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We prove a second moment formula for incomplete Eisenstein series on the homo-
geneous space I'\G with G the orientation preserving isometry group of the real
(n + 1)-dimensional hyperbolic space and I' C G a non-uniform lattice. This result
generalizes the classical Rogers’ second moment formula for Siegel transform on the
space of unimodular lattices. We give two applications of this moment formula. In
Chapter 5 we prove a logarithm law for unipotent flows making cusp excursions in a
non-compact finite-volume hyperbolic manifold. In Chapter 6 we study the counting
problem counting the number of orbits of I'-translates in an increasing family of gen-
eralized sectors in the light cone, and prove a power saving estimate for the error term
for a generic I'-translate with the exponent determined by the largest exceptional pole
of corresponding Eisenstein series. When I is taken to be the lattice of integral points,
we give applications to the primitive lattice points counting problem on the light cone

for a generic unimodular lattice coming from SOg(n + 1,1)(Z)\SO¢(n + 1, 1).
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Chapter 1

Introduction

Let us first fix some notation. For two quantities = and y, we write =< y to
indicate that there is some constant ¢ > 1 such that ¢ 'z < y < cz. And we write
x Syorz =0 (y) to indicate that z < cy for some positive constant c¢. We will use

subscripts to indicate the dependence of the bounding constant on certain parameters.

1.1 Second moments of incomplete Eisenstein se-
ries

For any positive integer n, an unimodular lattice of rank n is a discrete subgroup of
R"™ with covolume one. The space of rank n unimodular lattices can be parameterized
by the homogeneous space &, := SL,,(Z)\SL, (R) via the map sending SL,(Z)g € X,
to the lattice A = Z"g. For any bounded and compactly supported function f : R” —
C, its Siegel transform is a function on &, defined by

=3 @

FeA\{0}
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with A € &},. There is a natural probability measure y,, on X, coming from the Haar
measure of SL,(R). In [Sie45] Siegel proved a mean value theorem (first moment

formula) stating that

| Fwdn = [ s
where dZ is the usual Lebesgue measure on R". Later Rogers [Roghb] proved a k't
moment formula for ffor any k < n. At the heart of his proof is the following identity
([Rogh5, Theorem 2 and Equation 8]) that for any & < n and for any bounded and
compactly supported functions fi,..., fr on R",

/ > L@ - fo(@)dpn(A) = Rnfl(f)dfm Rnfk(f)df. (1.1.1)

U1y, U EA
linearly independent

Note that when k& = 1 this is just Siegel’s mean value theorem. Although these higher
moment formulas are explicitly written down in [Rogb5|, they are very complicated
in general. It is usually more convenient to work with the modified Siegel transform
when dealing with these moment formulas. Explicitly, for any f as above, its modified
Siegel transform is defined by

=Y [

TEApr
with A € X, and A, denoting the set of primitive vectors in A. Using the fact that

any lattice point can be uniquely written as positive multiple of a primitive lattice

point, one can deduce that (1.1.1) is equivalent to

f]R” h(@ fR” fu(@

C(n) . (1.1.2)

/ AE) -+ FulT)diun(A) =
! hnearly independent

where ((s) is the Riemann zeta function. The benefit of restricting to primitive lattice
points is the simple fact that two primitive vectors o}, 05 € A are linearly dependent

if and only if ¥; = +u,. With this observation and (1.1.2) one can get relatively
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simpler moment formulas for f For example, for any bounded, compactly supported

and even function f, we have the second moment formula for n > 3

/Xn (f(A))Zdun(A) (fR" (‘f;d‘r) +2fR”£(f>df, (1.1.3)

and the third moment formula for n > 4

IR o F@)ATN® 6 [, fA(D)AE fo f@)dT A [, f2(E)dT
/Xn (F)) dual) = (f () ) +2h <<n>{ + 2 ()

(1.1.4)

Remark 1.1.5. The restriction to even functions is harmless since we can always write
f = fodd + feven with fodd(f) = w and feven(f) = W’ and Apr is

invariant under inversion. We thus have f = foven.

Rogers’ formulas, especially the second moment formula, were since used in many
applications of metric number theory. In fact, if we take f = xp to be the indicator
function of some finite-volume Borel set B C R™\{0}, then for any A € A,,,

fA)= > xs(®=#(AnB)
FEA\{0}
counts the number of lattice points of A in B, and

= > f(®) = #(Ax N B)

UEApr

counts the number of primitive lattice points of A in B. With this interpretation,
Schmidt [Sch60] studied the lattice point counting problem counting the number of
(primitive) lattice points in a Borel set B C R"\{0}. Using the second moment
formula (1.1.3), he proved an optimal bound for the discrepancy for a generic lattice.
In [AMO09] Athreya and Margulis used (1.1.3) to prove a random version of Minkowski
theorem studying the set of lattices missing a large set, from which they deduced a

logarithm law (see section 1.2 for more details) for unipotent flows making cusp
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excursions on X, for n > 2. We note that while the second moment formula fails
when n = 2, using spectral results from [Lan85, Ran70], they were able to prove a
variant of (1.1.3). More recently Athreya and Margulis [AM18] proved an effective
and quantitative version of Oppenheim conjecture for generic forms using (1.1.3).
The second moment formula was also used in [SS06, S13] to study values of Epstein
zeta functions. Rogers’ higher moment formulas were used in [SS16, Kim16] to study
random lattices in large dimension.

The starting point of this thesis work is an observation that modified Siegel trans-
form can be viewed as an incomplete Eisenstein series on X, with respect to some
maximal parabolic subgroup of SL,(R). The advantage of this point of view is that
it can be generalized to any other non-compact homogeneous spaces, and it is thus
possible to use the spectral theory to prove many other similar moment formulas.
For example, one can generalize Siegel’s mean value theorem (first moment formula)
easily for any incomplete Eisenstein series by the standard unfolding trick (see remark
4.1.3). Moreover, with these moment formulas, one can also hope to give applications
to analogous problems mentioned in previous paragraph on different homogeneous
spaces.

In this thesis, we give a second moment formula of the incomplete Eisenstein
series on the frame bundle of a non-compact hyperbolic manifold generalizing a result
of [KM12] on two and three dimensional hyperbolic manifolds. With this moment
formula, we prove a logarithm law concerning unipotent flows making cusp excursions
on a non-compact finite-volume hyperbolic manifold. We also give applications to a
counting problem on the corresponding quadratic variety, namely the light cone.

To describe our main result properly, we first introduce some notation. From now

on we fix an integer n > 2. Let H"™ be the (n+ 1)-dimensional real hyperbolic space
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and G = Iso™ (H"™!) be the orientation preserving isometry group of H"*!. Since G
is of real rank one (that is, its maximal R-split tours is of rank one), it has only one
parabolic subgroup up to conjugacy. Fix an Iwasawa decomposition G = NAK with
N a maximal unipotent subgroup of G, A a maximal R-split torus and K a maximal
compact subgroup. There is a unique parabolic subgroup P attached to this Iwasawa
decomposition containing N as its unipotent radical. This parabolic has a Langlands
decomposition P = NAM with N and A as above, and M C K being the centralizer
of Ain K. Finally we denote by ) = NM.

For a discrete subgroup I' of G, we say I' is a lattice if the homogeneous space
['\G is of finite covolume with respect to the Haar measure of G. We say a lattice I’
is non-uniform (resp. co-compact) if I'\G is non-compact (resp. compact). Given a
non-uniform lattice I' C G, two parabolic subgroups are said to be I'-equivalent (resp.
[-inequivalent) if they are conjugate (resp. not conjugate) under I'. The cusps of T
are the ['-equivalent classes of parabolic subgroups whose unipotent radicals intersect
I" nontrivially. Let Py, ..., P, be a complete set of representatives of cusps of I', then
there exists a subset {1, ...,&,} C K such that Sj_le{’j = P for each 1 < j < h (see
section 2.3 for more details).

Keep the notation as above. For any bounded and compactly supported function
f on the homogeneous space Q\G (that we view as a left Q-invariant function on G),
the incomplete Eisenstein series at P; attached to f, denoted by @;, is a function on

['\G defined as

9= > f(&"9).

el P\

where I'p, :=T"N P;. We can now state our main result.

Theorem 1. Fiz n > 2. Let G = Iso" (H"™') and P C G be a fized parabolic

subgroup. Let ' C G be a non-uniform lattice with Py,..., P, a complete set of
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representatives of cusps. Then for each 1 < j < h, there exists a finite set of numbers
5 < sjy; < o0 < 851 < mn, co > 0,¢,...,¢,, and a bounded linear operator
T; : L2(Q\G) — L*(Q\G) with || T;||2< 1 such that for any bounded and compactly

supported f on Q\G,

0.

/F\G 1050 dinlg) = lexo (£ VI + el f + T3 (f). ) + cjo ) erMs(sy),  (1.1.6)

r=1
where |1 = pr\¢ is the probability measure on I'\G coming from the Haar measure
of G, the inner product (,) is defined that for any two fi, fo on Q\G, (f1, f2) =
fQ\G flﬁduQ\G with po\¢ a right G-invariant measure on Q\G normalized as in

(2.2.3), My(s) is defined in (4.2.2) and

175 ]l2:= inf{e > 0 [ | T;(f)l2< cllfll2 for any f € LA(Q\G)},

where this L*-norm is with respect to po\g-

Remark 1.1.7. We will make all these constants explicit when we prove Theorem 1 in
chapter 4. We note here that these finitely many s;,’s are the exceptional poles of the
Eisenstein series at the cusp FP;. More precisely, these exceptional poles come from
the constant term of this Eisenstein series along P; with ¢;, its residue at s;,.. In fact,
knowing this constant term is a crucial step for this spectral approach computing the
second moment. We also note that the first term of the right-hand side of (1.1.6)
(the mean value square term) comes from the trivial pole of this constant term. For
applications it is interesting to know the exact values of these exceptional poles. For
example, the largest exceptional pole controls the magnitude of the error term of
certain counting functions (see Theorem 4). When n is small, there are many cases
([Iwa02, EGM98, Gri87]) where one can compute these constant terms explicitly (and

thus know these exceptional poles explicitly). However, for general n not much is
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known about these exceptional poles. We also note that similar calculations can also
be carried out for other groups. In fact in a recent joint work with Kelmer [KY18],
with an explicit constant term computation we proved a second moment formula for
the modified Siegel transform restricted to the space of symplectic lattices. With this
second moment formula we extended Schmidt’s counting result [Sch60] to a generic

symplectic lattice.

Remark 1.1.8. Another main ingredient of our approach is an explicit computation
of certain raising operator to bootstrap (1.1.6) from spherical functions to all other
functions (see section 3.2). We note that this raising operator generalizes the classical

ladder operators of SLo(R) (see [Lan85, p.102]).

Similar to Rogers’ formulas, for applications one needs to bound the right-hand
side of (1.1.6) from above by the L'- and L*-norms of f. For the second term we
have the trivial bound (f + T;(f), f) < 2|/ f||3 by Cauchy-Schwartz. We thus need
to bound these M;(s;-) terms by the norms of f. Unfortunately we are not able to
prove such an estimate for any functions on Q\G. Instead, we will define a family
of functions @, C L*(Q\G) (see section 4.3) for each parameter A > 0 and prove an

optimal bound for these functions.

Theorem 2. Keep the notation as in Theorem 1. For any parameter X > 0 there
exists a positive constant C' (depending on \) such that for any f € <\ and for any

1 <j < h we have

2 28‘7'7‘771) 4(77,75]',,«)

L; (
i 2
/F\G\@ﬁc(g)} du(g) < GollfIE+2ei0ll FIBHC Y AL Ifllz ™

r=1

where the norms on the right-hand side is with respect to pg\q-.

Remark 1.1.9. The bounding constant C' here depends on the parameter A. For

applications we need to have a uniform bounding constant for all the functions that
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we consider. In fact for applications we will only consider indicator functions of
certain sets in Q\G and we will show that these functions are always contained in .o

(see Lemma 4.3.1).

Remark 1.1.10. Using the facts that 0 < 22, An=s) - 1 and Zeon @ = 1 for

n

s € (%,n), it is easy to deduce from Theorem 2 that for any f € .2,

[CHATESSIS WA s W

We note that for modified Siegel transform this estimate follows trivially from Rogers’
second moment formula, and if ' has no exceptional poles, it also follows trivially
from our moment formula (1.1.6). It is an interesting question whether one can extend
this bound to any bounded and compactly supported function on Q\G when I' has

exceptional poles.

1.2 Logarithm laws

Let G denote a connected semisimple Lie group with no compact factors and
I' € G be a non-uniform irreducible lattice. Let v be the probability measure on
['\G coming from the Haar measure of G. Any unbounded one-parameter subgroup
{9:}ter C G acts on T'\G by right multiplication. By Moore’s Ergodicity Theorem
[Zim84, Theorem 2.2.6] this action is ergodic with respect to v, hence for v-a.e. z €
['\G the orbit {zg, };er is dense. In particular, since I'\G is non-compact, these orbits
will make excursions into the cusp(s) of I'\G. The asymptotics of cusp excursions
of these orbits is an interesting object in homogeneous dynamics due to its rich
connections with metric number theory.

One way to characterize cusp excursions is to use a distance function. Fix a max-

imal compact subgroup K of G, then there is a naturally defined distance function,



Chapter 1: Introduction 9

dist, on I'\G induced from a left G-invariant and bi- K-invariant Riemannian metric

on G. Fix a base point o € I'\G and for any r > 0 define the cusp neighborhoods by
B, :={z € T\G | dist (0, z) > r}.
By [KM99] there exists a constant s > 0 such that
v(B,) <e ™. (1.2.1)

Note that the orbit xg; makes excursions into the cusp neighborhood B, if and only
if dist(o, zg;) > r. We are thus interested in studying how fast the distance function
dist(o, zg;) can grow in t for a generic z. There is a natural upper bound for this

distance function coming from the first half of Borel-Cantelli lemma asserting that

dist(o,zg¢)
log(t)

limy_ e < = for a generic z, where » is the exponent as in (1.2.1) (see section

5.2.1). If this upper bound is sharp, that is,

— dist (0, zg;) 1

tooo  log(t) s
for v-a.e. x € I'\G, we say that the flow {g; }1er satisfies the logarithm law for cusp
excursion.

The problem of logarithm law (for cusp excursions) in the context of homogeneous
space was first studied by Sullivan [Sul82] where he proved logarithm laws for geodesic
flows on non-compact finite-volume hyperbolic manifolds. The general case of one-
parameter diagonalizable flows on non-compact finite-volume homogeneous spaces
was proved by Kleinbock and Margulis [KM99]. The main ingredient of their proof
is the exponential decay of matrix coefficients of diagonalizable flows which enables
them to apply a quantitative Borel-Cantelli lemma ([KM99, Lemma 2.6]) from which
the logarithm law follows easily.

The problem of logarithm laws for unipotent flows is more subtle since the matrix

coefficients of unipotent flows only decay polynomially, and it is not clear whether
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their decay rates would be enough for the quantitative Borel-Cantelli lemma used in
[KM99]. Nevertheless, as mentioned in the previous section, using Rogers’ second mo-
ment formula Athreya and Margulis [AMO09] proved logarithm laws for one-parameter
unipotent flows on the space of unimodular lattices. Later Kelmer and Mohanmmadi
[KM12] proved the case when G is a product of copies of SLy (R) and SLy (C) and I' is
any irreducible non-uniform lattice. Their proof also relies on an estimate of second
moments of certain incomplete Eisenstein series.

For a general homogeneous space I'\G with an unipotent flow {g;}:cr, Athreya

and Margulis [AM17] proved that there exists some 0 < § < 1 such that

— dist (o, zg;) [
im ———> = =
t—oo  log (1) »

for v-a.e. © € I'\G. Moreover, they asked whether such /5 can always attain 1, which
is the upper bound coming from the first half of Borel-Cantelli lemma

With our second moment formula (1.1.6) and using similar arguments as in [KM12],
we give a positive answer to this question when G = Iso™ (H"*!) and I C G is a non-
uniform lattice. We note that this result extends Sullivan’s original logarithm law for

geodesic flows to unipotent (horocycle) flows.

Theorem 3. Fizn > 2. Let G = Iso" (H"™), I' C G a non-uniform lattice and
{g:}1er @ one-parameter unipotent subgroup of G. Let dist(-,-) denote the distance

unction obtained from hyperbolic metric on the hyperbolic manifold T\H""'. Then
J yp yp

for any fized o € T'\G,
— dist 1
i 26t0.20) _ 1 (12.2)

t—oo  logt n

for p-a.e. x € T\G', where p is the probability measure on T\G as in Theorem 1.

Here by slight abuse of notation, for o, zg; € I'\G, we write dist (0, zg;) for the distance between
their projections to T'\H" .
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Remark 1.2.3. Shortly after Theorem 3 ([Yul7, Theorem 1.1]) was proved, Kelmer
[Kell7] proved the same result using an effective mean ergodic theorem. In fact he
proved a much more general result, namely a logarithm law for discrete time unipotent
flows making visits to any monotone shrinking family of sets in T\H"™' (not just
cusp neighborhoods). We note that in the cusp excursion case, the logarithm laws for
continuous and discrete time flows are equivalent. Later in a joint work with Kelmer
[KY'17], we studied more general shrinking target problems on homogeneous spaces,
which in particular, implies logarithm laws for cusp excursions for unipotent flows
on a non-compact finite-volume homogeneous space. Finally we also note that this
logarithm law problem is also closed related to the classical first hitting time problem

in dynamical systems (see [GP10]).

1.3 Counting on the light cone

Keep the notation as in Theorem 1. When taking the hyperboloid model for
H™, G = Iso™ (H"*!) can realized as SOg(n + 1, 1), the identity component of the
special orthogonal group preserving the standard quadratic form Qq(vg, ..., Upy1) =
vg + -+ 4+ v2 — v2,, of signature (n + 1,1). In this setting we can identify the

homogeneous space Q\G with the positive light cone
V&= {0 = (vg,...,Vn,Uny2) € R"™ | Qo(¥) = 0,v,41 > 0}

by identifying Qg with épg with & := (0,...,0,—1,1) € V' fixed by @ under right
multiplication.

For the classical primitive lattice point counting problem, we can view the set of
primitive vectors of a unimodular lattice as orbits of a translate of SL,,(Z). That is,

given a unimodular lattice A = Z™g € X,,,, we have Ay, = 7SL,,(Z)g with ¢ € Z}
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some fixed base vector. With this interpretation we can generalize this primitive
lattice point counting problem to our setting. More precisely, fix a non-uniform
lattice I' C G with a cusp at P and we take P = P; to be one of the representatives
of cusps of T'. For any finite-volume (with respect to pg\¢) Borel set B C V* and

any I'-translate I'g we would like to study the counting function
L(B,T'g) =4 (BNély)

counting the number of orbits of I'g in B. Similar to the modified Siegel transform,
we can interpret this counting function as an incomplete Eisenstein series. In fact for
f = x5 and g € G we will show that ©}(g) = £(B,I'g). From a mean value theorem
for this incomplete Eisenstein series that we will prove later on (remark 4.1.3), we see
that the expected term for this counting function is CloMQ\G(B) with ¢1¢ a positive

constant depending on I' as in Theorem 1. We thus define the remainder function
5(3, Fg) = ‘5(37 Fg) - ClOMQ\G(B>‘ :

In spirt of Schmidt’s classical results [Sch60], given a linearly ordered (with respect
to inclusion) family, B, of finite-volume Borel sets in V*, we would like to study the
asymptotics of the remainder function £(B,'g) for a generic lattice translate I'g with
B coming from B. Following Schmidt’s arguments, we can use our second moment

formula (1.1.6) to get the following bound for £(B,T'g) for a generic I'g.

Theorem 4. Keep notation as in Theorem 1. Let G = SO¢(n+1,1) andT' C G a non-
uniform lattice with a cusp at P. For any linearly ordered family, B, of generalized
sectors in VT, for p-a.e. Tg € T\G, there exists Cry such that for any B € B with
po\a(B) > Cry

511

E(B,Tg) < pg\a(B) ™ log®”? (ng\a(B)) .

where s11 € (§,n) is some constant depending on I' as in Theorem 1.
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Remark 1.3.1. We will make it precise in chapter 6 for what we mean by a generalized
sector. Our main tool for Theorem 4 is a mean square bound for the remainder func-
tion deduced from Theorem 2. Unlike Rogers’ second moment formula, our moment
formula has a third term coming form exceptional poles. The reader should note that
we state our result (and Theorem 5) implicitly assuming that I' has exceptional poles
at P. If T has no such exceptional poles, then the exponent * can be replaced by %
following Schmidt’s original argument. Moreover, in this case the geometric assump-
tion on B can also be removed. On the other hand, although having these exceptional
poles is problematic for our analysis, we can actually show that the exponent # (if
it exists) in our bound is optimal in the sense that one can choose B such that the
mean square bound we get from Theorem 2 is optimal for sets from B (see remark

6.1.4).

When I' = SOy(n + 1,1)(Z) is taken to be the lattice of integral points, the
homogeneous space I'\G naturally embeds into the space of rank n + 2 unimodular
lattices, X,42, as a null set (with respect to the Haar measure of SL,;2(R)). We can
thus view elements in I'\G as rank n + 2 unimodular lattices. This interpretation
gives another (perhaps more natural) way of generalizing the classical primitive lattice
point counting problem. To be precise, for any finite-volume Borel set B € V' and

any A € I'\G (that we view as a rank n + 2 unimodular lattice) we define
Noe(B,A) := #(BNAy,)

to the the counitng function counting the number of primitive vectors of A in B.
We note that this problem makes sense since for A coming from I'\G, A, N VT is
an infinite set. We also note that for the classical primitive lattice point counting

problem, the problem of counting orbits of SL,,(Z)-translates and the problem of
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counting primitive lattice points are the same since the action of SL,,(Z) on Z7} is
transitive. However, this is not the case in our setting. The action of SOy(n+1,1)(Z)
on V(Z)y: := Z2?NVT, the set of primitive integral points of V', is not transitive in
general. In fact, we will show that the number of orbits of the SOy (n+1, 1)(Z)-action
on VT (Z),: equals exactly the number of cusps of SOg(n + 1,1)(Z). This way we can
interpret this counting function N, (B, A) as a sum of certain incomplete Eisenstein

series at all cusps. More precisely, we will show that for f = yg and A = Z""2g € T'\G

h
Nox(B,A) = 64 (9), (1.3.2)
j=1
with f; indicator function of the dilation ;B of B for some A\; > 0. Again by
the mean value theorem for @;j, we see that the expected term for N, (B,A) is
Z?Zl cjotto\c(A;B). We thus define
h
Rp(B, A) := [Now(B, A) = Y cjopga(\B)
j=1
to be the corresponding remainder function. With (1.3.2) following similar arguments

as for Theorem 4 we have the following bound for R, (B, A) for a generic A coming

from I'\G.

Theorem 5. Keep the notation as in Theorem 1. Let G = SOg(n + 1,1) and T' =
SOp(n + 1,1)(Z) be the lattice of integral points. For any linearly ordered family, B,

of generalized sectors in V', for p-a.e. A € T'\G, there exists Cy such that for any

B € B with MQ\G(B> > Ch

Ree(B, A) < pova(B) ™ 1og®? (ng\a(B))

where sp = max{s;; | 1 <j < h} with sj; as in Theorem 1.
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Preliminaries and notation

2.1 Two different hyperbolic models

Fix n > 2. Let H"™! be the (n + 1)-dimensional real hyperbolic space and G =
Iso™ (H"!) be its orientation preserving isometry group. There are various hyperbolic
models of H""! and each model gives an explicit description of G. While the upper
half space model suits for logarithm laws, the hyperboloid model is a more natural
choice for applications to counting. We will thus use both models in this thesis. We
will prove our main result (Theorem 1) using the upper half space model. One should

note that the same calculation can be translated into the hyperboloid model without

difficulty.

2.1.1 The upper half space model

When choosing the upper half space model for H*™!, the isometry group G can be
realized via the Vahlen group which is defined as certain two by two matrices over the

Clifford algebra (see[Ahl85, EGM87, EGM90] for more details about Vahlen group).

15
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We note that this naturally generalizes the classical PSLy(R) and PSLy(C)-actions
on the two and three-dimensional upper half spaces.

We first briefly recall some facts about Clifford algebra. The Clifford algebra
Cl, is an associative algebra over R with n generators ey,...,e, satisfying rela-
tions e? = —1l,e;e;, = —eej,j # 1. Let P, be the set of subsets of {1,---,n}. For
J={j1,-+,jr} € Py with j; <--- < j, we define e; :=ej, ---¢;, and ey = 1. These
2" elements ey (J € P,) form a basis of C?,. The Clifford algebra C¢,, has a main
anti-involution * and a main involution /. Explicitly, their actions on the basis ele-
ments are given by (e;, ---€;.)" =e; ---e;, and (ej, ---¢;.) = (=1)"¢;, - - - ej,. Their
composition €5 := (€¢/;)* gives the conjugation map on C/,,.

For any 1 < j < n, let V7 denote the real vector space spanned by 1,eq,...,¢;.
Note that dimV? = j 4+ 1. The Clifford group 7} is defined to be the collection
of all finite products of non-zero elements from V7 with group operation given by
multiplication. There is a well-defined norm on V" given by |v|= \/v¥ and it extends
multiplicatively to a norm on 7,.

In this setting, the (n 4+ 1)-dimensional hyperbolic space model is the upper half

space
H" = {xg +z101 + -+ 2nen €V | (20, ..., 2n_1) € R" 2, > 0} (2.1.1)

endowed with the Riemannian metric

n (2.1.2)

Let M, (C4,,) be the set of 2 x 2 matrices over C'¢,,. The Vahlen group SLs(7,,_1) is
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defined by
; )\
a,b,c,d € T,,_, U{0},
a b
SLy(T,—1) = € My (Cly) | ab*,cd* € V1,
c d
ad* — bc* =1

\ /
Elements in SLy(7},—1) act on H"*! as isometries via the Mobius transformation:

a b
for any g = € SLy(T;,—1) and v € H"*H!

c d
g-v=(av+0b)(cv+d) . (2.1.3)

This gives a surjective homomorphism from SLy(7T,_1) to Iso™ (H*!) with kernel

+15, where I is the 2 by 2 identity matrix. Hence G is realized as PSLy(T,,_1) :=

SLo (T, 1) /{£1}.

We fix an Iwasawa decomposition

PSL,y(T,_1) = NAK,

with
1 x
N =< uy = |X:$Q+l'1€1+---+l'n_16n_1GVn_l ,
01
es 0
A= Ay = |t€R >
0 ez
and

K ={9€SLy(Th1) | g-en=cen}/{El2}

is the stabilizer of e,. From this we can identify G/K with H"*! by sending gK

/ /

) i ) 4 —4q; )

to g - e,. Finally we note that an element in K is of the form with
@ Q2

|1 > +|g2?= 1 and q1qo* € V1.



Chapter 2: Preliminaries and notation 18

With the above fixed Iwasawa decomposition, we fix the parabolic subgroup P =
N AM with M the centralizer of A in K. Explicitly, M is the subgroup of K consisting
of diagonal matrices, and P is the upper triangular subgroup of G. For later use we
note that K is isomorphic to SO (n + 1), M is isomorphic to SO (n) and M\ K can

be identified with the n-sphere S™ via the map

M\K — S" := {x0+xlel+-~-xnen|x3—|—xf+~-~x2:1}

n

¢ — __ 2 2
b— 2q1q2 + (’(J2’ —|q1| )en-
Q1 Qg2

We note that this map is well-defined since q1¢5 € V"1 if and only if gigo € V™!

([Par, Corollary 7.15]).

2.1.2 The hyperboloid model

When choosing the hyperboloid model
{U: (UO’ to 7U"+1) < R”H’Q | Qo(ﬁ) = _17vn+1 > 0} )

for H"*!, where Qy(v) = vg+- - -+v2—0v2_, is the standard quadratic form of signature
(n+1,1), G =Iso" (H"™) is realized as SOg(n + 1,1), the identity component of the

special orthogonal group
SO(n+1,1) ={X € SL,1»(R) | X'JX = J}

preserving Qg, where J = diag(1,...,1,—1). In this case G = SOy(n + 1,1) acts on
H"*! as isometry via right multiplication: for any ¥ € H"™! and g € G, g - ¥ = ¥g~ .

We fix an Iwasawa decomposition

G =NAK
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with
( )
I, —x! xt
N=qux=|x 1-3x]> x| x = (zg,...,xp_1) ER" >, (2.1.4)
x  —gllxI® 1+ gl
( )
( )
L,
SO(n + 1)
A=< a = cosht sinht ‘tER and K =
1
sinht cosht
\ J

Here ||x||>= 23+ - +2_, is the usual Euclidean norm and I,, is the n by n identity
matrix. We note that K is the stabilizer of the vector (0,...,0,1) and we can thus
identify G/ K with H"*! via the map sending gK to (0,...,0,1)g™%.

We fix the parabolic subgroup P = NAM with N, A as above and M the central-

SO(n)
izer of A in K. Explicitly, we have M = CK.

Iy
In the remaining sections of this chapter we will recall some more backgrounds on
hyperbolic geometry. We will take G to be either PSLy(7},—1) or SOg(n + 1,1) with

all other groups fixed as in this section.

2.2 Coordinates and normalization

Keep the notation as in previous section. Let I' C GG be a non-uniform lattice. In
this section, we will normalize the measures on various spaces. First recall that K
is isomorphic to SO(n + 1) and M C K is isomorphic to SO(n). Thus we denote by
on+1 and o, to be the probability Haar measures on K and M respectively. Next, we

denote by 7,1 to be the right K-invariant probability measure on M\ K. Explicitly,
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for any function ¢ on K we have

| oot = | 5 | oty (), ().

For the probability measure 1 = pir\¢ on I'\G, we note that under the coordinates

g = uxask, the Haar measure (up to scalars) of G is given by
dg = e " dxdtdo, 1 (k),

where dx is the usual Lebesgue measure on N (identified with R™). Hence the prob-

ability measure p on I'\G is given by

1
du(g) = V—Fe’”tdxdtdanﬂ(k) (2.2.1)

with vp = fF\G dg.
For the subgroup () = NM, we note that it is unimodular and we normalize its

Haar measure, denoted by fg, such that
dug(q) = dxdo,(m), (2.2.2)

where ¢ = uym with ux € N and m € M. Finally we normalize the measure on Q\G.
We note that since both G and @) are unimodular, there exists some right G-invariant

measure fig\¢ on Q\G satisfying

[ r@ine) = [ [ flapidno(aduocls) 223
G QA\GJQ
for any f € C*(G) and for some A > 0. We then normalize the g\ such that
A= % Explicitly, if identifying Q\G with A x M\K, for any a, € A and k € M\ K
we have

d,uQ\G(atl;;) = e "M dtdg, 1 (k). (2.2.4)
Throughout this thesis, for any functions F' on I'\G, f on Q\G and ¢ on M\ K, we
denote by ||F||2, [|f]]2 and [|@]|s for their L?-norms with respect to p, pg\c and 7,41

respectively.
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2.3 Cusps and reduction theory

Let I' C G be a non-uniform lattice. Recall that two parabolic subgroups are said
to be I'-equivalent if they are conjugate under I'. The cusps of I are the I'-equivalent
classes of parabolic subgroups whose unipotent radicals intersects I' nontrivially. Let
Py, ..., P, be a complete set of representatives for these classes. We note that G
acts on the space of parabolic subgroups naturally via conjugation and it induces
a map from G to the space of parabolic subgroups sending g € G to the parabolic
subgroup g~ 'Pg. Moreover, since P is self-normalizing, we can parameterize the
space of parabolic subgroups by the homogeneous space P\G which can be identified
with M\ K. Thus we can take a subset {&;,...,&,} C K such that fj_leé‘j =P
for any 1 < j < h. Following [Iwa02] we call these &;’s scaling elements. Each P;
has a Langlands decomposition P; = N;A;M; with N; = §jN§]-_1, A = fjAfj_l and
M; = ijSj*l. For each 1 < j < h denote by Q; = N;M;, I'p, := I' N P; and
I'y, :=I'N N;. By definition, each I'y; is nontrivial.

We note that I'\G having finite covolume implies that I'y; is a lattice in N (see
[GR70, Definition 0.5 and Theorem 0.7]). Moreover, since I' is discrete and I'y; is
nontrivial, we have I'p, C Q; = N;M; since otherwise there will be a sequence of
non-identity elements in I' converging to the identity element. Identify NN; with R"
and I'y; with a lattice A in R™. The conjugation action of I' p; on N;j and I'y; induces
an injection

FNj\ij — SO(Rn) N GL(A),

where SO(R™) denote the special orthogonal group of R"(= N;). Hence the index

[ij . FNJ-] is finite.
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For later use, we record some quantities here. For each 1 < 57 < h, let
vol(I'n; \ IV;) :/ dx (2.3.1)
& TN 6\N

be the covolume of I'y; in N;. We note that here we define the covolume indirectly as
the covolume of the lattice §j’IF ~;&; in N. The advantage of this definition is that we
can work on the same coordinates (coming from P) at each cusp P; via the scaling
element ;. We also note that while the lattice f‘j’lF ~;§; C N depends on the choice
of &, its covolume is independent of this choice (since &; is taken from the maximal
compact subgroup K). Thus vol(I'y,\NV;) is well-defined. Next, note that I'p, C Q;

is co-compact since I'y; is a lattice in N; and M; is compact. Let

o= [ duola) 232)
{;1ij§j\Q

be the covolume of I'p, in @);. We note that I'y,\@Q; = I'n,\N; x M; contains [['p, :

I'w,] copies of I'p,\@;. Thus by the normalization (2.2.2) for ug we have

1 vol(T'n, \ )

S duo(q) = ———5 "7 2.3.3
Ty Ty /gj—mj@-\@ S o (233

wj:

Fix a fundamental domain for f;ll“ ~;&; in N which, with slight abuse of notation,

we simply denote by {'J-_IFN].SJ-\N. Then the set
{uxaik | ux € & 'Tn,&\N,t € Rk € K} (2.3.4)

forms a fundamental domain for f;lFNjfj\G, and it contains [I'p, : I'y,] copies of
& "Tp,&\G.

For any 7 € R, let us denote A(7) = {a; € A |t > 7}. A Siegel set is a subset
of G of the form €,y = UA(7)K where U is an open, relatively compact subset
of N. Since G is of real rank one, we can apply the reduction theory of Garland

and Raghunathan ([GR70, Theorem 0.6] ). That is, there exists 7 € R, an open,
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relatively compact subset Uy C N, an open, relatively compact subset € of G and the
finite set = = {&,--+,&,} C G as above such that the Siegel fundamental domain
Frowe =CJ | U &Qw0 | - (2.3.5)
IS

satisfies the following properties:
(1) T'Fr 0, = G
(2) the set {y € T | YFrr.v0 N Fro.v, 7 0} is finite;
(3) Y& Q.00 N & v, = 0 for all v € T whenever &; # & € =.

In other words, the restriction to JFr , y, of the natural projection of G onto
['\G is surjective, at most finite-to-one and the cusp neighborhood of each cusp of
I'\G can be taken to be disjoint. We will fix this Siegel fundamental domain Fr -, v,
throughout this thesis. For later use, we note that Uy contains a fundamental domain

of é’;lFNjfj\N for each 1 < j < h.

2.4 Hyperbolic distance function

Keep the notation as before. Let distg and dist = distr denote the hyperbolic
distance functions on G/K = H"™! and I'\G/K = T'\H""! respectively. By slightly
abuse of notation, we also denote distg and dist to be their lifts to G and I'\G
respectively. The lift, distg, on G is left G-invariant and satisfies distq (id, a;k) = ¢
for any t > 0 and k € K, where id € G is the identity element. The lift, dist, on T'\G

is defined that for any g1, g2 € G,

dist (['gy, Tgo) = %relﬁ dista (91,792) -
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Clearly, dist (I'g1, I'ge) < distg (g1, 92). Conversely, if g1, g2 are from the Siegel set
.00, then there exists a constant D such that dists (€591, v&92) > diste (91, 92) — D

for any &;,& € = and any v € I' (see [Bor72, Theorem C]). In particular, this implies

dist (['¢;91,¢;g2) > distg (g1, 92) — D
for any &; € = and any g1, 9> € €2;v,- We then have
Lemma 2.4.1. For o € Fr ., v, fived, there ezists a constant D' such that
distc (0,&;9) — D' < dist (o0, &;9) < distg (0,€;9) (2.4.1)
for any & € = and any g € Q) v -

Remark 2.4.2. We view 0,&,g as elements in I'\G' when we write dist (0, {;g), and as

elements in G when we write distq (0, €;9).

Proof. The second inequality is trivial. For the first inequality fix an arbitrary ¢’ €

Q. v,, We have
dist (0,&;9) > dist (&', &59) — dist (0, &;9')
> distg (¢, 9) — D — distg (0,&;9)
= distg (&4, &;9) — D — distg (0,&;9)
> distg (0, &;9) — 2distg (0, &;9') — D.
Then D’ = 2 supg, = dista (0,&;9") + D satisfies (2.4.1). L

Note that any g € Q,, y, can be written as g = ua,k with v € Uy, t > 79,k € K.
Since U is relatively compact, = is finite and dist is right K-invariant, in view of

Lemma 2.4.1 we have

dist (0,&;9) = distg (0,a¢) + O (1) =t + O (1). (2.4.3)
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We note that we will only use this section to prove logarithm laws and for that we
can assume [' has a cusp at P (see chapter 5). Thus = can be taken such that it

contains the identity element. In this case we have
dist (0,9) =t + O(1) (2.4.4)
for any g = ua:k € Q,, y,. Finally, we note that when r is sufficiently large, the set
B, :={z € I'\G | dist(o,z) > r}

is a collection of neighborhoods at all cusps. In view of the above reduction theory

and the Haar measure (2.2.1) (see below) we have
(B, <e™ (2.4.5)

for any r > 0.

2.5 Fourier transform

In chapter 4 we will relate incomplete Eisenstein series with the corresponding
Eisenstein series via the Fourier inversion formula. We thus recall some backgrounds

of Fourier transform here. For any v € L'(R), its Fourier transform 0 is is a function

on R defined by

1 )
0(r)=—= [ v(t)e ""dt.
1= [0
The Plancherel Theorem ([Fol99, Theorem 8.29]) states that if v € LY(R) N L*(R)

then © € L*(R) and the Fourier transform on L'(R) N L?(R) extends uniquely to an

isometry to L?(R). In particular, for such v we have

/R B(r) [2dr — /R () [2dt.
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On the other hand, if v is also in L'(R), then it satisfies the Fourier inversion

formula ([Fol99, Theorem 8.26])

1 -~ itr
v(t):\/—Q_ﬂ/Rv(r)e dr.

Moreover, if v € C°(R) then ¥ can be extended to an entire function (by viewing r
as a complex variable) and [0(r)| decays super polynomially in r as |r| — co. Making

the substitution s = ir we get

1 ~
v(t) = / 0 (—is) eds.
211 Jore(s)=0

For any o € R we can shift the contour of integration from Re(s) = 0 to Re(s) = o

to get
1

271

v(t) =

/ 0 (—is) eds. (2.5.1)
Re(s)=c
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Constant terms of Eisensteln series

As mentioned in the introduction, one of the key steps of this spectral approach
computing the second moment of incomplete Eisenstein series is a calculation of the
constant term of the corresponding Eisenstein series. In this chapter we compute such
constant terms. We will choose the upper half space model for H**!, that is, we take
G = PSLy(T,,—1). But we will only assume this in section 3.2 when computing the
raising operator and we note that all the computations there can be done similarly
for SOg(n +1,1).

Let us first define the Eisenstein series. Let I' C G be a non-uniform lattice. Let
P, ..., P, beacomplete set of representatives for cusps of ' and = = {&,...,&,} C K
such that for each 1 < j < h, é‘j_le@ = P. Recall the Iwasawa decomposition
G = NAK that for any g € G we can write g = ua;k uniquely with u € N, a; € A
and k € K. For each parameter s € C, we can define a left N-invariant and right

K-invariant function ¢4 on G by
©s (uask) = e (3.0.1)

We note that since M C K commutes with A, ¢, is also left @-invariant. Given a

27
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function ¢ on M\ K that we think of as a left P-invariant function on G, the Eisenstein
series at P; is defined by

Ei(¢,5,9) = Y (& 9)0(5 1 9). (3.0.2)

€L\

Note that this is well-defined since @,¢ being left Q-invariant implies gps(fj_l—)¢(§j_l -)
is left Qj-invariant and I'p, C ;. We also note that this definition is independent of
the choice of §;: suppose &; € K is another such element satisfying (5;)*1Pj§; = P,
then using the fact that P is self-normalizing, we have 5;15’; € PNK = M. Moreover,

since @ ¢ is left M-invariant, we have for any v € ' and g € G

P& 7g) = s (§571€5(€)) " vg) = @50 ((€5)v9) -

Thus

> 0l ) = DD el (€)M vg) ¢ ((€) 1) -

YELp\I YELp,\I'

On the other hand, since we always choose the scaling elements §; to be in K, our
definition of Eisenstein series (and incomplete Eisenstein series defined in the intro-
duction) actually depends on the choice of representatives in a cusp (I'-conjugacy class
of parabolic subgroups). In fact, they give the same Eisenstein series (and incomplete
Eisenstein series) up to a dilation.

This defining series (3.0.2) of Eisenstein series converges for PRe(s) > n and has
a meromorphic continuation to the whole complex plane. Moreover, it satisfies a
functional equation relating s and n —s. When ¢ = 1, Ej(1, s, g) is right K-invariant
(called spherical) and we abbreviate it by Ej(s, g).

The constant term of the Eisenstein series along P; is defined by

1

EY (¢, s, :—/ E (0, s, &uxg) dx,
¥ (¢ g) VOI(FN]\Ng) £J—1FN]£]\N J (¢ 6] g)
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where vol(I'y,\N;) is as in (2.3.1). Again for spherical Eisenstein series I;(s, g), we
abbreviate its constant term along P; by E})(s, g).

While the spherical constant term E?(s,g) is well-known, for a general non-
spherical Eisenstein series Ej(¢, s, g), its constant term E]Q(qb, s,g) is not so well-
known. We will first review some facts about the spherical constant terms and use
them to deduce a constant term formula for any non-spherical Eisenstein series via

certain raising operator.

3.1 Constant terms for spherical Eisenstein series

We recall some facts about spherical Eisenstein series in this section. The general
theory was developed in [Lan76]. See also [HC68, War79, Kell5] for more precise
statements for the special case when G is of real rank one.

The spherical constant term EJ(s, g) has the form

Ej(s,9) = ¢s(9) + C;(s)n-s(9) (3.1.1)

with C;(s) a meromorphic function. Moreover, C;(s) is analytic on the half plane

PRe(s) > 5 except with a simple pole at s = n (called the trivial pole) and possibly
finitely many simple poles on the interval (%,n) (called ewceptional poles). It also
satisfies a functional equation relating s and n — s. More precisely, Ci(s),...,Cy(s)
are the diagonal entries of the scattering matrix ¥(s) (a h by h matrix with entries
meromorphic functions in s) which is symmetric and satisfies the functional equation

U (s)¥(n—s) = I, where I}, is the h by h identity matrix. In particular, for Re(s) = 7,

we have
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This implies that for each 1 < j < h and for Re(s) = 5

1C;(s)|< 1. (3.1.2)

Finally, let § < sj,, < --- < s;1 < 8j0 = n denote the finitely many poles of C; (s)

on the half plane JRe(s) > § and for each 0 < r < /; let
Cjr = ReSs:szCj (S)

be the residue of C; (s) at s;. We note that the residue at the trivial pole can be
computed explicitly and is related to the volumes of the fundamental domains as
following

Wi

Cjo = V_F7 (313)

where w; = fglppjg\Q dug(q) and vp = fF\G dg as before. We note that while this

was only proved in [Sar83] for n = 2 case, but the same argument works in general.

3.2 The raising operator

Keep the notation as in section 2.1.1. Let g and ¢ be the Lie algebras of G and
K respectively. Let gc = g ®r C and ¢c = € ®g C be their complexifications. As a

real vector space, ¢ is spanned by the matrices

1 [(eer O 1(e; O
-3 ’ (I<j<i<n—1), —3 ’ (1<j<n-1),
0 e 0 —e
0 e 1( 0 1
o (1§j§n_1)7 5 )
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where eg,...,e,_1 are the generators of the Clifford algebra C/, given as in section

2.1.1. The Lie algebra g is spanned by

0 e 01 10
0 0 0 0 0 —1

together with the basis elements of £ given as above.

3.2.1 Root-space decomposition of ¢

Let h be a Cartan subalgebra of £¢. Since ¢ is a complex semisimple Lie algebra,
it has a root-space decomposition with respect to b:

te=bhe P t

a€®(tc,h)

where & = & (€¢, ) is the corresponding set of roots, and for each a € ® the root-

space £, is given by
t, ={Xetc|[H,X]|=a(H)X forany H € h}.

Each root-space is one-dimensional and satisfies commutator relations [¢,, €3] C €, 3
for any «, 8 € ®. Fix a set of simple roots A and let ®* denote the corresponding set
of positive roots. Then ® = & U(—d"). For backgrounds on complex semisimple Lie
algebra, see [Kna02, Chaper II]. In this section, we first give an explicit isomorphism
between K and SO (n + 1), then use this isomorphism and the classical root-space
decomposition of so (n 4+ 1,C) to get an explicit root-space decomposition of €¢.

Recall V" = {x¢ + z1e1 + -+ - + xpep | (20, .., 1,) € R"™} and the identification

M\K—)Sn = {$0+x1€1+"'+xnen | :L'(2)—|—$%—|——|—£L’721:1}
¢ — -
f—> 23102 + (|2 =1 ?) €n-
q1 42
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Embed S™ in V" and fix an inner product on V" such that {1,e,---,e,} forms an
orthonormal basis of V. Thus we can identify SO(n+1) with SO(V™). Then the right
regular action of K on M\K = S™ (that is, for any g € K and k € M\K, g-k = kg ™)
induces an isomorphism from K to SO (n + 1). In particular, it induces a Lie algebra
isomorphism between £¢ and so (n + 1,C). Explicitly, for any 0 < j < I < n define

L;; € €c as following:

(
| e 0 _ .
-3 if 1<j<li<n—-1
0 eje
1 €l O . .
-3 if j=0,1<1<n—-1
0 —€
L, = (3.2.1)
[0 e . .
3 if 1<j<n—-1,l=n
ej 0
) 0 1 o
: if j=0,l=n.
-1 0

3
By direct computation, the induced isomorphism from ¢¢ to so(n+ 1,C) is given
by sending L;; to E;; for any 0 < j < [ < n, where E;; is the anti-symmetric
(n+ 1) x (n + 1) matrix with (7, l)th entry equalling one, (, j)th entry equalling neg-
ative one and zero elsewhere. Using the classical commutator relations of F;; we get
the commutator relations of L;;. To ease the notation, we let L;; =0for 0 <j <n
and L;; = —1L;; for 0 <1 < j < n. Explicitly, L;; satisfy the following commutator

relations

[Lj,l’ Ls,t] = 6lsLj,t - 5stl,zt - 5ltLj,s + 5thl7s (3.2.2)

for any 0 < j,1,s,t < n, where d;; is the Kronecker symbol. Moreover, using the root-
space decomposition of so (n + 1,C) (see [Kna02, p. 127-129]) we get the following

root-space decomposition of €- depending on the parity of n + 1.
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CaseI: n+1=2k+1is odd

When n+1 =2k + 1is odd, ® is of type Bg. For each 0 < 7 <k — 1, let
Hj =ilLgjj1

with Lg;oj41 defined as in (3.2.1). Let h be the complex vector space spanned by
the set {H; |0<j<k—1}. Foreach 0 < 57 < k—1,let ¢; : h — C be the
linear functional on b characterised by ¢; (H;) = d;. Using the above isomorphism
between £c and the root-space decomposition of so (2k 4+ 1, C), we know b is a Cartan

subalgebra and we can choose the set of simple roots to be
A={egy—¢€1,61 —€9,...,Ek—2 — Ek—1,Ek—1} -
The corresponding positive roots are given by
P ={e; £ |0<j<i<k—-1}U{g |0<j<k-—1}.

Moreover, the positive root-spaces are explicitly given as following. For any 0 < j <
I<k-—-1

bte = C((Lojau — iLojrr,21) F (Lojyr,2001 +iLloj2i11)) 5 (3.2.3)

and forany 0 < j < k-1

Case II: n+ 1 =2k is even

When n + 1 = 2k is even, ® is of type D;. Similar to the odd case, for each
0<j<k—1,let

Hj=1iLojoj1
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and let h be the complex vector space spanned by {H; |0 < j <k —1}. For each
0 <j < k-1, denote ¢; : h — C the linear functional on b characterised by

g (H;) = 0;;. The set of simple roots can be chosen to be
A={eg—e1,61—€2,...,Ep—2 — E—1,Ek—2 + €1} -
The corresponding positive roots are given by
Pt ={e; £ |0<j<i<k-1},

with €. 1., spanned by the same elements as in (3.2.3).

Remark 3.2.5. The commutator relations (3.2.2) and root-space decomposition above

can both be checked directly using the relations
eje; +eej = =205 forany 1 < 5,0 <n

defining the Clifford algebra CZ,.

3.2.2 Parabolic induced representations

Let G = NAK be the fixed Iwasawa decomposition and M be the centralizer of
A in K as before. For each parameter s € C, we can view the function ¢, defined
in (3.0.1) as a character of A that extends trivially to N. Thus ¢, can be viewed
as a one-dimensional representation of NA. Let 1,; be the trivial representation of
M. Then tensor product ¢, ® 1, is a one-dimensional representation of P = NAM.
We can thus induce a representation from the parabolic subgroup P to the whole
group G. This procedure is a special case of a more general process of constructing
representations of G called parabolic induction. Explicitly, the induced representation

I* = Ind$ (¢, ® 1)) consists of measurable functions f : G — C satisfying

f (uamg) = s (a) f(g) for p-ae. g € G, with u € Nya € Aand m € M. (3.2.6)
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with G acting on I° via the right regular action. We note that (3.2.6) implies that
elements in I° are left Q-invariant. Thus f € I° can be viewed a function on Q\G
which can be identified with A x M\ K. By the identification between M\ K and S™,
f € I* can be viewed as a function in coordinates (t,zg, z1,...,z,) € R"? with the
restriction 2§ + 27+ + 22 = 1.

Let I3, C I° be the subspace of smooth functions. We note that I3 is a dense
subspace of I° and the right regular action of G on I° induces a g-module structure
on I3 by differentiating the group action: For any X € g and any f € I3, define the
Lie derivative, 7 (X), by

(x (X)) (9) = - (gexp (uX))
Y y=0
We note that the Lie derivative respects the Lie bracket, that is, [7 (X),n (V)] =
7 ([X,Y]) for any X,Y € g, where the first Lie bracket is the Lie bracket of endo-
morphisms. Since functions in I3 are complex-valued, we can complexify the Lie
derivative by defining

T(X+Y) :=7n(X)+ir (V)

for any X,Y € g. Thus I3 becomes a gc-module. In particular, I3, is also a £¢-
module. Let  be the Cartan subalgebra of £c and ®* be the corresponding positive
root system as in the previous section. Let h* denote the complex dual of h. Given
a tc-module V' and p € b*, we say v € V is of K-weight p if H-v = p(H)wv for
any H € h. We say v € V is a highest weight vector if v is of K-weight p for some
peb*and X -v =0 for any o € ®* and any X € £&,. We note that every irreducible
representation of K is a finite-dimensional irreducible €c-module by differentiating
the group action at the identity, and every finite-dimensional irreducible £c-module

admits a unique (up to scalars) highest weight vector (see [Kna02, Theorem 5.5 (b)]).
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Again by condition (3.2.6), a function f € I° is totally determined (up to a null
set) by its values on M\ K. This induces an isomorphism as K-representations from
I* to L* (M\K) sending f to f|x. Identify M\K with S™ as above, we have the

following decomposition of L? (M\K) as K-representations:

12 (M\K) = @DI* (M\K.p),

p=>0

where L? (M\K,p) is the space of degree p harmonic polynomials in n + 1 vari-
ables restricted to S™ (see [Gar, Corollary 5.0.3]) and @ denotes the Hilbert direct
sum. Moreover, let H? be the space of degree p harmonic polynomials in coordinates
(0,21, -, x,) € V™. Then HP is an irreducible K-representation and is isomorphic
to L* (M\K,p) via the map ¢ — ¢|sn ([T.76, Theorem 0.3 and 0.4]). Finally, we
note that (zg — iz1)” € HP is of K-weight pey ([Kna02, p.277-278]) and H? is of high-
est weight pey ([Kna02, p.339 Problem 9.2]). Hence (zq — ix1)? is the unique (up to
scalars) highest weight vector in HP.

Correspondingly, let 15 (K,p) :={f € I, | flx€ L? (M\K,p)}. Then we have a
decomposition of I3

I, =PI (K.p).
p=0

Moreover, I3, (K, p) is an irreducible c-module of highest weight pey, and the highest

weight vector is given by
Vsp (6,0, T1y oy x) 1= € (xg — ixy)P .

Now we define the raising operator R™ € gc by

1 0 —1+ie ] 01 : 0 e
Rt = 37 =57 + %7‘(’
—1 — e 0 1 0 —e; 0
To compute RT explicitly, we use the spherical coordinates on S™: Let (xg, 1, ..., T,)

be the coordinates on S™ as above, define (6y, 61, ...,60,_1) € [0,27]"~! x [0, 7) such
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that

Ty = cos by,

x1 = sin by cos by,

Tp_1 =sinfy---sinf,_ocosb,_1,

Ty, =sinfy---sinf,,_osinf,_;.
Hence under the coordinates (¢, 6;), s, is given by
©sp (t,0;) = € (cos by — isin by cos b))’ .

Moreover, under these coordinates, for any X € gc, the Lie derivative 7 (X) is a first

order differential operator of the form

0 X0
m(X)=Fo +ZFia—Qi,
1=0

where F, F; are functions in (¢, 6;). For our purpose, we define

= 0 0 0

—_——

Since s, only depends on the variables (¢,6y,0:), 7 (X) psa = 7 (X)psq for any
X €egc.

Now we describe the strategy to compute Lie derivatives. We first show how to

a b
extract the coordinates (t, ;) from a given element g = € (. Write
c d
a b 1 u ez 0 ¢ —q,
= 2 (3.2.7)
c d 0 1 0 ez @ G
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by Iwasawa decomposition. Comparing the second row of the matrices on both sides

and recalling the identification between M\ K and S™ we get
et = |e|*+|d|? (3.2.8)

and

N P 2ed + (|d|*—|c|?) en
T+ Tre] o Tpe, = :
P |c[>+[d]?

(3.2.9)

where x; are expressed by 6; as above. Fix an element g € G. For any X € g, the

coordinates (t,6;) of gexp (yX) can be viewed as functions in y as y varies. Denote

—_—

(t (y),0 (y)) to indicate this dependence on y. Then the Lie derivative 7 (X) is exactly

given by
X)=t(0) = +6,(0) — + 0" (0) =—.
7 (0) = /(0) 5 + 66 (0) 5 + 61, (0) 5
0 1 0 €1
Lemma 3.2.1. Let By = and By = Then
10 —e€1 0
(1) = —2cos 002 — 25in -2
T = —2cosby— — 2sinbfy—
1 03 099,
and
= ) 0 0 sinf; 0
7 (By) = —2sin b cosﬁla + 2 cos g 008918—90 - sinﬁ(l)ﬁ_@l'
Proof. Using the formula exp (yB1) =Y .oy (yﬁl)i we get
coshy sinhy
exp (yB1) =
sinhy coshy
Thus
a b coshy sinhy * *

c d sinhy coshy ccoshy + dsinhy csinhy 4 dcoshy
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Using (3.2.8) we get
e7'® = |cosh y + dsinh y|*+|csinh y + d cosh y|?= e~ (cosh (2y) + sinh (2y) cos ) -
Taking derivatives with respect to y and evaluating at 0 on both sides we get
' (0) = —2cos bp.

Similarly, using (3.2.9) and comparing the constant term and coefficient of ey, we get

_sinh (2y) + cosh (2y) cos Oy
~ cosh (2y) + sinh (2y) cos 0,

cos (6 (y))

and
B sin 6, cos 6,
~ cosh (2y) + sinh (2y) cos 6y

sin (6 (y)) cos (61 ()

Taking derivatives with respect to y and evaluating at 0 we get

60y (0) = —2sinf, and 6 (0) = 0.

e~

Thus 7 (By) = —2cos o2 — 23111008%0.
coshy  sinhye;
Similarly, for By we have exp (yBs) = and
—sinhye; coshy

a b coshy  sinhye; * *

c d —sinhye; coshy ccoshy — de; sinhy ce;sinhy 4+ dcoshy
Using (3.2.8) and (3.2.9), after some tedious but straightforward computations we get

e t) — ot (cosh (2y) + sinh (2y) sin 6y cos ;) ,

cos bty
cosh (2y) + sinh (2y) sin 6y cos 6’

cos (6o (y)) =

and
_sinh (2y) + cosh (2y) sin  cos 6,
~ cosh (2y) + sinh (2y) sin 6y cos 0,

sin (6 (y)) cos (61 (v))
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Hence by taking derivatives with respect to y and evaluating at 0 we get

ind
t'(0) = —2sinfycos by, 6, (0) =2coshycosh; and 67 (0) = D Yk
sin 6,
Hence 7 (By) = —2sin, cos 01% + 2 cos 6 cos «916%) - 22&3(1) 3%1. O
In view of Lemma 3.2.1 we get
~ 0 0 ind, 0
Rt = (cos By — isin by cos b;) g + (sin 6y + @ cos Oy cos ;) 200~ ZzE@; 26

Since R¥ s, = R+ ¥sp, applying R* to psp We get
RY@sp = (s +p) Psps1- (3.2.10)

Remark 3.2.11. We note that using the explicit root-space decomposition described
as above, one can directly check that the raising operator Rt (more explicitly, the

matrix representing R™) satisfies
[H,R"|=¢o(H)R" and [R",8,]=0 (3.2.12)

for any H € h and any a € ®*. The first part of (3.2.12) implies that R™ sends a
vector of K-weight p to a vector of K-weight p + g9 and the second part of (3.2.12)
implies that BT sends a highest weight vector to either zero or another highest weight
vector. Since ¢, is a highest weight vector of K-weight peg, R ¢, , is either zero or a
highest weight vector of K-weight (p + 1) g. But since I3, = @72,13, (K, p) and each
I (K,p) has a unique (up to scalars) highest weight vector ¢, the set of highest
weight vectors in I3 is exactly {ps, | p > 0}. Thus R s, is a multiple of ¢ 1.
In fact, (3.2.12) is the characterization we used to find R*. However, once we have
found R*, (3.2.12) is no longer essential for our proof, since we get (3.2.10) (which

trivially implies that R, is a multiple of ¢;,11) by explicit computation.
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3.3 Constant terms for non-spherical Eisenstein

series
With (3.2.10) we can finally give a constant term formula for non-spherical Eisen-

stein series. For any non-negative integer p we define

1 ifp=0
Zp<3) =

p—1 n—s+k :
k=0 spx P >0

Proposition 3.3.1. For any ¢ € L? (M\K,p) that we view as a left P-invariant

function on G,

5 (¢.5,9) = (¢ (9) + Z, (5) C; (5) on—s (9) ¢ (9) . (3.3.1)
where C;(s) is as in (3.1.1).

Proof. For any p > 0, let h, be the highest weight vector in L? (M\K,p). We first
prove (3.3.1) for h,. We prove by induction. If p = 0, this is the spherical constant
formula (3.1.1). Assume now that (3.3.1) holds for h,, for some p > 0, we want to show
that it also holds for h,.;. We apply the raising operator RT to the constant term
E° (hy,s,g). On the one hand, by induction hypothesis and noting that ¢sh, = ¥s,

is the highest weight vector in I3 (K, p) we have

EJQ (hps 8,9) = Psp (9) + Zp (5) Cj (5) Pu—syp (9) -

Hence by (3.2.10) applying RT to both sides of the above equation we get

R+Ejo (hp7 S, g) = (8 +p) cps,p+1 (g> + (n — S5+ p) Zp (S) Cj (S) (Pn—s,p—i-l (g) .
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On the other hand, since RT commutes with the left regular action, we have

1
RYE} (hy, s,9) = —/ R, , (6717¢ uxg) dx
J P VOI(FNJ \Nj) £j_1FN]€]\N 'Yeg\r P ( J J )

S+p .
= 0 o s : Uy q) d
vol(FNj\Nj) /£j1 Z Ps,p+1 (ﬁj YEu g) X

L, E\N yETp,\T

= (5 +p) Ej (hpt1,5,9).

Comparing the right-hand sides of the above two equations we get

E} (hpya, 8, 9) = :1]9 (s +D) @spr1(9) + (n—s5+p) Z,(5)Cj (5) Pr-sp1(9))
— a1 (9) + L 7 (1G5 (5) P sps ()

S+p

= Psp+l (9) + Zpt1 (s) C; (s) Pn—s,p+1 (9)-

Now for general ¢ € L?(M\K,p), since L? (M\K,p) is an irreducible £c-module,
¢ can be written as ¢ = Dh, with D some differential operator on L? (M\K, p)
generated by 7 (c). Since 7 (€¢) acts trivially on the character ¢, we have Dy, , =

wsDh, = ¢s¢. Hence on the one hand,

1
DE? (h = Dy, “yEiugg) d
J ( 2 Svg) VOI(FN]\N]> /f;l Z Ps.p (éj ’75]” g) X

1_‘N]- &G\N WEFPj \I"

—1 — _
B vol(I'n, \IV;) \/gj—l Z Ps <§j 17§jux9) ¢ <£j 17§jux9) dx

FNjfj\N fyeppj \T

=E) (,s,9).

On the other hand, using (3.3.1) for h, we get

DEj (hy, s.9) =D (s (9) + Zp (5) C; (5) pns (9)) by (9))

= (s (9) + Zp () Cj (5) pn—s(9)) ¢ (9) -

The proof finishes by comparing both equations. O
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Remark 3.3.2. For later use we remark here that for any p > 0, Z,(s) satisfies the

functional equation Z,(s)Z,(n — s) = 1. In particular, for Re(s) = 3

1Z,(5)P= Z,(8)Z,(5) = Z(8)2(5) = Zp()Zy(n — 5) = 1. (3.33)



Chapter 4

Proofs of main results

With all the preparations in chapter 3, we can now give the proofs of Theorem
1 and Theorem 2. Let us first recall the definition of incomplete Eisenstein series.
Given a bounded and compactly supported function f on Q\G (that we view as a left
Q-invariant function), the incomplete Eisenstein series at P; attached to f is defined
by
g = Y f(&"9).

el p,\I
Similar to Eisenstein series, @; is well-defined due to the left Q-invariance of f.
Moreover, since f is bounded and compactly supported, we can bound |f (atl%)| <;
e”t = p,(ay) for any o > n. Thus the defining series for @?E is absolutely convergent
and gives a well-defined function on I'\G. Our goal of this chapter is to compute

H@}H% explicitly in terms of f.

4.1 Two preliminary identities

We first give a preliminary formula for ||@}||§ using the standard unfolding trick.

44
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Lemma 4.1.1. For any bounded and compactly supported function f on Q\G and

for any F € L* (T'\G)

©%4(9)F (9) du(g) :/r \Gf (&'9) F (9)dp(g).

NG

In particular, we have

o7 l5=" /Q o @RIPi ) adk)dpra(adk). (4.1.1)

1 . -
P; k::—// O (&jugmaik)dx do, 4.1.2
) = 375 fy oo OGN Aol (412
with vol(I'y;\N;) given as in (2.3.1).

Proof. Let Fr be a fundamental domain for I'\G'. Noting that Fp, :=J, cr, \r 7/T
forms a fundamental domain for I'p,\G, and for bounded and compactly supported

f the defining series for @; is absolutely convergent, we thus have

/E@g;(g)p(g)du(g)z > /ff(f;lvg)F(g)dMg)

For the special case when F' = ol = @% we get
o= [ TEe @) = [ T@ejeoduls)
FP]-\G §;1FPJ-£J'\G
where for the second equality we used the fact that if Fp, is a fundamental domain

for I'p,\G, then fj-’l}" p, forms a fundamental domain for 5;1F p,&;\G. Moreover, by
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the normalization (2.2.3) and the right Q-invariance of f we have

, 1 _ A ~ N
|2 = — / Fla) / O (900 dpig (a)dpoc (k)
vrJoG & 'Tp6\Q
1

— e L Fah) [ ej(Gaad)ducla)dioalodd)
vellp, - Ty ] Jova t &', 6\Q A ¢ Qe

where for the second equality we used the fact that f'j_lI’Njfj\Q contains [['p, : I'y,]

copies of fj_lejﬁj\Q. Finally by the description (2.3.4) of 5].—1FN],5]-\G, the normal-

ization (2.2.2) and the relation (2.3.3) we have

. 1 . . N N
@]2:—/ fak// O (&uxymagk)dxdo, (m)duo\q(atk
1O = st T oo 7O [, o, OHEamaRyisostmhicyotod

“i

= Flak)P;(£)(aik)dpgcadk).
rJo\¢

Remark 4.1.3. When taking /' = 1 in Lemma 4.1.1, and using the left ()-invariance

of f, the normalization (2.2.3) and (2.3.2) we have

| ej@idute) =2 [ fakiduoclaib) (4.1.4)
na T JQ\G

We note that this is the first moment formula for @;.

In view of Lemma 4.1.1 we are interested in computing P;(f)(a:k) explicitly in
terms of f. We will first do this by relating the incomplete FEisenstein series @zc
with the Eisenstein series E;(¢, s, g) when f is of the form f(ak) = v(t)p(k) with

v € C(R). This relation is stated in the following lemma.

Lemma 4.1.2. For any f on Q\G of the form f(ak) = v(t)p(k) with v € C°(R)

and for any o > n we have

A 1 o
O%(g) = m /me(s)za v(—is)E;(¢, s, g)ds.
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Proof. By the Fourier inversion formula (2.5.1) we have

1

271

1

_ S(—is)ps(an)o(F)ds.
/% P (eolbs

271

flak) = /9%()— o(—is)e*p(k)ds

Now view f, s and ¢ as corresponding functions on G to get for any g € G

1

21

flg) =

/m( - v(—is)ps(9)9(g)ds.

Thus

OHg) = Y. f& ) =

el p\T

1
— | aiB s
Re(s)=o

211

1 o . B
27i /m(s)_gv( i) Z ©s(&19)0(& 19)ds

el p\T

We note that for the last equality we used the defining series (3.0.2) to represent

E;(¢,s,g) and it only holds for o > n. ]

In view of Lemma 4.1.2 for f(ak) = v(t)¢(k) we have

Py(f) (k) = —

/ v(—1s) / EJQ(QZ), s, ma;k)do, (m)ds, (4.1.5)
Re(s)= M

271

where E;)(¢, s,g) is the constant term of E;(¢, s, g) along P; defined as before.

4.2 Proof of Theorem 1

In this section we give the proof of Theorem 1. We first recall some notation here.
Recall that C;(s) is the meromorphic function in the constant term formula (3.1.1).
It has simple poles at § < sj, < --- < s;1 < sjo = n on the half plane Re(s) > §
with residues ¢j, = Res,—,,C; (s) for 0 < r < £;. We also recall that cjo = %7 with

wWj = fgj—lrpjgj\Q dpg(q) and vp = fF\G dg (see (3.1.3)).
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For any integer p > 0 let d, be the dimension of L?(M\ K, p). Fix an orthonormal
basis

{tps € LX(M\K,p) | 1 <1< d} (4.2.1)

for L? (M\K,p). Recall 7,1 is the right K-invariant probability measure on M\ K.
For any bounded and compactly supported function f on Q\G and any s € (3,n) we

define

2 : (4.2.2)

My (s):= ) Zy(s) Y

p=0 1<I<d,

/ Uf,p,l (t) 6_Stdt
R

where Z, (s) is as in Proposition 3.3.1 and

vt (t) = i Fak)ty(k)dG 4 (k).

We note that M;(s) is not linear in f. For any fi,..., f; on Q\G, it is usually not
easy to get good estimates for My 1., (s) in terms of My (s),..., My (s). Here for
later use we record a very crude such estimate: using the inequality |z; + - - - + 2 [*<

I(]z1*+ - - + |z|*) we can bound for any s € (%,n)

Mf1+~-~+fz(s) <l (Mf1 (8) T+ Mfl<8)) : (423)

4.2.1 The linear operator 7;

In this section we define the bounded linear operator 7; in Theorem 1. Let f be a
bounded and compactly supported function on Q\G. Recall the preliminary identity

(4.1.1) that

(6713 2 || S P,( ek ofadh
with the linear operator P;(f) given by

1 ; -
Pi(f)ak) = m /M /gjerjgj\N O} (§juxmaik)dx do,(m).
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Write f = 3", fp1 with Fou(ak) = v, (t),i (k). The linear operator T; is defined

¢
Ti(F)ack) = Py(f)(ak) = flak) =D > V2m0pp0(~isir)cirZp(se)0n-s,, (@) bpa(k),
= (4.2.4)
where vy, (—isj,) = \/%7 Jo Vrpa(t)e *mtdt is the Fourier transform of vy, evaluated
at —1s;,.
While the definition (4.2.4) of 7; looks complicated, we will show that when f is

of certain form it has a very simple integral expression from which we will deduce

that ||7;]2< 1.

Lemma 4.2.1. If f is of the form f(ak) = v(t)y,,(k) with v € C°(R), then

21

T(F)(ark) = — / U(=i5) Zp(5)Ci(5)pn—s(ar)dstip (k). (4.2.5)
Re(s)=2
Moreover, for such f we have ||T;(f)|l2< ||fl2-

Proof. First we note that for f of the above form, (4.2.4) is equivalent to

Pi(f)ak) = f(ak) + T;(f)(ark) + ZJ V2r0(—isje) Cir Zp(550) sy, (@) U (K).
" (4.2.6)

Next, by equation (4.1.5) and Proposition 3.3.1 we have for any ¢ > n

Pi(f) (ak) = — /m L /M B (Y1, 8, mak)dor, (m)ds

21

1 o )
- /w(s):gv(—zs) /M (os(ar) + Zp(s)Cj(8)pn—s(ar)) wp(k)don(m)ds

271

— () pa(R) + e

211

/m( . U(=i5) Zy(5)C;(8)0n-s(ae)Upi (k)ds,

where for the last equality we used the fact that E?(wm, s,ma.k) is independent of

m € M and the Fourier inversion formula (2.5.1). Now shifting the contour from
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PRe(s) = 0 to Re(s) = 5 and picking up the poles at s;. we get

PARak) = flad) + o [ i 2R

21
2
+ ) V2rO(—ise) i Zp(8ir)Pnms,, () by (K).
r=0

Thus (4.2.5) follows by comparing this equation with (4.2.6).
For the second statement, first recalling the normalization (2.2.4) and applying
Plancherel’s theorem to v(t)e”% and recalling that v, € L*(M\K) is of norm one

(with respect to 7,.1) we can compute

191 [ 1o e delnali= [ [otr = ig)[ ar
R R

Next, to compute || 7;(f)||3 we define w, a function on R such that

w(r) =v(r —i=)Zy(

5 2+27")C(2+z7’)

By (3.1.2), (3.3.3) and the fact that [0(r — i%)| decays super polynomially in 7 as

|r|— oo, we have that

+ Z?”)CJ(E

()] = |00 —i5)Z,(5 5

5 5 + zr)‘ < "z?(r — zﬁ)‘ (4.2.7)

2
decays super polynomially in r as well. Thus w € L*(R)NL?(R) has Fourier transform
and satisfies Plancherel’s theorem. Now making substitution s = 4 +ir we can rewrite

(4.2.5) to get

Ti(f)aik) = r—i5) Zy(5 +ir)Cy (5 +ir)elE T g, (k) = B(E)e3 (k).

\/ﬁ/ 2

Thus similarly we can compute

—~ ng2
NIz = / @) H ] e dt |l

:A|@(t)|2dt24|w(r)|2dr
< [ ffr=ip] ar =11,
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where for the third equality we used Plancherel’s theorem for w and for the inequality

we used (4.2.7). O
We can now give the

Proof of Theorem 1. For any bounded and compacted supported function f on Q\G,

write f =3 vspitp1 as before. Rewrite (4.2.4) as

Pi(f)(ak) = T;(f)(ak) + f(ack) +ZZV 707 1 (<1550 )Cje Zp(0) sy (a0) Ui ().
r=0 p,
In view of (4.1.1), the above expression for P;(f) and the identity c;o = f—i, to prove

formula (1.1.6), it suffices to show that for each 1 <r < ¢,

QG
(4.2.8)

and for r = 0 (noting that s;o = n)

oo f(ack) (Z \/ﬁﬁf,p,z(—in)Zp(n)%J(’E)) dugo(ak) = [(f, 1. (4.2.9)

ol

For (4.2.8), by orthogonality and recall normalization (2.2.4) we have

fat (Z\/_Ufpl ZSJT)Zp(Sjr)SOn—sz(@t)”éffp,z(l;’)) dMQ\G(&t/;‘)

QA\G

=> /R Vppa(t)e™ I At 2m0g 1 (i) Zp(sjr)
p,l

S ACS / oppalt)e "t dt
p,l

where for the last equality we used the fact that s; € (%,n) is real. For (4.2.9)

2
= Mf(sjr)7

we first note that Z,(n) = 0 if p > 0 and Zy(n) = 1. Moreover, L*(M\K,0) is

one dimensional and spanned by the constant function vp; = 1. Thus we have
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vroa(t) = fM\K f(aik)de 1 (k) and

(f;1) = fack)dpgc(aik)

Q\G

= / f(atl;)e_”td?fnﬂ (];?)dt = \/ﬁ@f7071(—in).
R JM\K

Hence we have

f ak (Z \/_Ufpl (=in) Zp(n) vy (k )) d/LQ\G(atl;’)

Q\G

= V27m0s01(—in) f(at%)d/vLQ\G(at%)
Q\G

= (£, D{L.1) = (LD

This finishes the proof of formula (1.1.6). It now remains to show that ||7;|].< 1,
that is, to show | T;(f)||l2< || f]l2 for any f € L*(Q\G). We first prove this for smooth
compactly supported functions. For f on Q\G smooth and compactly supported,
write f =3 fo1 = 2,1 Vipi¥ps as above with vy, € C°(R). It is clear from the
definition (4.2.6) of T that T (f,;) and T (f, ) are orthogonal to each other whenever

(p,1) # (p/,1'). Thus by Lemma 4.2.1 and orthogonality we have

A= T D13 N fpallz= 1£113-
p,l p,l

Finally we note that since the space of smooth compactly supported functions is dense
in L?(Q\G) and T, is bounded, we can extend T; uniquely to L*(Q\G) with the same

operator norm. ]

Remark 4.2.10. We note that by choosing different testing functions, it is not hard
to see that these residues c;, are real. In fact, combining the first moment formula

(4.1.4) and the second moment formula (1.1.6) we can bound
b
1©% = ciolf, DB 2¢h0ll FI3+cjo Y crMy(sj).

r=1
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Moreover, we can take suitable testing functions f such that My (s;;) is arbitrarily
larger than all other terms in the right-hand side of this above inequality. Thus
by the positivity of the left-hand side, we know that c¢;;, the residue at the largest
exceptional pole s;i, is positive. We suspect that all these residues are positive and it
is probably a well-known result, but we can not find a reference explicitly stating it.
We note that for PSLy(R) this is proved in [Iwa02, Theorem 6.9] using Maass-Selberg

relations.

4.3 Proof of Theorem 2

In this section we give the proof of Theorem 2. Let us first define the family of
functions &7, occurring in this theorem. Fix a parameter A > 0, define &, C L? (Q\G)

to be the set of bounded functions of the form

flak) =v(t) (k)

with v non-negative and satisfying

Jpv (t) e stdt
2s—n n—s

(fR v (1) e—”tdt) o (fR v2 (t) e_ntdt) !

for any s € (%, n), and ¢ € L*(M\K) non-negative if v is not compactly supported.

<A (4.3.1)

Remark 4.3.2. We will prove Theorem 2 by showing that for any s € (3, n),

2(2s—n 4(n—s)

)
Mf(s) SJsA ||f||1 " ||fH2 "

under the assumption of (4.3.1). We note that when ¢ is also non-negative, we do
not require v to be compactly supported. So a priori for such f we can not apply
formula (1.1.6) directly. Instead, we will prove a variant of (1.1.6) for such functions

from which we deduce Theorem 2 (see Corollary 4.3.3).
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Before proving Theorem 2, we show here that when v is an indicator function
(which is the case for applications), we can always bound the left-hand side of (4.3.1)

by 2.

Lemma 4.3.1. For any function f on Q\G of the form f = v¢ with v an indicator
function of any Borel set in R away from —oo and ¢ any non-negative function on

M\K, then f € .

Proof. First we note that since v is bounded and supported away from —oo, all three
integrals on the left-hand side of (4.3.1) are finite. Moreover, since v? = v it suffices

to show that

é v(t)e *dt <2 ( /R v (t) e_”tdt) ’

Take a = #5* and let T" be some real number to be determined, then we can bound

T oo
/v(t)e“dt:/ U(t)GStdt—l—/ v(t)e *dt
R —0o0 T

T 6_ST
S/ U(t)e—(s+a)t€atdt+
S

—0o0

T n HTQ T n % e_ST
< (/ (v(t)e_(erO‘)t)Mdt) (/ (eat)n—s—adt) +
S o s

sta

sta n—s—a _sT
" Nn—8S— Q& _na ™ e
(o) T (rmrmem)
R no s

n—s—a\ n S el
- (—) e (/ v(t)e_”tdt) + :
no R s

where for the first inequality we used the bound v < 1, for the second inequality we

used Holder’s inequality and the facts that v® = v for any 8 >0and n —s —a > 0

(recalling a = “5*) and for the third inequality we used the bound f_TOO v(t)e ™dt <

Jgv(t)e ™dt. Now plugging in o = 5* and taking 7" such that

st+a

e e = —sT
(n s a) 0T (/ ’U(t)emdt) _e
no R s
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n—s

= gntap Wt (Jgu(t)e *"tdt)% nd

we get e 1 =

/v( Ye Sdt < 2s” =2 ~ o (/ v(t)e_”tdt) ! <2 (/ v(t)e_”tdt> ! ,
R R R

_(n—s)s

where for the last inequality we used the inequality that s~ nien Fon < 1 for s €

(5,n) and n > 2. O

4.3.1 Two preliminary estimates

As mentioned above we will prove Theorem 2 by bounding M¢(s) by the norms
of f. We first show that for f of the form f(a;k) = v(t)é(k), we can have a simpler

expression for M(s).

Lemma 4.3.2. If f € L? (Q\G) is of the form f (a;k) = v (t) ¢ (k), then My (s) can

(Zz Hqﬁplb) [vweal

where ¢, denotes the projection of ¢ into L* (M\K, p).

be written as

, (4.3.3)

Proof. For each p > 0, let {1, | 1 <1<d,} be the fixed orthonormal basis of

L? (M\K,p) as before. Then we have

= Z Cpl%u,l(if)

1<i<d,

with C); = fM\K G(k)tp(k)dG, 1 (k). Moreover, we have

opll3=" > 1Cpal?

1<i<d,

and

oppr (£) = /M L (R by ()01 (F) = Co o (8).
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Hence

2

/ Vfpl (t) G_Stdt
R

:ZZP (s) Z 1C,al? /Rv(t) e *dt

1<i<d,

0 2

~ (2,0 ||¢p||2> [oea
(Saones)]]

Corollary 4.3.3. Keep the notation as in Theorem 1. For any bounded function of

My (s)=)  Z(s)

2

O

the form f(ak) = v(t)p(k) with both v and ¢ non-negative and for any 1 < j < h,

we have

Z]' ej
LI+ enMy(sie) < IO413< ol FIF+2eh0ll Flls+eio D einMy(sjr).

r=1 r=1
Proof. For any [ > 1 define f; = v;¢ with vi(t) = v(t)x[—1,y(t), then f; converges to

f from below pointwise. Similarly |®§cl]2 converges to |®§c|2 from below pointwise.
Thus by the monotone convergence theorem, applying (1.1.6) to @?}l (noting that f;
is bounded and compactly supported) and using the estimate (7;(f;), fi) < [|fil|3 we

have

4

Sl llifilo|\@§l 3< Jim ol AllF+2es0ll fill3+c0 Y e My, (s50)

r=1
Since f; (resp. f#) converge to f (resp. f?) from below pointwise, again by monotone
convergence theorem we have lim;_, || f1[|2= [|f||? and lim;_,.| fi]|5= || f]|3. For the
third term, by the expression (4.3.3) and the fact that v,(t)es converges to v(t)e *
for any s € (%,n), we get limy_,o My,(s) = Mj(s) for any s € (§,n). This finishes the

proof for the upper bound. The other inequality follows similarly with the estimate

(T;(f1), iy < || fill5 replaced by the estimate (f; + T;(f1), fi) > 0. O

Lemma 4.3.4. For any s € (g,n)7 Z,(s) =, (p+ 1)(71—28)'
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Proof. Since Z, (s) = [[5_, o "= we have
n—s 2L n—s s
log (Z, (s)) = log ( ) + 2 (log (1 + T) — log <1 + E))
p—1 1
= (n — 2s) E—i—Os(l):(n—QS)log(p+1)+Os(1). O

£
Il
—_

We can now give the

Proof of Theorem 2. For any f (a;k) = v (t) ¢ (k) € o), define

M, (s) == (/Rv(t) e—stdt)zg;@ﬁ—gﬁ_m,

where ¢, is the projection of ¢ into L? (M\ K|, p) as above. In view of Lemma 4.3.2 and

Lemma 4.3.4, we have ]\N/[f(s) =5 M{(s). Thus in view of Theorem 1 and Corollary

4.3.3 (when f is non-negative but not compactly supproted), it suffices to show that

My(s) Son 11 IFlle ™

for any s € (5,n). Let us first estimate the series occurring in M, #(s). We claim that

e ||¢ ||2 22 n 4n s
> W Sslelly ™ el -
p=0
First if ||¢||2< ||¢]|1, we can bound
. 1 B Z||¢ 2= lgl2< ol oty
(r+ 1) py— pll2= 25 1 2
p=0

Second if ||¢]|2> [|¢|1, then let ¢ := |

parts:
o o7 ] o
Z onlls . Z 16513
1 (2s—mn) 1 (2s—n) "
= (p+1) T (p+1)

f > 1. We separate the summation into two

For the first part, we invoke an estimate from spherical harmonic analysis ([Sog86,

inequality (4.4)])." Namely, for any ¢ € L* (M\K) and p > 0,

6,155 (0 + )" llo]1F
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with the bounding constant only depends on n. Thus we have

L7 ] L7 ]

10 ll3 ||<25||2
Z 25 n) < Z 1 2(n—s)

pO(p+

2

2(n—
= (ﬂ) ||¢>||f (since 1 =2(n—s) < 1)
2(2s—n)

4(n—s)
T a1

For the second part, we have

io: Ills 1 i 16,2
- (p+ 1)(28—7’L) — 2\ (2s—n) - pl2
p=len | +1 (“) p=[en |41
<ol
2(2s—n) 4(n—s)
=lloll, = Mol

This finishes the proof of the claim. Thus by the assumption (4.3.1) we have

M;(s < \2 /v t e"tdt) (/ V2 (t e"tdt) M
< (o [0 an&m
2(25—n) 2(n—s)
S ([o@ema) T (fer@erman) Tl o
R R
2(2s5—n) 4(n—s)
a1 e

where for the last equality we note that for this f, || f||3= (va(t)e_”tdt)2 |6]]? and
1fI3= [pv*(t)e ™dt||¢]]3. Finally we note that the dependence of the bounding
constant on s is absorbed into the dependence on I' since I determines the positions

of these exceptional poles s;i,. .., sj;. O

!The exact form of inequality (4.4) in [Sog86] is ||dm||2< m%thHl. Here we square both sides
and replace m by m + 1 to cover the case m = 0.
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Applications to logarithm laws

In this chapter we prove Theorem 3 using the estimate induced from Theorem 2.
We choose the upper half space model for H"™ and take G' = PSLy(7,,_1) as defined
in section 2.1.1.

Let I' C G be a non-uniform lattice. Fix o € I'\G and let {¢;} C G be a one-
parameter unipotent subgroup in G. Let distg and distr be the hyperbolic distance
functions on G/K and I'\G/K respectively as fixed in section 2.4. We will prove that
for pra.e. z € I\G

o dSto(0:29) 1 (5.0.1)

t—o00 logt n
First we note that if (5.0.1) holds for T', then it also holds for any of its conjugate

[V = £7'T¢. This follows from the following identity that for any ¢, ¢’ € G
distr (I'g, Tg') = distr (I'¢"1g, T o),

where distp is the induced hyperbolic distance function on I"\G/K. Hence we can
assume that I has a cusp at P, the upper triangular subgroup of G' that we fix in
section 2.1.1. Fix this I' and we denote dist = distpr without ambiguity.

Next note that {g;}+er can be replaced by a new flow {g: }rer with g = k™ 'g,uk

59
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for some k € K and n > 0. This is because

m dist (0, 2g;) T dist (0, 2’ ¢g;)

twoo  logt t—00 logt
10
with 2/ = zk~!. For any x € V"1 denote u; = to be the corresponding
x 1

lower triangular unipotent matrix.
Lemma 5.0.1. Every unipotent element in G is K-conjugate to u, for some xz > 0.

Proof. Let g be an unipotent element in G. We first note that it suffices to show

g is K-conjugate to u_, for some = > (0. This is because u, is conjugate to u_,

0 —1
via € K. Next we note that since g is unipotent, g is conjugate to some

1 0
element in N. By Iwasawa decomposition and the fact that NA normalizes N, g

is K-conjugate to some element in N. Hence we can assume g is contained in N.
Finally, we note that any element in NV is conjugate to some u_, with = > 0 via the
group M since the conjugation action of M on N realizes M as the rotation group of

N. ]

Since we can conjugate {g;}icr by some element in K and rescale it by a posi-

tive number, in view of Lemma 5.0.1 we can assume the unipotent flow is given by

{gt = u;}tGR'

5.1 The construction

As mentioned in the introduction, the hard part of Theorem 3 is to prove the

lower bound that for p-a.e. z € T\G

T distr (o0, zg;)

1
> —. (5.1.1)
t—o00 logt n
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We will prove this by constructing a sequence of sets in I'\G whose limit superior set
only consists of points satisfying (5.1.1). Then by ergodicity of {g;}+cr, to show that
(5.1.1) is satisfied for a full-measure set, it suffices to show that this limit superior set
is of positive measure. We note that this is where we will use Theorem 2 (or more
precisely, a direct consequence of Theorem 2). In this section, we construct these sets
explicitly. Before we give the construction, we note that since we assume I" has a cusp
at P, we can take P = P; (and & = id) to be one of the representatives for cusps of
['. In this case, for any function f on I'\G and g € G we have

Oig) = > flv)

Yl p\T'

Since we will only use this incomplete Eisenstein series in this chapter, we abbreviate
it by © for simplicity.

For any ©® C Q\G, we define the set Yo C I'\G corresponding to © by
Yo :={l'g e \G | Qvg € ® for some v € I'}.

Note that the relation between ® and Yy is that if ® is the support of a function f
on Q\G, then Yy is the support of ©y.

Let {r¢} be any sequence of positive numbers such that r, — co and )2, e =
oo. For any integer m > 1, since ) ,° e ™" = oo there exists some p (m) > m such
that Zf(:”;z et > 1. Let N~ C G be the subgroup of lower triangular unipotent
matrices and

1
B™ ={u; [xe V"7 [x|< 31

be the open ball in N~ with radius %, centered at the identity element, where the
norm |x|= v/xX is as defined in section 2.1.1. For any integer m > 1 we define

p(m)
D= Q\|J QA(r) B g0 CQ\G,

l=m
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where A (1) ={a; | t > 7}.

Lemma 5.1.1. {pg\¢ (D)} is uniformly bounded from below.

m>1

a b
Proof. Note that every matrix € G with d # 0 can be written uniquely as
c d
a b L obd™) (& 0 ld|=* 0 1 0
c d 0 1 0 7 0 |dl) \d?tc 1
a b
Hence NMAN~ = €G|d#0, is a Zariski open dense subset of G.
c d

Thus there is a Zariski open dense subset in Q\G which can be expressed by the co-
ordinates Qg = Qa,u, . We note that under these coordinates, the right G-invariant
measure on Q\G (up to scalars) is given by e " dtdx since this is the right Haar mea-
sure for the group AN~. Moreover, ©,, is a disjoint union of the sets Q\QA(r,) B~ g_;

since B~g_¢, N B~g_4, = ) whenever {1 # (5. Hence one can compute

p(m) o
HQ\G (D) < Z/ e_ntdt/ ldx
f—m VY TE B=g_4
p(m)
= Z e " > 1. O
{=m
Lemma 5.1.2. There is some sufficiently large integer L such that for any m > L

and for any x € Yo, there exists m < { < p(m) such that
dist(0,xge) > re+ O (1).

Proof. First recall the Siegel fundamental domain Fr . ¢, that we fixed in (2.3.5),
take L such that ry —log2 > 7 for all £ > L. Next using (3.2.8) we have that for any
TeR

QA(T)B” C QA(T —log2) K = NA (T —log2) K. (5.1.2)
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Hence for m > L, © € Yy, can be written as = ['gg_, for some m < ¢ < p(m) with
g€ QA(ry) B- C NA(ry —log2) K. After left multiplying by some v € I'y we can
assume that g = ua;k is contained in the Siegel set Uy A (1, — log 2) K (we can do this
since Uy contains a fundamental domain of I'y\ V). Since ¢ > m > L, r, —log2 > 7.

By (2.4.4) we have
dist (0, zge) = dist (o, uatk) =t + O (1) >rp—log24+ O (1) =r,+0(1). O

The next lemma shows that there exists a nice set sitting inside ©,,. We first
identify Q\G with A x M\ K and let Pr : Q\G — M\K be the natural projection

map. Define
K (€)== Pr (Q\QA(re) B g-0)

be the K-part of Q\QA (r¢) B~g_,. We note that K (¢) is independent of r,, that is,

K ({) =Pr(Q\QA (1) B~ g_¢) for any 7 € R.

Lemma 5.1.3. For any { > 1, let 7, = 1, — 21og (¢) + log 2. Then we have

A(Tg) X K(é) C Q\QA (7’@) B g_y,

and
pova (A (1) x K (0) < po\e (Q\QA (re) B"g-s)

with the implicit constant independent of €.

Proof. For each k € K ({), define

1 (k‘) = {t eR ’ Qak € Q\QA (Tg) B_g_g}

and

t (k) :=infI (k).
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We first note that if t € I (k) (that is, a;k = gay,u,_, for some ¢ € Q, to > rp and

x|< 1), then [t,00) C I (k). This is because for any ¢’ > ¢ we have
avk = ap_yatk = ay_qaguy_, = q'ay_pi,us_y,
and t/ —t +tg > tg > ry. Here ¢’ = ay_iqa,—py € (). This implies that

Q\QA(r) B g_= | A(t(k)) x {k}. (5.1.3)

kEK(£)

Moreover, by (3.2.8), the relation a;k = gas u,_, implies
t=1to—log (14 |x— (). (5.1.4)
In particular, the minimality of ¢ (k) implies that
t(k)=r¢—log (1+ [x— (%)

for some x (determined by k). As k ranges over K (¢) (that is, x ranges over B~),

t (k) attains the maximal value when x = 1 and the minimal value when x = —

N[

Let 11 =7, —log (1+ [¢F $I?), then in view of (5.1.3) we have

A (%) X K () C Q\QA(r)) B g C A (te,_%) % K (0).

—nté77l

3 = efm‘g€2n

—nt, 1
Next, note that e %2 < e , hence

pare (4 (fey) X K (0) = e (@Q\QA () B o) = v (A (fe3) x K ().

Finally, note that t&% < 1, and e_nt"% = e " hence
Alm) x K (0) C A (%> x K () € Q\QA (ro) B~g_

and

pare (A7) x K (0) = nov (A (te3) x K () = oG (Q\QA(r) B g-r) . O



Chapter 5: Applications to logarithm laws 65

Remark 5.1.5. Later we will take r, = %logﬁ with € some fixed small positive
number. We note that in this case we can take p (m) = 2m. Moreover, since 7, > 74

and e "™ < e " < M1+ for all m < ¢ < 2m, in view of Lemma 5.2.1 we have
A1) X Ky €Dy and pova (A (Tin) X Ki) < pova (Om)

where K, := U™ K ().

5.2 Proof of Theorem 3
Now we can give the proof of logarithm laws. For any r > 0 let
B, = {x € I'\G | dist(o,x) > r}

be the corresponding cusp neighborhood as before.

5.2.1 Upper bound

Fix € > 0 and let r, = &< log (). By (2.4.5) the sets

{r e T\G | zgs € By} = Br,g«

satisfy
o0 o o0 1
ZM(B”’Q—Z) - Z'M(BW) = Z e S
=1 =1 =1

Hence by Borel-Cantelli lemma the set

{z e '\G | zg; € B,, for finitely many ¢}

has full measure. This implies that

T dist (o, zgy) < 1+e

t—oo  log/ on
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for p-a.e. x € T\G. Moreover, for all t € R let £ = [¢], we have
|dist (0, xg;) — dist (0, zgy) |< dist (zgy, xg,) < distg (e, ge—) = O (1),

hence we can replace the discrete limit over £ € N with a continuous limit over t € R.

Finally, letting ¢ — 0 we get

o st (0, 290) _
t—00 logt

for p-a.e. z € I'\G.

5.2.2 Lower bound

Fix ¢ > 0 and let r, = % logl. Let ©,, and Yp, be as above. Note that in this

case, for the definition of ®,, we can take p (m) = 2m. We first prove the following

Lemma 5.2.1. There is a constant kr > 0 depending only on I' such that o (Yp,,) >

kr for all m > 1.

Proof. For any m > 1, define the set
D= A1) X Ky,

where 7, = r,,, —2log (m)+log 2 and K, = ?Zm K (¢) as above. By remark 5.1.5 we
have ®), C ©,, and po\¢ (9),) < o\ (Om). Hence by Lemma 5.1.1, pg\¢ (D7,) 2 1
are uniformly bounded from below for all m > 1. Take f,, = xo; to be the indicator
function of ® . We note that f,(ak) = v (t)xk,, (k) with v,,(t) = X[rm,00) () and
by Lemma 4.3.1 f,, € @4 with &7, as defined in section 4.3. Apply the first moment

formula (4.1.4) for Oy, we get

w !
/ 0, (9)du (9) = o ().
N\G br
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where wr = pr\Q dug(q) and vp = fF\G dg. Recall that ©y, is supported on Ygr |
thus by Cauchy-Schwartz we have

(%MQ\G (%J)Q = (/Y

O

O, (9) du (9)) < (Yoy,) 107,13 (5.2.1)

Since f,, € %, by Theorem 2 (and remark 1.1.10) we can bound

195, 1550 1 fmlli+ 1 frnlls= para (D0,)° + nove (D) S Hove (D7), (5.2.2)

where for the last inequality we used the fact that pug\q (9),) 2 1 are uniformly

bounded from below for all m > 1. Combining (5.2.1) and (5.2.2) we get

HQ\G (9:77,)2 S w(Yar o (Q;n)z -

This implies that ;(Yp, ) are uniformly bounded from below for all m > 1. That
is, there exists some xp > 0 such that p(Ys, ) > wp for all m > 1. Finally, since

Yo, CYa,, weget u(Yn, ) > (Yo, ) > kp for all m > 1 as claimed. O

Now consider the limit superior set B, := N2, UX_, Yy, , where L is as in Lemma
5.1.2. Then p(B.) > kr > 0 by Lemma 5.2.1. Moreover, by Lemma 5.1.2, for any
m > L,x € Yp, there is some ¢ > m such that dist (o,zg,) > 7, + O (1). Hence
for any = € B, there is a sequence ¢,, — oo such that dist (o, zg,,,) > 10, + O (1).

Consequently, we have

B. C {xEF\G| T B8t (0. 20) 1_6}.

t—oo  logt ~n

Since the latter set is invariant under the action of {g; };cr and contains a set of

positive measure, by ergodicity it has full measure. Letting e — 0 we get

T dist (o0, zg;) > 1
t—oo  logt n

for p-a.e. z € I'\G.
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Applications to counting

In this chapter we prove Theorem 4 and Theorem 5. We choose the hyperboloid
model for H"™! and take G = SOg(n+1,1) as defined in section 2.1.2. Let P = NAM
be the fixed parabolic subgroup and Qq(vy, . .., Uy, Upt1) = V5 + - +v2 —v2,; be the

fixed quadratic form as in section 2.1.2. Let
V+ = {17 = (UQ, .. ,Un,’l}n+1) € Rn+2 ’ Qo('ﬁ) = O, Un+1 > O}

be the positive light cone corresponding to Q. Since SO(n + 1, 1) preserves Qp and
G C SO(n + 1,1) is the identity component, the right multiplication action of G on
R™*2 preserves V. Moreover, it is well known that G acts on V* transitively, and
each parabolic subgroup is the stabilizer of some ray (starting from the origin) in
VT (see [HT93, p.4]). We note that our fixed parabolic subgroup P is exactly the
stabilizer of the ray spanned by &, with &y = (0,...,0,—1,1) € V*. More precisely,
the subgroup A acts as scalars and () = NM fixes every vector on this ray. Thus the
map G — V1 sending g € G to €yg induces an identification between the homogeneous

space Q\G and V+.

68
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6.1 Counting orbits of lattice translates

Fix a non-uniform lattice I' C G with a cusp at P. As in the introduction we take
P = P, (and & = id) to be one of the representatives of cusps of I'. Hence for any
bounded and compactly supported function f on Q\G and for any g € G we have
> ).
yELp\T

For any finite-volume Borel set B C V* (= Q\G), recall the counting function
L(B,Tg) =#(BNélyg)

counting the number of orbits of I'g in B. The starting point of applying our second
moment formula to counting problem is the following lemma relating the counting

function £(B,T'g) with certain incomplete Eisenstein series.

Lemma 6.1.1. For any finite-volume Borel set B C V' let f = xp and we view it

as a left Q-invariant function on G. Then for any g € G we have
L(B,Tg) = ©;(g).

Proof. Consider the map I' — VT sending v € T to €yy. Clearly, its image is éegl’.
Since @ is the stabilizer of €y, it has kernel I' N (). Recall that the discrete subgroup
I'p = I'N P is contained in ), thus I'p = I' N Q) is exactly the kernel of this map.
We thus get an identification between I'p\I" and éyI" identifying I'py with é&yy. For

f = xB, when viewed as a left -invariant function on GG, we have, for any g € G,

f(9) = xB(€g). We thus get

L(B.Tg)= Y xs(lg)= > xs@r9)= Y. flr9) =06} O

veepl ~yel'p\I' ~yelp\I'
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With this identification and the first moment formula (4.1.4) we have

/F EBT9)inle) = cunarclB). (6.1.1)

where ¢ = ‘Ij—rl the residue of Ci(s) at the trivial pole. Thus the expected term for

L(B,Tg) is ciopg\¢(B) and we define the remainder function

E(B,Tg) == |L(B,Tg) — ciopq\c(B)]| -

6.1.1 Mean square bound

The key input of Schmidt’s arguments on lattice point counting problem is a mean
square bound for the discrepancy function coming from Rogers’ second moment. In
this section, we prove an analogous mean square bound for £(B, I'g) using our moment
formula. As mentioned in the introduction, we are not able to prove such a bound for
any finite-volume Borel set. More precisely, we only prove such a bound for (disjoint
unions of ) what we call generalized sectors. Let us first define here precisely what we

mean by a generalized sector.

Definition 6.1.2. A finite-volume Borel subset B C V1 is called a generalized sector
if it is of the form B = U x K with &4 C R any Borel set in R away from —oo and

K € M\K any Borel set in M\ K.

We note that by Lemma 4.3.1 for any generalized sector, its indicator function is

always contained in .o7.

Theorem 6.1.2. Keep the notation as in Theorem 1. Fix an integer m > 1. There
exists a constant Cp, (depending on m and ') such that for any B C Q\G with

po\c(B) > 1 and of the form B = | ||2, B; with each B, C Q\G a generalized sector
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, we have

2511

/F JEBTOPduls) < Coigo(B)H

where s11 € (§,n) is the largest exceptional pole of the function Ci(s).

Proof. Let f = xp and f; = xp, for 1 < [ < m. For simplicity of notation, we
denote by V' = pug\¢(B) and V; = pg\¢(B;). Thus V. =3"", V; > 1. By (6.1.1) and

Corollary 4.3.3 we have

/ E(B.Tg)2du(g) = / ©4e) dulg) — ()’
NG NG

12
< 2¢10V + ¢ Z c1r My(s1y),

r=1

where § < sy, < -+ < 511 < n are the exceptional poles of Cy(s) with ¢, (1 <
r < {;) the corresponding residues. Since B is the disjoint union of B;’s, we have

f=/fi+ - fm By (4.2.3) we can bound
My(s) <m (Mg (s) + -+ My, (s))

for any s € (§,n). Moreover, since each B is a generalized sector, by Lemma 4.3.1 we
know that f; € o%. We can thus use the estimate obtained in the proof of Theorem

2 to get for any s € (%, n)

m m 2(2s—n) 4(n—s) m 2s
Mp(s) Sm > Mp(s) S D AL Al = =D W™,
=1 =1 =1

where for the last equality we used the identity that || f;|[1= || fi][3= Vi. Since 2 > 1
we have

2 2s

m 2s m 2s 2 : E
S =S U T < UM A WE T = (e V) F = VR
=1 =1

@«

We thus get

251,

41
[ e rgPant) Sus v YV SV
G —

where for the last inequality we used the assumption that V' > 1. O
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Remark 6.1.3. For applications (Theorem 4) we will only consider generalized sectors
and differences of two generalized sectors with one contained in the other. We note
that for the later case, that is, B = B;\ By with By = Uy x Ky C By = U; X K; both

generalized sectors, then
B = (U x K1) \(Us x Ka) = U \Ua) x K| |Us x (Ki1\K2)

can be expressed as a disjoint union of at most two generalized sectors. In other
words, we can have a uniform bounding constant for all the sets we consider for

applications.

Remark 6.1.4. When B is a norm ball with respect to the usual Fuclidean norm on
R™2 that is, f(ak) = xplak) = X(r,00)(t) for some r € R, then we have My (s) =
MQ\g(B)sz for any s € (§,n). Combining this with the lower bound in Corollary 4.3.3

257

(and remark 4.2.10) we get fF\G E(B,Tg)|* du(g) < po\a(B) . Thus for such B

this mean square bound we get in Theorem 6.1.2 is optimal.

6.1.2 Schmidt’s argument

With the above mean square bound, together with Schmidt’s arguments we can
now prove Theorem 4. In fact, we will prove the following slightly more general

theorem which implies Theorem 4 by taking (t) = lz

Theorem 6.1.3. Let G = SOy(n + 1,1) and I' C G a non-uniform lattice with a
cusp at P. Let B be a linearly ordered family of generalized sectors in V*t. Let 1) be
a positive, non-increasing function defined on positive real numbers such that e'(t)

1s eventually non-decreasing and flooiﬁ(t)dt < o0. Then for p-a.e. lattice translate
I'g € I\G there is Cry such that for all B € B with pug\c(B) > Cry

)
s o g (/J/Q\G(B»
V172 (log(pg\a(B))’

E(B,Tg) < po\a(B) ™



Chapter 6: Applications to counting 73

where s11 € (5,n) is the largest exceptional pole of Cy(s) as in Theorem 6.1.2.

Proof. Let 9. = cip with some positive constant ¢ to be determined. Note that
1. satisfies all the conditions of ¢ that we assume in the theorem. Moreover, for
simplicity of notation, we denote by o = 2% and note that 1 < a < 2.

We first note that if the set of volumes of sets in B is bounded, then the statement
holds vacuously by taking Cr, larger than the volume of any set in B, so we can
assume there are arbitrarily large volumes. With this assumption, by [Sch60, Lemma
1], we can assume without loss of generality (after perhaps adding more sets to B)
that {po\¢(B) | B € B} = R*, where R* denotes the set of positive real numbers.
Thus for any positive integer L, there exists some By € B with ug\¢(Br) = L. For

any I'g € I'\G, and L > 1 we denote
SL(Fg) = #(BL N €0Fg) — CloL
and for any 1 < I < Lo

1,51, (L'g) = # ((Br,\Br,) N é&l'g) — cio(L2 — Ly).
For any integer T' > 3 we denote by Wr the set of all pairs of integers Ly, Ly of the
form 0 < Ly < Ly < 2T, L; = 2% and Ly = (£ + 1)2, for integers ¢ and ¢ > 0. For
any such pair (L1, Ly) € Wy, applying Theorem 6.1.2 to the sets Br,\By, (noting

that Bp,\Byr, can be expressed as a disjoint union of at most two generalized sectors

and po\¢(Br,\Br,) = Lo — Ly > 1) we get

/ 11, S0, (Co)? dulg) < Ca(Ls — L1)*,
NG

where o = 2‘% and Cy is as in Theorem 6.1.2. As (L;, L) runs over all the pairs in

Wr, for each 0 <t < T, Ly — L; = 2¢ occurs exactly 27 times. Thus

T
Z /F\G 12,50, (Dg) P dpa(g) < Cy Z 20121t < 2T (6.1.5)

(L1,L2)eEWr t=0
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where C) = 29— Next, let & C I'\G denote the set of all elements I'g € T'\G for
which
Z ) 2aT
|L15L2(Fg)] > . (616)
LT, e(log(2)(T — 1))
Then (6.1.5) implies that
u(Er) < Cy(log()(T - 1). (6.1.7)

Consider the limit superior set

Ex = lim &7 := j@)gjsp
Since the right-hand side of (6.1.7) is summable we have that p(€y) = 0, and we
will take its complement to be the full-measure set of lattice translates for which the
remainder term is small.

Now, note that for L < 27 the interval [0, L) can be expressed as a disjoint union

of at most T intervals of the form [L;, L) with (Ly, Ly) € Wy. We can thus write

Sp(Tg) = Z 151, (T'g),

[L1,L2)€T

where 7 is a set consisting of at most 7" intervals of the form [Ly, Ly) with (L, Ls) €

Wr. Using Cauchy-Schwartz and (6.1.6) we have for any I'g ¢ & and any L < 2T

T2aT

S EOPS G ogaT — 1)y

Now, for any I'g & & there is some T, such that for all ' > T, we have that I'g & Ep
and hence |Sp,(Tg)|*< s iymeg for all L < 27.
Now, for any I'g & € let Cr, = max{2”s + 1, Lo} with L, sufficiently large that

for all L > Ly we have

04/2 1/2 a/2 1/2
6(L+1)*?log”*(L+1) 1< 12L%*1og*(L)

, 6.1.8
+*(log(L + 1)) ~ P (log(L)) (019
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where we used the assumption that Li(log(L)) is eventually non-decreasing to ensure
that such Ly exists. Then, for any integer L > Cr, — 1, choose integer 7" such that

2771 < L < 2". In particular we have that ' > T, and L < 27 so,

< T2aT
= Ju(og2(T — 1))

log L (2L)~ 36L%log L
: (1og2 * 1) (o) < Go(0g(2))’

[SL(Tg)l?

where we used that (fgg + 1> < 9log(L) for all L > 2 and 2% < 4 (since a < 2).

We have thus verified that for all L > Cr, — 1 we have |S.(I'g)|< %gl(/;(f).
¢/*(log
Next, for any set B € B with vol(B) > Cr,, there exists an integer L > Cp, — 1

such that By € B C Br,;. We can interpolate, to bound
E(B,Tg) < max{|Sc(L'g)|,[S+1(Tg)[} + 1,

and since L, L +1 > Cpy — 1 we can bound

6(L + 1)*/2log"*(L + 1) 1< 12u0\¢(B)*"* log"? (ug\c(B))
¢/*(log(L +1)) 9 (log (ng\a(B)))

)

E(B,I'g) <

where we used (6.1.8) recalling that L > Lg. Finally we finish the proof by taking

¢ = 144 and recalling § = 2. O

1
n

6.2 Counting primitive lattice points

In this section we give the proof of Theorem 5. One key ingredient of our proof is an
observation relating the cusps of SOg(n+1,1)(Z) with the orbits of SOy(n+1, 1)(Z)-
action on VT (Z),, := Z2 NV, the set of primitive integral points in V*. For that

we first give a geometric description of cusps for a non-uniform lattice.
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6.2.1 A geometric description of cusps

Let P(V*) := VT /~ be the projectivization of V* with the natural projection
V* — P(VT), where the equivalence relation is defined that ; ~ ¥ if and only if
there exists A > 0 such that y; = Agb. It naturally parameterizes the space of rays
(starting from the origin) in V*. For any ¥ € V* we denote by [0] € P(VT) to be the
ray spanned by v.

On the other hand, recall that the homogeneous space P\G parameterizes the
space of parabolic subgroups of G by identifying Pg € P\G with the parabolic
subgroup g~ !'Pg. Thus with the above identification between Q\G and V' and the
natural projection Q\G — P\G, we can parametrize P\G, the space of parabolic
subgroups, by the projective variety P(V*). More precisely, if writing down all the
above maps explicitly we see that for any [¢] € P(V7), the corresponding parabolic
subgroup Pl is given by P = g~ 'Pg with g € G such that ¢ = ég (this g exists
since G acts on V* transitively). We note that Py is exactly the parabolic subgroup
fixing [0] (with its unipotent radical fixing ¥) (see Lemma 6.2.1).

The following lemma gives a geometric description of cusps for non-uniform lat-

tices.

Lemma 6.2.1. Keep the notation as above. Let ' C G be a non-uniform lattice of G.
For any v € VT, then I" has a cusp at Py if any only if there exists some unipotent
element v € I' fizing v. Two parabolic subgroups Py, and Py, is I'-equivalent if any

only if there exists some v € I' such that [0;] = [U27].

Proof. For any ¢ € V*, Py = g 'Pg with some g € G such that ¢ = éyg. By
definition, I" has a cusp at Py if and only if I" intersects its unipotent radical, "' Ng,

nontrivially. It thus suffices to show that I' N g~! Ng is nontrivial if and only if there
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exists unipotent element in I" fixing ¢. If I' N g ! Ng is nontrivial, then there exists
v = g tug € I with v € N nontrivial. Clearly, v is unipotent and recalling that N
fixes & we have 0y = €ygg~'ug = éyug = €yg = U. For the other direction, suppose
there exists some unipotent v € I fixing v, then we have €ygy = €pg. Or equivalently,
€979~ " = €. Since the stabilizer of &, is Q = NM and the only unipotent elements
in () are elements in N, we have gyg~! = u for some v € N nontrivial. This implies
that I' N ¢~ ! Ng containing ~ is nontrivial.

For the second statement, choose g1, g2 € G such that ©7 = €91 and o = €y¢o.
Then Py = g1 'Pg, and Py = g9 'Pg,. Suppose P and Pg,) are I-equivalent, then
by definition, there exists some y € I" such that Pjz,] = 7' Pg,)y. This implies that
92797 ' Pg1ytg; ' = P. Since P is self-normalizing, we get g;7 g, ' € P. Then using
the fact that P fixes the ray [€y] we have [01] = [€bg1] = [Eog17 ' g5 " g27] = [€0g27] =
[U57y]. For the other direction, suppose there exists v € I' such that [07] = [th7],
then this implies that g,y 'g, ' fixes [€5]. Since P is the stabilizer of [€y] and P is
self-normalizing we have g7 'g,' € P and govg; 'Pg1yv ‘g5 = P. This implies

P = v 'Pg,)7, that is, Pg) and Py, are I'-equivalent. O]

In view of this lemma, we say that I" has a cusp at [¢] if there exists some unipotent
element v € T fixing ¥. Moreover, we say that [¢/] and [th] are ['-equivalent if there

exists some «y € I" such that [¢/] = [ta7].

6.2.2 Cusps of SOy(n+ 1,1)(Z) and its orbits on V*(Z),,

Now we take I' = SOg(n + 1,1)(Z) to be the lattice of integral points. It is clear
that the right action of I" on VT preserves V¥ (Z),,, the set of primitive integral points
in V. To count primitive lattice points on VY we would like to study the I'-action

on V*(Z),. A priori we do not know much about this action. However, it turns out
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that this action is closely related to the cusps of I', and we will show, in particular,
that the number of orbits of this action on V*(Z),, is exactly the number of cusps of
.

We first give an explicit description of cusps of I'. Namely, we determine the set
of parabolic subgroups whose unipotent radicals intersect I' nontrivially. Or equiv-
alently, we find the set of rays of V* which are fixed by unipotent elements in T

Before stating our result, let us first give a definition.

Definition 6.2.1. We say that a ray [¢] € P(V7) is rational if there exists some A > 0
such that A\t € Q"2 We denote by P(V1)(Q) € P(VT) to be the set of rational rays
of V.

We note that for any [0] € P(VT)(Q), there exists a unique A > 0 such that
A € VH(Z)p. Conversely, every primitive integral point lies in a unique rational
ray. Thus P(V1)(Q) is naturally in bijection with V*(Z),,, and it induces a bijection
between the I'-orbits

VHZ) /T +— P(V)(Q)/T, (6.2.2)
where I' acts on both spaces from right via the right multiplication.

Not surprisingly, the cusps of I' are exactly the I'-equivalent classes of rational

rays.

Proposition 6.2.2. Let I' = SOg(n + 1,1)(Z) be the lattice of integral points. Then

I has at cusp at [U] if and only if [V] is rational.
Proof. Keep the notation as before. Let
N~ = {ul | ux € N}

be the transpose of N and let vy = (0,...,0,1,1) € V. We first note that the ray

[Up] is rational and it is clear that I' has a cusp at [t] since 7 is fixed by the maximal
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unipotent subgroup N~ and N~ intersects I' nontrivially. Next we note that for any

[U] # [Up], there exists a unique y = (vo, - .-, Yn—1) € R” such that [0] = [v}] with
Uy = (20, 2, [IYIP=1, Iy [P+1) € V7.

Moreover, we note that [0y is rational if and only if y is a rational vector, that is
y € Q™. Thus we need to show that I' has a cusp at [¢,] if and only if y is a rational
vector. When y = 0, [0,] = [€p] is rational and I" again clearly has a cusp at [¢;]. We
thus assume y # 0.

By direct computation we see that 0y = €ul, with uy as in (2.1.4). Thus as in the
proof of Lemma 6.2.1, T' has a cusp at [t] if and only if T intersects Ny := u’  Nuj,
nontrivially. Hence it suffices to show that for y # 0, ' Ny is nontrivial if and only
if y is a rational vector. By direct computation we see that a general element in N,

is of the form

S u} ul
Ut,ylbxui, =|w, 1— ||XH2(||}2’H2—1)2 2xyt + ||XH2—||;<||2||}’||4 7 (6.2.3)
wy 2xyt — HXHQ*H;(HQH}’H4 1+ ||XH2(||}2"||2+1)2
where
S = I, - 2y'x + 2x'y — 2||x|*y'y € M, (R),
up = —2y'xy’ —x"+ [Ix[*y" + [y [*x" = [x[P[ly [y,
uy = —2y'xy’ +x' — [Ix[*y" + [ly[*x" = [x[P[ly [y,
wi = (1= [[y[I*)x + 2yx" + [Ix[*~[Ix[*[y]*)y
and

wa = (14 ly[I*)x + (=2yx" + ||+ [|x]*[ly[|*)y-
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For later use we note that

Wi + Wy
2

W1 — Wy

5 = —IyIPG+ IxIPy) +2yx'y. (6.24)

=x-+ ||x||2y and

Suppose I'N Ny is nontrivial, we need to show that y is a rational vector. By definition,
there exists some x = (zg,...,%,_1) # 0 such that all the entries of uiyuxug are

integers. In particular, we have

I, —
2

IS
= [|x|I’y'y + y'x — x'y € M,(Q).

Since ||x||*y’y is symmetric and y'x — x'y is anti-symmetric, we can conclude

Ix[*y'y = (“Xszjyl) € M,(Q) and y'x—x'y= <yj$z - %‘yl> € M,(Q).
Since y # 0, there exists some 0 < j < n — 1 such that y; # 0. Then for any [ # j,
2
X .
u_ ey g
yi o lxlPy;
Thus we can find some \; # 0 such that y = Ajr for some nonzero r € Q" (In fact,

y; would work). Thus to show y is a rational vector, it suffices to show that A\; is

rational. Multiplying the first equation of (6.2.4) by y* = A\r’ from left we get

Wi+ Wo

Sl = )\11‘t( B

) =y'x+ [x[%y'y € MM,(Q).
Combining the fact that y'x — x'y € M,,(Q) this implies
S — St =y'x —x'y € MM, (Q) N M, (Q).

Thus A; is rational unless y'x — x'y is the zero matrix. If y'x — x'y is the zero
matrix, then x and y are parallel and there exists some Ay # 0 such that x = Aor.

. h h .
Adding the (n+1,n+2)" and (n+2,n+1)" entry of u’ juyu!, in (6.2.3) we see that
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yx! = A Ag||r]|? is rational. Thus A Ay € Q. Similarly, plugging y = A;r and x = Aor

into the first equation of (6.2.4) we get

Wi + Wy
2

= ()\2 + )\1)\3”1'”2) r e Qn

This implies that As + MA3[|r||?= A2 (14 A Ao|[r]|?) € Q. But since Ay € Q we
have either Ay € Q or 1+ A\ Az||r||?>= 0. If )y is rational, then so is \; since Ay is
rational and both \; and Xy are nonzero. If 1 + A\ \o|r||?= 0, then x + [|x||*y = 0.

Now plugging y = A;r and x = A\or into the second equation of (6.2.4) we get

W1 — Wo

5 = 2yx'y = 2X2 )y ||r||*r € Q™.
This implies that A2\, € Q. But again since A\;\s € Q we have A\; € Q. To conclude,
we have proved that for y # 0, if I' N Ny is nontrivial, then y is a rational vector.
For the other direction, we need to show that if y # 0 is a rational vector, then
there exists some x € R" such that ut_yuxug, € I', or equivalently, all the entries of

u' Juxul are integers. It is clear from the matrix expression (6.2.3) that if L is a

y y

positive integer such that Ly € Z", then x = (2L?,...,2L?) satisfies the prescribed

property. ]

The cusps of T' are thus parameterized by the orbit space P(V")(Q)/T. In view

of the bijection (6.2.2) we have the following immediate corollary.
Corollary 6.2.3. Let h be the number of cusps of ' = SOg(n + 1,1)(Z). Then
h=#V"(Z)p/T).

Remark 6.2.5. By elementary matrix operation one can show that for n < 8, the
['-action on V*(Z),, is in fact transitive. Thus for n < 8, I' = SOy(n + 1,1)(Z) has

only one cusp.
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6.2.3 Proof of Theorem 5

For any A € I'\G (that we view as a rank n + 2 unimodular lattice) and any

finite-volume Borel set B C VT, recall the counting function
Noe(B,A) := #(B N A,).

As for Theorem 4 we first relate this counting function with certain incomplete Eisen-

stein series.

Lemma 6.2.4. For any A = Zg;”g € I'\G and any finite-volume Borel set B C VT,

there exists some positive constants \y = 1, o, ..., A\, such that
h .
No(B,A) =07 (9)
j=1

with f; = xx,B the indicator function of the dilation \;B := {\;v' | v € B} of B.

Proof. In view of Corollary 6.2.3 we can take ¥ = €, s, ..., U, € VT(Z),, such that

h

V(L) = | |70

j=1
Since G acts on VT transitively, there exist gy = id, go, . . ., gn € G such that 7; = ég;.
By the Iwasawa decomposition fixed in section 2.1.2 and the fact that Q = NM fixes
€o, we can take g; = a;;&; ! for some a;, € A and §; € K. Using similar arguments
as in Lemma 6.1.1 we can see that for each 1 < 57 < h, the map I' — ¥;I" sending
7y to Uy induces a bijection between the coset I'p,\I' and the orbit o;I" identifying
['p,y with vy, where P; := Pz = gj_ngj = ijﬁj_l is the parabolic subgroup fixing
the ray [vj] and I'p, = I' N P; as before. Take f = xp to be the indicator function

of B and view it as a left Q-invariant function on G. Noting that for A = Z"*?g,
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Ape = 23 g and Ay NV = (2372 NV )g = VHZ) g = LI

i—1 U;l'g, we thus have

Nox(B, A) = #(B NV (Z)rg) Z > xa(ig)

j=1 vev;T
h
Z > xslégng)
€Tp\T
h h '
Z Z (0,67 7v9) = Y O3 (9)
j=1~€Tp, j=1

where f;(g) := f(a,g) for any g € G. Finally we note that since A normalizes Q, f; is
still left @-invariant, and thus a function on V*(= Q\G). In fact, f; is the indicator

function of the dilation A\;B with \; = e%. O

In view of Lemma 6.2.4 and the mean value theorem for @jcj, we see that the
expected term for N, (B, A) is 2?21 cjopo\c(AjB). We thus define the remainder

function
h

Rpr(B, A) = [Nox (B, A) = > copiqra(A; B)

Jj=1

as in the introduction. We note that here both \; and ¢;p = j—; depend on the choice
of orbit representatives ¥, but the product cjoug\c(A;B) does not. We can now give

the

Proof of Theorem 5. For any A = Z"*2g € T'\G and any finite-volume Borel set B

by Lemma 6.2.4 we have

h
Rpe(B,A) = [Noe(B,A) = > cjopgra(AB)

j=1

h
Z ‘ — cjor\c(A;B)| -

For a given linearly ordered family of generalized sectors B, repeating the arguments
in section 6.1.1 and 6.1.2 (with @} replaced by @?cj and €, replaced by v; and some

other slight modifications) we see that for p-a.e. A € I'\G there exists C; o such that
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for any pg\¢(B) > C; we have

A 1 o1
O1,(9) = cion\¢(NB)| < 7 ua\e(B) ™ log™? (ug\a(B)) ,

where s;; is the largest exceptional pole of I' at P;. Taking Cy = max{C;, | 1 <
j < h} and noting that the intersection of finitely many full-measure set is still of full

measure, we can conclude that for p-a.e. A € I'\G whenever pg\¢(B) > Cy we have
h .
RoxlB,A) < 3 |6, (9) = cionarc(\B)
j=1

h
1 51 ;e
<> Fhac(B)™ log®? (ng\a(B)) < pova(B) ™ 1og®? (ug\e(B)) ,
j=1
where sp := max{s;; | 1 <j < h} is the largest exceptional pole of I" at all cusps. [

Remark 6.2.6. We end this thesis by noting that one can get similar estimates for the
regular lattice point counting problem counting all lattice points in a Borel set. Using
the fact that all the lattice point in a unimodular lattice can be written uniquely as
a positive multiple of a primitive lattice point, one can get a similar mean square
bound as in Theorem (6.1.2) for the corresponding remainder function. Then one can
apply Schmidt’s arguments to get similar estimates. See [KY18, Theorem 2] for more

details about this translation.
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