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Abstract

This thesis contributes to the construction of supercuspidal representations in small resid-
ual characteristics. Let G be a connected, quasi-split, semisimple reductive algebraic group
defined and quasi-split over a non-archimedean local field k£ and splitting over a tamely,
totally ramified extension of k. To each parahoric subgroup of G(k), Moy and Prasad
have attached a natural filtration by compact open subgroups, the first of which is called
the pro-unipotent radical of the parahoric subgroup. The first main result of this thesis
is to characterize shallow characters of a pro-unipotent radical, those being complex char-
acters that vanish on the smallest Moy-Prasad subgroup containing all commutators of
linearly-dependent affine k-root groups. Through low-rank examples, we illustrate how this
characterization can be used to explicitly construct all shallow characters. Next, we provide
a natural sufficient condition under which a shallow character compactly induces as a direct
sum of supercuspidal representations of G(k). Through examples, however, we show that
this sufficient condition need not be necessary, all while constructing new supercuspidal
representations of Sp,(k) when p = 2 and the split form of G2 over k when p = 3. This
work extends the construction of the simple supercuspidal representations given by Gross

and Reeder and the epipelagic supercuspidal representations given by Reeder and Yu.
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Chapter 1

Introduction

The seed of representation theory, as a discipline of mathematical research, was planted
by Gauss in the early 19th century with his study of characters of finite abelian groups.
Gauss’s seed would lay dormant through the century and eventually germinate in 1896,
when Frobenius extended the notion of a character to non-abelian finite groups. In the 126
years since taking root, representation theory has grown and branched off, becoming one of

the farthest reaching fields of active research in all of mathematics.

Broadly speaking, the goal of a representation theorist studying a general algebraic
object is to “represent” it as a well-understood prototypical example. One then hopes to gain
a better understanding of their object through investigating all the ways to “represent” it as
the simpler prototype. Once a representation theorist has precisely defined what it means
to “represent” their object, they can begin to classify all the possible representations. To
Gauss, the first representation theorist, this meant representing an arbitrary finite abelian
group A as C* via a group homomorphism y : A — C*, called a character. This is the

first, and simplest, example of a (matrix) representation.

To a student taking a first course in representation theory, the goal is to understand
an arbitrary finite group G by relating it to the finite-dimensional complex matrix group

GL,(C), via a group homomophism

m: G — GL,(C)
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called a n-dimensional complex representation. The simplest of these representations are
1-dimensional characters of G. The characters of a finite group are of particular note,
since they cannot be decomposed into smaller sub-representations, and thus we call them
irreducible. Any student learning about finite-dimensional complex representations of fi-
nite groups is sure to quickly discover that any arbitrary representation can always be
decomposed into irreducible sub-representations; thus, in order to understand all finite-
dimensional complex representations, one need only classify the irreducible ones.

For a representation theorist studying p-adic groups, such as myself, the goal is to
understand a p-adic group G by relating it to the linear group GL(V) for an arbitrary

complex vector space V', via an open group homomophism
m: G — GL(V)

called a smooth representation. Specifically, there is a strong focus on constructing su-
percuspidal representations, which act as the irreducible building blocks from which more
general smooth representations can be constructed. Much progress has been made on this
goal in recent years for the case in which the residual characteristic p is large; however, the
progress has been relatively limited when p is small. In this thesis, we will use what we
call shallow characters to provide a method for explicitly constructing new supercuspidal

representations when p is small.

1.1 Constructing Supercuspidal Representations

Let G be a reductive algebraic group defined over a non-archimedean local field k. A smooth

representation of G = G(k) is a group homomorphism

m:G— GL(V)

where V is a complex vector space such that for every v € V there is a compact open
subgroup H C G with w(h)v = v for every h € H. A smooth irreducible representation

(m, V) is supercuspidal if every matrix coefficient is compactly supported modulo the center
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of G.

Much of the work on constructing supercuspidal representations is highly dependant on
the residual characteristic p: The supercuspidal representations of SLo were first classified
when p > 2 by Sally and Shalika in 1969 [28]. Similarly, a classification for PGLy when p > 2
was given by Silberger [29]. In 1977, Howe gave a construction for the “tame” supercuspidal
representations of GL,, [13], which was proven to be exhaustive when p does not divide n [23].
In 1991, Bushnell and Kutzco were able to classify the supercuspidal representations of G L,
independent of the prime p [5]. A method for constructing supercuspidal representation for
general groups was given by Adler in 1998 [1] and generalized by Yu in 2001 [36]. Kim
proved that Yu’s method is exhaustive when p is large [18]. Finally, in 2008, Stevens gave a
construction of all supercuspidal representations for a split connected classical group when

p > 2 [33].

A common thread among many of these exhaustive methods of construction is that they
rely on compact induction: If H C G(k) is a compact open subgroup modulo the center
of G(k) and V is an irreducible smooth representation of H then the compactly-induced
representation

hx)=h- f(z
ind¥(V)={f:G-V fhe) f@)

f is compactly supported
is a supercuspidal representation of G whenever it is irreducible. In general, a compactly-
induced representation is highly reducible. Therefore, when constructing supercuspidal
representations, one must be careful in choosing a compact open subgroup and an irreducible
representation thereof, and thus in order to be exhaustive, these constructions are relatively

complicated and highly dependent on the residual characteristic.

There are very few constructions of supercuspidal representations that are independent
of residual characteristic p and they are far from exhaustive. One notable example is the
construction of the simple supercuspidal representation given by Gross and Reeder in 2010
[12]. This construction requires the input of an affine generic character of the pro-unipotent

radical of the Iwahori subgroup, and the relatively simplicity of the resulting irreducible
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compactly-induced representation of GG gives it its structure. This construction was then
reformulated in terms of Geometric Invariant Theory (GIT) and generalized by Reeder and
Yu to give the epipelagic' supercuspidal representation which has minimal non-zero depth.
The input for this construction was a stable vector (in the sense of GIT) belonging to
the finite abelian quotient of the first two piece of the Moy-Prasad filtration of a general
parahoric subgroup [27]. The existence of these stable vectors was initially only known for
large enough p and for small p only in the case of the Iwahori subgroup. The existence of
stable vectors was eventually extended to all parahoric subgroups for small p and sufficiently
large residue fields in the case that char(k) =0 and G is split [7].

We now give a more detailed explanation of the construction of [12]: Let f denote the
residue field of k, and let I be an Iwahori subgroup of G. The natural filtration of the field

k, Moy and Prasad proved, is mirrored in I which is filtered by open compact subgroups
I'>T1y, > Iy >

where h is the Coxeter number of G [24][25].2 The first of these Moy-Prasad subgroups,
often denoted by I := I, is called the pro-unipotent radical of I, and the second of these
Moy-Prasad subgroups, denoted by I, = I,,, is a normal subgroup of I,. The quotient

I, /I, is an elementary abelian p-group isomorphic to f&+1. A group homomorphism
XLy /Iy — CF

is called an affine generic character if it is non-trivial on each factor of f. If, through abuse
of notation, we also denote by x : Z(G)I1 — C* the lift and extension of an affine generic

character x to Z(G)I;, Reeder and Gross proved that the compactly induced representation

m(x) == indg(G)Lr (x)

is an irreducible superecuspidal representation of G called the simple supercuspidal repre-

The epipelagic zone is the shallowest layer of the ocean where photosynthesis can occur.
2This particular filtration of I is the one corresponding to the barycenter of the alcove attached to I.
Choosing a different point in this alcove results in a different filtration.
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sentation [12].

We now assume that G is connected, semisimple, quasi-simple, and split or quasi-split
over k, splitting over a tamely purely ramified Galois extension of k. The main results of
Chapter 3 are an attempt to generalize the work of Gross-Reeder on affine generic characters.
In §3.1, we classify characters that are non-trivial on subgroups that are deeper, but not too
deep, in the Moy-Prasad filtration. More specifically, in Theorem 3.1.4, given any point A
in the Bruhat-Tits building, we identify the minimal Moy-Prasad subgroup of the parahoric
subgroup G containing commutators of linearly dependent positive affine root groups. This
parahoric subgroup, which we denote by G, 5(»), is a normal subgroup of the pro-unipotent
radical G+ of G, and while the quotient G'y1 /G () is not necessarily abelian, we see in
Corollary 3.1.9 that its commutator subgroup is generated by the commutators of pairwise
linearly independent positive affine root groups. These commutators have a relatively simple
form which we reference in Proposition 2.2.4 and verify in Appendix A. This simple form

of the commutator subgroup allows us to completely classify all A-shallow characters

X : Gar/Grsin) = CF,

as we see through example in §3.1.3. With our ingredients identified, we use §3.2 to inves-
tigate which A-shallow characters compactly induce to give supercuspidal representations
of G. We provide a naive extension of Reeder-Yu’s stability condition in Theorem 3.2.3,
which we prove is sufficient for constructing supercuspidal representations. And finally, we
show in §3.2.3 and §3.2.4, through examples, that this naive extension is not a necessary
condition while simultaneously constructing new supercuspidal representations of Sp,(k)

when p = 2 and the split form of G2 over k when p = 3.

The methods used in this thesis were first presented for split groups in a preprint on
the arXiv [8]. Here we have extended the argument to construct A-shallow characters for
quasi-split G. T am of the belief that these arguments can be extended further to residually

non-split quasi-split groups.
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1.2 Structure of the Thesis

If our goal is to explicitly construct supercuspidal representations, we must have a complete
understanding of our group. Chapter 2 is therefore devoted to providing the necessary
background in quasi-split groups. The vast majority of this information is not new, but is

rather a collection of results from various sources for easy reference.

In §2.1.1, we lay out how to fold a simple reduced root system along a symmetry of its
Dynkin diagram. The orbits of this diagram symmetry form a root system, called a twisted
root system, which need not be reduced. Along with the twisted root system, in §2.1.2 we
define a companion affine twisted root system. which is an affine root system in the sense
of [22]. These twisted root and affine root systems will respectively become the relative
root and affine root systems of our connected, semisimple, quasi-simple algebraic group G

defined and quasi-split over a non-archimedean local field k.

In section 2.2, we present the necessary background information found in [26] on Galois
descent for a quasi-split group defined over a non-archimedean local field. As is the case
for any quasi-split group (not necessarily over a non-archimedean local field), we see in
§2.2.1 that the the Galois group acts on the absolute root system of our group via a Dynkin
diagram folding, so that the k-root system of our group can be realized as a twisted root
system. By fixing an épinglage on which the Galois group acts, we are able to give a
Chevalley-Steinberg system in §2.2.2 for our group G = G(k). This subsection closes with
a description of commutators of k-root groups, coming from [26]. Then in §2.2.3 we see that
when the natural filtration of k£ induces a natural filtration on the k-root groups in G, and
the resulting affine k-root system is then easily identifiable as the affine twisted root system
constructed in §2.1.2. The culmination of this chapter is the definition of the Moy-Prasad
filtration of a parahoric subgroup of G by compact open subgroups, which will be necessary
for constructing supercuspidal representations in the next chapter.

Chapter 3 is where the bulk of the results of this thesis can be found. In §3.1.2, we use the
Moy-Prasad filtration from the previous chapter to define a finite p-group, not necessarily
abelian. We call the characters of this group shallow, and using the commutator formulas

calculated previously we are able to characterize them. Finally, in §3.1.3 we explicitly
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illustrate how to classify the shallow characters for both split and non-split quasi-split
examples.

Section 3.2 is devoted to a discussion on constructing supercuspidal representations from
the shallow characters classified in the previous section. In §3.2.1, we give a brief overview
of compact induction, and in §3.2.2, §3.2.3, and §?7 we show that compact induction and
shallow characters can yield supercuspidal representations under appropriate conditions.

We then close with two appendices: In Appendix A we provide computations that justify
the commutator formulas given in §2.2.2, and in Appendix B we have the various tables

that are referenced throughout the thesis.
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Chapter 2

Quasi-split Groups over Filtered
Fields

2.1 Twisted Root Systems

In this section we develop the notions of a twisted root system and an affine twisted root
system which will be vital for understanding the structure of quasi-split groups in the sequel.
We show how one can, starting with a simple reduced root system, construct a twisted root
system, not necessarily reduced, by folding its Dynkin diagram. We then construct an affine
root system by taking affine translations of the twisted roots constructed previously.

Our discussion on affine root systems will involve affine linear functionals on a real vector
space. Those more familiar with these objects may recognize that it is possible to work over
affine spaces instead of vector spaces. Once an origin is chosen in the affine space, however,
these two notions coincide. Our future discussions of quasi-split groups over a local field
will assume an origin has been chosen; thus, we find it appropriate to assume an origin has
already been chosen in what follows.

A working knowledge of root and affine root systems is assumed, more-so for the former.
For anyone unfamiliar with these topics, I strongly recommend any of the widely-available

classical texts [2][16][22].

Notation 2.1.1. Let E be a real vector space, and let R be a root system of linear
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functionals on E; in other words, there exists a set of coroots RV = {a¥ | a € R} C E
and a finite group of automorphisms Wy C GL(E*) generated by reflections such that the

following hold:
(1) R spans the dual space E*.
(2) w(R) =R for all w € Wy,
(3) (a,bY):=a(b") € Z and (a,a") =2 for all a,b € R.
(4) R is finite.
Fix a subset R™ C R, called a positive system of R, satisfying
(5) For each a € R, exactly one of a, —a belongs to R*.
(6) For each a,be R",ifa+be R thena+beR".
The indecomposable elements in RT, denoted by D, form a base of R satisfying
(7) a € D if and only if a cannot be written as the sum of roots in R™.

We assume that R is reduced, meaning that the only scalar multiples of each a € R belonging
to R are a and —a. We also assume that R is simple, meaning that it cannot be decomposed

as the direct product of two subroot systems. //

2.1.1 Twisted roots

We denote by Aut(R) the set of automorphisms in GL(E*) which preserve R. We say that
an automorphism o € Aut(R) is based whenever o preserves a base of R. In particular,
for our fixed base D of R, we denote by Aut(R,D) the subgroup of Aut(R) of based

automorphisms preserving D. We have the splitting

Aut(R) = Wy x Aut(R, D).

The non-trivial based automorphisms of R arise as symmetries of the Dynkin diagram of R,

and therefore must have order e € {2,3}, as seen in Table B.1 in Appendix B. In particular,
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once a base D of R has been chosen, a based automorphism of R preserving D is uniquely
determined by its order e except when R is type D4 and e = 3; in this case there are two

order 3 symmetries of the Dynkin diagram, but they are inverses of each other.

Definition 2.1.1. Let 0 € Aut(R, D) be an order e based automorphism of R preserving
a fixed base D. The action of o on R C E* naturally induces an automorphism of E which
we also denote by o. We denote by the unbolded ¥ = E? the set of points in E which are
fixed by o, and we denote by the unbolded R = R, the set of restrictions to F of roots in
R:

R=R,={a=alacR}

where a is the restriction to E of a root a € R. The set R is called the twisted root

system of linear functionals on E, and the elements therein are called twisted roots.
Since o leaves stable the base D and the positive system R™ associated to it, we say

that a twisted root is simple (resp. positive) provided that it is the restriction to E of a

simple (resp. positive) root in R. We denote by

D=D,={a=3|acD}

the set of simple twisted roots and by

Rt =R} ={a=3alacR"}

the set of positive twisted roots.

Given any twisted root a € R, we denote by (a) the set of all roots in R whose restriction
to F is a. Two roots in R have the same restriction if and only if they belong to the same

(o)-orbit in R; thus, we can write

(a) = {a,0a,0%a,...}

for any a € (a). If for any a € R we let e, denote the cardinality of (a), then we have the

following dichotomy:
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(i) (a) generates a type (Aj)° root subsystem of R.

(77) (a) generates a type Ay root subsystem of R.

Cycles with type (i7) imply that 2a is a twisted root in R and can only occur when o is an

involution on a root system of type Aoy,.

Below we will see that R forms a root system of linear functionals over E. But first we
must construct the coroot system R lying inside E and the reflection group W contained
in GL(E*). For each twisted root a € R, the definition of the coroot a" and the reflection

w, depends on the cycle type of (a) in the following way:

(1) If (a) generates a type (Aj)¢* root subsystem of R, then we define

and

Note that since all roots in (a) are pairwise orthogonal, both the sum and product

above are independent of order.

(i7) If (a) = {a, b} generates a type As root subsystem of R, then we define ¢V = 2a"+2b"
and wg = Waib-

vV and w, are invariant under the respective actions of

In both cases, we see that both a
o. Therefore, we denote by RV C E the set of all a¥, and by Wy C GL(E*) the subgroup
generated by all w,. The perfect pairing between R and RV restricts to a o-invariant

pairing between R and RY so that

wa(b) =b— (b,a")a

for all a,b € R.
If one wishes to identify the vector spaces E and E* by using the pairing (-, -) between

R and RV, then we this vector space can be equiped with a inner-product thus allowing us
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to talk about the relative length of twisted roots. However, it is also possible to define the
relative length of twisted roots without making this identification: we say that two twisted
root a,b € R have distinct relative length if (a,b") and (b,a") do not equal. In this case, we
say that a is longer (resp. shorter) than b if (a,b) is greater (resp. less) than (b,a"). One
can check that that the roots of R are partitioned by their relative lengths [15, Section 10.4].
There are exactly two relative lengths, except when o is an involution of a root system of
type Asay,, in which case there are three relative lengths. We say that a twisted root is short
if it has the shortest relative length and long if it has the second-to-shortest relative length.
If o is an involution of a root system of type As,, then the twisted roots that are of the
longest relative length are precisely the divisible roots of form 2a for a twisted root a € R.

We are now ready to prove that R forms a root system, not necessarily reduced, of linear

functionals on E. The proof is straightforward and is included for the sake of completeness:

Proposition 2.1.1. Let o, E,R,D,RT,RY, Wy be as above. Then R = R, is a root
system of linear functionals on E = E° with coroot system RY = R and reflection group

Wo = W( in the sense that the following hold:
(1) The roots in R span E*.
(2) we(R) =R for all a € R.
(3) {(a,b) € Z and {a,a") =2 for all a,b € R.
(4) R is finite.
Moreover, RT = R} forms a positive system of R in the sense that the following hold:
(5) For each a € R, ezactly one of a, —a belongs to RT.
(6) For each a,b€ RY, ifa+b€ R thena+0be€ RT.
Finally, D = D, forms a base of R in the following sense:
(7) a € D if and only if a cannot be written as the sum of roots in RT.

Proof. This proposition vacuously holds if ¢ is trivial; therefore we will assume that ¢ has
order either 2 or 3. These results will be proven one at a time, but most follow directly

from the appropriate structures of E, R, D, RT, RY, and Wy laid out in Notation 2.1.1.
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(1): Recall that R spans E*. For each a € R, the subspace of E* spanned by (a) has a
1-dimensional o-invariant subspace spanned by a. Therefore, R must span E* = (E*)?.

(2): Fix any a € R. From the definitions above, we see that w, € Wy is the restriction
to E* of some element in Wy. Since elements in W leave stable R, their restrictions to
E* leave stable R whose elements are restrictions to E of roots in R.

(3): Fix a,b € R, and let a € (a) and b € (b) so that

€q

(CL, b\/> =T Z<a7 (Uib)v>v

i=1
where z is 2 or 1 respectively depending on whether 2b is a root in R or not. In either case,

{a,b") is an integer since each (a, (o'b)V) is one. Furthermore, we can see that {(a,a") = 2.

Indeed, if (a) generates a type (Aj)° root subsystem of R, then
(a,a”) = (a,a”) =2

since a commutes with each o'a, i =1,...,e,—1; if (a) generates a type As root subsystem
of R, then

(a,a") = 2(a,a” +ca’) =2(1) = 2.

(4): R must be finite, since R is assumed to be so.

(5): Given any a € R, either (a) or (—a) must intersect R since it forms a positive
system on R. In fact, exactly one of these intersects RT, since o preserves RT.

(6): Given a,b € R™, if a + b is a root in R then there must exist some a € (a) and
b € (b) such that a+ b € R. Since a,b € R™, this means that a + b € R" so that
a+beRT.

(7): Let a € Rt and fix any a € (a). If a=b + ¢ for b,c € R*, then a = b+ ¢ where
b € (b) and c € (¢). On the other hand, if a is decomposable in R then, since D is a base

of R, a is decomposable in Rt so that a ¢ D and a ¢ D. O

Remark. A reader familiar with root systems may notice the omission of the condition in

the definition of a root system that often appears in the literature; namely, here we do
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not require that R satisfy the condition of a reduced root system that the only scalar
multiples of a twisted root a that belong to R are a and —a. In this sense, we say that R
need not necessarily be reduced. In fact, R is non-reduced if and only if ¢ is an involution

of a root system of type As,.

For any root system R, not necessarily reduced, with base D, its Dynkin diagram is
the graph with vertex set D and (a,b")(b,a") edges between the vertices a,b € D. If there
is more than 1 edge between a,b then we label them with an arrow pointing towards the
shorter root. Since R need not be reduced, we will also shade in a vertex a € D whenever
2a € R.

Let R be any twisted root system constructed above. When o is trivial, so that R = R,
then the Dynkin diagram of R is identical to that of R. When ¢ is non-trivial and R is
reduced, then its Dynkin diagram is one of a simple reduced root system. When o is an
involution of a root system of type As,, then R is non-reduced and its Dynkin diagram is

one of type BC,,. This is summarized in Table B.2 of Appendix B.

2.1.2 Affine twisted roots

Given real vector spaces V, U, a function ¢ : V' — U is called an affine linear map if there

exists a linear map w : V' — U such that

Pz +y) =v(@) +P(y)

for all z,y € V. The linear function ¢ is called the linear part (or gradient) of ¢. The
constant part (or intercept) of ¢ is the vector ¢(0) € U. An affine linear map 1 can

then be recovered from its linear and constant parts via the formula

(@) = () + $(0).

In the specific case that the codomain equals R, we call an affine linear map an affine
linear functional, and through an abuse notation, we write a+r : V — R to be the affine

linear functional with linear part a € V* and constant part r € R.
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Definition 2.1.2. For each root a € R we denote by ¥(a) a set of affine linear functionals
on F whose gradients are all a. The intercepts of the affine functionals in ¥(a) depend on

the cycle type of (a) and whether a/2 is a k-root according to the following trichotomy:

(i1) If (a) generates a type (A7) root subsystem in R and a/2 ¢ R, then let
U(a) :={a+n/e, |n e}

be the set of all affine linear functionals on F with gradient a and intercept an integer

multiple of 1/e,.

(i2) If (a) generates a type A; root subsystem of R and a/2 € R, then let
U(a):={a+(2n+1)/2|necZ}

be the set of all affine linear functions on E with gradient a and intercept an odd-

integer multiple of 1/2 (3 1/e,).
(13) If (a) generates a type Az subsystem in R, then set
U(a):={a+n/2|nel}

to be the set of all affine linear functionals on F with gradient a and intercept an

integer multiple of 1/2 = 1/e,.

The affine linear functionals appearing above, called affine twisted roots, form

U=U(R,0):=| | ¥(a),
a€R

the affine twisted root system of affine linear functionals on F.

For each a; € D ={ay,...,as}, we denote by

a; :=a; +0
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the affine twisted root with gradient a; and intercept 0. If ¢ is trivial, set ag to be the
lowest root in R = R, if ¢ is non-trivial, then let ag be the lowest short twisted root in R
except when ¢ is an involution and of a root system of type As,, in which case we let ag

be twice the lowest short twisted root in R. In each case, we denote by

ag:=ag+1/e

the affine twisted root with gradient ag and intercept 1/e. The set

A ={ap,01,..., 00}

will be called the base of ¥, with the affine twisted roots therein called simple.

To see that ¥ forms an affine root system, it will be necessary that we construct a
perfect pairing. If one wishes to identify E and its dual E* using the perfect pairing (-, -)
between R and RV, then it is possible to define a twisted affine coroot and thus a pairing.
However, it is also possible to define the pairing without making this identification: for
each affine twisted root «, 3 € ¥ we abuse notation to write (o, 3") in place of the pairing

between their gradients

(, 8Y) = (@, 8Y).

In a similar vein, it makes sense to talk about the relative length of an affine twisted root
without ever defining an inner-product; that is, we say that an affine twisted root is short

(resp. long) if its gradient is short (resp. long).

Definition 2.1.3. Let a be an affine twisted root in ¥. The vanishing hyperplane
ker(a) is the affine hyperplane in F consisting of points at which « vanishes. We denote by

wq the affine linear involution of E given by reflection along ker(a) via

wa(A) = X —a(N)a”

for all A € E. Through the pairing defined above, w, also acts on ¥ according to the
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formula

wa(ﬁ) =B - <B’O‘v>a

for all 8 € W. The group W generated by each w,, o € ¥ is the affine reflection group
of U.

Let ‘H denote the union of all vanishing hyperplanes of affine twisted roots in ¥. The
open connected components of the complement F \ H are called alcoves in E. One of these
alcoves, called the fundamental alcove, is bounded by the vanishing hyperplanes of the
simple affine twisted roots in A, and it will be denoted by C C E. (c.f., Example 4.3 in [22]
or Example 4.7 in [16])

An affine twisted root in V¥ is said to be positive if it takes positive values on C. The

set of positive affine twisted roots in ¥ will be denoted by U+,

We are now ready to see that ¥ forms an affine root system in the sense of [22],

satisfying the following:
(1) W spans the space of affine linear functionals on E.
(2) wa(¥) =V for all a € V.
(3) {(a,8Y) € Z for all a, 8 € .
(4) W (as a discrete group) acts properly on E.

The construction of these affine root systems has appeared in the literature (for example
see [26]). We will, however, include the proof for a number of them, as they are fairly

straightforward:

Proposition 2.1.2. Let E, ¥, A, U, W be as above. Then ¥ is a affine root system of

affine linear functionals on E with reflection group W in the sense that the following hold:
(1) W spans the space of affine linear functionals on E.
(2) wo (V)= for alla € V.

(3) (a,8Y) € Z for all a, B € V.
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(4) W (as a discrete group) acts properly on E.
Moreover, ¥ forms a positive system of ¥ in the sense that the following hold:

(5) For each o € W, exactly one of o, —av belongs to ¥T.

(6) For each a,3 € ¥, ifa+ B €W thena+ € UT.
Finally, A forms a base of ¥ in the following sense:
(7) « € A if and only if a cannot be written as the sum of roots in U,

Proof. If o is either trivial or an involution of a root system of type Ao, then, up to normal-
izing the constant parts, ¥ is one of the affine root systems described [22, Proposition 2.1].
These prototypical affine root systems are well-understood. We therefore will focus on when
o is non-trivial and R is reduced.

(1): This follows from R spanning the space of linear functionals on F.

(2): Let « = a+m/eq, and B = b+ n/e, be two affine roots in ¥. Then

wa(B) = (b+n/ep) + (b,a)(a+m/es) = wa(b) +n/ep + (b,a”Ym/e,.

Since Wy is length-preserving on gradients, we know that e, ) = ep. We also know that
(b,a") is an integer. Thus,

njep + (b,a’ym/e, = k/ey (2.1.1)

for some integer k. Indeed, if e, = e, then certainly (2.1.1) holds for k = n + (b,a")m; if
eq =€ # 1 and e, = 1, so that a is short and b is long, then (b,a")m/e, = +m and (2.1.1)
holds for £ = n £+ m; and if e, = 1 and e, = e # 1, so that a is long and b is short, then
(b,a") = +1 and (2.1.1) holds for k = n + me.

(3): This is a restatement of the fact that (a,b") € Z for all a,b € R.

(5): No affine twisted root vanishes on the fundamental alcove C, and so either o or —«
evaluates positively thereon.

(6): If a(A), B(A) > 0 then a(X) + B(A) > 0, for all A € C. O

Remark. There are a couple things to note about the definition of an affine root system

appearing in MacDonald’s influential paper [22]. First is that it is not an entirely correct
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definition, as independently noted in 2011 by Mark Reeder and Jasper Stokman. Missing
from this definition is the condition that the affine root system be non-finite, meaning that
for each gradient a € R, there are at least two (and thus infinitely many) affine roots whose
gradient is a. Our twisted root systems ¥ certainly satisfy this non-finiteness condition,

and therefore the condition was omitted from the above proposition.

With the addition of the non-finiteness condition to the definition of affine root systems,
Macdonald’s definition of affine root systems is equivalent to that of a echellonage appearing

in Bruhat-Tits [3].

Definition 2.1.4. The closure of the fundamental alcove is characterized as the set of
points in E on which each simple affine twisted root in A takes non-negative values. A
facet of C is a equivalence class of this closure under the relation ~, where A ~ p when
a(A) > 0 if and only if a(u) > 0 for all @ € A. A facet of C is then uniquely determined by

the vanishing of a subset of simple affine twisted roots.

A facet corresponding to the vanishing of all but one simple affine root in A contains
exactly one point, which we call a vertex of C. We say that a vertex A of C is strongly-
special whenever there is a simple affine twisted root «; € A such that «;(\) = 1/e (and
thus vanishes on all other simple affine twisted roots in A). Not to be confused with the
notion of a hyperspecial vertex, the relationship between strongly-special vertices and special
vertices, found elsewhere in the literature [34], is as follows: if R is reduced, then a vertex
is special if and only if it is strongly-special, but if R has type C-BC, then a vertex is
strongly-special if and only if it is the special vertex corresponding to the vanishing of ay.
Alternatively, strongly-special vertices can be understood as coming from weight-1 vertices

in the weighted Dynkin diagram of W as defined below.

Recall that —aq is a positive twisted root in R. While we have not proven it here, it is
well known that any element of RT can be written as the the integral sum of the simple
twisted roots in D with all positive coefficients (c.f., [2, Chapter 6 Theorem 3]). We define

the minimal constant relation among the simple affine twisted roots in A to be

1/e:m0a0+m1a1—|—---+mgozg (2.1.2)
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where mg = 1 and my, ..., my are all positive integers coming from the decomposition of
—ag into simple twisted roots.

The Dynkin diagram of W is the graph with vertex set A and (o, o) (y, @) edges
between vertices a;, a; except when the vanishing hyperplanes of a; and «; are parallel in
which case we put a single bold edge. If there are more than 1 edges between «;, ; then we
label them with an arrow pointing towards the shorter affine twisted root. To each vertex
a; € A in the Dynkin diagram of ¥, we assign the positive integer m; appearing in the
minimal constant relation above. The Dynkin diagram with vertices adorned with these

weights will be called the weighted Dynkin diagram of ¥. Table B.3 in Appendix B

shows the weighted weighted Dynkin diagrams for all affine twisted root systems.

Technical lemmas

What follows are some technical results on affine twisted root systems. They are tools that

will help us later in Chapter 3:

Lemma 2.1.3. If « is a non-long affine twisted root in VU, then 1/e — a and 1/e + « are

also.

Proof. Since « is non-long, it is of the form o = a+n/e. Then indeed 1/e—a = —a+(1—n)/e

and 1/e +a = a+ (1 +n)/e are both non-long affine roots in W. O

Lemma 2.1.4. Suppose that R is not simply-laced, and let o, be any long, simple affine
root whose gradient is not twice the lowest short root when R is of type C-BCy. Then there
exists a mon-repeating sequence of vertices (a,,...,a;,) in the Dynkin diagram of ¥ such

that the following hold:
(1) {ai;,@i;, } is an edge for each j=1,...,n —1.
(2) aiyy... 4, , are all long affine k-roots.
(3) «, is short.

Moreover, in this situation, the affine functional o = oy, +- - -+, s a short affine twisted

root in V.
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Proof. This existence claim can be individually checked for each Dynkin diagram given in
Table B.3 in Appendix B. Graphically this sequence can occur as one of three classes of
sub-diagrams: First, if U has either type G2 or G%, then our sequence can appear as the

sub-diagram

Oy ——— Qjy;

next, if ¥, has type G, then our sequence can appear as the sub-diagram

Oy Ay Qg3

and finally, if ¥ has any type other than G5 or Gé, then our sequence appears as a sub-

diagram of the form

7047:77,,1 j,: aln

In all three cases, & = a;; + - - - 4+ @, is a short affine twisted root. O

2.2 Quasi-split Groups

A reductive group is said to be quasi-split over a field k& provided that it has a Borel
subgroup defined over k. We say that a quasi-split group is split provided that it has a k-
split maximal torus. In this section, we will develop the theory of quasi-split groups defined
over local fields. For a general, in-depth treatment of split reductive groups, there are many
classical sources that one can turn to, such as [9][14][32][30]. I personally recommend [6],
as it most naturally lends itself to the computations performed throughout. Literature on
the structure of non-split quasi-split groups is slightly less abundant, but I have modeled
my treatment in this section based of that of [26].

We will begin by defining relative root system of any quasi-split reductive group over any
field of definition, not necessarily local. As with the the the absolute root system of a split
group, the relative root system of a quasi-split group contains combinatoric information that
controls the structure of the group via the Chevalley-Steinberg system. Like the previous

subsection, this will merely be an overview of well-established ideas found in the above
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references.

In §2.2.3, we will focus on a structure of reductive groups over filtered fields, like the
ones considered in this thesis. Namely, we will define the notion of an affine root system
which melds the root data and the filtration of the field of definition. This structure was first
studied by Iwahori and Mastumoto [17] and then further developed by many mathematicians
in the late 20th century. Notably, the work on Bruhat and Tits [3][34] act as comprehensive

references for anyone looking to learn more.

Notation 2.2.1. Let k be a non-archimedean local field with ring of integers Ay, a local ring
with unique maximal ideal P,. We denote by val : k* — Z a surjective integral valuation
on k, so that val(k*) = Z. The residue field of k is denoted by f = Aj/Py. The residual

characteristic of k is the positive characteristic of its residue field, denoted by p.

Let K denote a degree e € {1,2,3} totally ramified Galois extension of k, and assume
that e # p so that K /k is tamely ramified. We fix an order e cyclic generator o of the Galois
group Gal(K/k), and write o(z) = £ when e = 2. We denote by Ag the ring of integers
of K, a local ring with unique maximal ideal denoted Pg. Through an abuse of notation,
we also denote by val : K* — Ze~! the valuation of K extending that on k. Since K/k is
totally ramified, the residue field of K is isomorphic to that of k£, and thus we also denote
it by f = Ax/Pk.

Let G be a connected, quasi-simple, semisimple reductive algebraic group defined over
k and splitting over K. Over k, we assume that G is either split (in the case that K = k
and e = 1) or non-split quasi-split (in the case that e € {2,3}).Let S be a maximal k-split
torus, and let Z the centralizer of S in G, a maximal torus of G defined over k. Let B be

a Borel subgroup of G defined over k and containing Z.

As a convention, we use unbolded letters G, B, Z, S to respectively denote the groups k-
rational points in G, B, Z,S. More generally, if a subgroup of G, represented with a bolded
letter, is defined over k then the group of k-rational points is denoted by the corresponding

unbolded letter. //
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2.2.1 Root systems

Let R = R(G,Z, K) denote the K-root system of G relative to the K-split maximal torus
Z consisting of all K-characters of Z appearing in the adjoint representation of Z(K) on
the Lie K-algebra Lie(G(K)). Through the natural pairing between K-characters and K-
cocharacters of Z, the K-root system forms a simple reduced system of roots acting as linear
functionals on the real vector space X.(Z, K) ®z R, where X,(Z, K) is the K-cocharacter
lattice of Z. The set of the K-roots appearing in the adjoint representation of Z(K) on the
Borel K-subalgebra Lie(B(K)) form a positive system R™ C R, and therein lies the set of
simple K-roots of D = D(G, B, Z, K) of G relative to the pair (B, Z).

The Galois group Gal(K/k) has a right action of G(K) which we denote by g — ¢" for
all g € G(K) and v € Gal(K/k). This action preserves B(K),Z(K),S(K). The action on
Z(K) induces a natural left action of Gal(K/k) on the K-character lattice of Z defined as

follows: given any K-character y : Z(K) — K*, the K-character o is defined via

[ox](2) :== a(x(27))

for all z € Z(K). This action leaves stable the K-roots of G relative to Z as well as the

base therein corresponding to B. Thus, o acts as a based automorphism in Aut(R, D).

The natural pairing between K-characters and K-cochcaracters of Z induces a Galois

group Gal(K/k) acts on the X,(Z, K) according to

[ IN](#) = Ao ())°

for all A € X, (Z,K) and t € K*. We denote by X.(S, k) the lattice of k-cocharacters of
S consisting of the restriction to k* of o-invariant K-cocharacters of Z. The images of the

elements in X, (S, k) generate
= (A(t) | A € Xu(S, k), t € k),

the maximal split k-tori in G = G(k).
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Let R = R(G,S, k) denote the k-root system of G relative to the maximal k-split
torus S, consisting of all k-characters of S appearing in the adjoint representation of S on
the Lie k-algebra Lie(G). The set of k-roots appearing in the adjoint representation of S
on the Lie k-algebra of the Borel subgroup B = B(k) will form a positive system RT C R,
and therein will lie the simple k-roots D = D(G, B, S, k) of G relative to (B, S).

Each k-root of G relative to S, when viewed as a linear functional on X, (S, k) ®z R,
is the restriction of a K-root in R acting as a linear functional on X,(Z, K) ®z R. Two
K-roots restrict to the same k-root if and only if they belong to the same orbit under
the Galois group Gal(K/k) acting as a based automorphisms. Thus, we have shown that
one can realize the k-root system R as one of the twisted root systems constructed in

Definition 2.1.1:

Proposition 2.2.1. Let G,Z,S, K,k be as in Notation 2.2.1. If o is a cyclic genera-
tor of the Galois group Gal(K/k), acting as a based automorphism of the K-root system
R(G,Z,K), then the k-root system R(G,S,k) can be realized as the twisted root system
R(G,Z,K), of linear functionals on the real vector space X.(S,k) @z R defined in Defini-

tion 2.1.1.

2.2.2 Chevalley-Steinberg systems and root groups

For each positive K-root a € R*, we denote by U, and U_, the K-root groups respec-
tively corresponding to a and —a, uniquely characterized as being the non-trivial connected
unipotent subgroups of G, defined over K, on which Z respectively acts via a and —a. The
group G, = (U,, U_,) is a connected, quasi-simple, semisimple reductive algebraic group,
defined over K, with absolute-rank 1 maximal torus G, N Z; therefore, there must exist a

(non-unique) central K-isogeny

¢a : SLo(K) — Ga(K)

characterized as isomorphically mapping the upper and lower-triangular unipotent sub-

groups onto U, (K) and U_,(K) respectively. We then consider the (non-unique) K-root
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morphisms, which are defined to be the restriction of p, to these unipotent subgroups:

1 z 1
ua(Z) = @a and U_a() = @a
1 z 1
for all z € K.

The non-uniqueness of K-root morphisms is addressed by fixing a K-pinning (or an
épinglage) of G relative to (B, Z) consisting of a choice of central K-isogenies ¢, for
the simple roots a € D. Once a pinning has been chosen, the central K-isogenies for the
remaining positive k-roots a € R are chosen so that vectors duia(1) collectively form a

Chevalley basis of the Lie K-algebra Lie(G(K)), meaning that

0 ifatb¢R
[dua(1), dup(1)] =
+(n+1)duatp(l) ifa+beR,

for all a,b € R, where n is the greatest positive integer for which b — na is a root in R.

For more detail on this construction, please refer to [6, Section 4.2].

Notation 2.2.2. Throughout the remainder of the thesis, we will assume that a K-pinning

of G relative to (B, Z) has been chosen so that for a € R, we have

Ua(2)? = ugal€ao(x)) (2.2.1)

for all z € K, where €4 € {1, —1} such that €4 = 1 whenever a € D. Such an assumption
is reasonable due to the classical work of Steinberg which says that any automorphism of
a split reductive group preserving a Borel and maximal torus therein must preserve some

pinning [31, proof of Theorem 8.2]. The remaining €, are computed using the relations

[ua (@), ub(y)]” = [ua(r)”, un(y)?].

for all a,b € R and z,y € K. In fact, without loss of generality, we can assume that the

K-root morphisms are chosen so that e = —1 if and only if a/2 € R [6, Lemma 13.6.2]. //
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Definition 2.2.1. Let a be any k-root in R. So as to align with the definition of twisted
root systems given in Definition 2.1.1, we let (a) be the Gal(K/k)-orbit of all K-roots in R
whose restriction to S is a. The order of this orbit, equal to the index of the stabilizer in
Gal(K/k) of a, is denoted by e,. We then define K, to be the subset of K or K? according

to the following trichotomy:

(11) If (a) generates a type (A1)° root subsystem of type R and a/2 ¢ R, then let K,
denote the fixed field in K of (6°), a degree ¢, field extension of k with Galois group
Gal(K,/k) = (o¢/¢).

(i2) If (a) generates a type A; root subsystem of type R and a/2 € R, then let K, denote

the set of all y € K such that y + 4y = 0.

(7i) If (a) generates a type Ay root system of type R, then let K, denote the subset of

K? consisting of all pairs (z,y) such that zz 4+ vy + 7 = 0.

Throughout, it will often be convenient to refer to the union of cases (i1) and (i3), which
we denote by (i) and corresponds with case () in Definition 2.1.1.

Corresponding to a, we define the k-root group U, to be the subgroups of G generated
by all K-root groups U, for a € (a). The structure of U, can be described in terms of the

cycle type of (a) as follows:

(i) If (a) generates a type (A1) root subsystem of R, then U, is the internal direct

product

U, = H U..

a€(a)
This product is independent of the order of a € (a), since the U, commute with one

another.

(13) If (a) = {a,0a} generates a type Az root subsystem of R, so that a + ca € R, then

U, is not abelian. Rather, it is the internal semidirect product
Ua = UaUaaUa—&-aa‘

Here Ug g4 is central, and thus is normalized by both U, and U,,.
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Since each U, is defined over K, the group U, must be also. Furthermore, since (a) is a

single Galois orbit, U, is defined over k. We denote by
Uy =Ug(k) ={u e Uy(K) | u® =u}

the group of k-rational points in U,.

Proposition 2.2.2. Let a be any k-root in R. The o-invariant elements of Uy (K) can be

described as follows:

(1) Suppose that (a) generates a type (A1) root subsystem of R. Fizing a € (a), an

element in Uy (K) is o-invariant if and only if it is of the form

eq—1

ug () := H ua(x)(’i (2.2.2)
i=0

forx € K,.

(1) Suppose that (a) generates a type Ay root subsystem of R. Fizing a € (a), an element

in Ug(K) is o-invariant if and only if it is of the form
Ua(T,Y) = Ua(T) * Upa(T) - Uatoa(y) (2.2.3)

for (z,y) € K,.

eq—1

Proof. (i): Suppose that (a) = {a,ca...,0% 'a} generates a type (A1) root subsystem

of R. Fix any element u € U,(K) and write u as the unique product

eq—1

U = H uaia(xaia)
=0

for z,i, € K, independent of order of the product. Applying ¢ to this product yields

ea—1

u’ = H ucria(xcria)g'
=0

If u is o-invariant then each iy (T ig)? = Ugitig(Tyit1,). Thus U, consists precisely of all
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elements of the form
eq—1

ug(z) = H ua(m)"i
i=0

for x € K such that o (z) = €, z where

€q
€a = Hﬁaia e {1,-1}.
i=1

But according to the assumptions made in Notation 2.2.2, e, = —1 if and only if a/2 € R,

and so 0% (x) = €, if and only if x € K.

(73): Suppose that (a) = {a,oa} generates a type Az root subsystem of R. Without

loss of generality, we can assume that ua4sa is scaled so that

[ua(ml)v uUa(xQ)] = ua+aa($1$2)'

Note that this assumption is consistent with every assumption made in Notation 2.2.2. Let
u be any element of U,, and so an element of U, (K) that is o-invariant. We can write u

as the product

u = ua(:cl) . uga(l‘z) . ua+cra(y)

for x1,x2,y € K. Applying o to this product yields

u? = Uga(T1) - ua(T2) - Uatoa(—7)

= ua(fg) . uga(fl) . [an(fl), Ua(iﬁ)]ua—l—oa(_g)

= Ua(:f2) : uaa(jl) : uaJro'a(_:Eli'Q - :’j)

Since w is assumed to be fixed by o, this means that 1 = T2 and y = —§ — Z1Z2. Putting

these all together, we see that U, consists of all elements of the form

Ua(xvy) = ua(x) : uUa(j) : ua—l—b(y)

for all z,y € K such that xz + y + § = 0, or equivalently (z,y) € K,. O
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Definition 2.2.2. For each k-root a € R, the function u, : K, — U, defined by either
(2.2.2) or (2.2.3) is a group isomorphism, which we logically call a k-root morphism. The
non-uniqueness seen in K-root morphisms is inherited here, but more-so since (2.2.2) and
(2.2.3) required an additional choice of a K-root a € (a). This will not be a problem for the
discussions that follow, since a different choice of K-root in (a) amounts to pre-composing

uq with an element of Gal(K/k).

Commutator formulas

Let a,b be linearly independent k-roots. For all w € U, and v € U, we consider the
commutator

[u,v] := v~ o tuw.

We will denote by [U,, U] the subgroup of G generated by all commutators [u,v] with
u € U, and v € Up. If a+b is not a k-root, then U, and U, must commute with one another
and thus [U,, U] = 1. We will now investigate the structure of [U,, Up] in the case that U,
and U, do not commute.

When a + b is a k-root, let G, be the group generated by k-root groups Uy, and
Uy, defined over k with k-rank 2. In the case that G, splits over k, the structure of the

commutators of elements in U, and Uy is given by the following classical result:

Proposition 2.2.3 (Chevalley). Let a,b be linearly independent k-roots such that a + b is

a k-root, and suppose that Gy, splits over k. Then

Ua, Uy C H Uia+ijb
2%
where the product is increasing over all positive integers i,j such that ia + jb is a k-root.

In particular,

o), un ()] = ] ] tiarso(3Caij 2'y?)

where the product is over all positive integers i,j such that ia + jb is a k-root with the

constant Copij € {1,2,3}.
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Proof. The proof of this claim, along with a more in-depth description of the constants

Capij can be found in [6, Theorem 5.2.2]. dJ

Now we suppose that G, ; does not split over k. As in this split case, the commutators
of elements in U, and U, can be written in terms of the groups Ujq4.jp, for positive integers
1,7 > 0 such that ia + jb is a k-root. Unlike the split case, there is not a uniform way to
describe what the factor in Ujqqjp is, and they must instead be studied in a case-by-case

basis.

The following results can be found in [26, Section 1] without accompanying computa-
tions. In its statement, we will be continuing the notation established in (2.2.2) and (2.2.3)

for the Galois-invariant elements in the k-root groups:

Proposition 2.2.4 (Prasad-Raghunathan). Let a,b be linearly independent k-roots such

that a 4+ b is also a k-root, and suppose that G, does not split over k. Then

Ua, Uy C H Uia+ijb

i,J
where the product is increasing over all positive integers i,j such that ia + jb is a k-root.

In particular, we have the following:

(1) If the k-root system of G has type Ag then there exists p, 7 € Gal(K/k) such that

[ua(@), up(y)] = vars(£p(2)7(y))
forall x,y € K.
(2) If the k-root system of Ggyp has type Ba, then

a. If a,b are short roots and a + b is long, then there exists a p € Gal(K/k) such
that

[ta (), ub(y)] = ta+s(+ Tracek i (xp(y))

forallx,y € K.
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b. If a is short and b is long, there there exists a p € Gal(K/k) such that

[ua (@), u(y)] = tars(£p(2)y) - Ugars(F2TY),

forallz € K andy € k.
(3) If the k-root system of Ggyp has type Go, then the following hold:

a. If a,b, and a + b are all short roots, then there are k-embeddings p, 7 of K into

K different than the natural one such that

[ua (), up(y)] = varp(E(p(z)T(y) + 7(2)p(y))
~Ugqb(E(p(z)T(2)y + 7(2)2p(Y) + 2p(2)7(Y))

“tayon(E(xp(y)T(y) + p(2)T(Y)y + 7(2)yp(y)))

forall x,y € K.

b. If a,b are short roots and a+ b is long, then there exists p € Gal(K/k) such that

[ua (@), up(y)] = uays(+ Tracer,(2p(y)))

forall x,y € K.

c. If a is short and b is long, then there exists v, p, 7 € Gal(K/k) such that

[ua (@), ub(y)] = ubte(FY(2)Y) - Uzats(£p(2)T(2)y)
“u3ayb(Fy Normpep(z)) - Uzqp2b(£2y° Normpg /(7))
forallz € K and y € k.
(4) If the k-root system of Ggyp has type BCy, then

a. If a,b are short roots and a + b is long, then there exists a p € Gal(K/k) such
that

[ua (), up(y)] = tars(F(xp(y) — Tp(Y))
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forallxz,y € K.

b. If a is short and b is long, then there there exists a p € Gal(K/k) such that

[ta (@), up(Y)] = tar(£p(2)y) - ugats(+TTY),

for all x,y € K withy+1y=0.

c. If 2a,2b are k-roots, then there there exist p, 7 € Gal(K/k) such that

[ua(@,y), up(z, w)] = tasp(£p(2)7(2))

forallz,y,z,w e K withxx+y+y =0 and zZ4+w+w = 0.

d. If 2a is a k-root but 2b is not, then there exist v, 9, p, 7 € Gal(K/k) such that

[ua (2, y), up(2)] = upse(Fp(2)7(2), £7(y)22) - v2a45(F(y)7(2))

forall x,y,z € K with xx+y+ 7y =0.

Proof. The proof of this proposition can be found in Appendix A, where we fix a group
with the indicated k-root data and perform the commutator computation for arbitrary

Galois-invariant elements for each pair of k-root groups. O

Remark. The commutator formulas in both Proposition 2.2.3 and Proposition 2.2.4 have a
layer of ambiguity coming from the + signs, another consequence of the persistent fact that
K-root morphisms are not unique. Moreover, the choice of a K-pinning is not enough to
determine these signs. Rather, these signs follow from a choice of structure constants when
fixing a Chevalley basis of Lie(G(K)) as in Notation 2.2.2. A detailed discussion of how to
choose these constants can be found in [6][10][11]

Apart from the non-uniqueness of signs appearing above, Proposition 2.2.4 has an ad-
ditional layer of ambiguity coming from the elements v, d, p, 7 € Gal(K/k). This is a conse-
quence of the choice of a € (a) when defining the k-root morphism u, in Proposition 2.2.2.
Indeed, a different choice of a € (a) amounts to a pre-composition of u, by an element in

Gal(K/k) and this is being reflected above.
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2.2.3 Affine k-roots and parahoric subgroups

Definition 2.2.3. Let a be any k-root in R. Proposition 2.2.2 establishes a natural iso-
morphism between a set K, and the group U, via the k-root morphism. If (a) generates
a type (A1) root subsystem of R, then K, is a subset of K and thus there is a natural

valuation on U, derived from that on K, given by setting
valg (uq(x)) := val(z)

for all x € K,. On the other hand, when (a) generates a type Ay root subsystem of R, we
set

valy (uq(,y)) := 3 val(y) < val(z)

for all (z,y) € K,. In both cases, the valuation is well-defined and independent of the choice
of K-root a € (a) used to define the k-root morphism, since a different choice amounts to
pre-composing u, in Proposition 2.2.2 with an element of Gal(K/k).

For each real number r € R, we consider the following subgroups:

Usr ={ueU,|valy(u)>r} (2.2.4)

U+ ={u e U, | valg(u) > 1} < U,y

For each r, the quotient group Uy, := Uy, /Uqr+ is a finite-dimensional f-vector space.
Furthermore, if 2a is a k-root, then Ugg 2, 1= Uag 2r/Usq 20+ is naturally a f-vector subspace.

We will denote by d,(r) the following f-dimensions:

dim¢ Uy if 2a is not a k-root,
dg(r) ==

dimf Uy »/Ugq 2, if 2a is a k-root.

If d,(r) is non-zero then we say that U, , is an affine k-root group.

Denote by ¥(a) the set of all pairs (a,r) for which d,(r) is non-zero. The union

U =9(G,S,k) = | | ¥(a)
a€R



2.2. QUASI-SPLIT GROUPS 35

of all sets ¥(a) as a ranges over all k-roots in R forms the affine k-root system of G
relative to S. An affine k-root is an element (a,r) € W, consisting of its gradient (or

vector part) a € R and its intercept (or constant part) r € R.

We will now show that the affine k-root system W can be identified with a affine twisted
root system of linear functions on the real vector space X, (S, k)®zR. Therefore, throughout
the remainder of the thesis, we will adopt the definitions laid out in Definition 2.1.2. For
example, we will write a + r to be the affine k-root (a,r) and treat it as a affine linear
functional given by

[a+7](A) :=(a,\) +7
for all A € X.(S, k) @z R.

Proposition 2.2.5. Let G,Z,S be as in Notation 2.2.1. If o is a cyclic generator of the
Galois group Gal(K/k) acting as a based automorphism of the K-root system R(G,Z,K),
then the affine k-root system W(G,S, k) can be realized as the affine twisted root system
U(R(G,Z,k),0) of affine linear functions on the real vector space X, (S, k) @z R defined in

Definition 2.1.2.

Proof. Let a be any k-root. We will show that the set of real numbers r such that d,(r) # 0
is precisely equal to the constant parts of the affine roots in ¥(a) defined in Definition 2.1.2.
This will be split into cases according to the trichotomy given in Definition 2.2.1. In the
first two cases, (i1) and (i2), 2a is not a k-root and so d,(r) is non-zero if and only if r is
the valuation of an element in K. In the final two cases, (i2) and (i7), K must be a totally,
tamely ramified quadratic Galois extension of k, and so we can write K = k(y/u) for some
unit v € k with val(u) = 1.

(71): Suppose that (a) generates a type (Aj)° root subsystem of R and a/2 ¢ R. Here

K, is a totally ramified degree e, extension of k with value group

val(K ) = {n/eq | n € Z}.

Thus, d4(r) is non-zero and (a,r) is an affine k-root if and only if r = n/e, for some integer

n.
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(i2): Suppose that (a) generates a type A; root subsystem of R and a/2 € R. An
element = € K satisfies x = —Z if and only if z = y/u for some y € k. The valuation of

such an element x = y/u is

val(zv/u) = val(y) + val(v/u) = val(y) + 3 € Z + 3.

for y € k. Thus, d,(r) is non-zero and (a,r) is a affine k-root if and only if r = (2n +1)/2
for some n € Z.

(i7): For this case, we rely on an argument similar to the one found in [26]. First consider
the value

v=max{val(w) €Z|1+w+w=0forwe K} <0.

Let w € K such that 1 + w + w and val(w) = v. We now show that v € Z: By way of

contradiction, suppose that v belongs to
Z+3={val(z) | z+z=0for z € K},

where the equality follows from the computations done in case (i3) above. Let z € K be any
element such that val(z) = v < 0 and such that 1+w+w = 0 = z+2. Since K/k is ramified,
there exists a unit v € k* such that z/w € v+ Pk . By replacing w by —vw if necessary, we
may assume that z/w € —1+ Pk so that w+ 2z € wPk. But then 1+ (w+2z)+ (w+2) =0
with val(w + z) > val(w) = v, contradicting the maximality of v.

Suppose that (a) generates a type Aj root subsystem of R. If d,(r) is non-zero for a
real number 7, then there must exist an element wu,(z,y) with » = val(y)/2 belonging to

Uar — Usr+Usq 2r, so that y is “maximal” in the sense that
val(y) = max{val(w) =v+2val(z) | zz+w+w =0 for z,w € K}.

For each x € K, such a maximal y exists. Thus, d,(r) is non-zero and (a,r) is an affine

k-root if and only if » = n/2 for some integer n. O

Definition 2.2.4. Given a point A € X, (S, k) ®z R, we define the parahoric subgroup of
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G attached to A, denoted by G, to be the subgroup of G generated by the compact torus
Zy:={z¢€ Z|val(x(z)) >0 for all x € X*(Z,k)}

and the affine k-root groups U, for affine k-roots a that evaluate non-negatively at A:
G\ = (Zp, Uy | a(N) > 0 for affine k-root a € ¥).

This group has a natural filtration by open compact subgroups, called the Moy-Prasad

filtration, induced from the natural filtration of £ which we now describe.

For each positive real number » > 0, we define the Moy-Prasad subgroup of G,

denoted by G ., generated by the compact subgroup
Zy ={z€ Z|val(l —x(z2)) >rforall x € X*(Z,k)} < Z
and the affine k-root groups U, for affine k-roots a such that a(\) > r:
Grr = (Z;, Uy | a is an affine k-root with a(A) > ) < Gj.

If s > r are positive real numbers, then G, s is a normal subgroup of G, ,. The positive

real numbers for which there is a non-trivial quotient
Gar = Grr/Grpy,  where Gy = | ) Gas
s>r
forms a discrete, well-ordered set.
The first Moy-Prasad subgroup, denoted by Gy := G\ ;,(x) Where r1()) is the smallest
positive real number r such that Gy , is non-trivial, is called the pro-unipotent radical of

G). Alternatively, the pro-unipotent radical of G is characterized as being the subgroup

thereof generated by the compact torus

Zy:={z€ Z|val(l—x(z)) >0 forall x € X.(Z,k)}
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and the affine k-root groups U, for affine k-root groups « that evaluate positively at A:

G+ = (Z4+,U, | a is an affine k-root with a(X) > 0) < G,.

The pro-unipotent radical and its complex representations will be the main object of study
throughout the remainder of this thesis.

We denote the second Moy-Prasad subgroup by Gty = Gy ,(n) Where ra(A) is the
second-to-smallest positive real number r such that G, is non-trivial. Although G4y

does not have a distinguished name, the quotient

Gar = Gat/Griy

has been thoroughly studied in [12] and [27] and will serve as a useful point of reference for

what follows.



Chapter 3

Supercuspidal Representations

3.1 Shallow Characters

In 2010, Gross and Reeder studied characters
X : Gy — C~

that vanish on Gyy; in the case that A\ was the barycenter of the fundemental alcove
[12, Section 9.2]. A few years later, in 2014, Reeder and Yu extended their methods to
study these characters for more general A [27]. In this section we will dive slightly deeper
down the Moy-Prasad filtration and consider \-shallow characters of G4 which vanish on
the Moy-Prasad subgroup Gy ¢n) € Gy, defined below. Unlike Gy = Gy /Gayy, the
quotient

Hy = Gay /Gy

is not necessarily abelian, and therefore its commutator subgroup need not be trivial. We
show in Theorem 3.1.4, however, that G, 5(») is precisely defined so it is the minimal Moy-
Prasad subgroup of G containing commutators of linearly dependent positive affine k-root
groups belonging to G,. Thus, we see in Corollary 3.1.9 that the commutator subgroup
of H) is generated by the commutators of the linearly independent A-shallow affine k-root
groups. In §3.1.3 we then show how to use these commutators to explicitly classify A-shallow

characters, with some low-rank examples.

39
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Notation 3.1.1. We assume the notation set out in Notation 2.2.1. Additionally, we fix
a prime element w of Ay C k, called a uniformizer, generating the unique prime ideal
P, = Agw. The extension K/k is purely ramified, and therefore we can fix a uniformizer of
A C K whose e-th power is w. For convenience of notation, this element will be denoted
wl/e.

As before, we will let o denote a fixed order e cyclic generator of Gal(K/k), and if e = 2,
we will write o(z) = Z for all € K. Additionally, if e = 3, we may also write o(z) = 2
and o%(z) = 2” for all z € K.

Let R denote the K root system of G relative to Z, acting as a set of linear functionals
on the real vector space X.(Z,K) ®z R. A K-pinning of G relative to the pair (B, Z) is
chosen so that it satisfies the assumptions made in Notation 2.2.2.

Let R denote the k-root system of G relative to S, acting as a set of linear functionals
on the real vector space X, (S, k) ®z R. From the K-pinning of G chosen above, we will fix
a set of k-root morphisms as defined in (2.2.2) and (2.2.3).

Let ¥ denote the affine k-root system of G relative to S, acting as a set of affine linear
functionals on the real vector space X, (S, k) ®zR. The valuation on the k-root groups and
the corresponding affine k-root groups are as defined in Definition 2.2.3.

We denote by ¢ the rank of the k-cocharacter lattice X, (S, k). The k-roots in the base
D of R corresponding to the Borel subgroup B will be enumerated a1, ...,as. The simple
affine k-roots ag, aq,...,ap, defined according to Definition 2.1.2, then form a base of ¥
denoted by A. We will let C denote the fundamental alcove of X, (S, k) ®z R bounded by
the vanishing hyperplanes of the simple affine k-roots in A.

Throughout this section, we fix a point A belonging to the closure of the the fundamental

alcove C. //

3.1.1 Shallow affine k-roots

Definition 3.1.1. We denote by s(\) the largest positive real number such that a(\) +

B(A\) > s(\) whenever a, ( satisfy the following:

(s1) a(A) >0 and S(A) >0, and
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(s2) their gradients a, b are linearly dependent and either a + b =0 or a + b is a k-root.

A mazimal value s(\) exists and is equal to the minimal value of a(\) + B(\) for «,
satisfying (s1) and (s2). An affine k-root « is called A-shallow provided that 0 < a(\) <
s(N).

Lemma 3.1.1. The following hold:

a. If X is not a strongly-special vertex, then there exists a non-long affine k-root o such

that 0 < a(X) < 1/e.

b. If X\ is a strongly-special vertex, then there exists a non-long affine k-root o such that

a(A) =0.

Proof. For this proof, recall the minimal constant relationship (2.1.2) which says that

1/e = moag + miaq + -+ + myay,

where mg, m1, ..., my are the weights of the weighted Dynkin diagram of W. Then A is a
strongly-special vertex if and only if there exists a simple affine k-root a; € A such that
m; = 1 and «a;(A) # 0 if and only if j = 1.

(a): Suppose that A is not a strongly-special vertex. When R is simply-laced and all
roots are non-long, « can be chosen to be any simple affine k-root not vanishing at A. When
R is not simply-laced, o can be chosen to be any short, simple affine k-root not vanishing
at A if one exists. Therefore, it will be assume that R is not simply-laced and that all short,
simple affine k-roots vanish at A.

Let «;, be any long, simple affine k-root which does not vanish at A. Since A is not
strongly-special, we can assume without loss of generality that the gradient of o, is not twice
the lowest short k-root if W is C-BCy. Lemma 2.1.4 says that there exists a non-repeating

sequence of vertices (i1,...,%,) in the Dynkin diagram of ¥ such that the following hold:
(1) {a;,i;,,} is an edge for each j =1,...,n — 1.

(2) aiy,-..,q, , are all long affine k-roots.



42 CHAPTER 3. SUPERCUSPIDAL REPRESENTATIONS
(3) i, is short.

I claim that we can assume, without loss of generality, that (iy,...,4,) also satisfies the

following:
(4) a;;(A) # 0 if and only if j = 1.

Indeed, if (i1,...,4,) does not satisfy condition (4) then it can be replaced with the sub-
sequence (ij,...,i,) where 1 < j < n is maximal such that @;; is non-vanishing at A.
Lemma 2.1.4 also says that

a=qq + oy,

is a short affine k-root, and condition (4) implies that a(\) = «a;,(A) > 0. But since \ is
not a strongly-special vertex, a(\) = a;, (A) < 1/e.

(b): The following fact can be checked individually for each affine root system with
weighted Dynkin diagram given in Table B.3 in Appendix B: there either exists a non-long
vertex with weight greater than 1 or at least two non-long vertices with weight equal to
1. Thus, one can always choose « to be a non-long, simple affine k-root that vanishes at a

given strongly-special vertex. O

Proposition 3.1.2. The following hold:

a. If X is not a strongly-special vertex, then s(A\) < 1/e, with equality when R is reduced.
b. If X is a strongly-special vertex, then s(A) = ro(A) = 2/e, where ro(\) is defined as in
Definition 2.2.4.

Proof. (a): Suppose that A is not a strongly-special vertex. Let a be as in Lemma 3.1.1(a),
and let 8 = 1/e—q, which Lemma 2.1.3 says is an affine k-root since « is non-long; therefore,

a, B satisfy (s1) and (s2) while

a(A) + BA) = a(A) +[1/e = A)] = 1/e,

proving that s(A) < 1/e.
Now assume that R is reduced, and let a, 8 be any affine k-roots satisfying (s1) and

(s2). This can only be true if their gradients sum to 0. In this case, a(A) + S(A) must be a
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positive scalar multiple of the minimal constant 1/e and so at least 1/e. Since we already
showed that s(A) < 1/e, this yields equality.

(b): Let A be a strongly-special vertex so that all simple affine k-roots vanish at A
except one. Let a; € A be this simple affine k-root, with «;(\) = 1/e. Every positive
affine k-root is an integral combination of simple affine k-roots with positive coefficients
[22, Proposition 4.6]. Therefore, if a(A\) > 0 for a positive affine k-root a, then the minimal
possible value a(\) can take is 1/e, and thus, if a, 3 are any affine k-roots satisfying (s1)
and (s2), then the minimal possible value that a(\) + S(A) can take is 2/e. We now see
that this minimum can be achieved: if v is any non-long affine k-root as in Lemma 3.1.1(b),
then consider the affine k-roots & = 1/e —y and § = 1/e + 7 as in Lemma 2.1.3. These
a, (3 satisfy (s1) and (s2) and a(X) + B(N) = 2/e. O

Remark. When G splits over k£ and \ is a strongly-special vertex, Proposition 3.1.2 and
Definition 3.1.1 say that an affine root @ € W is A-shallow provided that 0 < a(\) < s(\) = 2.
An observant reader may note that this is different than the definition of a shallow affine
root given in [8], where I universally defined a shallow affine root to be a € ¥ such that
0 < a(A) < 1. This slight change in definition strengthens the results of the next section
since, as we see in Corollary 3.1.3 below, the set of affine k-roots that are shallow under the

old definition would be empty in this case.

Corollary 3.1.3. If a, B are distinct A-shallow affine k-roots, then their gradients a,b are

distinct. Moreover, the following hold:

a. If X is not a strongly-special vertex, then every A-shallow affine k-root has minimal

positive height among all affine k-roots with the same gradient.

b. If X is a strongly-special vertex, then every A-shallow affine k-root takes value 1/e
at A and has either minimal positive or second-to-minimal positive height among all
affine k-roots with the same gradient, with the second-to-minimal positive height affine
k-root being A-shallow only if the minimal positive height affine k-root with the same

gradient vanishes at .
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Proof. This follows immediately from Proposition 3.1.2 since |ow — 3| > 1/e for all distinct

affine k-roots «, 8 with equal gradients. O

Remark. When the k-root system is reduced, the value of s(\) and consequently the set of
A-shallow affine k-roots depends only on the facet containing A and not precisely on A itself.
When the k-root system is non-reduced, both are dependent on the precise choice of A. For

example, consider the affine k-root system of type C-BCy with base {«, 5,7} satisfying

1/2 =2a+26+7.

If X is the barycenter of the alcove corresponding to this base, then s(A\) = 1/10 and {«, 3,7}
forms the set of A-shallow affine k-roots. If A is not the barycenter, with a(\) = 3/20 and
B(A) = 1/20, then s(\) = 3/10 and {«, 5,v,a + 3,08 + 7,28 + v} is the set of A-shallow

affine k-roots.

3.1.2 Shallow characters

Notation 3.1.2. Throughout this subsection, we let A denote a fixed point in the closure
of C, the fundamental alcove in X, (S, k) ®z R. We also fix an enumeration on A-shallow

affine k-roots

¢17¢2,---,¢n

so that if ¢ < j then 1;(\) < ¢j(A). //

Recall from Definition 2.2.4 that Gy, is the pro-unipotent radical of the parahoric
subgroup G, generated by the compact torus Z, and the affine k-root groups U, for all

affine k-roots o whose value at A is positive:
Gt := (Z4+,U, | a is an affine k-root with a()) > 0).

Contained within G is G (), the normal Moy-Prasad subgroup of G generated by the

compact torus Zy,) and the affine k-root groups U, for all affine k-roots o whose value at
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A is at least s(\):
Gisn) = (Zs(2), Ua | o is an affine k-root with a(X) > s(A)).

The definition of s()) allows us to characterize the group G ¢y as follows:

Theorem 3.1.4. Gy gy is the smallest Moy-Prasad subgroup of G containing subgroups

[Uq, Ug] whenever o, B are affine k-roots satisfying the following:
(1) Ua,Up € Gry, and
(2) the respective gradients a,b are linearly dependent.

Proof. Suppose that a, 8 are affine k-roots satisfying conditions (1) and (2) of the theorem.

Exactly one of the following must hold:
e a+b=0,
e a+bis a k-root, or
e ¢+ b is non-zero and not a k-root.

If a + b is non-zero and not a k-root, then U, and Uz commute so that [U,, U] = {1} C
Gas(n)- If either a +b = 0 or a + b is a k-root, then «, 3 satisfy (s1) and (s2) so that
() + B(A) > s(A) and [Ua, Ug] € G 5n)- The minimality of G g(5) is equivalent to the

maximality of s(\). O

Definition 3.1.2. Denote by

Hy i= Gt /Girs(n)s

a finite group generated by abelian subgroups of the form

Uo := Z1Grs(0)/Gasn) = Z+/Zs(n)

and

U; == quiG)\,s(A)/GA,s()\) = UTM‘/UM n GXS()\)

for A-shallow affine k-roots w1, ..., %¥,.
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Proposition 3.1.5. The following hold:

a. If X is not a strongly-special vertex, then Uq is trivial and each Uy, . .., U, is isomorphic

to the additive group f.

b. If X is a strongly-special vertex, then Hy is the abelian group Gyy = Gy /Gy defined
in Definition 2.2.4.

Proof. (a): When ) is not a strongly-special vertex, Proposition 3.1.2(a) tells us that s(\) <
1/e. But the minimal positive real value taken by the valuation on K is 1/e; thus, by
Definition 2.2.4, Z, = Z;;. C G,). Hence, we have our claim that Uy = Z, /Zy,) is
trivial.

Let v; = (a,r) be a A-shallow affine k-root. Corollary 3.1.3 says that gradients are

unique among A-shallow affine k-roots. Therefore,
Uy, M Gasey = Ut

so that U; is equal to the Uy, found in Definition 2.2.3. There it was noted that U; is an
f-vector space whose dimension is equal to d,(7), except when 2a € R where its dimension is
equal to dg(r)+dag(27). But 2¢); ¢ W, and so dag(2r) = 0 whenever 2a € R. It can be found
in the literature (for example in [34, §1.8.1]) that d,(r) = 1 since G is residually split over
k, but this terminology is outside the scope of this thesis. Therefore, we will briefly discuss
the proofs in a case-by-case manner according to the trichotomy given in Definition 2.2.1.
In cases (i2) and (ii), K is a tamely, totally ramified quadratic Galois extension of k, and
so we can write K = k(y/u) for some unit u € k with val(u) = 1.

(71): Suppose that (a) generates a type (A;)° root subsystem of R and a/2 ¢ R. For
each affine k-root (a,n/e,) € ¥(a), n € Z, the group U, /e, contains all elements of the

form u,(zw™ ) for x € K, with val(x) > 0. Therefore
Ui = Uy, /Uy, 11/e, = {z mod w'/* | 2 € K, and val(z) > 0} =f,

where the second isomorphism follows from K, /k being purely ramified.
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(i2): Suppose that (a) generates a type A; root subsystem of R and a/2 € R. For each
affine k-root (a,n +1/2) € ¥(a), n € Z, the group U, 41/ contains all elements of the

form wuy(xw™y/u) for x € k with val(z) > 0. Therefore

Ui = Uy, /Uy, +1 = {x mod w | x € k and val(z) > 0} = f.

(7i): Suppose that (a) generates a type Ay root subsystem of R. Consider the homo-

morphism 7 : U; — f given by

7(ua(x,y)Uy,+) = = mod Pk

for all (z,y) € K4. As we saw in the proof of Proposition 2.2.5, the elements in Uy, with
non-trivial projections into U; are precisely u,(z,y) with r = val(y)/2 and “maximal” y in

the sense that

val(y) = max{val(w) € Z | 22 + w+w = 0 for w € K}.

For each z € K, a “maximal” y uniquely exists, and so 7 is an isomorphism.
(b): Recall Proposition 3.1.2(b) where we showed that s(\) = ro(\) whenever X is a
strongly-special vertex. But Gyy4 := G () in Definition 2.2.4, and thus H) is precisely

the quotient G)\+ = G)\+/G)\++. L]

The group H) is a finite p-group, not necessarily abelian. Its commutator subgroup

[Hx, H,] is the normal subgroup generated by all commutators

lh,g] :==h"'g 'hg

for h,g € Hy. The quotient Hy/[H\, H,] is called the abelianization of Hy, and it has
the universal property that any group homomorphism from H) into an abelian group must

factor through it.

Lemma 3.1.6. Suppose that ¢¥; = a +r and ; = b+ s are A-shallow affine k-roots with

linearly independent gradients. If x,y are positive integers such that xa + yb is a k-root but
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x; + yj is not a A-shallow affine k-root, then Uzayybyr+as © Grs(r)-
Proof. Certainly, if z1); + y1; is not A-shallow, then either (1) it is an affine k-root but
not A-shallow or (2) it is not an affine k-root. We will now show that in both cases,

Uma+yb,yr+:ps - G)\,s(/\)‘
(1): Suppose that a := x1); +y1; is an affine k-root so that Uyqiyb yr+2s = Ua. Suppose

further that « is not A-shallow. Since v; is A-shallow and x,y are positive,

a(A) = 2pi(A) + y;(A) > ¢i(A) > 0.

Since « is not A-shallow, a(A) must be greater than s(\), and thus U, C G\ 5(»)-

(2): Suppose that z1); + y1); is not an affine k-root. If A is a strongly-special vertex,
then both 1;(\) = 1/e and ¢j(A) = 1/e, and thus x;(X) + y1b;(A) > 2/e = s(X\). Suppose
instead that A is not a strongly-special vertex. If x); + y1); is not an affine root, then let ¢

be the minimal positive real number such that

a:=z; +y; +t = (xa+yb) + (zr +ys+1)

is an affine k-root, so that Uyqiypaortys = Ua. Since 1;,1; and « are all affine k-roots,
we know that their intercepts r, s, and xr 4+ ys + t are all integer multiples of the minimal

constant 1/e, and thus so is ¢. Since t is positive, it must be at least 1/e. Thus,

a(A) = 2hi(A) + y;(A) +t >0+ 1/e > s(N)

and 0 Ugatypartys = Ua © Grgn) =

Theorem 3.1.7. Let Hy, Uy, Uq,...,U, be as above. The natural map Uy x Uy x---x U, —
Hy given by (ug,u1,...,uU,) — uguy -« - Uy, S a bijection, meaning that for all h € Hy there

exists a unique decomposition

h = ug(h)ur(h) - - up(h) (3.1.1)

with ui(h) € U;. Moreover, ui([u,v]) =1 for all u € U; and v € U; with 0 <1 < max(i,j).
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Proof. Since the U;, i = 0,...,n generate Hy, each element h € Hy has a decomposition
as in (3.1.1); the uniqueness of this decomposition is a consequence of [34, §3.1.1], which
says that once an order on k-roots has been chosen, each element in G, has a unique
decomposition in Z [],.p U,. Since there are no repeated gradients among A-shallow affine
k-roots (as shown in Corollary 3.1.3), each U, contains at most one Uy,, and thus the
decomposition of h in (3.1.1) must be the unique decomposition coming from [34].

We now turn to proving that u;(u,v]) = 1 for all u € U; and v € U; with 0 < [ <
max(i, j) < n. If ¢;,1; are A-shallow affine k-roots with linearly dependent gradients, then
Theorem 3.1.4 says that

[Udm Ud)]] - G)\,s()\);

thus, in Hy, the commutator subgroup [U;,U;] is trivial. Therefore, let ¢; = a + r and
1j = b+ s with a, b linearly independent k-roots. In this case, the commutator formulas in

Propositions 2.2.3 and 2.2.4 say that

[Uwia ij] = [Ua,ra Ub,s] =C H Uza+yb,yr+x3
z,y

where the product is in increasing order over all positive integers x, y such that xa+ yb is a
k-root. Lemma 3.1.6 says that if x, y are positive integers such that xza + yb is a k-root but
zi + yy; is not a A-shallow affine k-root, then Uzatybyrt+as © Gag(n)- On the other hand,

since

zYi(A) + ybi(A) > Pi(A), 15 (A),

the enumeration fixed in Notation 3.1.2 says that if xv); + y1); is a A-shallow affine k-root
1y, then max(7,j) <! < n. Hence in Hy, the commutator subgroup [U;, U;] is contained in

the subgroup generated by U; with max(i,j) <1 < n. O

Definition 3.1.3. We define a A-shallow character to be any group homomorphism
x : Hy — C*.

For each A-shallow affine k-root 1;, the restriction to U; of a A-shallow character will be
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denoted by x;. Using the unique decomposition given in (3.1.1), a shallow character x can

be recovered from the restrictions y; via the formula

x(h) = T xi(us(h))
i=1

for all h € Hy.

Theorem 3.1.8. Let Hy,Ug, Uq,...,U, be as above. Suppose we are given group homo-
morphisms

XZ‘:UZ‘—>(CX

fori=0,1,...,n. The function x : Hy — C* given by
x(h) == [ xi(ui(h)) (3.1.2)
i=0

is a group homomorphism, and thus a \-shallow character, if and only if x(Ju,v]) =1 for

allue U; andv € U; with 1 <14,j <n.

Proof. First note that x given in (3.1.2) is well-defined, since the decomposition given in
(3.1.1) is unique. If xy were a group homomorphism, then it would evaluate trivially on all
commutators, since the codomain C* is abelian. Therefore, for the remainder of the proof,

we will conversely assume that

1= x([u,v]) (3.1.3)

for all u € U; and v € U; with 1 < 4,5 < n, and we will show that x defines a group

homomorphism.

In order to show that the well-defined x defines a group homomorphism, it will be

sufficient to show that

x(hv) = x(h) - x;(v) (3.1.4)

forallh € Hyand v € U; for j = 0,1,...,n. In the case, j = 0 we see that Proposition 3.1.5
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implies that Ug is central, and so (3.1.2) yields

x(hv) = x [H ui<h>] )

=0

{11

for all h € Hy and v € Uy.

We will now proceed to use reverse strong induction on j to show that (3.1.4) holds for

j=1,...,n. For the base case, we let j = n so that (3.1.2) directly yields

x(hv) = x ([H Uz‘(h)] V>
=0

for all h € Hy and v € U,,.

Next, for the induction step, we assume that

x(hu) = x(h) - xi(u) (3.1.5)
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for all h € Hy and u € U; with 5 < < n. In this case, we look at products of the form

hv = H u;(h)| v

= | [Tuim| uithyv | T] Ui(h)[uz'(h),v}}
Li=0 i | i=j+1

rj—1 T n n
= [[Juwit ] uihv | T] Ui(h)< w([uz'(h),v})ﬂ
0

L i=0 i i=j+1 1=

for h € Hy and v € U;. Theorem 3.1.7 tells us that u;([u;(h),v]) = 1 whenever 0 <1 < j, so

that

hv = [1:[ ui(h)] uj(h)v { IT with) ( 11 ul([ui(h),v]))] (3.1.6)

i=j+1 I=j+1
for all h € Hy and v € U;. Since every factor to the right of u;(h)v in (3.1.6) is contained in

some U; with j <1 < n, repeated use of induction hypothesis (3.1.5) gives us

7—1 n n
x(hv) =x ([H Ui(h)] uj(h)v { [T with) ( 11 Ul([”z‘(Wﬂ]))])
i=0 i=j+1 I=j+1

j—1 n n
- ([H ui<h>] uj<h>v> {H Yi(ui(h) ( 11 Xl(ul([ui(h)av])))] (3.1.7)
=0 i=j+1 l=j+1

for every h € Hy and v € U;. Next, use (3.1.2) to rewrite

v ([H uz-(h)] w(h)v) - [ﬁ x<uz-<h>>] (03 (W)

1=0 i=0

= [H X(Ui(h))] X5 (V)

i=0
for all h € Hy and v € U;. Similarly, use (3.1.2) and assumption (3.1.3) to rewrite
IT it | TT xeCuilusth),v)) | = TT xaCuith)x(lu, v])
i=j+1 I=j+1 i=j+1

= I xituith)

i=j+1
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for all h € Hy and v € U;. Thus, (3.1.7) can be reduced to

x(h) = | TTxCush) | x;0) | T xiCui(h))
| i=j+1

= | T x(uith)) | x;(v)
Li=0

= x(h) - x;(v)

for all h € Hy and v € U;, completing the induction step. Hence, we have shown that x is

indeed a group homomorphism. O

Corollary 3.1.9. The commutator subgroup of Hy is generated by commutators of the form

[u,v] for u e U; and v € U; with 1 <i,j <n.

Proof. This is an immediate consequence of Theorem 3.1.8 since the abelianization of H),
a finite group, is isomorphic to the dual group Hy consisting of all group homomorphisms

Hy — C* (i.e., A-shallow characters). O

3.1.3 Rank-2 examples

For the rank-2 affine root system of type C5, G2, and Gg, we will now give a connected,
quasi-simple, semisimple reductive algebraic group G defined and quasi-split over k having
affine k-root system W of the given types. For this G, an explicit Chevalley-Steinberg system
will be provided; if G is non-split quasi-split over k, this will require that we first describe
the K-structure of G, a K-pinning, and a Gal(K/k)-action preserving this pinning.

Next, we will describe the affine k-root system W in more detail, giving a base and
the minimal-height positive affine k-roots, one for each gradient. The commutators of the
affine k-root groups for these minimal-height positive affine k-roots are then computed using
either Appendix A or Propositions 2.2.3 and 2.2.4.

Finally, we will describe the abelianization of Hy whenever A is the barycenter of our
fundamental alcove. The method provided can be easily generalized to compute the abelian-

ization of Hy when A is the barycenter of any facet of our fundamental alcove and not equal
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to a strongly-special vertex. These results are summarized in Tables B.4 and B.6 in Ap-
pendix B.

For this final step, we will need the following three technical lemmas. The first appears
in [26], where it is used to compute the commutator subgroups for Iwahori subgroups.
The second and third are natural generalizations that will be necessary for computing

commutators in more general groups.

Lemma 3.1.10 (Prasad-Raghunathan).

{(z,y) € 2| x,y €f such that x =y} if #f =2,
2 2
(vy, 2%y) € f* | z,y € f) =

{(xay) €f2 ‘ w?@/Ef}:fQ Zf else.

Proof. Denote by N the subgroup of f? generated by all pairs (zy, 2%y) for 2,y € f. Note
that when #f = 2, we can individually check the 4 combinations of x,y € f and see that
N is the subgroup {(0,0),(1,1)}. For the remainder of the proof we will therefore assume
that #f # 2.

Let z € f* and note that

(0,[1 = 2]y) = (y,9) — (2[y/2], 2°[y/z])

belongs to N for all y € f. Since #f # 2, we can choose z so that 1 — z is invertible in
f, and therefore the group N contains every element of the form (0,y) for y € f. For any
x € f, we also have that (x,0) = (z,2?) — (0, 22) belongs to N. Hence, we have shown that

N contains any element of the form (z,y) for z,y € f. O

Lemma 3.1.11.

5 ) {(z,y) | z,y € f such that x = —y} if #f € {2,3}
((zy, —2"y) € 7 |2,y € f) =

{($7y) ‘ x,yef}:fQ Zf 6[86

Proof. The proof given below is essentially identical to that given for Lemma 3.1.10: Denote
by N the subgroup of f2 generated by all pairs (zy, —2%y) for 2,y € f. Note that when

#f € {2, 3}, we can individually check the small number of combinations of x,y € f and see
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that NV equals the subgroup {(0,0),(1,—-1),(—1,1)}, with 1 = —1 when #f = 2. For the
remainder of the proof we will therefore assume that #f ¢ {2, 3}.

Let z € f* and note that

(0,1 = 2%y) = (2[y/2], —2°[y/2)) — (v, —v)

belongs to N for all y € f. Since #f ¢ {2, 3}, we can choose z so that 1 — 22 is invertible in
f, and therefore the group N contains every element of the form (0,y) for y € f. For any
x € f, we also have that (z,0) = (z, —23) — (0, —23) belongs to N. Hence, we have shown

that N contains any element of the form (z,y) for x,y € f. O

Lemma 3.1.12.

((0,0,0,zy), (0, 2zy, 32y, 3y°), (zvy, 2%y, —a3y, 22%y*) € f* |,y € f)

{(z,y,z,w) € f* | z,y,2,w € f such that x = y} if #f =2,

I

{(z,y,z,w) € f4 | z,y,z,w € f such that v = —z} if #f =3,

{(z,y,z,w) € | 2,9, 2,w € f} = if else.

Proof. Denote by N the subgroup of f4 generated by all quadruples of the form (0,0, 0, zy),
(0,2zy, 322y, 3xy?), and (zy, 2%y, —23y,223y?) for any z,y € f. First note that for all
possible f, N contains any element of the form (0,0,0,w) for w € f. To understand the
remaining elements of IV, we will need to consider the various primes p = charf.

(p = 2): In the case that 3 is invertible and 2 = 0 in f, the generators of N are
(0,0,0,zy), (0,0,32%y, 3zy?), and (zy, 2%y, 23y, 0) for z € f. Note that when #f = 2, it can

be individually checked that
N = {(z,y, z,w) € f* | z,y, z,w € f such that z = y}.
Assuming that #f # 2, N contains all elements of the form

(zy,2%y,0,0) = (zy, 2%y, 23y, 0) — (0,0, 3x%[xy /3], 3z[xy/3]%) + (0,0,0,23y*/3)
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with z,y € f. Lemma 3.1.10 therefore implies that N contains every element of the form
(z,9,0,0) for z,y € f with x = y when #f = 2. We also see that N contains every element
of the form

(0,0,2,0) = (z,2,20) — (z,20,0)
with z € f. Hence, we have shown that if charf = 2 then N contains all quadruples

(z,y,z,w) for z,y, z,w € f.

(p = 3): In the case that 2 is invertible and 3 = 0 in f, the generators of N are
(0,0,0,zy), (0,2xy,0,0), and (zy, 2%y, —z3y, 223y?) for € f. Note that when #f = 3, it

can be individually checked that
N = {(z,y,z,w) € f* | 2,9, z,w € f such that z = —y?}.
Assuming that f # 3, N contains all elements of the form
(22,0, —2%2,0) = (zz,2%2, —232,2232%) — (0,2x[x2/2],0,0) — (0,0,0, 2232?)

with z,z € f. Lemma 3.1.11 therefore implies that N contains every element of the form
(2,0, z2,0) for z, z € f with = —z when #f = 3. We also see that N contains every element

of the form

(07 Y, 07 O) = (ya Y, Y, 23/2) - (ya 07 -Y, O) - (07 07 07 2y2)

for y € f. Hence, we have shown that if char f = 3 then N contains all quadruples (z,y, z, w)

for x,y, z,w € f with x = z when #f = 3.

(p > 3): In the case that both 3 and 2 are invertible in f, we see that N contains all

elements of the form
(0,yz,9%2,0) = (0,2[2y/3][32/4], 3[2y/3]*[32/4], 3[2y/3][32/4]%) — (0,0,0, 9y=>/8)

with y,z € f. Lemma 3.1.10 therefore implies that N contains every element of the form
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(0,9, 2,0). Finally, we conclude that N contains every element of the form

(2,0,0,0) = (z,z, —z,2z%) — (0,2, —z,0) — (0,0, 0, 2%)

with = € f. Hence, we have shown that N = {(z,y, z,w) € f* | z,y, z,w € f} = f4. O

Type Cy

Let G = Spy(k) be the split group of 4 x 4 k-matrices g fixed under the endomorphism

g Q' (¢")'Q  with Q= :

-1

where ¢'" is the transpose of g € Sp,(k). Therein lies the diagonal, maximal k-torus

So s1, 892, 53,54 € k™ with

83 5154 = 1 and s9s3 =1

A base D of the k-root system R = R(G,S) consists of a short root a(s) = si/s2 and a
long root b(s) = s2/s3. The Borel subgroup corresponding to this simple system consists of
all upper-triangular matrices in G. We give the standard pinning of G with respect to the

diagonal torus and upper-triangular Borel:
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for € k. The remaining positive k-root morphisms are

1 0 =z 1 0 0 =z
1 0 =z 1 0 0

Ugtp(T) = L and Ugrp(T) = ol
1 1

for x € k.

The affine k-root system ¥ has type Cs, with weighted Dynkin diagram

1 2 1
O——O0—=<—0

and a base A of ¥ consists of simple affine k-roots

a=a+0,
B=0b+0, (3.1.8)
y=c+1,
where ¢ = —2a — b is the lowest long k-root in R. An enumeration of the minimal-height
positive affine k-roots 11, ..., g for each gradient in R is given below:
i | gradient wz intercept 1;(0) | simple affine k-root decomposition ;
1 c 1 ¥
2 a 0 «
3 b 0 B
4 a+c 1 a+y (3.1.9)
5 a+b 0 a+p
6 2a+c 1 200 + 7y
7| 2a+0 0 200+ 3
8| a+b+c 1 a+ B+

Through direct computation, one can produce the commutators of affine k-root groups

for all pairs v;,1; of minimal-height positive affine k-roots with non-linearly dependent
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gradients 1@, 1/}j such that % + ¢j is a k-root which we now give:

[ua(z wo), Ugtc(Yy wl)] = Uzqtc(—22Y wl)
[ua(z wo)v Uatb(Y WO)] = Uqtb(+27Y wo)
[Ugre(r @), Ugppre(y @)] = ue(+22y w?)

[ua+b($ wo)v Ugtbtc(Y wl)] = ub(—23:y wl)

for z,y € Ay and

[ua(z @°), te(y @")] = taye(—2y @' Yugare(—2°y @)
[ta (2 "), up(y @°)] = ttarp(+2y @°)ugqrp(—2?y @°)
[taye(z "), up(y@°)] = vatppe(—2zy @ uc(+a’y @)
[tasb(2 "), ue(y @)] = varpe(+ay @ up(+a’y =)
[tarte(z @), uzasb(y @°)] = ua(—2y o Yusese(+2’y @°)
[tats(2 @), usare(y @)] = ua(+ay @ Yusep(+2°y ')
[tasrbie(r @), tgase(y@)] = vate(—2y @°)u(—2?y =°)

[asbre(@ @), uzass(y @°)] = warp(—ay &' Juy(+2%y w?)

for z,y € Ag.

For each A that is the barycenter of a facet of the fundamental alcove and not a strongly-
special vertex, the group

Hy =Gy /Gan

is generated by subgroups

U; := UwiG)\71/G)\71 =f

fori=1,...,8such that 1; is A-shallow. Corollary 3.1.9 says that the commutator subgroup
of Hy is generated by the commutators [u,v] with u € U; and v € U; for A-shallow v, 1;;
these commutators are computed from the commutators above. For example, when A is the

barycenter of the fundamental alcove, each v;, ¢ = 1,...,8 is a A-shallow affine k-root. The
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commutator subgroup of Hy is then generated by commutators of the form

[a(2°), Uase (Y )]Grt = uzate(—2xyw)Gay
[ (2°), ua b (y@®) ]Gt = Ugars(+22yw®) Gy
[ua—l—c(xwl)v ua+b+c(ywl)]G)\,1 = G/\,l

[tas5(2°), Uatbre(y@)]Ga1 = Gax

for z,y € Ay and

[ua(2@°), uc(ym@")]Ga1 = tate(—2ym@ Yugaso(—2?yw' )Gy
[ta(2°), up(y@°)|Ga g = tago(+2y@”ugao(—2?yw” )Gy
[tate(r!), up(y@)|Ga1 = tarpre(—zym' )G
[tatp(25°), uc(yw!)|Ga1 = tarpie(+rym' )G
[tate(z"), ugats(y@”)]Gr1 = G
[Uats(2TY), Ungre(ym')|Ga1 = G
[tasbre(r@'), uarc(yw')]Gr1 = Gay

Ug+b+c\TW ), U24+b\YTWO A1 = Gl
[ (") (y="))G G

for x,y € A, and the abelianization of H) is isomorphic to

f1 @ fe
Hy/[Hy, Hal = L @ @ f
/\/[ » )\] ! ® 2 @ ’ ® <(07 —2:6':1/), (—.’L'y, _1'23/) ‘ z,y € f)
@ fs ® fr & fs
<(07 2xy), (wya _ny) ‘ T,y € f> <ﬂ:$y ‘ z,y € f)

where f; = f is the abelian group isomorphic to Uy, /Uy, NGy 1 fori =1,...,8. Lemma 3.1.10

allows us to simply this expression, so that

o if #f = 2,
Ha/[Ha, Ha] (3.1.10)
3 if else.



3.1. SHALLOW CHARACTERS 61

Similar computations can be done for each barycenter not equal to a strongly-special vertex,
only using the commutators [U;, U;] for affine k-roots 11, .., s that do not vanish at A.

The results of these computations are summarized in Table B.4 in Appendix B.

Remark. In the case that A is the barycenter of the fundamental alcove, the abelianization
of H) computed above is isomorphic to the abelianization of the pro-unipotent radical
Gy of the Iwahori subgroup G whose commutator subgroup is computed by Prasad and
Raghunathan in [26, Theorem 6.6]. But it should be noted that the above computation is

considerably simpler than the one in [26].

Type G»

Let G be a connected, quasi-simple, semisimple reductive group defined and split over k
with a type Ga k-root system. Then G = G(k) is the split Chevalley group of type Ga over
k, the description of which can be found in [6]. The affine k-root system W has type Ga,

with weighted Dynkin diagram
1 2 3
O—C=—=0

and a base A consisting of simple affine k-roots

a=a+0,
B=b+0, (3.1.11)

y=c+1,
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where ¢ = —3a — 2b is the lowest long k-root in R. An enumeration of the minimal-height

positive affine k-roots 1, ...

, 19 for each gradient in R is given below:

index i | gradient ¢; | intercept 1;(0) | simple affine k-root decomposition 1;
1 c 1 ol
2 b 0 o
3 a 0 B
4 b+c 1 B+
5 a+b 0 a+p
6 a+b+c 1 a+ B+
7 2 +b 0 200+ 8
8 2a+b+c 1 200+ B+
9 3a+b 0 3a+p
10 3a+b+c 1 3a+ B+
11 3a + 2b 0 3a+ 20
12 2a+2b+c 1 204+ 28+

(3.1.12)

From Proposition 2.2.3 and the methods of [6, Section 5.2], one can recover the commutators

of affine k-root groups for all pairs 9;,1; of minimal-height positive affine k-roots with non-

linearly dependent gradients 1/%, 1/}j such that w, —1—% is a k-root. We give these commutators

below:

[uc(x w1)7 ub(y wO)] = ub+c(+xy wl)

[uc(x wl), u3a+5(Y wo)] = Usatbte(—TY wl)

[up(2 @°), usar(y @°)] = usarap(+ay @)

[wpe(z @"), uzar2n(y @°)] = up(~ay w')

Up4-c\T W ), U3a+b+c\Y W )| = U TTY W
[wpe(z ) (yw')] = uc(+ay @?)

[u3a+2b(x wO)’ u3a+b+0(y YD1>] = u3a+b(_xy wl)

for all z,y € Ay;
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[ta (2 @°), tays(y @°)] = v2a16(—22y @°)uzats(+32%y ©° )uzarop(—32y” @°)
[0 (2 @), Ua i e(y )] = Ugatbie(+20y @ usasire(+37°y @' ue(+3zy* @)
[tas(2 @), tarbre(y@")] = ugatopie( =22y @' Yup(=32%y @' Jupy o (+32y* @°)
[t20+5(2 @°), U201 b4 (Y @) = Ua(—22y @ Vugars(—32>y @' usaspie(+32y° @)
[0 45(2 @°), Ugat204c(y )] = Uats(+20y @' Juzat2n(—32%y " up(—3ay” w?)

[0 4brc(z @), Uatopre(y )] = Uarbe(—22y @ ue(+32%y @*Yupyo(—32y* @°)

for all z,y € Ay;

[ta (2 @), ugas6(y ©°)] = usass(+32y =°)
[uq( wo)v Ua-+b+c(Y wl)] = Ug+bte(—3TY wl)
[atb(z @), U204 (y ©°)] = usaron(—37y =)
[tatb(x "), Uzatpire(yw')] = up(—3zy o)
[Ua+b+c(33 wl), Uatbtc(Y wl)] = Uc(—3$y w2)

[Uaqbtc( w1)7 U2a+2b+c(Y wl)] = Uptc(+37Y WQ)

for all z,y € Ay;

[tasb(z @), uc(y@')] = taspre(+2y @ Jugarons o (+2%y @)
Sup(+ay @ upyo(—22%y” @)
[ugarb(z @), uc(y @")] = taypre(—2y @ Yua(—2’y @)
Uzasb(— 27y @ Vugathie(—22°y" w°)
[wa(z @°), up(y @°)] = ugsp(+ry @ )uzarp(+2°y @°)
Uzt (—2°Y @0 Yugatan(+22°y* @)
[ta (2 @°), upse(y @) = taspre(—2y @ Jugatpse(+2’y @)

. U3a+b+c(+x3y wl)uc(_2x3y2 w2)
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[U2a-+b+e(T wl)v up(y wo)] = Uza+2b+c(—2Y Wl)ua+b+c(—$2y WZ)
te(+ay @Y up o (+22%y* )
[u2a+6(x @°), upte(y @')] = uagropte(+2y @ ugrn(—2*y @)
cugqyop(+2°y @ Jup(+22%)° @)
[tatp(2@°), Uzatbre(y@')] = ta(+2y @ usayp(—2*y @)
“ugayob(—2°y @ uzats(+22%y° @)
[tatbre(® @), ugats(y @°)] = ta(—2y @ tzgsppe(—27y @)
(=Y @) usarpie(+22°y° ©°)
[tatbre( @), usaran(y @°)] = tarp(+2y @' uzatopic(—2°y @°)
S o(+2Py @ up(—22%y? @)
[Uatbte(w @), Uzatan(y @°)] = ugays(—2y @' ua(+2°y =)
: u3a+b+c(_x3y wg)u3a+b(—2$3y2 wg)
[Uat2bte(w @), Uzars(y @°)) = ugars(+2y @' Juars(+2°y w?)
- up(—2%y @) ugaton(—22y* @°)
[U2a42b+c(z @), Usasbre(y @ )] = Uzatbse(—2y @ )tigypre(+37y @°)

. ub+c(+x3y w4)uc(—|—2x3y2 w5)

for all z,y € Ap.

For each X that is the barycenter of a facet of the fundamental alcove and not a strongly-

special vertex, the group

Hy == G /Gan

is generated by subgroups

U; .= UwiG)\,l/G)\,l =f

for ¢ = 1,...,12 such that v; is A-shallow. Corollary 3.1.9 says that the commutator

subgroup of Hy is generated by the the commutators [u,v] with u € U; and v € U; for
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A-shallow v;,1;, which can be found among the following:

[uc(z @), up(y @°)|Ga1 = upre(+ay @' )Gaa
[ue(z @), uzayo(y @°)|Gat = uzaspre(—zy @ )G
[up(z @°), Ugats(y @°)]|Gax = ugaton(+ay @°)Ga
[upte(z @"), usaran(y @°)]Grg = Gan
[upte(@ @), ugarire(y @ )]Ga1 = G

[usa+26(7 @), Usatbre(y @ )]Gan = Gan

for all x,y € Ay;

[uq(x wo), Ugrp(Y wo)]G)\J = Ugqip(—2xy wO)U3a+b(+3x2y wo)u3a+2b(—3xy2 wO)G)\J
[ta (2 @), g rbre(y @) Grt = Uzarbre(+22y @ ugarpre(+32°y w')Goa
[tas(2 @), Ugsbre(y @) Gat = Uzarapre(—22y @' )G
[ua+5( @), u2atpic(y @ )]Gra = Gaa
[u2a+6(x @°), uzqt21e(y @)|Ga1 = Gaa

[Woatbre(T @), Uz t2pre (Y@ )|Gar = Gaa

for all z,y € Ay;

[ua(z @), U201 (y @°)]Grg = usarp(+32y @°)Ga 1
[ua(z @), ugatbre(y @")]Grn = usarpie(—3zy w')Gay
[atp(x @°), ugars(y ©@°) Gt = usaran(—32y ©@®)Gas
[tats(® @°), usatpre(y@')]Gra = Gan
[Watbre(z @), ugatpre(y @ )]|Gan = Gan

[Uatbre( wl)v U2a+2b+c(Y wl)]G/\,l =G\
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for all z,y € Ay;

[ta (2 @°), uc(y @) Ga1 = tatbye(+2y @ ugarape(+a’y @' )Gay
U2a+b\T W~ ), Uc\Y W A1 = U2a4btce\—TY W A1
[ (2 @°), uc(y@")]G ( hG
[ta(z @), up(y @°)|G a1 = tayi(+2y @° )ugasp(+2°y @°)
u3arb(— 23y @0 )useon(+22°y? @) Gy 1
[Ua(l' wO)’ ub—l—c(y wl)]G)\,l = Ua-i—b-‘rc(_my wl)u2a+b+c(+x2y wl)
: u3a+b+c(+$3y wl)GA,l
[watbte(r @), up(y @)Grg = waatapie(—2y @ )Gra
[u2a+5( @), tpse(y @H)|Grg = uagtapte(+2y @')Gan
[Uatb( wo)a U3atbie(y Wl)]GM =G\
[ua—&-b-i-C(xwl)a U3a+5(Y wo)]G)ul =G\
[asbre(® "), uzas20(y @°)]Gr1 = Gaa
[Ugasbic(® "), usarop(y@®)]Ga1 = Gy
[w2atabte(T @), uzats(y @) Ga1 = Gaa

[u2a+26+c(T @), Usabre(y @ )]Ga1 = G

for all z,y € A. For example, when A is the barycenter of the facet of C corresponding to
the vanishing of # and the non-vanishing of o and -y, the commutator subgroup of H) is
generated by all the commutators [Uy,, ij] appearing above with A-shallow affine k-roots

i, ; ¢ {B}. In particular, the abelianization of Hy is isomorphic to

fr ®fgdfiy

f1®efspfypf
! “ ’ © ! ® i @ <(_2$y7 39522/7 —Sxy), (07 3903/»0)7 (0707 —3£L'y) | z,y € f)

fs @ fs @ Fio @ f
o 6 D fs @ f10 D f12 (3.1.13)

(07 07 -2y, 0)7 (O) 2xy7 3552% 0)) (07 07 07 —2559)7 (07 07 _Siy) O)u
x,y €f

(wyv 07 07 wa)a (07 -2y, 07 0)7 (_wyv 3323/: w3y7 0)7 (07 07 07 ixy)

where f; = f is the abelian group isomorphic to Uy, /Uy, NGy 1 fori =1,...,12. Lemma 3.1.12
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and some simple reductions allow us to simplify this expression, so that

"

f0 if char(f) = 3,

12

Hx/[Hx HAl = 4 £5if char(f) = 2,

4 if else.
\

Similar computations can be done for each barycenter not equal to a strongly-special vertex,

and the results are summarized in Table B.5 in Appendix B.

Type G}

Let K be a tamely, totally ramified Galois extension of k of degree 3 with ring of integers
Ag having maximal ideal Pg generated by a uniformizer which we denote by w!/?. Fix a
cyclic generator o of Gal(K/k) and denote by 2’ = o(x) and 2" = o?(z) for all z € K. It
will also be convenient to denote by ¢; = o(w!'/3)/w!/? and ¢ = o*(w!/3) /w3 = (1¢],
both of which are units in Ax. We will let ¢ denote the image of (; under the natural
projection into f = Ag/Pk. Since o acts trivially on f, the natural projection of (o = (1]

into f = Ay /Py is equal to (2.

Let G be the connected, quasi-simple, semisimple, adjoint-type reductive group defined
and non-split quasi-split over k& with type Go k-root system, and let SOg(K) be the split

group of 8 x 8 K-matrices g fixed under the endomorphism

g— Q7' (¢™)Q  withQ= '

where ¢g'" denotes the transpose of g € SOg(K). The adjoint isogeny SOg — SOg /{+1}

is not surjective on K-rational points, but the K-roots of G lift to the diagonal maximal
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torus of SOg(K):

21
%)

z X
3 21,22, %3, 24, 25, 26, 27, 28 € K )
24
2128 = 1, zo27 =1, C SOg(K).
Z5

26 zZ326 — 1, Z425 = 1

=7

Z8

A base D of the root system R = R(G,Z, K) consists of simple K-roots aj(z) = z1/z2,
b(z) = z9/23, az(2) = 23/z4, and az(z) = z4/25. The Borel K-subgroup corresponding to
this simple system lifts to the upper-triangular subgroup of SOg(K). Through an abuse

of notation, the K-pinning of G(K) will be identified with its lifts in SOg(K); namely, we

denote by
1 =z 1
1 1 =z
1 1
tay () = 1 o w() = 1 ,
1 1
1 1 —x
1 —=z 1
1 1
1 1
1 1
1 =z 1 0 =z
1 0 —=z
Uay (T) = B Uay (T) = _
1 1
1
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for x € K. The remaining positive K-root morphisms are then denoted by

1 0 =z
1 0
1
1
Uay +b(T) = )
1
1 0 —=z
1 0
1
1
1 0 x
10
1
Uay+b(2) = )
1 0 —=z
1 0
1
1
1
1 0 0 «x
1 0 0
1 0 0 —=z
Uag+b(2) = )
10 O
1 0
1
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1 0 0 «z
100
1 0
1
Uay +a;+b(T) = )
1 00 —=
10 0
1 0
1
1 0 0 0 =z
10 0 0
10 0
1 0 0 0 —=z
Uay +ag+b(T) = 5
100 O
10 0
1 0
1
1
10 0 0 =
10 00 —=z
10 0 O
Uny+ay+b(T) = )
1 0 O
1 0
1
1
10 00 0 =z
10 00 O
100 0 0 —2x
10 0 0 O
Uay +ay-+ag+b(T) = )
100 O
10 0
10
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1 00 0 0 0 =z
10000 0 —=z
100 0 0 O
1 0 0 0 O
Ua1+a2+a3+2b($) =
100 0
1 0 0
1 0
1

for x € K.

We define a left action of the Galois group Gal(K/k) on R via based automorphisms so

that o acts according to the following triality of the Dynkin diagram

o
@)—@)

_®

The right Galois action on G(K) is then given so that uc(x)? = ugc(ec ') for all ¢ € R and
x € K, with €. € {1,—1}. Keeping with the convention set out in Notation 2.2.2, we will
be assuming that ¢ = 1 for all simple roots ¢ € D. The remaining signs ¢, are recovered
from the commutators [uc(z), ud(y)]? = [ue(z)?, ua(y)?] for all ¢,d € R and z,y € K; in

particular, for positive roots we have

€a;+b = _1) €ar+b = +]—7 €az+b = _17
€a1+a2+b - +17 €a1+a3+b - +17 €a2+a3+b - +17
€a;t+ast+asz+b = +1,

€a,+as+az+2b = 1.

For negative roots ¢ € R, the signs are determined by €. = €_c.

We now consider the k-group G = G(k) consisting of all o-fixed matrices in PSOg(K).

The Galois action preserves the diagonal torus Z(K), permuting the fundamental coweights
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dual to the base D. The k-root system R = R(G, S, k) is identified with the twisted root
system R = R,. A base D of R consists of a short k-root a € R, the restriction to S of
a; € D, and b € R, the restriction to S of b € D. The simple k-root morphisms are defined

as in Proposition 2.2.2:

1 =z 1
1 1 vy
1 2 2" —a'2” 1
1 0 —z" 1
Uq () = ) , s w(y) = ,
-
1 1 —y
1 —x 1
1 1

for x € k and y € K. The remaining positive k-root morphisms are defined similarly:

1 0 =z

1 0 -z -—-z2”

1 0 z"
Ug+b(T) =
1 '
1 0 —x
1 0
1
1 0 0 =z 2”7 0 0 —xx”
10 0 0 2 0 0
10 0 0 —2 0
1 0 O 0 —z"
Ugq4p(T) =
1 0 0 —x
1 0 0
1 0
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1 0000y
1 0 0 0 O
1 0000 —y
1 0 0 0 O
Uza1b(Y) =
10 0 O
1 0 O
1 0
1
100000y
100000 —y
1 0 000 O
10 0 0 O
Uzqt26(y) =
1 0 0 O
1 0 O
1 0
1

forx € kand y € K.

The affine k-root system ¥ has type G%, with a base A consisting of simple affine k-roots

a=a+0
B=b+0 (3.1.14)
vy=c+1/3,
where ¢ = —2a — b is the lowest short root in R. We now give an enumeration of the
minimal-height positive affine k-roots 11, ...,112 for each gradient in R. The enumeration

given to these affine k-roots will be height preserving so that ¢ > j whenever 1; has a greater
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(3.1.15)

index i | gradient v; | intercept 1;(0) | simple affine k-root decomposition ;
1 c 1/3 o
2 a 0 «
3 b 0 B
4 a+c 1/3 o+
5 a+b 0 a+p
6 a+b+c 1/3 a+ B+
7 2a+0b 0 20+
8 3a+b 0 3a+
9 3a +2b 0 3a+ 25
10 a+ 2c 1 3a+ 18+ 3y
11 a—+b+2c 1 3a+ 28 + 3y
12 2a + ¢ 1 6a + 20 + 3y

Since 1/3 = 2a+ 3+, we note that 119, 111,112 are never A-shallow for A belonging to the

closure of the fundamental alcove, and therefore in what follows we will only consider 1); for

i=1,...,9: from Appendix A, we recover the commutators of affine k-root groups for all

pairs v;,1; of minimal-height positive affine k-roots with non-linearly dependent gradients

Wi, 1/}j such that 1); + 1/}j is a k-root, but we reproduce them here for convenience:

for all x,y € Ay;

[up(z @°), Usars(y @°)] = usqyap(zy @°)

[ta(z @), tars(y @°)] = uzasn((—2y’ — 2'y) @°)

‘uzarb((2'2"y + za

",/

Y+ xz'y") @)

“uzaran((—2y'y" — 2'yy” —2"yy) =°)
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[t (2 @), ue(y @/%)] = varel(2'y + Ga"y") w'/?)
gare((22'y + Qa'a"y + Gaaly”) @'/?)
ttarae((Geryy” + 'y + QYY) @)

[tars(2 @), ue(y @/?)] = tgipre((—2'y — Ga'y") w'/?)

tarbrac((Gryy” + Ga'yy + C1Ga"y'y") w*/3)

I/ / " //) 1/3)

cup((—aa'y — GQa'z"y' — Gaa

[u2045(2 @°), Uarbre(y @73)] = wgpp(Gay’ + Ga"y") w'/?)
cugaran((—z2"y — Gaa'y' — Ga'ay") @'/?)
up((~Greyy' — G Ga'y'y" — Ga''yy”) =)
[U2045(2 @°), Uare(y @3] = wa(—Crzy’ — Ca”y") w'/?)
g pp((—22’y — Qaa'y' — Gala"y") w'/?)
cuzare((Qayy + QGa'y'y" + Galyy") @)
[tarbie( @) tare(y@'?)) = ue((Qay’ + Ga'y) w*/?)
tagbr2c((G1 G’y + G Qra”y + Q1 aa’y”) @)

tat2e((—GGry'y — GG’y — Goa’yy ) =)

for all z,y € Ak, where ¢, = o(w'/?)/w'/? and ¢ = o%(w!/?)/w!/3, as defined above;

[ta (2 @), a4 (y @°)] = ugars((zy + 2'y" + 2"y) @)
[Ua (T wO)’ Ugte(y w1/3)] = Ugqtc((—2Y — Clx,y G2 ! ”) 1/3)
[tatb(z @°), u2a45(y @°)] = ugagan((—zy' — 2'y" — 2"y) @°)
[Uatb(z w0)7ua+b+c(y Wl/g)] = up((—zy — GQa'y' — Ca” ") 1/3)
2/3)

[tarbie(@ @), ucly @'/?)] = arproc(—Czy — GGy’ — (a'y) @

[ate(® @ ?), uc(y @) = ugroc((Czy + Clt'y" + Ga'y) w?/?)

for all z,y € Ag; and
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[ta(x@°), up(y @°)] = tats(ry @°)ugess(za’y @°)
- ugaps(—2a' 2"y @0 ugqqon (202’2 y* @°)

[atbe(@ @), uz04(y @°)] = U045y @' P uarp(CiGon’a"y w?/?)

cup(—Cr G’y wl)U3a+2b(—2C1C2:m'x”y2 wl)

[ua+c(x wl/B)’ ub(y wO)] = ua-i—b-‘rc(_wy wl/S)uc(_Cl$$/y ’ZDQ/B)
Ug2c(G1 a2y @ g pioc(2G Gar's Y ')
[Uare(T w1/3), U3q+25(Y wo)] = u2a+b(_C2$//?/ wl/s)ua (G1 C2$/$//y w2/3)

Ugate(—C1Gora 2"y @ usepon(—2¢ Gar's"y? @)

[ue(z @3), w3045 (y @°)] = ta(—Ci12'y @) ugye(—Corr’"y w?/3)
g 2e(—C1 a2y @ usate(2¢ Gra's"y? @)
[ue(z @), uzar26(y @°)] = s (C12'y @ ugrpse(—Coan’y w?/?)

“Ugybroc(C1Cxa’z"y wl)ub(—2C1C2mx'a;"y2 wl)

for all x € Ag and y € Ag.

For each A that is the barycenter of a facet of the fundamental alcove and not a strongly-

special vertex, the group

Hy = G /Ga1ys

is generated by subgroups
Ui = Uy, Gr1/3/Griy3 = F

fori=1,...,9such that 1; is A-shallow. Corollary 3.1.9 says that the commutator subgroup
of Hy is generated by the commutators [u,v] with u € U; and v € U; for A-shallow ;,1;;
these commutators are computed from the above commutators. For example, when A is the
barycenter of the fundamental alcove, each v¥;, i = 1,...,9 is a A-shallow affine k-root and

the commutator subgroup of Hj is generated by commutators of the following forms:

[up(z @°), usass (Y @°)]Gr1/3 = tsaton(zy @°)Gy1/3
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for all z,y € Ay;

[ua( wo)’ Uatb(Y WO)]GM/?, = uzqp((—2y’ — 2'y) wo)
uzgqy(@'2"y + z2"y + x2'y") @°)
cusaran((—2y'y” — 2'yy" — 2"yy') @) G 13
[ua(z @°), uc(y @'/3)|G 13 = tase((2'y + G2y @/*)Gy 1 )3
[ua+b(x wo)’ uc(y w1/3)]G>\,l/3 = Ugybre((—2"y — Ca"'y") w1/3)G>\,1/3
[U2q4b( wo)’ Uqtbte(y w1/3)]G>\,1/3 = G,\,1/3

)]

[ugats(2 @), Uare(y @) Gr1/s = Griya

1/3

[tatbre(z @Y%), g ey @ /)]Gy 13 = G /s

for all z,y € Ax where ( is the natural projection of ¢; € Ay into f, as defined above;

[ta(z @), uzats(y WO)]GA,1/3 = uzatp((zy + 2'y" + 2"y) WO)G/\,1/3
[ta (2 @°), taye(y wl/B)]G,\,l/:g =Gy1/3
[tas5(x @), tga s (y @°)| G 13 = usaran((—xy — 2y — a""y) @°)Gy 13
[tatb(2 @), Uarpie(y @ /*)]Grrss = Garys
[tasbre(z @), ucly @' /)G 1js = Giys

[tare(z @), uc(y /) Gr1ys = Gays

for all z,y € Ak; and for all x € A and y € A, we have

[ua(z @), up(y @°)|Gr1 /3 = tarp(2y @°)ugqrs(za’y @°)

I/ 0 I 2 0
U3y b(—T2' 2 Y T )uzayon (2202 Yy @ )G 13
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[Uatbic(T w1/3)7U3a+b(?/ wo)]G)\,l/Zi = G/\,1/3
[tare(z /), up(y @G 173 = tarvie(—ay w1/3)G)\,1/3

[Uate( w1/3)7 Usa-+2b(Y wo)]G,\,us =Gy 1/3

[ue(x W1/3)7U3a+b(y WO)]GA,l/s =Gy 1/3

[uc(z @'/?), uzaran(y @) G /s = Gaiys-

The abelianization of Hy is isomorphic to

f4 @ f6
A+ Pyl z,yef) (14 Fry, —ay |2,y €F)

Hy/[HyHy =fieof,dfs @

f5 (&) 'F7 D 'Fg D fg
(O> Oa 07 l‘y)u (07 _2$y7 3x2ya —3x?/2)7 (O) O) 3959: 0)7
x,y €f

(0,0,0, —3zy), (vy, 2%y, —2’y, 22°y?)

S

where f; = f is the abelian group isomorphic to Uy, /Uy,NG 1 /3 fori =1,...,9. Lemma 3.1.12

allows us to simplify the above expression so that

5 if #f € {2,3} and 1+ (%2 =0,

f4 if #f € {2,3} and 1 + (2 #0,

1

Hx/[Hx, Hal (3.1.16)

f4 if #f ¢ {2,3} and 1 + (%2 =0,

3 if else.

Similar computations can be done for each barycenter which is not strongly-special, and

the results are summarized in Table B.6 in Appendix B.

Remark. There do not exist any tamely, totally ramified Galois extensions of degree 3 of a
non-archimedean local field whose residue field has order 2 or 3, and so not all of the cases

in (3.1.16) can occur.
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3.2 Supercuspidal Representations

Recall that a smooth representation of G is a group homomorphism 7 : G — GL(V)
where V' is a complex vector space, such that for every v € V there is a compact open
subgroup H C G with 7(h)v = v for every h € H. A smooth irreducible representation
is supercuspidal if every matrix coefficient of GG is compactly supported. This section is
devoted to the construction of supercuspidal representations of G through the method of
compact induction, which we now briefly review.

From here we turn to using the shallow characters constructed in the previous section to
give one-dimensional smooth representations of the compact open pro-unipotent radical of
the parahoric subgroup. In Proposition 3.2.2 we provide a blueprint for constructing super-
cuspidal representations of GG from shallow characters and a sequence of compact inductions.
This method was first used by Gross and Reeder to construct the simple supercuspidal rep-
resentation from affine generic characters [12], and again by Reeder and Yu to construct
epipelagic supercuspidal representations from stable A-shallow characters of G vanishing
at the Moy-Prasad subgroup G [27]. Here we are using stable in the sense of geometric
invariant theory, as these shallow characters belong to a graded Lie algebra where one can
apply the methods of Vinberg [35] and Levy [19][20][21].

The A-shallow characters not vanishing on G4+ do not have a natural identification
with elements of a single piece of a graded Lie algebra, and therefore the arguments of [27]
do not immediately extend to our situation. Instead, in Theorem 3.2.3 we provide a naive
extension of [27, Lemma 2.3 and Proposition 2.4] sufficient for constructing supercuspidal
representations. We then show in §3.2.3 and §3.2.4, by way of example, that this naive
condition is not necessary. Indeed, when #f = 2, we give four A-shallow characters that
yield new supercuspidal representations of G = Sp,(k); and when char(f) = 3, we give a
class of (#f)* A-shallow characters that yield new supercuspidal representations of the split

form of G5 over k.

Notation 3.2.1. In this section, we will be continuing the notation set out in Notation 2.2.1
and Notation 3.1.1. In addition, we will let N denote the normalizer in G of the maximal

k-split torus S. This algebraic group is defined over k, and thus we denote by the unbolded
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N its group of k-rational points. //

3.2.1 Compact induction

Let H C M be subgroups of G and suppose that H is compact open containing the center
of G. Let (¢,V) be an irreducible smooth representation of H. Denote by ind¥ (¢) the
compactly induced representation of M consisting of all compactly supported functions

f: M — V that commute with H:

o f(hz) = 6(h) - ()
indg (@) = f: M-V
f is compactly supported

The left M-action on ind¥ (¢) is given by right translation so that [m - f](z) = f(zm) for

all m,xz € M.

For each m € M, we denote by (™¢,V) the conjugate representation of "H :=
mHm™! given by

"p(mhm™") = ¢(h)

for all h € H. The intertwining set (M, H, ¢) is then the set of all elements m € M

such that ™¢ and ¢ are isomorphic on the intersection " H N H:
I(M,H,p)={meM|"p=¢pon™HNH}.
Lemma 3.2.1. Let M, H, ¢ be as above. Then the following are equivalent:
(1) $(M,H,¢p)=H.
(2) ind¥ (¢) is irreducible.
If M = G and the above conditions hold, then indfl(qb) s supercuspidal.

Proof. A proof of this basic result can be found in [4, 3.11.4]. O
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3.2.2 Supercuspidal representations and shallow characters

Let x : Gyn+ — C* be any group homomorphism, and thus a one-dimensional smooth
representation of Gy,. The parahoric subgroup G normalizes its pro-unipotent radical,

and so we consider the stabilizer in G of y denoted by
GA(x) = {n € Gy | x(nhn™") = x(h) for all h € Gy} € 9(G, Gy, X)

The quotient Gx(x)/Gx+ is a finite group whose order is equal to the dimension of the

semisimple intertwining algebra
. .G
9y = Endg, () (deiiX) (X))

There is a bijection p — x, between equivalence classes of irreducible ¢,-modules and the

irreducible G (x)-representations appearing in the isotypic decomposition
e .
ind 2™ (x) = @ dim(p) - x,-
P

Then we have the following result from §2.1 of [27]:

Proposition 3.2.2 (Reeder-Yu). Let x : Gyy — C* be any group homomorphism. If

I(G,Gxry,x) = Ga(X), then we have the following isotypic decomposition:
indgA+ (x) = @ dim(p) - indgx(x) (Xp);
p

where the direct sum is over all simple 9, -modules p. Moreover, all compactly induced

representations

w(x; p) == indg, ) (xp) (3.2.1)

are inequivalent irreducible supercuspidal representations of G.
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Proof. The direct sum decomposition follows from the transitivity of compact induction:

indg,  (x) = indg, ., (ind*™ (x))
= indgx(x) (@ dim(p) - Xp>
P

= P dim(p) - indg, (, (xp)-
p

For proofs of the remaining claims, please refer to [27, Lemma 2.2]. O

The group N = N(k) acts on the k-root system via the finite reflection group Wy of R

so that given an element n € N we have that

for all k-roots a € R. This action does not leave invariant the valuation on k-root groups
given in Definition 2.2.3. For example, given an element n = wA(t) € N for w € Wy,

A€ Xi(Z,K), and t € K*, we have
valye (nun™1) = (a, \) val(t) + val, (u).
for all a € R and v € U, so that

-1
nUa:T’n — Ywa,r+(a,\) val(t)-

In this case, we write n(a,r) = (wa, r+{a, A) val(t)) € ¥ and see that N acts on X, (S, k)®@zR
via affine linear transformations and the induced action on affine functions preserves W. [17].

The group of affine linear transformations generated by the action of N on V is a finite
extension of the affine reflection group W of ¥ defined in Definition 2.1.3, dependent on the
isogeny type of G [17]. Here we will call this group the affine Weyl group (in the literature
it is sometimes called the extended affine Weyl group while the affine reflection group
W is called the affine Weyl group). The general theory of the affine Weyl group is beyond

the scope of this thesis, and so we will simply refer to N and its action on W.
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Theorem 3.2.3. Let x : Gy — C* be any group homomorphism that is trivial on Gy,
and let r be the minimal real number such that x is trivial on U, whenever a(\) > r.

Suppose that the following holds:

(x) If n € N and x is trivial on U, whenever « is a shallow affine k-root such that

[nta](\) > r, then n € G.
Then 9 (G,Gx+,x) = Ga(x)-

Proof. Recall the affine Bruhat decomposition [17][34, §3.3.1] for the group G, which
says that
G = G¢NGe,

where G¢ is the parahoric subgroup attached to any point in the fundamental alcove C. The
parahoric subgroup G contains G¢. Therefore, in order to show that .9 (G, Gy, x) = Ga(x)

it is only necessary to consider n € N and show that

"x=xon "Gy NGy (3.2.2)

implies that n € G.

Let n € N be such that (3.2.2) holds. Then it is certainly true that

"X =xon"Gyry NGyt (3.2.3)

for the Moy-Prasad subgroup Gy, C G. Let a € ¥ be any shallow affine k-root such that

[n~1a](A\) > r. The affine k-root group U,-1, then belongs to G, and thus

nUnqan_l =Uy C"Grrp NG

Then (3.2.3) says that

for all u € U,. But the definition of 7 implies that x(n tun) = 1 for all u € U,, since

[n"ta](A\) > r. This must hold for every A-shallow affine k-root a such that [n='a](A) > r,
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and thus condition () of the theorem says that n € G, as desired. O

Remark. Reeder and Yu show that a A-shallow character vanishing on any A-shallow affine
k-root group U, such that a(\) > r1(A), as defined in Definition 2.2.4, satisfies condition (x)
of Theorem 3.2.3 whenever it is stable in the sense that its G-orbit is closed with a finite

stabilizer (as an algebraic group) [27, Proposition 2.4].

3.2.3 New supercuspidal representations of Sp,(k) when #f = 2

In this subsection, we will continue the notation laid out in §3.1.3 for the group split group
Sp, (k) with type Cy k-root system, including the enumeration 1, ..., s of positive affine
k-roots having minimal height given in (3.1.9). Since G = Sp,(k) is simply connected, its
affine Weyl group, by which N acts on ¥, is isomorphic to the affine reflection group W.
Here, any element of W acts as an affine linear transformation on F with gradient w in the

finite reflection group

Wo = (wq, wy | wg = wg = (wawb)4 =1)

and intercept u in the coroot lattice ZRY = Za" @ Zb" [17]. In particular, given w € Wy

and p € ZRY, the element pw € W acts on any affine k-root via

[pw]yp = wip + (wih, p) +1(0) € W

for all ¥ € W.
We now make the additional assumption that #f = 2, and let A be the barycenter of
the fundamental alcove C. In (3.1.10) we saw that the abelianization of Hy = G /Gx is

isomorphic to

f1 @ fo fs © f7
Pefiofafsd
PR Gy a?y) ey €f) T {(wy,a%y) [2,y €f) (3.2.4)
A 2.
(wy |2,y ef)

where f; = f is the additive group isomorphic to U; = Uy, /Uy, NGy 1. Let x; : f; = C* be
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the restriction to f; of x for each ¢ = 1,...,8. From (3.2.4), we can conclude the following
relations between the y;: )
1= xa(zy) - xo(zy?)
1= xs5(zy) - x7(zy?) (3.2.5)

1 = xs(zy)

for all =,y € f. Applying Lemma 3.1.10 to the first two of these relations implies that
x6(1) = xa(1) and x7(1) = x5(1). The third relation of (3.2.5) implies that xg(1) = 1.

Thus, each of the 32 A-shallow characters of Hy is uniquely determined by a 5-tuple

(x1(1), x2(1), x3(1), x4(1), x5(1)) € {£1}°

In what follows, we will say that x is given by its corresponding 5-tuple.

Each A-shallow character x : Hy — C* lifts to a group homomorphism G — C*, which
through an abuse of notation we will also denote by x. Of these 32 A-shallow characters,
exactly 5 satisfy

I (G, Gry:X) = GaA(X)- (3.2.6)

For the 27 A-shallow characters for which (3.2.6) does not hold, there exists at least one
n € N not in Gy such that "y = x on "G) N G); this is summarized in Table B.7 in

Appendix B.

There is exactly one A-shallow character of Hy that satisfies condition (*) in Theo-

rem 3.2.3, and it is given by the 5-tuple

(X1(1)7X2(1)7 XS(l)a X4(1)7X5(1)) = (_L -1,-1,+1, +1)'

The corresponding one-dimensional representation of G4 is an affine generic charac-
ter discussed first by Gross and Reeder in [12] and again by Reeder and Yu in [27]. The
irreducible supercuspidal representations w(x;p) in (3.2.1) are called the simple super-

cuspidal representations of G.

The remaining four A-shallow characters for which (3.2.6) holds but not condition (x)
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of Theorem 3.2.3 are given by 5-tuples

¢

(_17 +17 +]-7 _1) _1))

(+17 +17 _17 _17 _1)7
(X1(1)7X2(1)7X3(1)7X4(1)7X5(1)) € : (327)
(_17 _17 +1a _17 _1)7

(+1> _13 _L _17 _1)
\

The justification that each of these A-shallow characters satisfies (3.2.6) is essentially the

same, and thus we illustrate it for only a single example:

Example 3.2.1. Let x be the A-shallow character of Hy given by the 5-tuple

(x1(1),x2(1), x3(1), xa(1), x5(1)) = (=1, -1,+1, -1, -1),
and note that the following facts hold:
e If «v is a short affine k-root then na is also short for all n € N.

e The only short affine k-roots 1 for which the restriction to Uy of x is non-trivial are
1o, Y4, and 5. The only other A-shallow affine k-roots for which the restriction to
Uy of x is non-trivial are the long 11, 1, and 17, and the restriction to Uy of x is

trivial for all affine k-roots ¥ that are not A-shallow.

e For any n € N, either niy or nis is a positive affine k-root. Indeed, 1y = —(a+b)+1

and 15 = a+ b+ 0, and so one of

[pw]ps = —w(a +b) = (wla+b),u) + 1

[nw]ys = +w(a +b) + (wla +b), p)

must be positive for any pw € W. Alternatively, one can note that the vanishing
hyperplanes of 14 and 5 are parallel with the fundamental alcove C between them;
therefore, there does not exist an alcove in X, (S, k) ®z R that is separated from C by

both hyperplanes.
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Consequently, for any n € N, ™y and x can only agree on "G4 NG, if either n fixes both
14 and Y5, n permutes ¥4 and 15, or either nyy = Yy or nys = 9. If n € N fixes both 4
and 15 then either

ny =P —2m nn = g — 2m
or

nY7 = Y7 + 2m nY7 = Y3+ 2m

holds for some m € Z. If n € N permutes 14 and 5 then either

nP =YP7 —2m+1 nyYp =3 —2m + 1
or

nYe = Y3 +2m + 1 nYe = Y7 +2m + 1

holds for some m € Z. If ny4 = 19 then nipg = s, and if nys = 19 then nipy = 5. For all
n acting non-trivially on ¥, we have given a A-shallow affine root 1; such that v;(1) = —1

while x is trivial on Upy, € Gy. Thus,

"X # x on Upy, €"Gry NGyt

for some A-shallow ; whenever n ¢ G. Hence $(G,Gxy, x) = Ga(X)-

Remark. The supercuspidal representations m(x;p) for A-shallow characters given by 5-
tuples in (3.2.7) are new in the sense that they cannot be constructed from the methods of
Reeder and Yu [27] because the minimal Moy-Prasad subgroup of Gy on which y is non-
vanishing is G, 3/4 C G4+ Nor can they be constructed using the exhaustive methods of

Stevens [33] or Yu [36], as the residual characteristic is 2.

3.2.4 New supercuspidal representations of GG when char(f) =3

In this subsection, we will continue the notation laid out in §3.1.3 for G the split Chevalley
group of type G5 over k, including simple affine k-roots given in (3.1.11) and the enumeration
¥1,...,112 of positive affine k-roots given in (3.1.12). Since G is simply connected, its affine
Weyl group by which N acts on V¥ is isomorphic to the affine reflection group W. Here,

any element of W acts as an affine linear transformation on F with gradient w in the finite
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reflection group

Wo = (wg, wy | wg = wz = (wawb)6 =1)

and intercept p in the coroot lattice ZRY = Za"¥ @& Zb¥ [17]. In particular, given w € Wy

and pu € ZRY, the element pw € W acts on any affine k-root via

[uw]) = wip + (wib, p) +(0) € U

for all ¢ € .

We now make the additional assumption that char(f) = 3, and let A be the barycenter of
the facet of the fundamental alcove corresponding to the vanishing of 5 and non-vanishing

of o and ~. In (3.1.13) we saw that the abelianization of Hy = G4 /Gy is isomorphic to

f7 @ fg @ f11
<(_2$y7 31’23/, _333y)7 (07 31;?/) 0)7 (07 O> _3$y) ‘ T,y € f>

fiefsefydfs @

fo @ fs @ f10 © f12
(07 07 -1y, 0)7 (07 237,% 3552,% 0)7 (07 07 07 _2xy)7 (07 07 —3$Z/a 0)7
x,y €f
)

(zy,0,0,2%y), (0, —zy,0,0), (—zy, 2y, 2°y, 0), (0, 0,0, £y

S

where f; = f is the additive group isomorphic to U; = Uy, /Uy, N Gy 1. After some simple

reductions, this can be rewritten as

fOxfiof3afiafsofdfy (3.2.8)

Let x; : fi = C* be the restriction to f; of x for each i = 1,...,8. From (3.2.8), we see that

there are (#f)% A-shallow characters of Hy, each uniquely determined by 6 characters

X15 X35 X4, X55 X9 X11 * f - C~

on which there are no restrictions.

As we saw in the previous subsection, each A\-shallow character x : Hy — C* lifts to a

group homomorphism G — C*, which through an abuse of notation we will also denote
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by x. In order to completely classify which A-shallow characters satisfy

I (G, Gy X) = GaX) (3.2.9)

a case-by-case approach may be necessary, but we now give a class of (#f)* A-shallow

characters satisfying (3.2.9).

Example 3.2.2. Consider any shallow character x : Hy — C* where the restrictions x1, x11

are trivial and xs, x4, X5, X9 are non-trivial, and note that the following facts hold:

e If o is a long affine k-root, then na is also long for all n € V.

e The only long affine k-roots ¢ for which the restriction to Uy, of x is non-trivial are
4 and 1pg. The only other A-shallow affine k-roots for which the restriction to Uy of
X is non-trivial are the short 13 and 5, and the restriction to Uy of x is trivial for

all affine k-roots that are not A-shallow.

e For any n € N, either nyy or niyyg is positive. Indeed, ¥y = —(3a + b) + 1 and

19 = 3a + b+ 0, and so one of

[pwlps = —w(3a+b) — (w(3a+0b),u) + 1

[pw]g = +w(3a + b) + (w(3a +b), )

must be positive for any pw € W. Alternatively, one can note that the vanishing
hyperplanes of 14 and ¥g are parallel with the fundamental alcove C between them;
therefore, there does not exist an alcove in X, (S, k) ®z R that is separated from C by

both hyperplanes.

Consequently, for any n € N, ™x and x can only agree on "G, NG,y if either n fixes both

14 and g or n permutes 14 and 9. If n € N fixes both ¢4 and 19, then either

nps3 =3 —m ng =7 —m

or
ns = P5 + 2m ns =g +2m — 1
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holds for some m € Z. If n € N permutes 14 and 19, then either

n3 = Pg —m ns = P12 —m
or

nYs = Ps +2m — 1 ns = g + 2m — 2
for some m € Z. For all n acting non-trivially on ¥, we have given a A-shallow affine root

1; such that v; is non-trivial but x is trivial on Uy, € Gay. Thus,

"x # x on Upy, €"Gry NGy

for some A-shallow 1; whenever n ¢ G,. Hence $(G,Gxy, x) = Ga(X)-

Remark. The supercuspidal representations 7(y; p) for A-shallow characters given in Exam-
ple 3.2.2 are new in the sense that they cannot be constructed from the methods of Reeder
and Yu [27] because the minimal Moy-Prasad subgroup of G on which x is non-vanishing is
Gx3/4 G Gary- Nor can they be constructed using the exhaustive methods of Stevens [33]

and Yu [36], as G is not a classical group and the residual characteristic is 3.



Appendix A

Commutator Computations

In this appendix we will be adopting the notation of Section 2.2 in order to verify the
formulas given in Proposition 2.2.4. For fixed k-roots a,b we will look at the group G
generated by Uy, and Uy, defined and quasi-split over k with k-rank 2. Keeping with

Proposition 2.2.4, we assume that G, is non-split over k.

In each of the following subsections, we will either prove the corresponding case in
Proposition 2.2.4 directly or by fixing a group isogenous to G ; and compute all possibilities

for commutators in [Ug, Up].

A.1 Non-split group with k-root system of type A,

If G, is non-split with a k-root system of type Ag, then a + b is a k-root and both (a)
and (b) have cycle type (i) as in Definition 2.2.1 with e, = e, = e. In this case, there exist

K-roots a € (a) and b € (b) such that o‘a + o’b is a K-root if and only if i = j, and so

uaia+0'jb(:|:xy) ifi = j:
[uaia(x)ﬂ ucrjb(y)] =
0 if else.

91
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for all z,y € K. We now directly compute

[Tual@) [Tun@)” | = [[lua(x)”, un(y)”]
i=1 Jj=1 i
= [Tua(@), un ()7
=1

e
|
=1

for all x € K, and y € K. Up to a choice of k-root morphisms, this is what Proposi-

tion 2.2.4(1) claims.

A.2 Non-split group with k-root system of type By = (s

Let K/k be a tamely, purely ramified quadratic Galois extension of k, and = — Z is a cyclic
generator of the Galois group Gal(K/k). Suppose that G, has K-structure isogenous to
SL4(K) with Galois action given by a non-trivial involution of the Dynkin diagram of type
As.

(a) For all z,y € K we have the following commutators:

[ 1 =z 1 0 y ] 1 0 0 —xy—axy
1 1 0 —y 10 0
1 z 7 1 0 - 1 0
i 1 1 | 1
[ 1 =z 1 ] 1
1 0 1 1
1 =z 7 y 0 1 N —xy—xy 1
i 1 -y 0 1 | 1




A.2. NON-SPLIT GROUP WITH K-ROOT SYSTEM OF TYPE By = (3

Kl

Kl

1

1 0y
10
1

-y
0
1

1
1 zy+2zy
- 1
1
1
0 1
- 0 01

zy+xzy 0 0 1

(b) For all x € K and y € k we have the following commutators:

Kl

[

I

—_

[

o O =
o =

<
)

_ <

1 0 zy zzy

93
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1 1 0 0 y 1 0 —=xy
z 1 1 00 1 zxy =y
1 ’ 1 0 - 1 0
i z 1 1 | 1
| 1 1 ] 1
xz 1 1 0 1
1 7 y 1 - —zy 0 1
i z 1 1 | zzy Ty 0 1
i 1 1 0 0 y ] 1 zy
0 1 100 1
z 0 1 , 10 - —xzy 1 zy
i -z 0 1 1 | 1
[ 1 1 ] 1
0 1 1 y —zy 1
z 0 1 7 1 - 0 0 1
i -z 0 1 1 | —zzy 0 —zy 1

A.3 Non-split group with k-root system of type G,

Let K/k be a tamely, purely ramified degree-3 Galois extension of k, and z — 2’ is a cyclic
generator of the Galois group Gal(K/k). Suppose that G, has K-structure isogenous to
SOg(K) with Galois action given by a non-trivial triality of the Dynkin diagram of type Dj.

Note that an in-depth discussion on this group and its structure can be found in §3.1.3.



(a) For all z,y € K we have the following commutators:

"1 T
1

1 2 2" —a'2"

1 0 —a

1 =

1

1 00

1 0

1

1 0 y
10—y -y 0 —yy"
1 0 0 0 0
1 0 0 9
1 0 ¥
1 0 -y
1 —z 1 0
1 1
—xy —2'y —xy” — 2"y 22"y + x2"y + xx'y”’
0 0 —x'y" — 2"y
0 0 0
1 0 0
1 0
1

/1,11

ry

_xy/y// _ w/yy// _ x//yy/

0
+ 2"y’
0
0

!0

ay'y" +a'yy" + 2"y’
—x'2"y — xx'y — xa'y
xy" + 2"y
xy + 'y
0
0

—(zy + 2'y) (xy” + 2"y)

!/
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11 1
0 1
—2'z" 0 0 1
—x” Yy 0 0 1
—a 7 " 0 o0 0 1
1 0 ¢y 0 0 01
1 —z 0 0 —y 0 00 1
1 —yy" 0 0 —y" y 0 0
| 1
0 1
'y + z"y" xx'y + 2’2"y + xay”
0 —xy — 2"y
0 —xy” — 2’y
0 0
ayy” +a'yy +2"yy" —(y + 2"y ) (@y" + 2'Y)
0 —zyy" —a'yy’ —2"y'y"

xy// _|_ ﬂf,y/
0

Ty _|_ I',/y/
0

1

1.0,

—xx'y — 2’2"y — xxy

2’y —x

/", 1!

Y

/", 1!

1
0

1

96
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o o o O

xyy// +x/yy/ +x

0

0
0

vl

vy

o o o o o O

1
0 1

0 0 1

0 0 01
—y 0 00 1

1ol

—:L':L'/y—wl‘ y 1", 01

xx'y
1
—xy —y'x"
—xy" — 2’y
—(zy + 2"y (zy" + 2'y')
0

", 1,1

—zyy" —2'yy — 2"y

1
0 1
xy' + a2y wy+yd” 1 xxy+ 22"y + vy
0 0 0 1
0 0 0 'y + 2"y"
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100 2 27 0 0 —z2” 1
100 0 2 O 0 y 1
10 0 0 —2a 0 1
1 0 0 0 =2 Y 1
1 0 0 —x 7 y” 0 1
1 0 0 vy =y -y 1
1 0 1
1 —y 1
1 0 zy + 2"y 0 0 0 —z2'y— a2’y —2'2"y" 0
1 —zyy — 2y —2"yy" —xy—2y -2y —2"y 0 —(2y +2"y)(xy+2'y") xay+ a2y + 22y
1 0 0 0 0 0
1 0 0 'y + ya” 0
N 1 0 xy + 2'y” 0
1 zyy +2'yy" + 2"yy” —xy' — 2"y
1 0
1

36
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100 x 2”7 0 0 —ms”_ _1 11
100 0 2 O 0 0 1
10 0 0 —2a 0 Y 0 1
1 0 0 0 —a 0 1
10 0 -z 0 0 1
1 0 0 0 0 0 0 1
1 0 -y 0 o o 0 1
1 —y 0 1
_1 —xy' — 2"y 0 0 0 —xa'y — xx'y — 2’2"y 0 0
1 0 0 0 0 0 0

Lo o !0, 0

xyy/ +aly'y" + x//yy// 1 —ay— x’y” —x’y’ _ x//y _(xly/ +$//y)($y +x/y//) 0 xx//y +xx/y/ + 22"y

1 0 'y + 2y 0 0
N 1 xy + 2'y” 0 0
1 0 0
—zyy —2'yy" ="y 1 xy' 4 a"y"
1

¢ HdAL A0 WHLSAS LOOY-M HLIM dNOYD LI'TdS-NON €'V

66



00T

1 -
0 1
Y 0 1
1 -y 0 1
0 1 ’ 0 0 1
2" -2 1 0 0O 0 0 1
1 -y'y" 0y Yy 0 1
—x 1 -y 0 1
1 }
0 1
0 0 1
xy' +yx' 0 0
xy" + 2"y 0 0 1
2’2"y + xa"y + xx'y” 'y + 2"y 0 0 1
—xy'y" — 2'yy" — 2"y 0 —a'y" — 2"y 0 0 1

—(a:y’ + x/y)(wy// + x//y) xy/y// + x/yy// + ﬂillyyl —.Z‘/l‘”y _ xx//y/ _ l’l'/y” _xy// _ w//y _my/ _ :U/y 00 1
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(b) For z,y € K we have the following commutators:

100 y v

1 00
10
1

0
0
0

0

100
1 0

0
0
0
0

1

!,

zy + 'y
0

o O

+ .,L,//y

0

o O

—xy, _ l'/y” _ $”y

o o o O
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1

1
2y + 2y + 2y

1

0

0
0 y//

/
/
_ y/ y//

—
"
Z

2
0
1
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>
RS
l_l
> o o o o o o
S
lT
=Y
S
>
RS
|
>
% © © © o o ~
|
=
S
|
o o o o o -
o o o o -
o o o
o o
o
I 1
Ly -
~ ~ L 1
WOO_UU_Uu001 I
|

O N o o o -
5 o o o o~
s> ©o o A

o o -

o

i

—

-
0
0
1

0
1

z
1 0
1
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1 zy+aly + 2"y
1

— —
1_y_1 !
Il
—
- 7
10/_y
- L >
R N )
_
—
_1y 1
I 1
8 o -
& S~
_$0$$01

-
0
0
1

0
1
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1
0
00 01

zy +2'y"+2"y 0 0 0 0 1

_xy/ _ x/y// _ x//y 0

1
0
y 0 0 1

1

0

0

0
—y




o o o O

0 1
0 01
0O 001
-y y 0 0 1
xy +x

o o o o o

!,

Y

+ x//y

o o o o O

_xy/ _ x/y// _ l’”y

1

0
0
0
0
0

o o o o

0 1

0 01

901
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(c) For all x € K and y € k we have the following commutators:

__1 x
1

1 2 2

1 0

1
"1 T
1

1 2 2

1 0

1

o o o o

o o o o

o o o o

—1‘1"%”?;

—x’z”y2

zx'y

_x/y

zx'z"y

—zazy
/

—zz'y

_l'y

10,2

zx'y —xd'x"y w2y 0
—2"y  2lay —alay? 0
0 0 —2'z"y  xa'xy
0 0 "y —xa’y
1 0 'y —zx'y
1 0 —zy
1 0
1
1
0 1
0 0 1
0 0 0 1
ry xx'y xx'y —xd’x’y 1
0 2y 2y a2y 0 1
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1 0 =z 1 1 zy 0 —x2'y —x2'y x2'2’y? —axaxlzy 0
1 0 —2' —2” 0 —a'2” 1 1 0 0 0 —a'z"y 0 xx'x"y
1 0 0 0 0 y 1 1 2y 2y =22y 22y 0
1 o o0 1 1 0 —zy 0 xx'y
1 0 4 ’ 1 N 1 —r'y 0 zx'y
1 0 T 1 1 0 0
1 0 -y 1 1 —xY
1 1 1
1 0 =z 1 ] | 1
1 0 —2/ —2” 0 —a'2” 0 1 x'z"y 1 xa'zy
1 0 0 0 0 0 0 1 0 0 1
1 o 0 0 0 01 "y 0 a2’y 1
1 0 2 7 0 0 0 01 N 'y 0 xay 0 1
1 0 x 0O 0 00 01 —zx'z"y?  xy 0 —zx'y —xzxy 1 —xza'2y
1 0 y 0 0 0 0 01 0 0 —xy 0 0 0 1
1 -y 00 00 01 —z'z"y? 0 0 —x'y =2y 0 —2'ay

80T
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10
1

1 00
10

0
0

@)

)

o O O

0 —zz
0 0
-z 0
0o -2
0 -
0 0
1 0

o o o o O

o o o O

o o o o O

o o o O

o o o o O

o o o o

o o o O

0 01
0 0 01

0 0001

01

o o O

0 01

0 —xx'y

10,2

2y 1 xzx'z"y

"

Ty

_wx//y2

—za'y

_xx/x//yQ

"

Y

—x:r”yQ

o o o O

]
o o o o O

|
&\
@\
—_

zx'z"y

Ty

—:L‘Scll‘”y
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o o O
o o o o
o O o o 9w

1 0 22"y "y 'y 0 0 —x’a:”y2_
1 —az2d/2"y —z2y —ax2d'y wy 0 xa'x'y?
1 0 0 0 -y 0
1 0 0 z1y —x'y
1 0 z2'y —ay
1 xa'2"y —a'ay
1 0
1
1 -
0 1
—xy 0 1
xx'y x'y 0 1
xx'y "y 0 0 1
zx'z"y 22y 0 0 0 1
0 —a'a"y? —alay -2y -2’y 0 1
0 —xa'z"y? —xalay —xay —axd'y xy 0 1

0TI
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o o o o

o o o o

"

o o O

o o o o

o o o o o

o O o O O w

o o o o O

1
-2y 1
0 0
—xz'y 0
—xz'y 0
0 —2'x"y
xx'z"y 0
0 —xa'z"y
1 272"y 0
1 0

/"

—q x//yQ

z'x"y

_$$/x//y2

7

—z'y
0 0

—xx'z"y 1 z2'y x2ly

1 0
1

1
0 1
'y oyl 1
0 0 0 1

zx'y xx'y 0 zy 1

0 0 —z'2" y2

—xy 0 0
0 xy  xx'xy?
—xr'y 0 x'y
—zzy "y
1 0 0
zx'x"y 1 —2'2y
1
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—X

1

0 001

2" y 0 0 1

1 00
10

1 00
10

o o o O

o o o o

o O O o w

o o o o o

o o o o O

—a'y
1
0 1 =2y
zx'y 0 1
2’2"y 0 0
0 0 0
0 0 —a'2"y
zx'z"y 0 0
0 x'y
1 —a'y
0 0
0 —xay 1
0 —2'2"y 0
0 x'x"y
0 0
0 —zx’2"y 0

Ty

/"

ry

$$/x//y2

4n!
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A.4 Non-split group with k-root system of type BC5

Let K/k be a tamely, purely ramified quadratic Galois extension of k, and = — Z is a cyclic
generator of the Galois group Gal(K/k). Suppose that G, has K-structure isogenous to
SL5(K) with Galois action given by non-trivial involution of the Dynkin diagram of type
Ay.

(a) For all z,y € K, we have the following commutators:

(1 2 100y \| (1000 zy—ay
1 100 g 100 0
1 : 10o0f|= 10 0
1z 10 10
i 1 1) | 1
(1 2 1 1 (1
1 0 1 1
1 o o1 = 0 1
1 z y 0 0 1 zy—zy 0 1
i 1 700 1/] 1
(1 100y \| [1
z 1 1 00 ¥ 1 0 zy—2y
1 : 10o0|]= 10
1 10 1
i z 1 1) | |
(1 1 ] 1
e 1 0 1 0 1
1 o o 1 = o 01
1 y 00 1 0 00 1
i 71 7001/ \ay—a25 0001
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(b) For all z,y € K with y + y = 0, we have the following commutators:

[ 1 =z 1 ] 1 0 0 zy zxy
1 1 0 —y 10 0 -—=zy
1 ; 1 0 = 1 0 0
1 =z 1 1 0
I 1 1/ | 1
(1 2 1 ] 1
1 01 0 1
1 {0 0 1 =10 0 1
1 z 0 0 0 1 ry xzzy 0 1
i 1 y 00 0 1/] —xy 0 0 1
(1 1000 y\| (100 —zy
z 1 1 0 00 1 0 zzy =xy
1 ; 100 = 1 0 0
1 1 0 1 0
i z 1 1/ ] 1
(1 1 ] 1
z 1 1 0 1
1 ) 0 1 = 0 0 1
1 -y 0 1 —zy 0 0 1
i z 1 1/ ] zxy xzy 0 0 1
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(c) For all z,y, z,w € K with 22+ y+ 9y = 0 and 2Z+ w + w = 0, we have the following

commutators:

1 x

-y

8l
—

1 0 =z

)
o o O

1 0 0 —zz
10 0 —zz
1 0 0
1 0
1
1
zz 1
= 1
1
rz 1
1 —zz
1
1 —-zz
1
1
0 1
=10 0 1
zz 0 0 1
zz 0 0 1
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(d) For all z,y,z € K with 2z + y + y = 0, we have the following commutators:

1 «x

-y

&I

N
s}

01

Il

1 0 0 =z
1 00
10

0 01

Y

10
1

Yzz Yz

—yz 1 zz

—Tz Yz YzZ

0
1

0 iz
0 zz

1 0

—zz 0 1

—YzZ

1 Tz




Appendix B

Tables

Type | Diagram Symmetry | Order

Aogp—1 /_\ 2

pos| — () | 2
b | L) SUE

Eq TN 2

Table B.1: Non-trivial based automorphisms of a simple reduced root system arising from
symmetries of its Dynkin diagram.
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118 APPENDIX B. TABLES
R Type | Diagram Symmetry | ¢ Order || R Type | Twisted Diagram
o | | e | o | e e
b | T e | e | e
Dn+1 o—o @—< > 2 Bn 0—o0::-- 0—0=p=0
b f@ SREE . —
4 or 2
" \S
EG /\ 2 F4 o—0==0—>0

Table B.2: Twisted root systems R arising from non-trivial based automorphism of a simple
reduced root system R. Note that for the non-reduced twisted root system of type BC,,
the black vertex indicates a non-reduced twisted root where twice it is also a twisted root.



WU Name Weighted Dynkin Diagram of ¥
A, 1 1
1
Ay (£ >2)
1 1 1 1
1
2 2 2 2 2
B >3
¢ (€= 3) oc—=—0—o0 1
1
1 2 2 2 2
B-Cy (¢ >3) O——0—20
1
1 2 2 2 2 1
Cy (¢>2) o= == - - =0
C-B, (> 2) 1 1 1 1 1 1
C-BCy .,
C-BC, (632 2 2 2 2 2 1
1 1
2 2 2 2
D £>4
14 ( - ) 1 1
1 2 3 2 1
O O O
1
2 3 4 3 2
B - i
2

(continued on the next page)
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U Name Weighted Dynkin Diagram of ¥
4 6 5 4 3 2
Es i
3
£y 1 2 3 4 2
F! 1 2 3 2 1
Gy 1 2 3
al 1 2 1

Table B.3: Affine twisted root systems and their weighted Dynkin diagrams.




[Y(A), a(X), B(A)] | abelianization of H)y &~ fn
fqs D fg

fieofadfs®
[1 1 1] <(07 —2513y), (_$y7 _‘772:(/) | z,y € f> N f5 if #f — 2’
o fs @ fr g |3 if else.

8P, b
((0,2zy), (vy, —22y) | z,y € f) ~ (Fay|z,y €f)
fqs D fe

fiof .

! @ ? @ <(07 _21"y)7 (—va, _ny) | z,y € f> f5 lf #f = 2’
[;1),, %, O] =~ ¢ £ if char(f) = 2 and #f # 2,

fr fe £ ifel
f if else.
B ey Tayef) © loylayeh)
(1,0, 4] fLoflafiafafaf s = 6
- (tay | =,y €f)
f5 @ f7

f fs D f. .

2O MO0 20), 2y, —a%) [w g € ) £ =2,
[0, 3, 3] ~ {f4 if char(f) = 2 and #f # 2,

f6 fg f3 if el
® @ if else.
(—2xy|:c,y€f) <—$y|3§‘,y€f>

(continued on the next page)
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[Y(A), a(X), B(N\)] | abelianization of Hy &~ fn

[07 %7 0:| fQ@f4®f5@

s f; N {fG if char(f) = 2,

P @ f
(—2zy |z,ycf)  (Loy|z,yecf) s 4 if else.

Table B.4: Here G is a connected, quasi-simple, semisimple reductive algebraic group defined and splitting over a non-archimedean
field k£ with residue field f with a type Cq affine k-root system. The simple affine k-roots are as in (3.1.8), and the enumeration for the
minimal-height positive affine k-roots is as in (3.1.9). The table shows the abelianization of the group Hy for the barycenter A of each
facet not a strongly-special vertex. We denote by f; = f the abelian group isomorphic to U; = Uy, /Uy, NGy 1 for i =1,...,8.
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abelianization of Hy

f"rL

o=

o=
o=

f
fiefodfs @ 1

(wy |z, y €f)

fe @ fs @ fi0 @ fi2

7]
(07 07 —XY, 0)7 (07 2$y7 31’23/7 0)7 (07 07 07 _2:By)’ (07 07 31’y, O)a
(xyv 07 07 07 x2y)7 (07 -2y, 07 0)7 (_x/yu $2y7 xgyv 0)7 (07 07 07 i$y)

fs &7 B fog ® 11

:c,yef>

I

K

(0,0,0,zy), (0, —2zy, 322y, 73xy2)
(07 07 07 igl‘y), (xya x2y7 _xgya 23333/2)

a:,yef>

f4
f3

if #f € {2,3],

if else.

f4

fe @ f1o

fiefa®

e fr e

(zy | z,y €f)

@ f5 ®

fg

(—zy |z, yef)

efyge

<(O7 _2$y)7 (xyv wa)v (Oa :l:xy) ‘ T,y € f)

f10

f11

(—zy |z, y €f)

®1

xy, =3xy | z,y €f)

fodfidfsBfe@frDfsdfydfio®

f11

f12

>EB

(—2zy, Loy |,y € )

<.’Ey, —3$y ‘ z,y € f

8

(continued on the next page)
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if else.

[Y(A), a(A), B(N)] | abelianization of H)y &~ fn
fr®fy @ f1n
fLofsdfydfs @
—2xy, 3r2y, —3zy), (0, 32y,0), (0,0, —3 ,yef
((=2zy, 322y, =3zy), (0, 32y, 0), ( zy) |2,y € f) £ if char(f) = 3,
(4 0, 4] @ fo @ fs @ f10 @ f12 = (% if char(f) = 2,
0707 _xyvo 9 0a233y73332y70 ) 070707 —23331 ] 0707 _3$y70 9 f4 lf else.
ef
$7
(2y,0,0,2%), (0, —zy,0,0), (—y, 2%y, %, 0), (0,0,0, +ay) | "~
fs @ fio fio
fsdfs dfs D D
1 <(2I‘y7 3x2y), (Oa *3$y) | €,y € f) <*2$y | xr,y € f> N f6 if char(f) c {27 3},
[07 O’ §:| = f3

fr @ fgdfiy

@ <(—2$y, 3373% _Sny)v (07 3$y, 0)7 (07 O) —3my) ‘ T,y € f)

(continued on the next page)
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[Y(A), a(X), B(A\)] | abelianization of H) &~ fn
fodfs &fy @ 1o
? ’ ! <—2xy,ixy | T,y € f)
e fo @ fs @ f1o 5 if #f € {2,3},
[O, %, %] <(0? 2xy, 3$2y)a (07 0, —3$y), (—131/71323/,9639) | T,y € f> ~ !4 if char(f) c {2’ 3} and #f Qé {2’3}’

3 .
f5 D f7 D fg o fll f lf else.

S 2 2
(0,0,0,zy), (0, —2zy, 3x°y, —3zy*), vyef
(07 07 07 i3l’y)7 (ZU?J, .fC2y, _$3y, 2$3y2) ’

Table B.5: Here G is a connected, quasi-simple, semisimple reductive algebraic group defined and splitting over a non-archimedean field
k with residue field f and with a type G2 affine k-root system. The simple affine k-roots are as in (3.1.11), and the enumeration of the
minimal-height positive affine k-roots is as in (3.1.12). The table shows the abelianization of the group Hy for the barycenter \ of each
facet not a strongly-special vertex. We denote by f; the abelian group isomorphic to U; = Uy, /Uy, NGy for i =1,...,12.
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[Y(A), a(X), B(N\)] | abelianization of H) >~ fn
f4 fe
flef,of
LR OB g ey Ty en © (1 + Py, —ay |2,y € ) £ it #f € {2,3) and 1+ (2 =0,
EREREE e b o L) if#f € {2,3} and 1+ (% #0,
2yt 2 o 5?7@8?9 T F if#F ¢ {2,3) and 1+ C2 =0,
(0,070,13y)7(07_2$y, 3z Y, _3$y )7(07()’3:1;3/70)7 T Ef f3 1f else.
(0,0,0, —3zy), (v, 22y, —a’y, 20%y?) Y
f7 if charf =3 and 1 + (2 =0,
fa fo 6 ifcharf=2and 1+ (2=0
fiLofd & fs @ if charf =2 an 4+ (* =0,
g (14 ¢H)ay | z,y €f) (—1+ Py | z,y f) P feharf>3and 142 =0,
o . fr o fe @ fo f5 if charf = 3 and 1+ (2 # 0,
((—2y, 322y, —3xy?), (0, 3zy,0), (0,0, —3zy) | 2,y € f) f1if charf = 2 and 1+ ¢* # 0,
3 if else.
fLofof,ofs @ fo &P f
PEEERER T Ay Quy, —xy [zyef) 0
1 1 ~ £6
5> 0, ] >~ f

® fo
(wy, —3zy | z,y €f)

(continued on the next page)
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[Y(A), a(X), B(A\)] | abelianization of H)y &~ fn

fo
foofsdfs @
<—2Uy | T,y € f>
fLif 4f € {2,3)
07 l? : o~ ’ ’
[ 9 9] @ fs ©f7 D fg O fg {f3 if else.
(Oa 07 07 xy)v (07 _2$y> 31'23/7 _3$y2)7 (07 Oa 31;3/7 0)7 c f
x?
(0,0,0, ~32y), (xy, 2%y, —a®y, 2%y?) g
fofe@f 6 if charf = 2,
[0, 1. 0] & @fs @ fe® T8 > {5 if charf = 3,

((—2zy, 322y, —3xy?), (0, 3xy,0), (0,0, —3zy) | z,y € f)
4 if else.

Table B.6: Here G is a connected, quasi-simple, semisimple reductive algebraic group defined and non-split quasi-split over a non-
archimedean field k with residue field f with a type G% affine k-root system. We assume that G splits over K, a degree 3 tamely,
totally ramified extension of k£ having ring of integers Ax. The simple affine k-roots are as in (3.1.14), and the enumeration for the
minimal-height positive affine k-roots is as in (3.1.15). The table shows the abelianization of the group H) for the barycenter A\ of each
facet not a strongly-special vertex. We denote by f; = f the abelian group isomorphic to U; = Uy, /Uy, NG 1/3 for i =1,...,9. We also
denote by ¢ the natural projection into f of a the unit a(wl/ 3/ wl/3 e Aj for a fixed uniformizer w!/3 of K and a fixed cyclic generator
o of the Galois group Gal(K/k).
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(x1(1), x2(1), x3(1), x4(1), x5(1)) | non-trivial w € W such that “x = x on “Gxy NG+

(+1,+1,+1,+1,+1)
(=1,+1,4+1,41,+1)
(+1,—-1,41,+1,+1)
(+1,4+1, 1,41, +1)
(—1,-1,+41,41,+1)
(=1, +1,—1,4+1,+1)
(+1,—1,—1,+1,+1)
(+1,+1,+1,-1,+1)
(—1,41,+1,—-1,+1)
(+1,-1,+41,-1,+1)
(+1,41,-1,-1,+1)
(—1,-1,41,-1,+1)
(=1,+1,—1,—1,+1)
(+1,-1,-1,—1,41)
(-1,-1,-1,-1,41)
(+1,+1,+1,4+1,-1)
(—1,41,+41,41,-1)
(+1,—-1,+1,41,-1)

(+17 +17 _17 +17 _1)

(@’ + ") (waws)wa
(wawp)*wy
(@ +2bY) (wawy)
(@ + ") (waws)?
(waws)?
(@ +2b")(wawp)?
(a¥ +2b")(wawy)?
(a¥ +2b")(wawy)?
(2a” + 20")(wawp)wa
(a¥ +2b")(wawp)?
(20" + 2b") (wawp)*wqy
(0¥ +b")(wawp)wa
(0 +b")(wawp)wa
(wqwp)?
—bY (wawp) w,
(waws)?

(wawb)2

(continued on the next page)
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(x1(1), x2(1), x3(1), x4(1), x5(1)) | non-trivial w € W
(—=1,-1,+1,41,-1) (wawp)3we
(—1,4+1,—1,4+1,-1) —bY (wawp)3w,
(+1,-1,-1,+1,-1) (wawp)?
(-1,-1,-1,+1,-1) (wawp)?wa
(+1,41,41,-1,-1) —aVw,
(+1,-1,+1, -1, -1) —aVw,
(=1,41,-1,—1,-1) W,
(-1,-1,-1,—1,-1) W,

Table B.7: Here G = Sp,(k), the residue field of k has order #f = 2, and A is the barycenter
of the fundamental alcove. Each A-shallow x is determined by a 5-tuple of integers. In the
left-hand column of the above table, we have given the 27 A-shallow characters x such that
I(G,Gxr, x) # Ga(x). In the right-hand column, we have provided a non-trivial element
pw in the reflection group W = (ZRY)W, of the affine root system of type Cs, chosen so
that some lift n € N of w is contained in . (G, G+, x) and not Gx(x).
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Index

K-pinning (épinglage), 26 Chevalley basis, 26

K-root group, 25 commutator, 30

K-root morphism, 26 commutator subgroup, 47

K-root system, 24 compactly induced representation, 80
A-shallow affine k-root, 41 conjugate representation, 80
A-shallow character, 49 constant part, 15

k-root group, 27
Dynkin diagram, 15
k-root system, 25

facet, 20
abelianization, 47

fundamental alcove, 18
affine k-root group, 34

affine k-root system, 35 gradient, 15

affine Bruhat decomposition, 83

intercept, 15
affine generic character, 85

intertwining algebra, 81
affine linear functional, 15

intertwining set, 80
affine linear map, 15

affine reflection group, 18 linear part, 15
affine twisted root, 16 long affine twisted root, 17
affine twisted root system, 16 long twisted root, 13

affine Weyl group, 82

minimal constant relation, 20
alcove, 18

Moy-Prasad filtration, 37

based automorphism, 10 Moy-Prasad subgroup, 37
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parahoric subgroup, 36
positive affine twisted root, 18
positive twisted root, 11

pro-unipotent radical, 37

quasi-split group, 22

reduced root system, 15

short affine twisted root, 17

short twisted root, 13

simple affine twisted root, 17

simple supercuspidal representation, 85

simple twisted root, 11

INDEX

smooth representation, 79

split group, 22

stabilizer of a A-shallow character, 81
stable vector, 84

strongly-special vertex, 20

supercuspidal representation, 79

twisted root, 11

twisted root system, 11

vanishing hyperplane, 17

vertex, 20

weighted Dynkin diagram, 21



Index of Notation

§2.1. Twisted Root Systems

a real vector space

a simple reduced root system of linear functionals on E
the coroot system contained in E

the finite reflection group of R

the perfect pairing between R and RY

a positive system in R

the simple system in R inside of R

an order e € {1,2,3} automorphism of R preserving D
the vectors in E fixed by o

the twisted root system of restrictions to E of roots in R
the simple system in R restricting from D

the positive system in R restricting from RT

the set of roots in R whose restriction to £ is a € R

the order of (a)

the coroot system of R contained in F

the reflection group of R

the twisted affine root system with gradients in R

the set of affine twisted roots with gradient a € R
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INDEX

the simple affine twisted root corresponding to the twisted root a; € R
the simple system in ¥
the alcove in F corresponding to A

the affine reflection group of ¥ with gradients in Wy

§2.2. Quasi-split Groups

W N

S ™ O &

i
S

a non-archimedean local field with surjective valuation val : k* — Z
the ring of integers of k

the unique maximal ideal in Ay

a prime element in A generating P

the residue field of k

the residual characteristic of k£ and the characteristic of f

a degree e € {1,2,3} tamely, totally ramified Galois extension of k
the ring of integers in K

the unique maximal ideal in Ag

a prime element in Ay generating Px whose e-th power is w

the residue field of K, isomorphic to that of k

a cyclic generator of the Galois group Gal(K/k)

the image under ¢ of any « € K when e = 2

a connected, quasi-simple, semisimple reductive algebraic group defined

and quasi-split over k and splitting over K, with G = G(k)
a maximal k-split torus in G, with S = S(k)

the maximal torus of G defined over k and centralizing S, with Z = Z(k)

a Borel subgroup of G defined over k and containing Z, with B = B(k)

the K-root system of G relative to Z, acted on by o
the set of simple K-roots of G relative to (B, Z), preserved under o
the k-root system of G relative to S

the set of simple k-roots of G relative to (B, S)
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U, the K-root group of on which Z acts via a € R

Ug a K-root morphism isomorphically mapping K onto U, (K)
(a) the set of K-roots in R whose restriction to Sis a € R

€a the order of (a)

K, a subset of either K or K2 defined in Definition 2.2.1

U, the k-root group generated by all K-root groups U, for a € (a)
U, the group of o-fixed elements in U, (K)

Ug a k-root morphism isomorphically mapping K, onto U,
val, the valuation on U, inherited from val

Ua,r ={ueU,|valy(u) >r}forreR

Uar+ ={ueU,|valg(u) >r}forreR

Uay = Upy /Ui

dq (1) the f-dimension of U, /Uzqg 2r

U =U(R,0) the affine k-root system of G relative to S whose elements are pairs (a, 1)

for which d,(r) # 0

A the simple affine k-roots of G corresponding to (B, S)

C the alcove of X, (S, k) ®z R corresponding to A

G a parahoric subgroup of G attached to A € X, (S, k) ®z R

Zo =Z NG,y

G the Moy-Prasad subgroup of G for r € R

Z, =ZNG)y,

Gt the pro-unipotent radical and first Moy-Prasad subgroup of of G
Gt the second Moy-Prasad subgroup of Gy

§3.1. Shallow Characters

A a fixed point in the closure of the fundamental alcove C

s(A) the minimal value of a(\) + B(\) when «, 8 are affine k-roots satisfying
(s1) and (s2) defined in Definition 3.1.1



136

INDEX

the A-shallow affine k-roots that take value at A between 0 and s(\)

= Gr+/Grsn)

=74/ Zg)

= Uy, G s(0)/Gas) = Uy, /Uy N Grs)
a homomorphism Hy — C*

the restriction of x to U;

the image under o of any z € K when e = 2
the image under o of any x € K when e = 3

the abelian group f, isomorphic to U; = Uy, /Uy, N Gas(n)

§3.2. Supercuspidal Representations

N

ind}f (¢)
mH

mg

J(M, H, o)

Xp

7(X; p)

the normalizer in G of S, defined over k, with N = N(k)

a compact open subgroup of G containing the center of G
a subgroup of G containing H

an irreducible smooth representation of H

the compactly induced representation of M

=mHm™! form € M

the conjugate representation of ™ H

the intertwining set in M of x

any group homomorphism Gy, — C*
the stabilizer in G of x

the intertwining algebra of x

a simple ¥,-module

(X)(

irreducible constituent of imdgi+ X) corresponding to p

= indgA ) (Xp), an irreducible supercuspidal representation of G
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