imlleo)

Wl,‘¢0
and likewise A
min{|(@)P])" < N(a*).
1

Now since @ = (D*)"'m we have that |||, < ||@*|lc Where the constant only
depends on the Eigenvalues of D*. Thus we have fori =1, ---,n

C—ZN(a*)l/n < |(&*)(1)| < CZN(a*)l/n



Thus we have that
11 imil < IN(@)|

m;#0
O

When & = Z and thus @* = Z, the proof of equidistribution in [KK17]
requires the estimate (evident from Abel summation) that

), m* < M,
mezZ
m>M

We record here the generalization we will need of this:

Lemma 2.11. For k > 1, we have the following bound:

IN(a")|™* = O(M*).
IN([er])I>M
Proof. We begin with the function 0(m) = #{[a] : IN(a)] = m} and note that
IN(a)| = |@/(a)] so B(m) = #{(a) : |@/(a)] = m}. Now recall the Dedekind zeta
function

SOESN

Ico
converges for R(s) > 1. If #'is a principal ideal domain then we have

Cls) = X 10/l = Y] O@mym™

(a)co meN

however in general we have that

> O(mym= < i (s)-

meN
Regardless we have that the sum ¥ . ©(m)m™ converges for R(s) > 1 so the
Wiener-Ikahara Taubarian theorem tells us that
m=M

), 0(m) = OM).

m=0

We then apply Abel summation and obtain

Y, IN@I™* =Y 6mn = o)

IN([a])|>M n>M

Recalling the constant m; defined in Lemma 2.7, we can conclude this proof by
noting

o O IN@F= ), INmp)F< Y IN@F

IN([e])I>M IN(aDI>M(mp )" IN([a])[>M
[ale]

10



2.2 Hilbert Modular Group and Variety

As we associated the set @' to a lattice in IR” we can associate the set of matrices
SL,(@) to a lattice inside SL,(IR)" via the n embeddings from @ — R. We will

denote by H the upper half plane H = {x +iy : y > 0}. For g = ( ? Z ) €

PSL,(IR) we have the action on H given by fractional linear transformation

az+b
cz+d’

gz (2.5)
We will denote the Hilbert modular group, PSL,(¢), by I'. By applying the frac-
tional linear transform on each component, I acts on the n-fold Cartesian prod-
uct of H, Hx --- x]H. We will denote this space IH". This action is irreducible in
the sense that if y € I acts as the identity in any component of (zy, -+, z,) € H"
then y is the identity. Furthermore, any irreducible, non-uniform lattice of
PSL,(R)" is conjugate to a group commensurable with a Hilbert modular group
(see [Gee88] and [Efr87]). The quotient of this action T\H" is called a Hilbert
modular variety. This generalizes the classical construction of the modular
curve SLy(Z)\H.

Recalling the unipotent, orthogonal, and diagonal subgroups of SL,(IR), we
will let N, A, and K represent the Cartesian products of these subgroups. So in
explicit coordinates we have

B

1/2 1/2
oY 0 Yn 0 ) n
a=fu= ([ e )t e ) s vear)

_ _ cos(61) sin(6) cos(6,) sin(6,) ) .
K= {kf? - (( “sin(8) cos(6y) )( —sin(6,) cos(0,) )) $ 0el0,2m) }
(2.6)

We denote the element of N with coordinates x = (xy, - x,) by n,, and simi-
larly a, and kg. The subgroups above are the subgroups for the Iwasawa de-
composition of SL,(R)" = NAK. The Haar measures, in these coordinates, is
dn = dx = dxydx, ---dx,, da = dy/N(y) and dk = d6. This gives us the volume
form on I'\H"

dx dy

Ny
As with the classical identification of H with the quotient PSL,(IR)/SO(2), we

can associate IH” with PSL,(IR)"/K. If we associate g§ € PSL,(IR)"” with the image
of (i, ---,i) under the above action we get the explicit coordinates

nyaykg — (X1 +iyy, -, x, +iy,) € H.

With this association we can view a K-invariant function W that is periodic with
respect to I as a function on I'H". We will refer to these coordinates on ING/K
as the Iwasawa coordinates.

11



2.3 Eisenstein Series and Cuspidal Coordinates

Let ~ be the relation on @2 given by (a;, ap) ~ (Aay, Aay) forall A € @\{0} and let
P(@7) = 72/ ~. The fractional linear transform from (2.5) maps IP(¢) to itself.
A cusp is an orbit under this map, and these correspond to ideal classes in &
(see [Gee88]). The orbit of (1,0), associated to the fundamental ideal class, we
call the cusp “at infinity” and denote by co = (oo, --+, 00). We denote by I',, ¢ T
the stabilizer of co, which consist of upper triangular matrices in SL,(?) (see
[Efr87]). While the methods employed here are soft and do not rely on explicit
spectral decomposition, we will need to use some basic properties of the family
of automorphic Eisenstein series that that give us the continuous spectrum of
L*(T\H") (see [Efr87]). Recall that the Laplacian on L>(T\H") is

,( % 9\ .
weiilg e g) 1

By an eigenfunction of this operator we mean a function which is a simultane-
ous eigenfunction of each A;. Recall that for L = Q we have

E@zs)= Y y-2y
Y€l O\
which satisfies the eigenvalue relation AE(z,s) + s(s — 1)E(z,s) = 0. One could
construct a simultaneous eigenfunction of each A; by simply taking the product
over each factor and obtain E(Z,5) = Zyer " I1. yi(y - 2)%. However this is not

a function on I'\H" as it is not automorphic with the action of (ANT) C I'..
For the classical case where L = Q, the diagonal matrices belonging to I are
trivial, but for a totally real L of degree 1, we have the non-trivial units giving
us an n — 1 dimensional free Z-module structure to A N T (from theorem 2.4).
This essentially relates the values of the n different s;’s in the naive definition
by n -1 linear equations leaving us with a single complex variable in the end.
Before stating the proper definition for our Eisenstein series we will introduce
the Efrat’s “cuspidal” coordinates, which make it convenient to describe the
fundamental domain of (A NT)\A.

We recall the construction from [Efr87]. Letey, ---, €,_1 be abasis for U, then
we have the coordinate transform matrix U defined in (2.2) and the inverse

n - 1/n
6 I €1
utl=| 4 o (2.7)
egn—l) . e;n—l)

Then we can define our “cuspidal” coordinates on A as the following

Yo=]]y=Nw
]

18 «
Ykzige](.)logyj k=1,---,n-1.
]:

12



We can express the standard y; coordinates in terms of the cuspidal coordinates

as follows:
2Y;

v = Yl/n 2 (6]('k)) ]

j=1
We will abuse notation slightly and let Y : (R*)" — (R*)" also denote function
converting from the Iwasawa coordinates for A to the cuspidal coordinates:

n
Z " logy;). (2.8)
j=1

NI*—‘

1o
Y(y) = (N©), 5 FE; ¢ logy; -+,

The Haar measure on A expressed in our various coordinate is as follows:
dy _dY
TN Yo

Under these coordinates the fundamental domain for the actionof ANT on A
is the following (see [Efr87])

{(YOI Yn71)|Y0 € (Or Oo)r (er ty Ynfl) € [Orl]n_l}

It is also useful to make new coordinates for N. Let w1, ...w,, be an integral basis
for @' then we define the matrix

W0
D=| @ -~ i | (2.9)
o® o

We want to use the column vectors as a basis for our Xj coordinates, so we let
X = (Xy,--,X,) = D"'x. Then we have
dx = det(D) 'dX.

With respect to these coordinates, a fundamental domain of I' ,,\\H" can be ex-
pressed as

(X, ) e R**"IxR*: X €[0,1]",Yq,--- Y,_; €[0,1], Y, € R*}.

The cuspidal coordinates make the formulation of Eisenstein series particularly
convenient. For each m € Z"~! we can define the series

n-1
E(z,s,m) := E Yo(yz)’ exp [2ni Z mqu()/z)] (2.10)
Y€l O\ q=1
We now record a particularly useful identity for computing (W, E(-,s,m)). We
define
=1, Y1) (2.11)
and by a slight abuse of notation

Y'(2) = (Y1(2), -+ Yy1(2)) (212)

(all the cuspidal coordinates except Y|)) to make the expression more compact.

13



Lemma 2.12. For W : T\H" — C of sufficiently fast decay,

dx dy
N(y)?

(W, E(-,s,m)) = f W(2) Yo(2) e((m, Y'(2)))

0

Proof. This is simply a matter of unraveling the definition. Letting H be a fun-
damental domain of I'NH"” we have

(W, E(, sm))-f\lf(z E(zsm) N( )2

dxd
f\I/(z Yo(yz)e (quYq(yz)]Z\;c()y

€T\l
dx dy

- 3 [ wevioe [Z ’”qu(VZ)] Ny

Y€l O\
dx dy

= ., Yo em @)

O

From [Efr87] we have the following fact about the residues of the Eisenstein
series:

Lemma 2.13. For m # 0, E(z,s, m) has no poles for R(s) > 1/2. For m = 0 there is a
2»1—13?\/?/

single, simple pole at s = 1 and the residue is given by I

With Lemma 2.13 we can define the “regularized” Eisenstein series, E, in
the following way:

~ E __2NT =0
E(z,s,m) = (z,5,m) vol(T\H")(s-1) m= (2.13)
E(z,s,m) m#0

and from Lemma 2.13 we have that E(z, s, m) is regular at s =1 for each m.

2.4 Effective Mixing

Asindicated in the introduction, a key piece for our equidistribution result is the
effective decay of matrix coefficients. The decay of matrix coefficients has been
handled in more generality than we need for our results, see [Ven10] [Oh02]
[Rat87]. However, to get the precise statement for SL,(IR)" in terms of Sobolev
norms, we follow the approach used by Venkatesh in [ Ven10], where he showed
the result for the n =1 case.

14



First we make explicit the definition of Sobolev norms that we will use. We
fix a basis % = X3, -+, X3, for the Lie algebra g of G. Then for f € C*(IN\G) we
define the L7, order-d Sobolev norm of f to be

SpaH) =Y, IZfll,
ord(2)<d
where Zranges over monomials in .% of order at most d. We begin by consider-
ing only functions f; and f; of finite K-type. The goal is to establish an effective
rate for smooth, compactly supported functions in L?(I'\G) orthogonal to a con-
stant function. The subscript M in what follows simply stands for “mixing.” We
will show the following.

Theorem 2.14. For V¥, ® € CZ°(IN\G) such that each is orthogonal to a constant func-
tion and for a, defined in (2.6), there is a positive constant 1y such that

[Kay o @, W)| < 55,(W)S2,,(P)N(y)™

To prove this, we follow the same path as Venkatesh in [Ven10] where he
did this for the n = 1 case. From Oh ([Oh02]) we have the decay for finite K-
type functions expressed using the Harish-Chandra function E;, which we can

compute explicitly for a, as

TC 7T
Epstomy(@y) = fo fo 11 (vicos?(6)) +y;* sin(0;))"2 do, --- do,
i

and which we can estimate as

)—1/2 .

Epsrymy(ay) < H (}/i +yi! (2.14)

Then from [Oh02] we have

Theorem 2.15 (Oh). Let (1, V) be a representation of SL,(IR)" with a strong spectral
gap and let f1, fo € V be of finite K-type and orthogonal to a constant. Then there is a
constant 0 < © < 1 such that for all y € (R*)"

(n(ay)f1, f2) < (dim(Kf7) dim(Kf5))"2 & pgp,my(a,)'®.

From (2.14) we can make the crude estimate that Epsp, gy (2,) < N (y)l/z.

With V = L%(I'\G) we have an explicit bound available due to Blomer and Brum-
ley in [BB11], which gives us the estimate 1, = 25/64 — ¢ for any ¢ > 0. What
remains to prove Theorem 2.14 is to replace the K-dimension with the Sobolev
norms. We follow the method of Venkatesh from [Ven10]. We expand the f;
(assumed to be of finite K-type still) as a sum of elements that transform under
finite order elements of K: f = X, f (@1,-2)  Then we have that dim(mn(K) -

@) =1 so we have

(n(ay> - f1, f2> < [ 3 ||f§ﬁ’||z][ D Ilffjllz]N(y)”M-

aezn aezn

We then need to bound the sum Zﬁezn IIf @] 2. We will use the following lemma.

15



Lemma 2.16.

Z IF @, < ||f||;/(n+1)52,n(f)”/(”+1)

aezZn

Proof. For M € IN we have that

M@= D @+ D ||f(ﬁ)HZH(1+|a,-|)

dezr @lloo<M lloo=M IT( + laj)
1/2 12
< ( Z ||f@||§) M2 4 ( E ||f(ﬁ)||% H(l + |ﬂi|)2) M2,
aez" qezn
We then let

1 %
M= [( > Ilf@n%) ( 3@ a+ |ai|>2]l
aezn aezn

and have our result upon noting that

1/2
Son(f) < ( @i a+ |az-|>2] .

aezn

O

We have so far shown our desired result for K-finite functions. Then 2.14
follows for smooth f; by the density of K-finite functions.

2.5 Total Variation

In addition to Sobolev norms, which naturally require some degree of smooth-
ness, we will also make use of total variation. We record what we need in this
section, and refer the reader to [ AFP00] for a thorough reference. We first re-
call the definition. For E an open subset of R", C1(E, R") the set of C! functions
from E to R" with compact support and ¢ € CL(E) we let lpllo be the essential
supremum norm of the function ||¢|l, : E — R. Then for f € LY(E) the total
variation of f is defined to be

Var(f) := sup { Ef(x)div(<1))(x)dx Higlleo < 1}.

PeCl(E)
If the function f is smooth then the above definition coincides with the more
intuitive definition of Var(f) = £ [V(f)ldx. Let Y C E be a n — 1 dimensional

manifold of finite volume, and suppose V f is defined on E\Y but is discontin-
uous on Y with magnitude given by a function & € L'(Y). Then we have (from
[AFP00])

Var(f) = fE Al fy ) dy.

16



In the process of proving equidistribution we will need the following construc-
tion. Let % be a collection of disjoint boxes of side-length 6 that cover E. We
define

Spo(f)= D, sup {If(x)) - flx)l}o"

Be.Zs X1,%2€B

and we then have the following

Lemma 2.17.
Sp,s(f) < Var(f).

Proof. Intuitively, we can view Sg 5 as a Riemann sum of the distributional deriva-
tive of f. Explicitly, we will let u,, be the n-dimensional Lebesgue measure and
U1 the n—1 dimensional Lebesgue measure on Y. We will begin by summing
over B € % such that BN Y = @. Over a n-dimensional box of side length 6 we
estimate the differences using the gradient of f. We have

max (If(x1) = f(x)l) < max|V f @lovn.

Then we can view the sum of the value max,cg |V f(x)|64/n over the boxes as
an upper Riemann integral of the function |V f|. We then have

Y max VA" = [V fldu, + Ol HHD).
E\Y

BnY=p *€

Then along Y we can view %, ., . max,, v,ep{lf(x1) - f(xp)l}6"! as a Riemann
integral of the magnitude of the discontinuity function /, since #{B : BNY #
@} < |Y|6" 1. Thus we have

BAY#p X128

max {£(x)) - f(x)}6" 1 < fy 1] ity

so overall we have that
Sno< [V flduy+ [ hldp, 1.
E\Y Y

This corresponds precisely to the absolutely continuous and singular parts of
the total variation of f, with our function f belonging to SBVar(E) given our
assumptions (see [AFP00]). Thus we can conclude that

Sp,s(f) < Var(f).
0

In particular we can let yy be an indicator function for the set Y with bound-
ary, dY, a smoothly embedded 1 -1 dimensional manifold of finitely many con-
nected components. Then letting |dY]| be the n — 1 dimensional volume of the
boundary we have

SB,O(XA) < |(9Y| + Oy((s) (215)
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Chapter 3

Equidistribution Results

In this chapter we state our equidistribution results in the explicit coordinates
defined in Chapter 2. The integral over a generic translate is given by J:q W(ag)da
T

where g € SLy(R)" and Ay is defined in (1.1). However, expressing elements
in the ANK decomposition, we have g = a,n,kg. Thus after changing coor-
dinates on A, a generic translate can be understood by analysis of the trans-
late by elements of N. In the Iwasawa coordinates, the translated orbit, Any, is
given by (Tyyy + iyq, -+~ Ty, + iy,) where y € (R*)". As we will need to assume
N(T) # 0, we can re-scale via the coordinate transform y; — y;/T; giving us
(yy + iy /T, -, y, + iy,/T,,). For convenience we will let

2z, T) = Y + iyl T = ye(1 + i/Ti)
and, in cuspidal coordinates
. Un'"Q (2
Zi(Y, T) = L+ T)Y" Y ()
j=1
For convenience, we will refer to the tuple in the following way

ZT(Y) = (Zl(Y/ T)/ ,Z”(Y, T))

Along these lines, we define the function Z to convert between the cuspidal
coordinates and the Iwasawa coordinates:

Z(X,Y) = (xy +iyy, -+, X, +iY,) =X+ 1y

2y;
where x = XD (D defined in (2.9)) and y, = Yg" 2771 (egk)) " as previously

=1 \"J
described.
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3.1 Involutional Symmetry

(838 )

we have the involutional symmetry W(wg) = W(g). We use this to reduce our
problem to one of a one-sided orbit. Under the action of w we have that Z(Y, T) —
-1/Z(Y, -T). This can be realized via the following coordinate transformation:

For

n
Yo Yo' [T +T72)
j=1

14« _
Yi Y+ > Zle]( Nlog(1 + T}2).
j:

Letting C be a positive constant (to be determined) if we restrict Y to the
ray [C, o0) and apply the above coordinate transform we get:

[ wex f,—f

CL(1+T:72)™1 dy
:f e f 1 W(e,-1Z(Y,-T), ) —
0 -

Yo
c-1 H.(1+Tj‘2)‘1 dy
- [ w@aom T
0 -1 0

Then defining
n
(T =[Ja+T1»H7” (3.1)
i=1

we have

o qy dy
f W(a-ny) da = f W(Zo(Y)) = + f W(Z_(V) =, (32)
Ar cm J 1 Yo JemIdm Yo

We will treat only the first integral explicitly but make no assumption on the
signs of the T;. Thus we need to only consider the “one-sided” orbit where
Y ranges over [C(T), o). We define now using these explicit coordinate the
measure that we will analyze:

(3.3)

00 dy
ur() = fc o) waen 7

We can now state our equidistribution result in explicit coordinates, and define
the distribution pg. Recall, % and & are defined in Definition 2.5 and E is the
regularized Eisenstein series from (2.13). We then have
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Theorem 3.1. There exists a Sobolev type norm Sg and a constant n > 0 such that for
any T = (Ty, -+, T,) with N(T) # 0 and any € > 0 we have

ur(W) = w(W)2" 29V 7 Y, log(l + T?) + (¥, E(,1,0))
j=1

1
+0|Sew) [T 1Tt TT 111

ITjl<1 ITj>1

Then equation (3.2) along with Theorem 3.1 implies Theorem 1.1. To prove
Theorem 3.1 we will split W into two parts, the part that gives us the main terms,
and the part that results in the error term. To do so we first decompose W as a
Fourier series.

3.2 Fourier Decomposition

The action of the subgroup of I

wore{(4 e

on a function periodic in I gives periodicity in a (real n-dimensional) lattice in
the x coordinates. Recall @™ is the dual lattice of @, defined in (2.3). We thus
have the Fourier decomposition

W(x +iy) = E ag(a’; y)e({a’, x))

ared*

and we can define

Wlx+iy) = Y] ay(a;ye(a’, ). (34)

a*#0

We can now split ur(\¥) into a main term and error term:

o0 dy o0 dy
w0 = [ [ wonr [ [ vz 69
c(T) Y 11 Yo c(r) Y1 Yo
MT(Y) Z7(¥)

We than have the following two theorems. First the decay of &1(\W):
Theorem 3.2. With &p(WV) defined as above, there is a constant n > 0 and a Sobolev
like norm .5 such that for all T = (T4, -+, T,,) with N(T) # 0, and any & > 0 we have
1
(W) < Se() [T Im= IT 1Ty
|T]'|S1 |Tj|>1

Secondly the equidistribution of .Z7(\V):
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Theorem 3.3. Forall T = (Ty,---,T,) we have
(W) = p(9)2" 29N Zlog [ [ + T2) + (W, E(,1,0) + O([ @ + T2 4w},)
j

Theorems 3.2 and 3.3 together with (3.5) imply Theorem 3.1.

3.3 Equidistribution of Partial Orbits

We can also achieve equidistribution by translating certain subsets of (A NT)\A.
Let B ¢ T"! be a set of non-zero measure |B|, with a boundary dB a smooth
manifold of dimension #n - 2, with finitely many connected components and of
finite measure [dB|. When n = 2 the situation is rather simple as these conditions
require B to be a finite collection of intervals, and [0B] is just 2 times the number
of intervals. We can now define the measure that arises by restricting the orbit
we translate by the set B:

L Ay
a0 = g [ W g (36)

For efficiency of notation we will let

R(T) = 2" 29V Zlog [ [ (1 + T2)
j

and we have the following equidistribution of this restricted orbit:

Theorem 3.4. Under the same assumptions as Theorem 3.1 we have

I imoa I mo)-

ITj<1 IT1>1

prp(¥) = p(W)R(T)+(W, E(,1,0)+0

1+ |&B|]"+1
|B|

56(‘1’)[

Note that Theorem 3.4 allows the set B to shrink sufficiently slowly as T
grows. With Theorem 3.4 as motivation, we will actually show something slightly
more general. We introduce a function ¢ on A that is constant in Yy, and so ¢ is
a function only of Y’ (defined in (2.11)). We restrict ¢ to be of unit integral so

f G dY’ = 1. (3.7)
[0,1];1—1
Explicitly let ¢ be a function on T"' = [0,1)"! with A_H ¢ = 1. We then can

define the function ¢ on INH" by taking ¢(z) = (ﬁ(Yl(z), ~-,Y,1(z)). Abusing
notation slightly, we will define norms on ¢ to be that norm on ¢. So we define
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llgll, to be |idll,, and likewise define S,,4(¢) = S,,4($) and by Var(¢p) := Var(¢).
We now define the measure which encompasses both pr and pr p:

00 1 1 dY
7,0 (W) = fc . fo fo W00 - (3.8)

To reduce pr 4 to ur g we let
¢ =B xp (39)
where xg is the indicator function of the set B. To reduce to pr we take ¢ to be

identically 1. Then 3.4 will follow from the following generalizations of Theo-
rems 3.5 and 3.6 which generalize Theorems 3.2 and 3.3 respectively. We define

° ay
Tt = [ [ wAEmeem 3

We will now explicitly define our Sobolev type norms. We let

Sp(¥, @) = IVl Var(¢) + [[§lleoSeo,1 (V) (3.10)
and using the constant Cr defined in (4.13) we define

1
-1t 1 n+l
2Cr+1

Se(W, ¢) = [II‘I’IIoo Sp(W)*F 1 Sp(W, @) | . (3.11)

Then we have the following decay of £ t(\W):

Theorem 3.5. For all T such that N(T) # 0, there exists a constant n > 0 such that
for any € > 0 we have

1
Zor(W) < Se(¥,¢) [T 1T =1 T ITj1™
Tjl<1 ITj|>1

Similarly we define

o0 ay
#oa0= [ | a0 T

and we have the following equidistribution:

Theorem 3.6.

My 1(V) = p(W)R(T) + (¥, E(,1,0)+0O

[Ia+1) 1% Llel |-
j

Note that the main term of .7 r(\V) is independent of ¢ because we have
assumed ¢ is of unit integral in (3.7). By taking ¢ to be identically 1, Theorems

3.5 and 3.6 reduce to Theorems 3.2 and 3.3. Furthermore, to arrive at Theorem
3.4 we define ¢ as in (3.9) and we have from (2.15) that Var(¢) = I%Tl and we

can compute directly that ||¢|l, = |B|7Y2.

22



Chapter 4

Decay of Fourier Coefficients

To prove Theorem 3.5 we first need to show decay of the Fourier coefficients. For
o € @* we can consider the set [a*] = {ua*|lu € U}. Then for a smooth function
W we can define the supremum of Fourier coefficients over the set [a]:
ay([a'];y) := sup{lay(ua’; y)l}.
uel
The goal of this section is then to prove the following decay of dy; the subscript
F in what follows stands for “Fourier coefficients.”

Theorem 4.1. There exists positive constants np and Cp (depending on L) and a
Sobolev type norm Sg such that uniformly for all y € (R*)" and all &* € @™ we have

ay([a],y) < Sp(W)N (") FN ().

We will prove Theorem 4.1 in several steps. We will first show decay relative
to abasis: let Q = {wq, -+, w,,} be a basis for @* as a Z-module. We will consider
this fixed and constants can implicitly depend on the choice of basis. We then
have
Theorem 4.2. Let a* € @ and let (my, ---,m,) € Z" be the Q-coefficients of a*. Then
there exists constants 0 < np < 1 and Cp > 0 (depending on L) and a Sobolev type

norm Sg such that

law (e, y)| < SEPIN@)™ T ImidC.
m;#0

Theorem 4.1 will follow from Theorem 4.2 after establishing the following
lemma.

Lemma 4.3. For any a* € @* and y € (R*)" there exists some u € U and some
Yy € (R*)" such that

N(y') = N(y)
ag(a';y) = ay(la’;y)
11 imil < IN(@)|
m;#0
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where (my, -+ ,m,) € Z" are the Q-coefficients of u?a’*. The implied constant does not
depend on o

Proof of Lemma 4.3. First we will show that for any u € U, a* € @~ we have

ay(uPa’;y) = ag(a’;y - diag(u?))

where
a0 ... 0
@ ..
daigy=| 0 4 O (41)
0 0 - am

Let #be a fundamental domain of the action of N N I' on IR” (the action being
translation from (2.5)). By definition we have

ay(ula’;y) = fﬁ\l’(x + iy) e(—(u?a*, x) dx.
F

We then make the change of variables x’ = x - diag(u?) and dx’ = dx since
det(diag(u?)) = N(u?) = 1. We let .7’ be the transformed domain of integration
under this coordinate transform. While this new region of integration is not
necessarily the same as before it is still a fundamental domain of the NN T’
action. We also will use the fact that 2,2 € I' so W(a,2 - z) = W(z). Note that the
square is necessary as a,, ¢ I if u is not a square in @ (due to the square roots in
the definition of 4, in (2.6)). Thus we have

ag(u?a’;y) = W(x' - diag(u=?) + iy)) e(—(a", x')) dx’

F
= W(x' + iy - diag(u?))) e(—(a*, x")) dx’

= ay(a’;y - diag(u?)).

We note that N(y - diag(u?)) = N(y). Letting m be the Q*-coefficients of u?a*,
using Corollary 2.9 and Lemma 2.10 we have that there is a u € U such that
I, o Il < IN(@")l. 0

Combining Lemma 4.3 with Theorem 4.2 we obtain for all # € U the bound
ay(ua’;y) < Sp(WN(y)"*N(a")F

with the implied constant not depending on u or a*. Thus the bound holds
also for ay([a*],y). Thus all that remains to prove Theorem 4.1 is the proof of
Theorem 4.2, to prove which we will first need the equidistribution of low-lying
“horocyclic patches”, given below.
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4.1 Equidistribution of horocyclic patches

We now show the effective equidistribution of low-lying horocyclic patches. A
“horocyclic patch” is defined in the following way. Let P C R" be a compact
rectangular subset. That is, up to a linear change of coordinates, P is a product
of intervals: P = I; X --- X I,,. We can construct the horocyclic patch P(y) c IH"
by
Py)={x+iyeH":x € P}.

We let |P| be the volume of the set P. In what follows the subscript H stands for
“horocyclic.” We have the following lemma.

Lemma 4.4. There exist positive constants nyg and Cyy, both functions of T', such that
forall y € (R*)"

1
— W(x + iy) dx = W dg + O (Sy(W) - |PI"CH - N(y)™) (4.2)
Pl Jpg) T\H"

Proof. We begin by noting that the bound is trivial as N(y) — oo, so we can
assume N(y) is bounded away from co. Furthermore, for any u € U we have
that W(a,2z) = W(z), which, as in the proof of Lemma 4.3, gives use the following
symmetry:

1

1
— W(x +iy) dx = — W(x - diag(u?) + iy - diag(u?)) dx
Pl Jpg) Pl I

1
|P| P(y)-diag(u?)

(4.3)
W(x + iy - diag(u?)) dx

where the final equality uses the fact that |det(diag(u?))| = 1. The set P(y) -
diag(u?) is also a rectangular set of volume |P|, so we can assume that each y;
is bounded above. We begin by constructing a smoothed indicator function
of P(y): let p : R — R be a smooth, non-negative function with support on
(-1/2,1/2) and L p(x)dx = 1. For the positive real parameter 6 we will define

ps(x) = % p(x/6). We can then define the function p;s : R” — R by

Pox) = Pé( /fo].
]

We are now ready to define a smooth indicator function. We will use the NAN
decomposition on each factor as our coordinates, where N consists of the lower
triangular unipotent matrices. This gives us the coordinates

_ 1 «x #2 1 0
Mz =10 1 (| 0o 2 || z% 1
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in each component near the identity. Letting 1p be the indicator function for
the set P € R", we can define the smoothed indicator function, 5 on G:

n n 1
@) = c [ I potlogt)) - TT ps(®) - (ﬁb * ﬁﬂp) (%)
i=1 =1

where c is a constant so we have £ &s =1 (independent of P). As & has compact
support we can automorphize &5 by summing over I to get

Es(®) = D, Es(r8)-

yer

Then we can estimate S, ,(25) < 6" }|P|"! and the volume of the support can

be estimated as |P|6”. We can then estimate S, 5(E5) < /So,1(Es)?IP|0" and we
have

Son(Es) < 672N P 12, (4.4)

By applying Theorem 2.14, we obtain
7 =) W,E) = [ Wdg+ O, (W EIPIANGM).  (45)
nG

We can also directly compare the matrix coefficient with the integral over P(y).
As fiza, = a,f;, we have that 7 is bounded by the average of W over a 0-
thickened indicator of P(y). Thus we can estimate Z in the following way:

1
G = — W(x +iy) dx + O(6S+ 1(W)). (4.6)
P Jpgy)
Now, letting
2

5 = (IPITY2S0 1 (¥)71S,,,(W)N (7))
we then combine (4.5) and (4.6) and obtain Lemma 4.4 with

n+2 1
SH(W) = Se0,1 (W) 7#4 55, (W) 271

_ 21y
M= (4.7)
1
Cn = n+4
]

4.2 Proof of Theorem 4.2

We are now ready to prove the decay relative to a basis:
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Proof of theorem 4.2. We begin by applying the coordinate transform defined by
the matrix D given in (2.9): welet X = (X;, -+, X,,) = D~!x. In these coordinates
the action of N N T is that of unit translation in each coordinate direction. Then
fora* € @* and m = D ((a")D, -+, (a *)(”)) € 7" we have

ay(a’;y) = ay(Dm;y) = f W(x + iy)e(—(m, X))dX.

de t(D

We will begin by discretizing our space along each X; direction that corre-
sponds to a non-zero m;. We will divide each such axis into J; € IN equal seg-
ments bounded by the points Xf = ji/]; where j; € {0, ];}. If m; = 0 then we take
Ji = 1. Then we can re-write our integral as a sum of integrals over the patches
defined by this descretization. Let P, .. ; ) be the patch [(j; — 1)/Jy, ji/l1] X -+ X
[Gn = 1)/] 11 jul]] then we have

U1,Jn) n
D f W(DX +iy)e(- Y mX) dX.  (48)
P

<jn)=(1,++,1) G17++4jn) i=1
Within each patch we can estimate

e(— ZmX)—e( Zml )+O(Z
i=1 ’

The term e(— Ele m,-]—") is constant inside the integrals so we re-factor (4.8) to

ay(Dm;y) = |D|
(1

l
obtain

Z e Eml f W(DX + iy) dX
n i=1 n (1,++4dn)

) (4.9)
+o[ D f WDX + i)l 3 2 dx|.
(1 I

j /“'/jﬂ) P(hr“Jn) i=1 i

The error term of (4.9) can be recombined into a single integral and then simply
bounded by

fl |\If(x+iy>|-<2’%>d><<< ||W||m<2’%). (4.10)
n i=1 Ji i=1 Ji

We then use Lemma 4.4 to estimate the main term of (4.9). The volume of al
the Pgj, ..iyis (J1 - ]2+ -T,)"! so we have

f W(x + iy) dX = |P| f W) dy + O (S(WN()CHING)™M) . (411)
Py, ) T\H"
Now Y e(— 2?:1 min:") = 0 since the sum is over roots of unity. Thus only the

error term of (4.11) is left and together with (4.10) we obtain

law (Dm; y)| < Sp(WIN(J)HN (y)™ + II‘I’IIOO(Z (4.12)

]z
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What remains is to determine the values of the J;. For m; # 0 we let

Jj= {mj [H i~ NG - 'sHOIf)l] H }

m;#0

and J; = 1 otherwise. Putting these choices for J; into (4.12) we have

Cr
lag(Dim; )| < Sp(®) (N()" (H mi]

m;#0
with
TZCH 1
1+nC
SP(W) = Wik " " H 5py(w) 1 +1Ch
R (4.13)
s 1+ HCH
C
CF = H
1+ I’ICH
and this concludes the proof of Theorem 4.1. O
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Chapter 5

Proof of Equidistribution

5.1 Proof of Theorem 3.5

This proof will proceed in two major parts, first we will use the Fourier decom-
position of W to write &, (V) in terms of the Fourier coefficients 7, then we
will use the decay of Fourier coefficients to finish the proof. Before we begin we
need some setup. We will be approximating regions of A as the union of small
rectangular sets. We will do this in explicit coordinates, so we let r € IN" and
define the rectangular region

Br)y={lye(R")":y; €[r,r; +1], i € {1,n}}.

We want to shrink these regions as necessary so for 0 < 6 < 1 we consider the
sets 6B(r) = {07y € B(r) : y € (R*)"} and note that “smallest” value in this
rectangular region is 6r = (6ry, -+, 0r,). We will then integrate over regions of
A by summing over integrals over these rectangular sets that intersect with the
region of interest. Before doing that we record a useful estimate.

Lemma 5.1. For any non-zero a* € &, and Or bounded away from 0, we have
dy -1 -1
D f ey, ua)) —L— < N(a) log(IN(a))*. (5.1)
el v oB() N()

Before proving this we note that a more delicate bound could be had by
allowing dependence on 6. However, the nontrivial complication this adds later
on does not change the factor of N(a*)~!, which is the consequential aspect of
this estimate.

Proof of Lemma 5.1. We first observe that for any 1 > 6 > 0, m € R and xg
bounded away from 0 and co we have crudely that

xXo(1+0) d
f e(mx) % < min{|m|™,1}. (5.2)

X0
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Again, a more delicate bound would be replace 1 with 6, however this adds non-
trivial complication to the following computations and doesn’t yield a meaning-
ful improvement to our estimations. We then apply (5.2) to each of the iterated
integrals of the integral over 0B(r):

(rj+ dy;
MMy 2
fé el N() ]Hl f e (ya)u0) . (53)

]

We will be somewhat crude in our application of (5.2) and either estimate each
integral as O(|(a" YOI, giving us the final estimate of O(N(a*)™!), or estimate
all but one of them as O(1), giving us the final estimate of O(|lua*||3}). This gives
us the following:

d
[ ety uary sl < miniN@) ™ a2, (5.4)
SB(r) N(y)

As we will be summing over all u € U we can assume without loss of general-
ity that a* = ay, the representative of [@*] from Lemma 2.8. We then split the
sum over U into two parts: a finite sum over u for which ||log u||., < R and an
infinite sum over u for which ||log u|l., > R, where R is some constant that will
be decided later. Then the left hand side of (5.1) can be written as

) oy W
fé o ) s L ) G (59

[log ullo<R [llog ulleo>R

For the sum over ||log u]|., < R we bound the integral by N(a*)™! and obtain

e({y, uay)) m < R™IN(a*)™ (5.6)

llog ullco<R * 0B(r)
where the R"™! comes from the volume of the region |||l < Rin the hyperplane
of units.
For the second sum in (5.5) we bound the integral by [luaj|ll. By Lemma
2.8 we have that |(a5)?| > N(a)Y" for each (o). Additionally we note that if
|[log ulle = 7 then max;{log [u®)} > r/(n = 1) and together we have that

luayllzd < e DN (ag)n, (5.7)

Then we apply (5.7) to the second sum of (5.5) and we have

e((y, uap)) ——~ N( < > exp(-lllog ull/(n = 1))IN(a) "
log ullo>R *~ 6B(r) lllog ulles>R
<INV Y] L exp(=r/(n - 1))
r>R

< IN(a)["Vm f " exp(=r/(n —1)) dr
R
< IN(@")| V"R exp(=R/(n - 1)).
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By setting R = (n —1)? log(IN (a)|V"y we get our desired result. Note that in the
case that n = 1, there is no sum as there is no free part to the group of units so
Lemma 5.1 is true simply from (5.2). O

Expressed in the cuspidal coordinates, the region of integration of ur 4 is
{Y € (R")": Yy € [C(T), ), Y; €[0,1] when j # 0}

(with C(T) defined in (3.1)). Noting that C(T) < 1, we will define the following
subset of this region

H={Ye®R")":Yy€[l,2], Y;€[0,1] whenj # 0}

and define
FB(H,0):={reZ":Y(OB(r)NH + @} (5.8)

where Y : (R*)" — (R*)" is the coordinate conversion function defined in (2.8).

5.1.1 Using Fourier Decomposition

We will make use of the following abuse of notation: for two n-tuples x =
(xq, -+, xp)and T = (Ty, -+, T,,) we will write x/T = (x1/Tq, - x,,/T,,). We are now
ready to show the following Lemma, which is the first step of proving Theorem
3.5.

Lemma 5.2. Let Sp(W, ) = ||Vl Var(}) + l|PllecSeo1(¥) + IV - Plleo. Then for o
decaying sufficiently fast with k we have

[ee]

Sor(W) < Y, 5kSp(W, P)+
k=llog,(C(T))]
ag(a; 2" 5,1/T)

2—kkn—1
N(a*)

re.% (H,0x) [a*]#0

log(IN(a")ly"*

Proof of Lemma 5.2. We begin by subdividing [C(t), o) into dyadic intervals in
the following way:

(]

k+1
ay
= N [ [ wizoezo) .
k=llog,(©)} 2 1" 0
We then apply the change of variables y; — y;2¢", which corresponds to Y,
2kyy and Y; - Y; (stays fixed) fori = 1,-++,n — 1. We adapt the notation Z(Y)
to make this easier to express: we define

ZE(Y) = Zp(2%Yo, Y1, -+, Y1)
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Likewise, for using the Iwasawa coordinates we let

2K (y) = 2nz(y)

and we have

[ee]

2 dYy
&y (V) = W L(Zky)o(Zk(Y))—. 5.9
” k:uog;am ], oo g (59)

We will replace the region H by the union of the boxes 0;B(r) wherer € %' (H, 6;).
Doing so introduces some error. This error can be bounded by the error intro-
duced by expanding H by 0y in all directions, which in turn can bounded by
O ¥ - ¢llo. We have:

dy d
[wi@oe@om S = Y [ wEoeEe) -
H kB(r)

Yo re.B(H,5) N (5.10)
+ OO0V - Plleo)-
We will first focus on
d
&= X W EEISED) o (5.11)
re A (H,5,) ¥ OkB() W

We make the approximation that the imaginary part if z&(y) is constant within
each 6;B(r). So for y € 0;B(r), instead of evaluating our functions at

21(y) = 29y + iyl Ty, )
we keep the imaginary part constant at the value 0+ and evaluate them at
Zh(y, 7, 0) 1= 25y, + iy T, ).
For ¥ we make the estimate that for y € O;B(r)
V() = WE 7, 80) + OSeo1 (W)00)-

For ¢ we will be a little less crude and make the following estimation:

P W) < 1p@ER(y, 7, 00 + sup (W) - Py, 7, 80)l.
yeoB(r

For the sake of being concise we will denote

D5 (.5, T) = sup lpEEW)) - dE (Y, 7, 60)- (5.12)
yE k r

Then we can estimate the product W - ¢ in the following way:

Wz, 7 ()P (21 1) =YY, 7, 00)) DY, 7, 64)

(5.13)
+ O(Wleo Do) (@, k, T) + [l oo (@) S 0,1 (W)Op)-

32



Then combining (5.13) and (5.11) we get

g X [ e o0eE ) o5
re A (H, ;) ¥ OkB() W)

d
+ O[ Wlleo D, By (@, &, T) + 11Plloo(P)S co,1 (V)0 —y]
re. % (H,oy) ¥ 0kB(r)
5

N(y)
(5.14)

From Lemma 2.17 we have that

Y. Depey(@,k, T)OF™ < Var(¢). (5.15)
766@(H,ék)

Now, combining (5.15) with (5.14) and (5.10) we have

IRS @ T =y

re. % (H,0;) [ ok B(r)
+O6«Sp(Y, 9))

W25y, 1, 00)p (Y, 7, 61) m}

with Sp(W, @) the Sobolev type norm given in (3.10). Now we have discretized
the imaginary part of the argument and separated the resulting error. We refer
to these parts by

&pk) = fb . WLy, 1, 00)PpEE WY, 7, 60)) —] (5.16)

re. 5 (H, ) [ N(y)

and
Edisc(k) = OOk Sp(Y, (P))
We now focus on &3(k) and express W as its Fourier expansion:
Wi(x+iy) = E ay(a; y)e({x, a*)).
a*#0

The imaginary part of 2y, r, 6;) is (+++ , 2% "Oxrj/Tj, ---) which we write as 2k T,
so we have

WLy, r,00) = Y, aw(a’; 250/ T)e((2My, a)). (5.17)

a*#0

We note now that inside a given 6;B(r), only the expression e({y, &*)) is not con-
stant. So combining (5.17) and (5.16) we have

FR= Y SEEEn0) Y a@i 2o [ e@iy,a)

re % (H,05) @20 5eB() )

d
> oo D D] awluat; 26 T) f e((25my, uary) —{/

re. % (H,o) [a*]#0 uell orB(r) N(y)
d

< Y 0GHwno) X avei2onm Y| [ @y ua ol

re. % (H, o) [a*]#0 uel I¥ 0xB(r) v)
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We can then apply Lemma 5.1 and we have

dg(a’; 25 6r/T)

Zo(k) < 27 Ffn-1 7. (Y Ty(a’; 2704/T)
3(k) < ﬁ%é OZer(Y,r) N@)

. /! k) [(X ]#O

log(IN(a))*!

Z ag(a; 2K 8,1/T)

<27 gl Y] N

re % (H,01) [a*]#0

log(IN(a)l)"".

(5.18)
This concludes the proof upon noting that
Eor( W)= D) (@) + Eise(R)): (5.19)
k=llog,(C(T))]
O

5.1.2 Applying Decay of Fourier Coefficients

Now we use decay of Fourier coefficients to finish the proof of Theorem 3.5. We
will apply decay of Fourier coefficients to the estimate for £5(k) from (5.18) and
can complete the

proof of Theorem 3.5. We will begin by focusing on on the inner sum of (5.18):

E ay(a; 2k/"(5kr/T)

#\[\1—1
N@) log(IN(a))" .

[a*]#0

We split the sum into two parts: a finite sum over 0 < [N(a*)| < M and an infinite
sum over |[N(a*)| > M:

Ag(a; 28,7/ T) _
Som(k) == Z ———————log(IN(a"))"!
g IN(@])l>M N(a)
ay(at; 25, 7/T
Sepi(k) = % log(IN(a*))"L.
0<IN([e*])|<M

We will begin by applying the Cauchy-Schwartz inequality to S. (k). We have

12
log [N (a)[*"~2

1/2
Som(k) < dg(a; 2K s, 1/ T)?
Ml )<[ Z ay(a x/T) ] (N([D;D>M N(@y?

N([a*])>M
Then we apply Lemma 2.11 to obtain

log [N(a")|?"2

NG ] < M log(M)*~2

(N (la')>M

and conclude
Som(k) < [WlloM 12 Tog(M)" . (5.20)
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Then to estimate S.,(k) we apply the decay of Fourier coefficients from Theo-
rem 4.1 and obtain

Seam(k) < SE(WR27% YT IN(@) T og IN(@)" N 6/ T) |
N(la*])<M (5.21)
< 2MEKS (W) IN(T)|"F N (54 7) " MEF log (M)~

Letting M = (27%|W||., Sp(W) " IN(T)|"F)/(CF+1/2) we combine (5.20) and (5.21)
and we obtain

1 1 3 knp

1-——— _r _ _MIFE
Som(k) + Sapp(k) < [[Wlloo *F Sp(W)FTIN(T)| 2F+1 log(T)" 1221,

To make our equations more manageable we will define

1 1 i

15— -
S(W,T) = |[W[leo “F*" SE(W)XFTIN(T)| 2 log(T)" !

and we have

k(1— —E_
S <2 TR Y TGS, T)
re BH,5)
F

< ka(lfm)k(”‘l)s(\y/ D)™

Now in total we have

n

_ _ F
Za(k) + Eec) < 2T KD SW, TY(6,) ™ + 5,:5p (W, ).

We then take .

—k(1- =) 1 1)
o =2 X kDS, TS (W, d)

which gives us

(A= TE_yn+1), n-1 !

) + ) < 2 2 G (S(w, TYSp(W, 0)7)

Putting this into (5.19) we get
1 (e
< (S(W,T)Sp(¥,)")™ Y, 2
k=llog,(C(T))]

7k(172—C”FF+1 Y(n+1), 11

i1

1 —(1=TE i
< (S(\y/ T)SD(‘I], ¢)n)n+1 C(T) 1 2CF+1)/( +1).

Recall from (3.1) that we defined C(T) = IT_, (1 + T;*) /2. We then estimate



so N(T)C(T)™! < I].._, T; and we have proved theorem 3.5 with

T,‘>1
Ui

= 2+ D+ 1)

(5.22)

1 1 1

1,7
Se(W, ¢) = (IW[leo " Sp(W)ZFTS (W, ")+

The powers of log(T) present in S(W, T) result in the exponent of —ﬁ - ¢ for
the T; < 1. For the T; > 1, they are raised to a power 1 that is bounded strictly
below a value, so the powers of log(T) do not affect this. Note that when ¢ is
identically 1, we have that Sp(W, ) < S (W) so this also concludes the proof
of Theorem 3.2. O

5.2 Proof of Theorem 3.6

The final step now is to show that our main term .Z;, (V) equidistributes.

Proof of Theorem 3.6. Let % be a fundamental domain of the action of 'NN on R”
(where the action is translation from (2.5)). Then, using the Fourier expansion
of ¢ we have the following computation

ay
Hat0)= [ [ ew@u00mem 7

- fc . fl o f] W(Z(X,Y)) dX”%

- fc . f[ Y aglm) L\y(Z(X, Y) dx‘%.

meZ"

In order to apply Lemma 2.12 we use the indicator function of the set [C(T), o).
We define

Yy, Yo=N(MD)C(T) = IT,0+ T?)712
0 otherwise

hr(Yo) = {
We then have the Mellin transform pair for o such that R(o) > 1:

1
2y3(5-1)
I |].(1 +T7)?

) = [ (o), =
0 s—1

1 N
I’ZT(Y()) = 2_7'(1 ( )hT(S)YBdS
o
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Then we have

dy
My 1(V) = E ag(m) f W(Z(X,Y)) hp(Yy) e(m, Y)) l;zxW
mezZh1 0
1 » Ay
= m;Z; 1a¢ (m) f Y(Z(X,Y)) (E f( , hr(s)Y§ ds) e((m, YY) de_g
dYy
:m;Z]n 1a(p(m) f frr(s) f . W(Z(X, Y)Y e((m, Y)) de_gds
= E ag( m)—f hr(s)(W, E(-,5,m)) ds.
mezh-1

Next we want to shift the contour of integration to ¢ = 1/2. To do so we make
> —

use of the regularized Eisenstein series given in (2.13). Since (W,
u(¥) and

1(T\IH")

1

5(s-1)
1 Ta+T2)2 N
2m'f(g) (s—1)7 ds:lOngI(“Tj)z

we have

My 1(¥) = ayO)p(W)2" 2 Tog [ (1 + T?)
j

1 A -~
2 ag(m f(g) 7(8 S s

27l mezn-1

From (3.7) we have that a,(0) = 1. Now we shift the contour to 0 = 1/2 and pick
up the residue from the simple pole at s = 1. For the case where L = Q there is
the possibility of finitely many other exceptional poles in the region (1/2,1), as
is handled in [KK17], but for n > 2 the only exceptional pole is at s = 1 when
m = 0 ([Efr87]). The shift yields

My 7(V) = p(¥)2"2RVDlog [T + T?) + (¥, E(,,1,0))
j
1 . _
-— h W, E(,s, ds.
) f( | O, Es,m) ds

2
T mezn-1

Using the bound (evident from spectral decomposition)

Y [ K ECsmp ds <P
mezn-1v1/2
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we can then use the Cauchy-Schwarz inequality repeatedly to estimate

3 ay0m) f( N fir(s)(W, E(-, s, m)) ds

mezn-1

s[ Y lagmP X 1 fzr<s><\lf,E<-,s,m)>ds|Zl

mezZn-1 mezn-1 2

2

< gl Z [fl) i (s)P? dsl [j(‘l) (W, E(-, s, m))? dsl
mezn-1 7 2

< ligllwll, [T+ 7714

and we are done. O
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Chapter 6

Counting Quadratic Forms of
Square Discriminant

Before proving Theorem 1.2 we will use our equidistribution result to count
cosets of lattice points inside the cone-like sets C;(R) defined in (6.1). These
sets are set-wise invariant under the action of A, and as A N T is in general
not trivial, we will be counting the number of cosets of (A N I') that lie inside
these sets. To relate this to quadratic forms we decompose the set of forms
into finitely many I' orbits. Then for a given orbit we establish the appropriate
correspondence between the counting of quadratic forms and the counting of
the aforementioned cosets. The strategy used here is standard and follows the
pattern of other counting results such as [EM93], [OS13] and [KK20].

6.1 Counting Lattice Cosets

For R € R*, d = w? with w € @'we define the cone-like set C4(R) C H" given by

< i SJ{(Zi)z 2
Ca(R) = {(z1, -+, 2,) € H" : 31dD == < R?). (6.1)

i=1 ‘S(Zi)
These sets, while infinite in volume are still well rounded in a certain sense:
Lemma 6.1. Let B be a ball of radius 6. For i € Bs, R > \'nTr(d), y € I we have
that

(y)-i€eCr = (yg) i€ Cra+ios)

Proof. Letg-i= (ay +1By, .., a, +1B,). Then g -i € Bs implies then that |a;| < 6
and |B; — 1| < 26. Letting v - i = (x1 + iy, --- X, + iy,,) we then have that (yg) -7 =
(- X+ yja; + ypji, ) = (-, xj +1yj, ---). Then we have that

(x))? _ X2+ 2xjy05 + yrad
(v)? By
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We then have two cases (for each1 < j < n). If x; > y; then we can rearrange
and obtain
Y 4 U2
(x]{)z sz 1+ 2xja] + XJZO(] ]2
wETy g
i Y j j

On the other hand if x; < y; then we have that

x +2xy,0 +y] ]
ﬁjyj Y ﬁ] yibi B

—]2(1 +30) +26(1 + 26) + 62(1 + 36)
y;

)
2

<N
< L(1+30) + 36.
Yi

Thus in total we have that

/2
2 DL f < R2(1 + 76) + 3nTr(D)d
j=1 J‘
(D)

= RX(1+ 76+ 32 8) < R2(1 +100)

O

The set C4(R) ¢ H" is fixed (set-wise) by the action of A so we wish to count
equivalence classes of lattice points inside C4(R), where the equivalence relation
is the action of A NT. We define

/Vcd(R) =#yeTNA\N :y-zeCyR)}.
We will show that

Theorem 6.2. For constants kq = «1(n) and k, = x,(n,w) and all R > d
*7’7]
He,(R) = IN@)V,(R) (1 10g(R) + xz + OR™72))

We will prove theorem 6.2 in two steps. We construct a periodic indicator
function of the set C4(R). Letting x¢,(r)(2) be the indicator function of C4(R), we
construct

(1]

GR= D XY 2)
yE(ANDI\T

Letting W = Zyer 0(y - z) (where 6 is the standard delta distribution supported

on (i, ---,1)) we have that
N, (R) =(Eyr, V)
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with the standard inner product in L2(I'\H"). To apply Theorem 1.1 to this sit-
uation we need to smooth W. For some p > 0 we define ¢, : H" — Rbe a
smooth bump function supported on the product of balls of radius p about 7.
Welet W, = Zyer Y,(y - z). Then we have the smooth counting function given

by (E4r, \I/p). Using Lemma 6.1, the well roundedness of the set C;(R) implies
that

(Eara-10p) ¥Yp) < A, (R) < (Egra+10p) Vp)-

Thus we will apply Theorem 1.1 to estimate the smooth counting function(Z; g, V).
We have

Lemma 6.3. Let w € @and d = w?. We define
n
B4(R) = f Y log(1 + T240) dT.
ITI2<R =1
Then with the functions By g, W, defined as above, we have for R > \nTr(d)
- -1 Ba(R) . L
(Bar Vo) = IN(@)IV,(R) (2" %\/5m +2E(i,1,0) + O(RT#72) .
n
Proof. We have

(Eqr Vs) = f Eir(2)Vs(z) du
T\H"

- j; E Xcu®) (Y - 2)Ws(2) du

\H" ye(AND\T

= E Xc,®)(y - 2)Ws(y - 2) du
ye(AnD)\r ¥ NH”

= f Xc,®)(2)Ws(z) du
Ar\H"

= v d daT
Sy o e ] o0

= IN(w)| 20740 (W) dT.
ITll2<R

The final equality is achieved by the coordinate transformation T; + Tj/w(®
(recall d = w?). We then apply theorem 1.1 to the innermost integral. The error
term is then bounded by a constant times

R 1
Se(Ws) f f I1 1T TIT " a7 ar.
0 “Tl2=rT;1<1 T;>1

Examining just the inner integral we have

J

[T mrm [Timrrar <o [ T imre [Timer.

Tllz=r |T;|<1 T;>1 ITl2=1 |T;|<1 T;>1
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This last integral is finite since ﬁ + ¢ < 1. Thus our error term is bounded by
Se(Wys)RM-),
For the main term we have a geometric factor
1 -
B(R) = f 3 log(1 + T240) dT (62)
ITI2<R j=1

We can estimate S¢(Ws) < 672 and (W, E(-,1,0)) = E(i,1,0) + O(5) and thus
by setting

—nn

6 — R1+n+9/2

we get our result. O

Lemma 6.4. There are constants k1 = k(1) and ky = ky(n,d) such that for all R > 0
we have
B4(R) = k1R"log(R) + 1,R" + O(R"1).

This error term is then swallowed by the error term above.

Proof. From (6.2) we see that $;(R) is symmetric in each T;. Thus we will first
estimate for a single T; the integral Tlh<R log(1 + T?d")dT. We pass to spherical
<

coordinates. Let T = rcos(¢p), T, = rcos(¢) sin(67) etc. We will only consider
the most convenient coordinate, which we have made T;. We have

R i 270 T
f fz f f log(1 + % cos?(¢)dM) 1 sin"(¢p) sin™3(6)
0 Yo o Yo
o sin(@n_z) d(P d@l eee den—l dT.

After the change of variables x = cos(¢) the inner integral becomes
1 n-2
f log(1 + 2dV)1 - x2) 7 dx
-1
1 n-2 1 n-2
= (2log(r) + log(dM)) f 1-2)7 dx+ f log(r2/dV + )1 -x%) 2 dx.
-1 -1
Then we can estimate
1 n-2 1 n-2
f log(rYd® + x)(1 —x2) T dx = f log(2)(1 - x2) 2 dx + O(Y).
-1 -1

We then sum over the d® and integrate over r € [0, R] and we have our result.
O

Combining the above lemmas proves Theorem 6.2.
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6.2 Counting Quadratic Forms
We consider binary quadratic forms with coefficients in &

Qa,h,c(x/ ]/) = ax® + bxy + Cyz = (x, y) [ b72 bﬁz ](x/ }/)t

For convenience we will denote a quadratic form simply by the triple (a,b, c).
We consider the two quadratic forms (4, b, c) and (a’,V’, ¢’) congruent if there is
a matrix y € SL,(&) such that

@ vR\|_ [ a b2
[b’/z ¢ ]‘V[b/z c ]Vt'

This gives us an equivalence relation among quadratic forms, and we will write
(@’,b',c") = (a,b,c)’. This action of SL,(¢) on the set of quadratic forms can be
expressed as a matrix acting on the tuple (g, b, ¢), which gives us an embedding
of SLy(@)/{+I} into SOy2_y,. (Where SOy2_y,, is the generalized special orthogo-
nal group that leaves the ternary quadratic form b? — 4ac fixed). Explicitly, for

y=[ Z Z ]wehave

a®>  2ab  b?
Wy)=| ac bc+ad bd
& 2cd &

so that (a,b,¢c)” = (a,b,¢c) - 1(y). For a given discriminant d, the number of equiv-
alence classes is known to be finite (see [Efr87]). For d = w? a perfect square
(over @) it can be counted directly (in much the same way that this was counted
for forms over Z in [KK20]). First, a form of square discriminant factors (not
necessarily uniquely) into linear forms

(a,b,¢0)(x,y) = (Ax + By)(Cx + Dy).

We can represent this form by the matrix M € M, (&)
A B
e8]

and then the discriminant is given by (AD-BC)?2. Furthermore it can be verified
by direct computation that for y € I then (a, b, ¢)” corresponds to My. Thus the
equivalence classes of quadratic forms correspond precisely to the equivalence
classes of M; ,,(')/SLy(¢’), which we will now count.

Lemma 6.5. Ford = w?, withw € @, there are |7 [(w)| equivalence classes of quadratic
forms of discriminant d and the full set of representatives is given by {tx?* + wxylt €
(@)}
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A B
C D
to a lower triangular matrix. The upper right entree will be rA + pB after multi-
plication by y € SLy(¢#’) where (r) and (p) are comaximal. We know there exist
comaximal principal ideals R and P such that (A)R = (B)P. We can let R = (1)
and P = (p). Thus Ar = Bxp for some x and Ayr = Bp for some y implying that
x and y are units. Thus there exist  and p such that Ar = —Bp with (r) and (p)
comaximal. Thus there exists y € SL,(&’) such that

Proof. First we will show that any matrix M = € M, , is equivalent

A 0
wel§ 8]

0 . .
B D ] This matrix corre-
sponds to the the form Ax(Bx + Dy) = ABx? + ADxy with discriminant (AD)?.
Without loss of generality we can assume A =1 and thus d = w. Then we have

a full set of representatives given by the set of matrices
1 0
T @

For each class of quadratic forms of discriminant w? we will get the same
dynamical situation, as the stabilizer will be conjugate to A, the intersection
with I' will be have the same structure: a free abelian group of order n -1,
see [Efr87]. In fact, we can compute the stabilizer explicitly. For discriminant
d = w?, the class of (0,w,0) is stabilized by A. For the class represented by
(0, w, 1) the stabilizer consists of the matrices

12 T 12 12
y " =y )
H, = {( 0 2w y71/2 )|ye]R+}.

We can drop the primes and consider the matrix [

TE@ﬂw%.

O

By Lemma 2.6, for any unit , there is some power such that (u* — u™)g € Q2w).
Thus H, NT has the same structure as ANT. Thus for a set of fundamental units
uq, -+ u,_1 there is a set of integers ki (), --- k,,_1(7) such that the matrices

koot kK
u' oo —u )
—k:
0 u;

generate H, N I'. Similarly if we can decompose a generic element g into the
product hengok, where hy € Hy, n, € N and k; € K. Then letting

12 T 12 12
_[VY e =y
I’l.[(y) = ( 0 2w y—l/Z )
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we have that h (y)nr-i =iy + y(T + ziw) - 2%1 so for a function periodic in I, we

have that W(h (y)nr) = W(n__ a,n;, < ). If we define the shifted function
2w 2w

Wre(g):=¥Yn_=xg)
2w 2w

then we can express integrating W over a translated obit of H; with the integral

of W r over a translated orbit of A. Thus the only change we need to make to
2w

our equidistribution result in this case is to account for the larger fundamental
domain of H, NI acting on H,. Changing to cuspidal coordinates we can express
this fundamental domain by

Y, € R
Y] S [O,k]], jG {1,1’[ —1}

So we have the following lemma

Lemma 6.6. Letting N(k(7)) = H]. ki(t) and ny: = nr_p,, we have that

W(iny) dh = N (¥ ).
Hl" 2w

Since (V) = u(\W¥ x ), we can apply our equidistribution result to the above integral
2w

and we that

W(hny) dh =p(W)2" 'N(K)AND Y log(1 + (T))?) + AW, E(,1,0))

Hr

+O\y

I H(T;r"].

(T].’)Sl Tj>1
This gives us an analogous counting result for translated cones
oo (G + 02002

T - n. @
Cy(R) ={(z1,-+,z,) e H" : ;d 3(z;)? R%)

and the shifted counting functions
A R)=#yel:y-ieCyR)}.

By applying Lemma 6.6 to the same setup as with Theorem 6.2 we get the fol-
lowing.

Theorem 6.7. There exists constants xky = x1(n) and xk, = xp(n, w, T) so that for
R > \/nTr(d) we have the bound

SER) = IN@)IV,(R) (K1 log(R) + &, + O(R 1+71”+"9/2)) .
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Now for a quadratic form (g, b, c), we give it the norm

(a, b, o)l = V2Tr(a?) + Tr(b?) + 2T#(c?).

This norm is K invariant and thus our equidistribution result lets us count forms
under this norm. For d = w?, with w € @ we define

N(R) ={(a,b,c) € @°: b* - 4ac = w?, ||(a,b,0)|l < R}.
We will estimate .7,(R) by considering each class separately. We define
Mabe)(R) = #ly € SLo(@) : |I(a, b, ¢)l| < R}
and we have

‘/Va)(R) = E %/(O,w,"[)(R)-
tef/(w)

We can readily compute the norm of (0, w,0)”. The norm is K-invariant so we
can let y = a,n,. The form (0, w,0) is stabilized by A so we have simply that

(0,w,0) = (0,w, xw). Then [|(0, w, xw)|| = Tr(w?) + 2Tr(x2w?). Thus we have

[1(0,w,0)]| <R < y€C,e2 (ﬂ%(Rz - Tr(a)z))]

Similarly for the quadratic form (0, w, T) we have that

I0,, 7 <R & yeC, [J%(Rz - Tr(a)z))]

Summing over all 7 in a set of representatives for ¢/(w) we arrive at Theorem
1.2.
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