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Abstract

In complex analysis, analytic continuation is a common and important tool to
study the properties of complex functions. In this paper, we will introduce and de-
fine the global zeta function with an associated function f, where f is a polynomial
with n variables with integer coefficients. With the usage of p-adic integration, we
can conclude that the global zeta function is analytically continued to all s € C
when f is the sum of squares with n variables.

1. Introduction

Let f € Z[x1,22,- -+ ,x,] be a polynomial with integer coefficients, one natural
question is to find out all of its zero solutions. In general, it is a difficult task to
do, especially for a polynomial with several variable. However, it is easier to find
the zero solutions locally. In other words, we can investigate the zero solutions of
f in the finite group (Z/dZ)", for any positive integer d.

Let Ny(d) represents number of zero solutions for f in (Z/dZ)" and this data
can be placed into a global zeta function

— Ny(d
(1) Zs(s) = di(rn) , 8 € C converging when Re(s) ia large
d=1

One motivation to study this kind of global zeta function is that it appears in the
constant term of Eisenstein series of certain arithmetic hyperbolic manifolds [6]. It
turns out that for some special polynomials f, its associated global zeta function
can be analytically continued to all s € C. One method to show that result is we
first rewrite the global zeta function into a product of local zeta functions, then
using stationary phase formula [1] and p-adic integration to show that each local
zeta function can be written as a composition of local factors of Riemann zeta
functions. In this paper, we will assume f(z1,-+,2,) = Y., 27 to be the sum of
squares with n variables and then its associated global zeta function can be evulated
as follow:

Theorem 1. For f(z1, - ,2,) = Y., 27 and Re(s) > 1, we have:
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where ((s) = [, # For the case when n =2 (mod 4), we have

~ Np(d) (1 —27"729)¢(1 + s)¢(n + 2s)

= detn L(5 +1+s5,x)L(5 +5,X)
where L(s,x) = > one ) XT(LZ) =11, l—x(# is the Dirichlet L-function with x,

the Dirichlet character that is defined on primes



1 p=1 (mod4)
x(p) =< -1 p=3 (mod4)
0 p=2

Since (s) and L(s,x) have analytical continuation to C, this formula gives an
analytical continuation to Z;(s).

2. p-adic integration

2.1. p-adic integers Z,

Before we proceed to the p-adic integration, it is convenient to know some basic
properties of p-adic integers Z,. We will define Z,, as follow:

Zp ={(a1,a2,---) € HZ/piZ |aj =a, (modp’),j <k}
i=1

for any prime number p. Using this definition, there is a natural way to define a
valuation for every element of Z, [2]:

Defintion 1. For any nonzero x € Z,, the p-adic valuation of z, denoted v, (z),
is the index of the first nonzero entry in the p-adic expansion of z. For x = 0, we
defined that v,(0) = oo.

Defintion 2. Z; is the multiplicative group of invertible elements in Z,.

Theorem 2. (1) Z; ={a € Zy:vp(a) =0}
(2) Ewvery nonzero a € Z, can be uniquely written as p" - u with n € Z>o and

X
ueZp.

Proof. (1) Let a € Z,, such that v,(a) = 0. So we can write a = (a1, a2, ),
where a; { p for each a; in the sequence. Therefore, each a; has an unique
inverse a; Lin Z)p'Z. Therefore, the inverse for a is simply

a”t=(ay a3, )

Conversely, if a € Z and v,(a) = n > 0 for some positive integer n. So
we can represent

a:(o’-..’o’an+1’-..)

Clearly a does not have a multiplicative inverse since every element mul-
tiply by 0 is not equal to 1.

(2) Let a # 0 € Z,, and suppose v,(a) = m. So we can write

a:(o’o,.a.’an+1’...)

which means a = p"™ - u for some u € Zy. But vy(u) =0 = u € Z;.
Moreover, v is unique and so is the representation p™ - u.
O



2.2. The field of p-adic integers QQ, and its topology
We will start with a proposition:
Proposition 1. Z, is an integral domain.
Proof. This is can be checked by the definition of p-adic valuation. That is, suppose
there are two non-zero elements z1,z2 € Z, such that x; - o = 0, then we have
0p(0) = vp(z1 - T2) = vp(21) + vp(22) = 00

This is not possible since both v,(x1),vp(x2) are finite when x;, x5 are non-zero.
(]

Now since Z,, is an integral domain, we can denote its field of fraction K(Z,) =
Qp, the field of p-adic integers. Using the valuation on Z,, we can define a metric

d, on Q, [1]:

—vp(z—y) if ¢ — 0
p , iz —y#
dp(x,y):{o ifz—y=0

for any x,y € Q,. Moreover, the associated metric topology is generated by the
open balls

B.(a) ={z € Q, : dp(z,a) <p"}

where r € Z. In addition, we can explicitly describe the open ball

B.(a) = a+p"Zy

2.3. p-adic integration on Q,

Theorem 3. Let (G, ) be a locally compact topological group. There exists a Borel
measure dx, unique up to multiplication by a positive constant, such that fU dz >0
for every mon-empty Borel open set U, and me dx = fE dx, for every Borel set E.

Proof. See [1, Thm 3.1].
O

Since (Qp,+) is a locally compact topological group, it has a Haar measure dz.
Furthermore, we can normalize the measure by the condition

/ dr=1
z

P

so that dr is unique. Inductively, we also have the condition
/ d"z =1
Zy

Although it is invariant under addition, which means

/ d"a::/ d"z
a+U U

for any a € Q, and U a Borel set. But consider a € Q,, we then have this
property



(2) / d"r = |a|$/ d"x
alU U

We can understand equation (2) as a way of changing variable, which is going
to be useful for the computation later on.

2.4. Global and local zeta functions

Theorem 4.

= Ns(d = Ng(pF
Zf(s) = di(rn) = H (Z pk{s(frg)

d=1 p€EP \k=0
where P represents the set of prime numbers and f € Z[x1,- -+ ,x,).
Before we proved the equality above, we need the following lemma:

Lemma 1. Let d € Z and according to the fundamental theorem of arithmetic,
there exists a unique way to rewrite it as a product of prime numbers (up to signs
and order):

d:pil .pSQ...pfgb

where each of p; are distinct primes and e; are positive integers. Then we have

Ny(d) = Ny(py') - Np(p5®) -+ Ny (pri")
for any polynomial f € Zlxy, -+, Tp).

Proof. Let k; be a zero solution of f in Z/p;*Z. According to the Chinese Reminder
Theorem, there exists a unique k € Z/(p{* -+ pSm)Z = Z/dZ such that k = k;
(mod Z/p§'Z). There are a total of [[;~, N(p;*) choices and the uniqueness from

the Chinese Reminder Theorem shows the desired equality.
O

Now we can prove theorem 3:

Proof. Let M be a fixed positive integer, then consider the difference

11 iNf(pk) _ZNf(d)
pk(s—i-n) dstn
peP \k=0 decA

p<M

where A is the set of integers that has prime factors less than M. On the other
hand, denote B to be the set of integers that at least has prime factor that is strictly
greater than M. Then we have



peP k=0 deB
p<M
; N (") Ny(d) Ny(d)
H <Z pk(s+n) - ds+tn S dstn
peP \k=0 deA deB
p<M
00
Ny (") Ny(d) Ny (d) Ny(d)
H ( pk(s—i-n) - dstn = dstn = Z dstn
peEP  \k=0 deA deB d>M
p<M

As M — oo, the last sum approaches to 0 since we assumed the global zeta
function converges for some sufficiently large Re(s). So we finished the proof.
O

From theorem 3, to calculate Z¢(s), it suffices to calculate

) _ = Ne (M)
pr (S)_Z k(
k=0

D s+mn)

for each p.

Remark 1. For a general polynomial, it was proved by Igusa that Zj(cp )(s) is a
rational function of p~*, so can be analytically continued to all of C. So what
follows is that we calculate these functions explicitly for our choice of f.

Defintion 3. Let f(x) € Zy[x1, - ,xpn] \ Zp, we set

S

19(s) = / F(@)]3 &z, s € C, Re(s) > 0
2\ f1(0)

Proposition 2 (1, Proposition 5.3).

B 1 _p—s I}P)(S)

T ,for Re(s)>0

Z](cp)(s>

Proof. Note that

206 = [ p@ae=Yp | &
! Zp\f1(0) : ;0 {

w€Ly:|f(x)|=p~7}
On the other hand,

{reZy:|fx)=p77} ={zeZy:ord(f(x)) = j}
={z € Z, :ord(f(z)) > j}\{z € Zy :ord(f(x)) > j+ 1}

where ord,(z) = v,(x), the p-adic valuation of z. Now take ¢ € Zj, satisfying
ord(f(zo)) > j, then, by using Taylor expansion,

flxo+p'2) = flxo) + 1 Z o (o) (w; — x0,;) + p¥ (higher order terms)
j=1

— &rl



we have ord(f(xo + p'z)) > j, for all z € Z7, i.e. ord(f(xo +p?Zy)) > j. This
fact implies:

(i) o € (Zp/piZ )" satisfies f(zo)
(ii) Aj :={z € Z; s ord(f(x)) > j}

=0 (mod p’)

|_| xo + 'Ly
f(x0)=0  (mod p7)

(iii)/A d"xz = N¢(j)-p~i"

J

Therefore,
(s) = Zp-js (N7 G) -7 = Ny + 1) - pGH0m)
— ZNf —_78 in ZNf ,7 + 1) —js—(G+1)n
7=0
ZZNf(j)'(p "p) = pf ZNf p )
=0
— Z(P) S Z(P) -1
7 o(s)=p°-(Z;7(s) - 1)
1 7pfs . I(P)(S)
[ Z(P) s) = f
f () ]_7pfs

2.5. Stationary Phase Formula

Here is another important proposition that we need to use in doing the compu-
tation:

Proposition 3 (Stationary Phase Formula). Take E C [, and denote by S the

subset consisting of all @ € E such that f(a) = %( ) =0 mod p, for 1 <i<n.
Denote by E, S the preimages of E, S under reduction mod p map Ly, — Fy, and

by N the number of zeros of f(x) in E. Then

s g, __ ,—n T _ p_n_s(l_p_l)(N_#g) T
L@ e =5 -3 + R )

Proof. See [1, Proposition 6.1]
(I

The idea is to find out what is I](cp)(s), where f is the sum of squares with n
variables, via stationary phase formula, then using proposition 2 to evaluate each
series Z](cp )(s). After evaluating each Zj(cp )(s) for every p € P, we can rewrite the
right hand side from theorem 3 as a composition of local factors of Riemann zeta
functions.



3. Computation
31 p=2
Here are some examples with p = 2:

Example 1. Suppose f = 7, then E = F, and S = {0} since aanl =21, =0
(mod p). Then E = Z, and S = {pZ,} and N = |{0}| = 1. In fact, when p = 2, we
have |S| = N, where f(x) € Z,[z1,...,7,] \ Zp is the sum of square(s). So using
stationary phase formula, we obtain:

J R e e e LI

—1op4 / [(p1)?[5, d(per)

1

=1-p'+p Ip -x})S d

=1—p '4p ' /If x)|, dz

= 1(2)(5 =
! ) 1 —p*1*25
So we have
s 2 _s -1
25y = L 1P6) _1-p % _ Llapmi
f - 1— pfs - 1— - 1— p7172s

Observation 1. Let p = 2. If f(z) € Zp[z1,...,x0] \ Zy is a sum of square(s),
then

S = {number of zeros of f(z) in E}

Proof. This is straightforward to show since every partial derivative 2 6 =2x;=0

(mod p) and every element in S is also a zero of the function f(z) in E. So the
equality holds. O

Example 2. For this example, let f = ZZ L 22, We first find that F = IF5
S =1{(0,0,0,0,0),(1,1,0,0,0),...,(1,1,1,1,0)}

Note that we can categorize the S into different forms. For example, there are a
total of (g) = 10 of zero solutions of the form with two variables with value of
1; similarly, there are a total of (i) = 5 of zero solutions of the form with four
variables with value of 1. As a result, we have preimages F = Zg and

S ={Vi = 0Z)°, Vo = (1 +pp)? x (pZy)*, V3 = (1 + pZy)* x (Zy)}
In addition,



= ()+(0)- () -

Then stationary phase formula says that:

/ @ dhe=p=° - (0 — p*) + / @3 da
Zg ViuVLuVs

—1= e (Q) [l () [ g aas (3) [ @ e

Note that we can split the integral into different parts is because V;,V; are
pairwise disjoint when i # j. So we compute each integral separately:

s m,.. s 5., _ —b—2s
@ ae= [ de=p [ )

For V5, we have

F@)]s d = / F@)]; e
Vo 1+PZ X(PZ )3

=p" / [(1+ pa1)® + (14 pr2)® + (pr3)? + (pra)” + (pas5)*[; d°x

= p_H/ |1+ poy + pai + paz + prl + paf + pai + pagl; A
z5
—5—s

Observation 2.
1+ pxy + pai + pra + pas + pri +pri +prE =1#0 (mod p)
Thus, we have |1 + pz1 + px? + pre + pr3 + pa3 + pxi + pri|, = 1.

For V3, we have

F@)]s d'z = / F@)]s dx
Vs (1+pr)4 X (pr)

=p° |(14p21)? + (1 + pr2)? + (1 + pa3)?® + (14 pry)* + (px5)2|; dx
z3

—p o |1+x1+x§+x2+x§+x3+x§+x4+x4+xr|sd5
zZ

Let g(z) = 1+ 21 + 2% + 22 + 2% + 23 + 23 + 74 + 23 + 22, then observation 2
does not necessarily apply to g(x). However, it is clear that z; + 22 = 0 (mod p)
in the finite field F),, where p = 2. This forces x5 = 1 so that g(z) =0 (mod p).

Now use stationary phase formula for g( ) E = IE‘5 note that not every partial
derivative is equal to 0 in mod 2, such as a =1+ 233z # 0 (mod p), for 1 < i < 4.
As a result, S = @. The preimages E = ZZ and S = @ and the zero of g(z) is

{(.’1?1,...,3?4) €F§7.’L‘5:1} — N:p4.



—5—s —1 4 -1
s 5 /.5 D 1—p7 )" -0 1-p
9@y Pa=p (o —pty+ PP )P =0

Zg 1— p—l—s 1 _p—l—s
Thus,

lfp’1
.f T S dnx:p7572s.
/V3| @) Tt

Combining these three terms all together, we obtain

[ ]__p*l
s m.,.. —1 —5—2s s 15 —5—s —5—2s
/Zs|f(x)|pd r=1—-p " +p /Zs|f(;v)|pdw+10-p +5-p '1—p—1—8

1(2)(8) = |f($)|€ de _ 1 —p—l—s _p—l _|_p—2—s + 10 ,p—5—s —15 'p_6_2s +5 .p_5—28
! z3 ? (1—p5-25)(1—p-1-9)

So we have:

1—p=s- 11 (s)
1—p—s
1— pfs +p7172s _ p7272s —11- p7572s +16 - p7673s
(L=p2)Q—p1=*)(1—p~*)

ZP(s) =

—5. p7573s

Example 3 (general case). Now let f be the sum of squares with n variables, we
have £ = F}, and

Vo = {every variable is equal to 0} B
Va{only two of variables are equal to 1} (5)
V, = {only four of variables are equal to 1} | (7))

9]
|

- 33 3

V,, = {only m of variables are equal to 1} | ()

m

where m is the largest even number that is smaller or equal to n. Then the
preimages E = Z; and

Vo= 02y)" (o)
Vo = (1+pZy)* x (pZ,)" > | (5)
§=| Va=(1+pZ)"x pZ,)"~" | (})

Vo = (L1 pZ,)™ % (pZ)" ™ | (1)

50)--

k=0

Theorem 5.

One can show the equality above is to use Pascal’s identity (";CH)
More importantly, we have the following corollary:

> (1)-

(") + ()

Corollary 1.

> (i) -r

k even



Proof. There are two cases:

e Suppose n is odd, then we can write

> ()= () ++ (0)
() )0+

But notice that (Z) = (nfk), where if k is odd then n — k is even, or k
is even then n — k is odd. In other words, for every (Z) and k is odd, we

can find (,",) such that (}) = (,",). This splits the >;_, (}) into two

components with the same sum, which is the desired equality.

e Suppose n is even, using Pascal’s identity we have

S (1= (1)

Similarly as above, for every (}) with k odd, we can find a unique ("),
where k is even. So we obtain the desired equality.

d

From corollary 1, it is clear that N = 2"~! when f(z) = >.I", z?. So using
stationary phase formula:

()]}, d"x

VoU---UV,,

=1-p '+ Zn: (?) /w|f(x); d"z

i even

/ N R /

If ¢ = 0, then we have:

n s .. __ s
(o) Luehae= [ uelas

= [ 1> on)

zy

=y [ @l s

p

If ¢ = 2, then we have:



n
F@)]s d"z = / @S dz
(2) A b (14pZp)2 X (pZp) 2 g

— / L+p (@) de
zp

=D

More specifically, let h(z) = (Y0, @ + 22) + (Xl_g 7).

If i = 4 for some k < n, then we have

/Jf(x)\; & = / @) d
Vi (14+pZp)* x (pZp )" =4

=p‘"/ p* - g(@)];, d"x
zy
= [ )y de

P

where g(z) = 1+ (Xr_, @ +22) + (3°7_5 #3). But if we apply stationary phase
formula for g(z), we have £/ =T} and S = @, since 8%,- Z 0 (mod p) for 1 <i < 4.
The preimages will be £ = Zj and S = @. Furthermore, the zeros of g(z) in
modular p is independent of choices of z;, where 1 < i < 4, because z; + xf =
(mod p). In other words, the zero solutions of g(z) consists of the form where in
the sum Z;L x2, there has to be odd number of variables equal to 1 and there are

=55
”*Z‘”“ n—>5+1
k

a total number of
k odd

Since each form has p* distinct choices from z; + 2, thus

n—>5+1

n—5+1

N =p*. A n=5 -1

Ay () =t
k odd

Thus, we have

[ oty de=pr or - 4 P =
Z

n
p

So when i = 4, we have

n s m.._ [T —n—2s 1_p_1
() fpere= () v 150

Notation 1. In fact, the polynomial above g(x) will appear frequently in the later

computation, so we will denote g,(z) = (3, xi+x?)+(zyza+l %), where a < n.

Let ¢ > 4 even such that 4 1 ¢, then we can write i = 2 -k = p - k for some odd
number k:



/Jf(ar)l,i & = / | @) d
Vi (1+pr)l><(pr)”71

—p / ktp- g} de
2

On the other hand, if i > 4 and 4 | i but 8 {4, then we can write i = p? - k for
some odd number k:

[ls@hae=[ @l
Vi (14pZy )i X (pLy) "=

—=p 2 /Z |k + gi(z), d"x

n
P

Apply stationary phase formula for the polynomial h(xz) = k+ g;(z), where g;(x)
is defined above, we have: E = [y and S = @, since % Z0 (mod p), for 1 < j <.
So the preimages are £ = Zj; and S = &. Moreover, the zero solutions of h(z) is
dependent of number of variables whose value is 1. Since k is odd, we need to have
odd numbers of variables in the second sum of g;(x) equal to 1. Thus,

So

p A —p He" ) . 1-p7!
1 _pflfs 1 _pflfs

/ k+ gi(@)[ d"a = p" - (" — ") +
YA

n
P

Now suppose 8 | i and we can write i = k - p™, where k € Z* and m > 3, then
we have

[ls@hea=[ @l
Vi (A4pZp)* X (pLp)™~*

_ p_n_2s/ p™ 4 gi(@)]y dhe 1< m/ <log,y(n)
Z

n
P

_ Apply stationary phase formula for the polynomial h(z) = pm gi(x). We have:
E =TF, and S = &, since %j # 0 (mod p), for 1 < j <i. So the preimages are
E =7y and S = &. Moreover, the zero solutions of h(z) is dependent of number
of variables whose value is 1. Since pm/ is odd, we need to have even numbers of

variables in the second sum of g;(z) equal to 1. Thus,

So



/ ™+ gi(@)[p e =p " (p" —p" ) +

126)= [ 1@l a'a

p

:1—p‘1+4zn: (7) /Vif(x)lfa d"x

7 even

— —n—2s - n —n—s - n —n—2s 1 - D
=1-p e+ Y (J'p > (J'p R ———

4t ,i>0 414,50

Cn— —n—2s 1—p~t
7@ L=p™ 30 as0 () 7+ 0 so () 07T
f ( ) 1 7p7n72s

Denote C' = Y}, ;0 (7) and D =370 1o (7), then Z( ) (s) will be:

1—p=* - 1$(s)
1—p~
1 7p7n72s 7pfs +p7175 - C 'p7n72s -D. p7n73s . 11_;17)17
(1 _ p7n72s)(]_ _ pfs)

ZP(s) =

—1

Now we want to find out the exact value of C' and D. Consider the following
equation:

(I4+)"+(1—d)"

Il I
7~ N -~
ol ol
Il 3 |l 3
=) =)

(
(i)k>+ -~ :mOM) (Z)(i)k + -~ ZZ:HOM) (Z)(i)k

—
|
o~
N
<
M
w
—
=
=1
e}
a.
B
VR
.

- n 2 n

e ()L (k)

k=0 (mod 4) k=2 (mod 4)
—2.(D+1-0)



Moreover, we can also evaluate the expression on the left side in four different
cases:

Observation 3.

If n=0 (mod4),(1+i)"+ (1—i)"=(-p*)*-p  wheren =4k

Ifn=1 (mod4),(1+i)"+(1—i)"=(—p*)*-p  wheren=4k+1
Ifn=2 (mod4),(1+4)"+(1—-49)"=0 where n = 4k + 2
If n=3 (mod4),(1+i)"+ (1—i)"=(—p*)F*  where n =4k +3

Proof. First note that

I+t =01-i)' =—-4=—p
So for any n =0 (mod 4), we can write n = 4k for some k € Z*. Therefore we
have

(I+)"+ (1 —i)" = (1+i)* 4+ (1 —i)**
= (-p»)" + (—=p*)*
=(-p»)"p

Then consider (1 +4)! + (1 —i)! = p, so for any n = 1 (mod 4), we can write
n = 4k + 1 for some k € Z*, Therefore we have

1+ "+(1—i)" = o 4i)+ (1 =) (1 —4)

Since (1 +1)3 + (1 — 1) = —p?, so for any n = 3 (mod 4), we have

A+i)"+Q—i)"=Q+)* 1+ + 1 —0)*. (1-4)3
= (14" [(1+49)3+ 1 —1)?
= (-p)* - (-p°)
_ (_pQ)k-i-l

O

From Corollary 1, we obtained that C'+ D + 1 = p"~!. Combining with obser-
vation 3, we then can find out the exact value of C' and D:

(1) Whenn =2 (mod 4), we have p- (D+1—-C)=0 = D+1=C. So we
have this system of equations:

D+1=C
C+D+1=p"!



Solving this system of equations, we obtain that C = p”"~2 and D =
p"~2 — 1. Substitute them into Z}Q)(s), we have

—n—2 - —1- —n—2 —n—3 1-p~ !
1_pn s_ps+p S_C.pn s_D.pn 8,1 p

—p1-s
(1 _p—n—ZS)(l _ p—s)
1— 2

ZP(s) =

-1
n—

—n— —n— — —n— 1—
1— n—2s s_p .anS_(pn 1_1).pn3$.1_p111_s

D —-p f+p

- (1—p="=2)(1 - p~)
1— p7n72s _ pfs + pfnf?)s

B e [ e [ )

_ 1

=T,

This makes sense since we obtained the same result when using station-
ary phase formula directly for n = 2.

Z}(f)(s) =

(2) When n =3 (mod 4) and % is odd, we have the system of equations:

p-(D+1-C)=p*kt?
C+D+1=p!

We then have C = p"~2 — p?) and D = p**1 4 p»=2 — p?¢ — 1, thus:

1

Z(2) (S) B 1 _p—n—25 _p—s +p—1—s - C .p—n—2s - D- p—n—Ss . 11_;1_7;_5
- (I—p="=2)(1 —p~)

—n—2s __ pfs + p2k7n72s _|_p7n73s _ p2k7n73s

(L=p )1 —p=*)A—p~'79)
1— p7n72s +p2k7nf2s
(I—pm=2)(1—p19)

1-p

(3) When n =3 (mod 4) and k is even, we have the system of equations:

p-(D+1-C)=—p*t2
C+D+1=p"!

We then have C = p" =2+ p?) and D = p"~ ! —p"=2 — p?* — 1, thus:



@ 1— p—n—2s —p s 4 p—l—s —C- p—n—2s - D .p—n—3$ . 1£;Z—)Ii<
Zf (S) = 1 —pn—28)(1 —p—s
(1-p )L —=p~*)
1— p—n—25 _ p—s _ p2k—n—25 +p2k—n—35 _|_p—n—3s

(L=p=2)(1—p=*)(1—p~'9)
1— p7n72s o p2k7n72s

(L—p=2)(1—-p~'9)

(4) When n=0,1 (mod 4) and k is even, we have the system of equations:

p-(D+1-C)=p**H
C+D+1=p!

We then have C = p* =2 —p?*~1 and D = p»~1 —p* =2 4 p?k—1 _ 1, thus:

1

Z(2) (s) B 1 _p7n72s —p s _|_pflfs e .p7n72s -D. p7n73s . 11_;1_7;_5
B (L—p=n=2)(1 - p~)

1— p7n72s o pfs + p2k7n7172s . p2k:7n7173s +p7n73s
(L=p=2)A—p=*)1—p~ ')

1— p7n72s + p2k7n7172s

(I—pm=2)(1—p~'%)

(5) When n=0,1 (mod 4) and k is odd, we have the system of equations:

p-(D+1—C)=—p*t!
C+D+1=p!

We then have C = p" 2 +p?* 1 and D = p»~ 1 —p*=2 —p?¢—1 _ 1, thus:

1

70(s) = L—p 2 —p=* Hij f’ ~p*"*25; D-p i ol
(L=p=2*)(1—p~*)
1— p7n72s _ pfs _ p2k7n7172s + p2k:7n7173s _’_pfnf?)s
(L=p )1 —=p~*)1—p ')
1— p—n—2$ _ p2k—n—1—25
(L—p=2)(1—p~'79)

Therefore, we finished computing Z](pp )(s) when p = 2:



1_9—n—2s_g2k—n—1-2s

T =T (mod 4), where n = 4k or n = 4k + 1 and k is odd
1_9—n—2s g2k—n—1-25

n=0
T a1 N 0 (mod 4), where n = 4k or n = 4k + 1 and k is even
Z}Q)(s) =Q —5tr— n=2 (mod 4)
n=3
n=3

T2 15
(mod 4), where n = 4k + 3 and k is odd

1_27n72s+22k7n—23
(17277L72s)(1727175)
(mod 4), where n = 4k + 3 and k is even

1_9—n—2s_92k—n—2s

(1—2— 7= 25)(1—2-1-9)

3.2.p>2

Remark 2. Recall the stationary phase formula and it is easy to check that S =
{0} for any prime p > 2 for our choice of f. Therefore, it is expected that the
computation in this section will be easier compared to the previous one.

Now consider the case when p > 2 with the same polynomial:
2

f=a? a2+ 22

Then we have the following conditions:

So the stationary phase formula says that

s gn,. _ —n (,n p—n—s(l _p_l)(N_ 1) s
L e ==y BNILC T
P A-pT IV 1)

=1—-p™ " N+

s [ @)l dve

D

1— pflfs

We have to find IV, which represents number of zeros of f in E. Since we want
to calculate:

#{(ar,-++an) [af + a3+ +a; =0 (mod p)}

which is equal to the following expression:



N = ]% ' Z Z eSa(@it+ar)

a€Z/pL (x1, 20 )EL/PL

'Z( 3 eZ;i(amf).;;mazz»..ezgwazi))

a ERAPE )

> (Z(eﬂ” >)

xT

S () by (e )

a=0 T

D=

"=

"=

—p }9 S (Gyla))”

a#0

o (o)

a#0

where (%) is the Legendre symbol and

Consider the following theorem:

Theorem 6. Let p > 2 be a prime number, then

Gy1) = VP p=1 mod 4
? ivpP  p=3 mod4

Proof. See [5].
O

In other words, the number N is determined by n, the number of variables, and
the prime number p. Using the expression and the theorem above, we can obtain
N in the following cases:

(1) Let n =0 (mod 4) and p =1 (mod 4), then we can write n = 4k for some
nonnegative integer k:

R OLD)

a#0

b (G))°

|
=p 1+5-@—1%p%

— pn—l +p2k _ ka—l



(2) Let n =0 (mod 4) and p =3 (mod 4), then we can write n = 4k and

vt (o)

a#0

et ()

1
=p" 1+];~(p—1)~p2k

— 12k 2kl

(3) Let n=1 (mod 4) and p=1 (mod 4) and write n = 4k + 1,

a2 ((3)9) ()

5 () ()

(6) Let n =2 (mod 4) and p = 3 (mod 4) and write n = 4k + 2,



g

a#0

a2 (()w) ()

L1
=" 1+5~(p—1)~p2'“-—p
_ L PRl g2k

(7) Let n =3 (mod 4) and p =1 (mod 4) and write n = 4k + 3,

rrdg(@en)”
e ()9 () )

n—1

=D

(8) Let n =3 (mod 4) and p = 3 (mod 4) and write n = 4k + 3,

S OO

() ()

nl oy op?k — p2k-l n=0 (mod4)andp=1,3 (mod 4)
n-l n=1,3 (mod4)and p=1,3 (mod 4)
nl oy p?htl 2k n=2 (mod4)andp=1 (mod4)

nol _ p2ktl o2k n=2 (mod4)and p=3 (mod 4)

Once we find out the exact value for N and using stationary phase for-
mula, we then can find Zj(pp)(s) when p > 2:

—n—1-2s, 2k—n—s_ 2k—n—1—s
(1__p,_12225)(1_pff,5) n=0 (mod4)andp=1,3 (mod4)
Z](cp)(s) = (lfp};f’gs)(lfp,l,s) n=1,3 (mod4)andp=1,3 (mod 4)

n=2 (mod 4)

1_p— =135 (p)p2hti—n—s_,2k—n-s
(A—p~m=25)(1—p~ 1)

where the character x is defined on prime numbers:

1-p

1 p=1 (mod4)
x(p)=4¢—-1 p=3 (mod4)
0 p=2



Now recall theorem 3 and we can rewrite global zeta function Z¢(s) as
a Euler product, that is:

o Ny (d o Ns(p*
-T2 )

d=1 peP \—o P
~TT (2 ) T (X e
- pk(s-i-n) pk(s+n)
p=2 \k=0 p>2 \k=0

For each prime number p, substitute our results for Z}p) (s). Then Z(s)
will look like:

(1—27"72 427 5 1720 (n426) ¢ (14)¢( 2 +5)

—T T —T where n = 4
(1-2772 Y(A+27 27 ((F+1+5)C(n+2s)
—n—2s —2-1-2s n
(1-2 _2_1__25 2 _ﬂ)_§§n+23)g(1+s)q(5+s) where n = 0
(1-2772 )(1+§ 2 77)¢(5+1+5)((n+2s)
© N d (1—27""25 272 =5 72%)¢(n425)((145) —
Zs(s) = 7(d) = (I—2 7 T-29)C(n+1+25) where n =5

(172—11,—25‘4»2 2 _
(I—2=7—1=25)¢(n+1+2s) where n =1

(1—27" 2742~ 8372 (4 25)C(145)
(1—-2—n=1=25)((n4142s)

(1—27" 2728~ 3-2)((n426)C(1+5)
(I=2- " 1-25)C(n+1+2s)

Recall that Riemann zeta function is defined as usual:

1
=1l g5
pEP (1 b )
In particular, when n =2 (mod 4), we have that

where n =7

(
(
dsTtn _n_ 37 (
(
(
(

where n = 8

N Np(d) (1 —27729)¢(1 + s)¢(n + 2s)

dstr L3+ 145, 0)L(5 +5,%)

d=1
where L(s,x) =[], W is the Dirichlet L-function [4] associated
to the character x that is defined above.

4. Conclusion
After the computations, we can explicitly write the global zeta function
Zs(s) as a combination of both Dirichlet L-function and local factors of
Riemann zeta functions, where f is sum of squares with n variables.
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