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Abstract

My dissertation is composed of three chapters. The first chapter is on the
asymptotic trimming and rate adaptive inference for heavy-tail distributed
estimators. The second chapter is about the identification of the Average Treatment
Effect for a two threshold model. The last chapter is on the identification of the

parameters of interest in a binary choice model with interactive effects.
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Chapter 1

Asymptotic Trimming and Rate
Adaptive Inference for Endogenous

Selection Estimates

1.1 Introduction

Some common estimators in econometrics involve heavy-tailed distributions, meaning that
second moments are infinite or do not exist. This is sometimes due to the structure of the
estimator, and sometimes due to the presence of heavy tailed error terms (examples of both
are given below). Heavy tailed estimators tend to be volatile, because of the presence of
large valued observations that appear as outliers. Including or excluding a small number
of these outliers may dramatically change the estimate. Making things even worse, the
unbounded second moment renders inference after estimation extremely difficult, i.e., the

standard central limit theorem (CLT) cannot be used.



One way to overcome the heavy-tails problem is to trim out some of those large values.
However, heavy-tailed estimators are often very sensitive to the exact amount that one
trims. If we trim too much, the estimator may be greatly biased due to the loss of highly
informative observations, while if we trim too little, the estimator will still have high variance
and possibly not be asymptotically normal. Just like the Goldilocks principle, to have the
"best" estimate, we need to trim appropriately. The meaning of "best" in the current
context is two fold: attaining the fastest rate of convergence possible while maintaining
asymptotic normality. In this paper, we propose a general approach to deal with trimming
to achieve this goal. In the application of our approach, an optimal numerical value for the
trimming parameter is determined, not just an optimal rate.

Suppose we want to estimate a quantity p with an estimator i that can be represented

as

=)
I
S|

S Wil (<, < Vi < ) + 0 (n7%). (1.1.1)
=1

where observations are i.i.d., W; is either observed or is the influence function of the es-
timator, and the second moment of Wj is infinite. To deal with the heavy-tailed W;, we
trim based on a variable V; (V; could be W; itself) with positive trimming parameters 7/,
and 7,,, such that the estimator after trimming has finite second moment. To estimate pu
consistently, we employ asymptotic trimming, i.e., the trimming parameters v/,,~,, go to
infinity as n goes to infinity. Let z,; denote W;I(—v), <V; <~,), and let the bias and
variance terms of the estimator be B,, = E (z,,;) — p and 02 = var(x,;) respectively.

Many important estimators in econometrics are in the form of equation (1.1.1). These

include the following.

1. Density weighted estimators. These are estimators that are averages weighted by



the inverse of the density function of some variables. One well known example is
Hardle and Stoker’s (1989) average derivative estimator, and others are some special
regressor estimators by Lewbel (1998, 2000, 2007). These estimators generally trim

out observations where the weighted density function is close to zero.

. Propensity score weighted average treatment effect estimation. The denominator of
the average treatment effect (ATE hereafter) estimator in Hahn (1998) is the propen-
sity score of some control variables. The second moment of this estimator is generally
unbounded unless the propensity score is bounded away from zero or one. This then
requires trimming out observations of the propensity score that are too close to zero

or one.

. Identification at infinity. To estimate the intercept term in a selection model, Heckman
(1990) and Andrews and Schafgans (1998) propose only using those observations for
which the probability of selection is close to one. They therefore trim out observations

based on the probability of selection.

. Time series models with heavy tails errors. Asymmetry and heavy tails are empir-
ically documented in a wide range of financial, macroeconomic and actuarial time
series, including exchange rate and asset price fluctuations, and in insurance claims
(Mandelbrot 1963, Campbell and Hentschel 1992, Engle and Ng 1993, Embrechts et al
1997, Finkenstadt and Rootzen 2003). Trimming may therefore be needed to stabilize

estimates of time series models with thick tailed data like these.

. Microeconomic heavy-tailed data. Microeconomic data that have been shown to pos-

sess heavy tails include auction bids (Hill and Shneyerov 2013), birth weights (Cher-



nozhukov and Fernandez 2011) and network traffic (Resnick 1997). Estimators that

entail averaging such data will therefore require trimming.

We show that for estimators in the form of equation (1.1.1) with heavy-tailed W;, there
exist two cases, which we refer to as the "nice" world and the "ugly" world. We show
that in the "nice" world, there exists a value for the trimming parameters that gives i the
fastest possible convergence rate (which may be slower than root-n), and for this trimming
the CLT holds and \/%Bn =0(1).

In contrast to the nice world, in the "ugly" world standard inference (such as t-tests
or z-tests) does not work either because the CLT fails or because the bias term dominates
the limiting distribution when CLT holds. Dominance of the bias term makes standard
confidences intervals potential fail to cover the true value, while the failure of CLT makes
inference extremely difficult, e.g., in many case even the existence of an asymptotic distri-
bution may unknown.

It is therefore important to know which world we are in for any given application. We
give a general method to tell if the world is nice or ugly, and in the nice case, show how to
choose the trimming parameters to have the fastest convergence rate (which may be slower
than root-n) while still having the CLT hold.

Our procedure consists first of applying the Lindeberg-Feller central limit theorem (see
Theorem 1.2.1 in Section 1.2.1) for the asymptotic normality of arrays {zp;};_;. Under some
weak regularity conditions, this CLT says that asymptotic normality holds if and only if the
Lindeberg condition (equation 1.2.1) is satisfied. We first look for the largest possible set

of values of the trimming parameters «,, and -, for which the Lindeberg condition holds.



If asymptotic normality holds, then

Our procedure next finds the values of the trimming parameters, from previously obtained
set of values for which the Lindeberg condition holds, that minimize the rate of Root Mean
Squared Errors (RMSE) subject to \/%Bn = O (1) and thereby achieve this fastest rate of
convergence.

If this minimizing value of the trimming parameters exists, then we are in the nice world,
and these are optimal values of ), and =, for estimation and inference. Otherwise we are
in the ugly world and standard inference is not possible.

This procedure demonstrates the importance of finding the largest possible set of values
for the trimming parameters that can satisfy the Lindeberg condition. The difficulty in
doing so stems from the fact that the expression of the Lindeberg condition is complicated.

Papers including Bickel (1982), Manski (1984), Robinson (1988), and Hardle and Stoker
(1989) use asymptotic trimming to handle boundary bias in nonparametric estimation,
which is different from the goal here. Another strand of literature, including Hill (1975) and
Csorgo, Haeusler and Mason (1988 a, b) apply asymptotic trimming to averages of series
that are in the non-normal domain of attraction. In the above notation, this literature
assumes that

P(Wil >7) = 17 (140 (1)), (11.2)

for some ¢; > 0, c2 € (1,2]. Condition (1.1.2) is the definition of a stable distribution,

implying that for any ¢ > ¢z, E (|W;|°) = oo and the convergence rate of £ >°7 | W; —E (W)



is n'=1/¢2 For more about stable distributions, see Samorodnitsky and Taqqu (1997).
Using this approach, Chaudhuri and Hill (2013) do asymptotic trimming for propensity
score weighted ATE estimation and Hill and Renault (2010) do asymptotic trimming for
time series models with heavy-tailed errors. However, the assumption of a stable distribution
is rather restrictive. Moreover, the convergence rate of the estimation of co as needed for
selecting trimming parameters is extremely slow, i.e., log (n). In contrast, our approach in
this paper makes no comparable modeling assumption about the tails of W;.

Some papers address the heavy tails problem by trimming a fixed portion of extreme
observations. For example, in the context of the average treatment effect model, see Potter
(1993), Frolich (2004), Lee, Lessler, and Stuart (2011) and Chaudhuri and Min (2012).
However, fixed trimming like this leads to inconsistency in most cases.

Two related papers to ours are Andrews and Schafgans (1998) and Khan and Tamer
(2010). The former deals with asymptotic trimming for the intercept term in a selection
model, while the latter focuses on trimming of the weighted ATE estimator (Hahn 1998)
and of special regressor binary choice model estimation (Lewbel 2000). Both papers also use
the Lindeberg Feller CLT as the main tool, but they either use sufficient conditions for the
Lindeberg condition to choose 7/,,7,,, or simply assume the Lindeberg condition holds, or
assume specific distributions on unobserved error terms. In contrast, in this paper we deal
with the Lindeberg condition directly. Moreover, we relax assumptions on the distributions
of unobserved error terms.

Another related paper is Khan and Nekipelov (2014), which gets the uniform infer-
ence procedure around the boundary of the regular and irregular identification (whether

endogeneity exists or not) of the endogenous selection model, using the stable distribution



approach.

To demonstrate how our approach works, we derive a characterization of the required
Lindeberg condition for a class of estimators that are weighted with inverse density func-
tions. We then apply our method to the special regressor estimator in an endogenous
selection model, which is an example of an inverse density weighted estimator.

For illustration purposes, consider the following simple endogenous selection model (our

later application will be a richer model that includes covariates):

Y =Y*D, (1.1.3)

D=1(V-UZ>0), (1.1.4)

where I (-) is the indicator function equalling one when the argument inside is true and zero
otherwise, Y is an observed outcome, D is an observed treatment indicator, and U is an
unobserved confounder which is possibly correlated with the unobserved latent outcome Y*.
The goal is estimation of E (Y*). In general, identification requires some variable that affects
treatment but not outcomes, which in this example is an observed exogenous continuous
variable V.

An example of the above model could be a wage equation. Let Y* and Y be the true
underlying and observed wage respectively. Some unobserved drive or ability measure U
affects both the decision to work (D) and potential wages (Y™*). Because of this endogeneity
of U, the observed average wage E (Y) in general differs from E (Y*). The instrument V'
here could be —log (non-labor income), which is assumed to only affects one’s desire to
work but not one’s wage.

Suppose we observe {Y;, D;,v;};" ;. Then a consistent estimator for E (Y™*) based on



Lewbel (2007) is:

;i ﬁz’?ﬁ)ﬂ (=70 S vi <)
ED I %H (=70 <wvi <v,)

~

Ky =

(1.1.5)

where f, is the density function for V, ~, is a fixed positive number, and +,, goes to infinity
as n tends to infinity. % and % corresponds to the W in equation (1.1.1). As we show
later, under weak conditions, the second moments of % and ny do not exist. The trimming
indicator gives this estimator a bounded second moment, but at the same time makes it
biased. Consistency then requires that v, — oo as n — oco.

Trimming and inference for this problem might be possible using stable distributions
instead of our methodology, however, the stable distribution condition (1.1.2) is restrictive
and generally unreasonable here.!

To make inference as easy as possible, we prove that the classic bootstrap works in the
nice world, even when the convergence rate here is not the usual root-n. We generalize the
identification, inference, and the trimming procedure in the above example to a semipara-
metric case, where there are additional covariates X and associated parameter vector (3,
and to the fully nonparametric case that includes covariates X and no parametric structure
is imposed. We obtain a condition for f, that indicates whether we are in the nice or ugly
world. While we focus on estimation and inference for the nice world, we also consider the

possibility of employing a jackknife procedure to deal with the ugly world case. We conduct

a Monte Carlo analysis to check the small sample properties of our trimming procedure,

! One simple case where 2¥ in equation (1.1.5) is not distributed as a stable distribution is the following.

Suppose Y™ is a constant ecilfalling 1, U =0, and V is standard normal. Then

+o0 v?
lim (1]1 (V>0) S / —¢ _ Jim f\/210g'yeXp (77) dv — lim 7l oo, ife>1
y— o0 p f’v (V) v v - y—00 "ny o ~y— o0 C\/210g’y o 0, if ¢ S 1 ’

where the second equality holds by L’Hopital’s rule. It is not hard to see that this simple example does not
satisfy the stable distribution condition.



and we apply our method empirically in a model of the gender wage gap using Malaysian
data. Finally, we outline how our method might be applied to deal with other important
classes of estimators.

The structure of this paper is as follows. In Section 2, we show how to choose trimming
parameters and apply the method to the estimation of an endogenous selection model.
In Section 3, we give a linear representation of our estimator with asymptotic trimming
when f, is nonparametrically estimated. In Section 4, we generalize our method to the
semiparametric and nonparametric case when we have additional covariates. In Section 5,
we check the small sample behavior of our estimator by Monte Carlo simulations. In Section
6, we apply our estimator to investigate the gender wage gap. We conclude in Section 7.
In the Appendix, we discuss possible ways to deal with the ugly world case, and consider
potential extensions. All proofs are in the Appendix.

We use the following notation conventions throughout this paper: upper case letters
denote random variables, lower case letters denote realization; c is some constant that may
vary line by line; = denotes definition; and the binary operator < denotes the same order,
i.e., ap < b, means 0 < liminf{® <lim sup‘g—z < 0.

n
n—oo n—o0

1.2 Trimming and Inference

1.2.1 Rate Adaptive Inference

In this subsection, we discuss the way to choose trimming parameters v/, and =, for the
estimator . To attain asymptotic normality, we need to choose trimming parameters such
that the estimator satisfies the following Lindeberg-Feller CLT. To present the theorem

formally, we let 0'72u~ =var(zy;), though afw» does not vary across ¢ under the current i.i.d.



assumption. We let 72 = % o

Theorem 1.2.1 (Lindeberg-Feller CLT) Suppose {xn;};—, are independent and

0, then w <, N(0,1), if and only if, for any € > 0,

R (Tpni — Emm)Q (Tni — Exm)z
lim — E I > =0. 1.2.1
nLoon ; ( o2 [ P ne ( )

ni ni

Condition — — 0 in above theorem means that no single observation con-
tributes a significant portion in total variance of the estimator. This holds in most econo-
metrics models, such as those with i.i.d. data. Under independence and this weak condition,
the Lindeberg-Feller CLT states that asymptotic normality holds, if and only if equation
(1.2.1) is satisfied. Equation (1.2.1) is the Lindeberg condition. By this theorem, for the
estimator fi, we only need to check the Lindeberg condition to see if asymptotic normality

holds or not.

Under the i.i.d. assumption, the Lindeberg condition can be further simplified to

n—oo . .
Gnl UHZ

B )? _ Er.)?
limE<(mm 2-75711)]1[(3}711 Ewn) >n5]):

Define a set for v/, and =,

— /
v= { (V> ) | ]

By the Lindeberg-Feller CLT, asymptotic normality holds if and only if we choose trimming

parameters from W.

10



Define a set

I = {%ﬂn

() € ¥and | [T5B, =0 }.

If we choose trimming parameters from set I', then we have asymptotic normality and
inference is possible. If I' is not empty, then we say we are in the nice world. Otherwise
we are in the ugly world: either the CLT fails or the bias term is the dominant term when
CLT holds. In the ugly world, standard t-tests or z-tests cannot give valid inference when
the CLT holds because of the dominance of the bias term and standard t-tests or z-tests
are not available when the CLT doesn’t hold. Moreover, when normality fails, alternative
inference procedures like the bootstrap are often invalid, e.g., see Khan and Nekipelov
(2014). Consequently, inference is difficult in the ugly world.

Once we know we are in the nice world, the next step is to choose (v),,7,,) from I' to
minimize the rate of RMSE /B2 + o2 /n. In this way, we have asymptotic normality and
the fastest convergence rate while inference is possible. The following is a formal definition

of the nice and ugly world.

Definition 1.2.2 Suppose {xy;};_, are independent and — 0. We say we

are in the nice world, if I is not empty. Thus, in the "nice” world, we could obtain the

following from some trimming parameters in the set W:

n . d
Vo B p=Ba) LN (0,1),

and \/%Bn = O (1). Otherwise we say we are in the "ugly" world; for any (v),,v,) € ¥,

we have limsup , / 5 B, = oo.
n

11



The key to achieve our goal in this paper is to know ¥. However, the Lindeberg condition
as shown in equation (1.2.1) is complicated and cannot directly be used in practice in most
cases. As a result, to find the boundary between the nice and ugly world, and thereby
maximize the set of models that can achieve standard inference and optimal rates, we need
to find a practical way to characterize the set . In the next subsection, we find some simple
conditions that are equivalent to the Lindeberg condition for a class of estimators that are
weighted with inverse density functions. We then apply this result to the example of a

special regressor estimator for an endogenous selection model, which uses this weighting.

1.2.2 Lindeberg Condition for Inverse Density Weighted Estimators

Here we study the Lindeberg condition for estimators that are weighted with inverse density

functions. We represent those estimators as

n < v <7y,) +op (n é) , (1.2.3)

3\’—‘

> 5

where f, is the density function for V and ¢; denotes the rest of the estimator to be weighted.
In the notation of equation (1.1.1), we have W; = % and x,; = %H( v < v <) -

!V v)

We assume that v; is a scalar. By some calculation, E ( ) f Tn dv. We impose

the following technical assumptions.
Assumption 1 Observations are i.i.d..

Assumption 2 V is continuous with support R. For any v > 0, inf {f, (v)|v € [-v,7]} >

0, and lim f, (v) =0.
v—F00
Assumption 3 (Restriction on f,) f, (v) is continuous. There exists an f, (v), such

12



that fy (v) > fo (), fo (v) <fy (), fo (v) is monotone decreasing after some large v at both

tails, and fR f; (v) dv < ¢, where ¢ is some positive constant.

Assumption 4 E (z,;) is uniformly bounded. E (§2‘ V= U) 1s uniformly bounded. (§2‘ V

is either bounded away from 0, or decrease in order to zero like f, in Assumption 3.

Assumption 5 W; has unbounded second moment if we do not trim at both sides.

2 —
Assumption 6 Let w(v) = W, for some particular c¢,c; € (0,1) defined in equa-

tion (1.2.5), limsupw((l_(c)f)v) < 12, and limS‘Llpw((l_(c)f)y) <
y—00 wiv cf V== “iY

1
7.
1—cf

Assumption 1 could be relaxed to allow heteroskedasticity as long as the conditions in the
Lindeberg-Feller CLT are satisfied. Assumption 2 generally leads to irregular convergence,
which motivates the need for trimming. If f, (v) is monotonically decreasing in the right tail
after some large value, Assumption 3 is automatically satisfied by setting ﬁ, (v) = fu (v).
fu (v) =<f, (v) means that f, (v) can represent f, (v) in terms of decreasing rate. Assumption
3 rules out some badly behaved density functions, e.g., limsupf, (v) > ¢, for some constant

v—00
c. Assumptions 4 is mild and is made for theoretical convenience. Assumption 5 defines the
heavy-tails problem. Assumption 6 says w (v) cannot decrease too fast, and is a mild
restriction in our context. Taking the right hand side as an example, by Assumption

5, we have [J"w(v)dv — oo. For functions -=,¢ > 0, only those with ¢ < 1 will let

0" w(v)dv — 00. w(v) = 1 which is excluded by Assumption 6, but other functions with
slightly thicker tails, e.g., w(v) = 111%5 for any small € > 0, satisfy Assumption 6. The

intuition is that the condition [ w (v)dv — oo excludes w (v) decreasing too fast.

The following two theorems give the main results in this section.

13



Theorem 1.2.3 (Sufficiency) Suppose Assumption 1 ~ 5 hold. If

0 By

nf2 (7 ) Tn E<§2}V:’U) dv — i — fu(’U) _0
o fo () 0 e T BV=0) ’
fo Tolo) @Y
Tn E(§ ’V ’U)

¢ B(V =0 A0
nfg - / ————*dv — oo, if lim . @4
( ) o fv ('U) n—>oof£)’yn (;|(Vv)'u dv <:1 )
2}V—v)

fo ()

dv — 00, otherwise.

nmin {7 (v,), f2 (=7n }/

then the Lindeberg condition (1.2.1) holds.

Theorem 1.2.4 (Necessity) Let Assumption 1 ~ 6 hold. Suppose for density function

fu, there exist constants 0 < cy, c’f <1, ay, a’f > 1, such that

2 ((1 - Cf) ay) o o
fO fol v)dv
2 1
Jo ((1 - cf) af'Y) Jatpy Tty
EICONNE S DL

= 0(1), asy — oo, (1.2.5)

= 0(), asy— —o0.

Then if the Lindeberg condition (1.2.1) holds, either condition (1.2.4) holds or the condition

(1.2.4) can give the fastest rate of ~,,.>

Theorem 1.2.3 gives a sufficient condition for the Lindeberg condition. The regularity
condition (1.2.5) is needed to let the sufficient condition also be the necessary condition or to
give the fastest rate of trimming parameters. Lemma 1.2.5 shows that virtually all standard
distributions (e.g. Cauchy, student t, exponential, normal) satisfy this condition. Only very

thin tailed distributions like the extreme value distribution fail this regularity condition. It

?The meaning of the fastest rate of v,, is as follows. Suppose (—7,7,,) from condition (1.2.4) can have
the Lindeberg condition hold. (—ail’fy'n,i,an,fyn‘i) is a sub-series where {a;“} or {an,i} goes to infinity,
and (—a'n’i’y'n’i?an,fyn’i) fails condition (1.2.4). Then (—a%’i’y;,“ami’ymi) fails the Lindeberg condition.

14



is therefore usually reasonable to impose this f, not too-thin-tailed restriction. Note that
condition (1.2.4) is sufficient and close to necessary for the Lindeberg condition, and the iff
condition set of trimming parameters to the Lindeberg condition is a slight expansion from
condition (1.2.4). As shown in Section 1.2.4 by Theorem 1.2.9, when we have a little more
structure on ¢; we can strengthen the current near iff condition to an actual iff condition,
and can do so under an even more general regularity condition that allows for extremely

thin-tailed distributions.

Lemma 1.2.5 If f, (v) decays in the right tail at the same order as #, v exp (—v?),
exp (—v°), v, for any c,c1,ca > 0, condition (1.2.5) is satisfied. If f, (v) decays in the

right tail at the same order as exp (—exp (v°)), for any ¢ > 0, then condition (1.2.5) fails.

Some applications only need one sided asymptotic trimming. Suppose we do fixed trim-
ming or no trimming at left hand side, so the trimming indicator becomes I (—vy < v; < 7,,),
where 7, is a fixed positive number or infinity. Following the same line analysis, we get the

following corollary.

Corollary 1.2.6 Under the same assumptions as in Theorem 1.2.3 and 1.2.4, for the es-
timator (1.2.3) with the one-side trimming indicator I (—vyy < v; <7,,), the sufficient and

near necessary condition (in the sense of Theorem 1.2.4) to the Lindeberg condition becomes

nf? vn—E(gQ‘V:U) v — 00
L e (1.2.)

We next apply these results to the special regressor estimator for an endogenous selection

model.
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1.2.3 Identification and Asymptotic Trimming in Selection Models

The seminal papers Heckman (1976, 1979) propose two-step estimators to correct for sample
selection bias. Thereafter, much work has been done on this issue, e.g., Powell (1984),
Heckman (1990), Vella (1992, 1998), Ahn and Powell (1993), Wooldridge (1995), Lee (1994),
Chen (1997), Honore, Kyriazidou and Udry (1997), Li and Wooldridge (2002), Abadie
(2003), Das, Newey, and Vella (2003), Lewbel (2007) and many others. We apply our
approach to the estimator in Lewbel (2007).

The following are our identification assumptions. We only need one-sided asymptotic

trimming for the estimator here, so we weaken Assumption 2 to Assumption 10.
Assumption 7 Observations are i.i.d. across i.
Assumption 8 cov (Y*,U) is finite.

Assumption 9 V LU, E(Y*|U,V) =E(Y*|U),0 < c < var(Y*|U,V) <E(Y*?|U,V) <

¢ < oo for any U, V.

Assumption 10 V s continuous with support R. There exists a large vy > 0, for any

v >0, inf {f, (v) |v € [=70,7]} > 0, and liIJlrrl fo(v) =0.

Assumptions 8~10 are the identification assumptions from Lewbel (2007). In addition
to the standard requirements for V' to be valid as an instrument, we need V' to be continuous
and have large support, to serve as a so-called special regressor. To keep notation simple,

we let

DT DT
(V=B fu(v) (v =B (Uy)) fo (v)°

-
Il
h<
=
Il

(1.2.7)

16



where T'=1(—vyy < v; <), 7o and v are two positive numbers, and

¥ U>~y
Uy=90 U —94,<U<¥y
—Yo U<-v

The following identification result is from Lewbel (2007).

Lemma 1.2.7 (Identification) Under Assumption 8, 9 and 10, let pp (v) = E(D|v),

then

cov (Y*,Uy)

B(A) = B(r") - T2 Eer,

E(IT) = 1

var (A) = dv.

1+0(1) /7 E(Y*@\v)dvxi " pp (v)
(Y =B@0))* )y fo@) Vo Sy fo (V)

From Lemma 1.2.7, E(Y*) is identified by lim A. To get a consistent estimate, we
y—00

only need to let v go to infinity while v, can be a fixed number. The sample counterpart

estimator is as follows:

1 D;T,
E’L 1 fv UTZ”}/;

DiThni ’
= ZZ 1 fo(vs)

~

f, = (1.2.8)

where T = T(—v9 < vi <7v,) 5 Tn — 00, as n — 0o. We divide both the numerator and
denominator by v,, — E (U,), then

1 DTn'L .
SO Dy e ))fv(vz)YZ.

Mn_

(1.2.9)

1
DR e (T ()

Similarly, we let A,; and II,; denote the numerator and denominator in i, respectively.

Since the denominator in equation (1.2.9) converges to one in probability and the struc-
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tures of the denominator and numerator of fi,, are similar, we focus on the analysis on the
numerator % >y Api. The asymptotics for fi,, can be derived using the delta method.
If we drop ¢ in Tp;, var (Ay;) is possibly infinite for any ,,. Thus 7, is necessary to be

included. We denote the bias term and variance term for A,; as

1.2.4 Rates and Limiting Distribution

The following Lemma confirms the heavy-tail problem of estimator (1.2.8).
Lemma 1.2.8 Under Assumption 3, 02 — 00, as 7, — 00.

We apply the Lindeberg-Feller CLT for % > i1 Api. The Lindeberg condition for % S A

) =0. (1.2.10)

We similarly let ¥ denote trimming parameters that satisfy the Lindeberg condition

is: for any € > 0,

(Am' —E (Am))2

2
n

> ne

n— o0 0'2

n g

lim B <<A”" — B (A""))ZH

lim B <(A”" — B (Aw)” [(A”" ~E ()" n&t]) = 0} .

S 72 72

V= EQO {"}/n

It is straightforward to verify that A,; satisfies all the assumptions given in the previous

subsection. Applying Corollary 1.2.6, we get that the condition

Tn
pp (v) p

70 (0) — 00, (1.2.11)
—Yo JY

nfe (V)
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is a sufficient condition for the Lindeberg condition. By utilizing the specific structure of
the estimator, the following theorem shows that condition (1.2.11) is necessary as well as
sufficient for the Lindeberg condition, under a more general regularity condition (1.2.12)

which further allows extremely thin-tailed densities as shown by Lemma 1.2.10.

Theorem 1.2.9 Suppose Assumption 3, 35 ~ 10 hold. Condition (1.2.11) is the sufficient
condition to the Lindeberg condition (1.2.10). If there exists a differential function m ()

where 0 < m (y) <y such that

i =m) o (m () o)
fov) 4 1woop fo(y =m (7))

<1. (1.2.12)

Condition (1.2.11) is also the necessary condition.

Lemma 1.2.10 If f, (v) decays at right tail the same order as #, v exp (—v?), exp (—v°),

v, exp (—exp (v°)) for any c,c1,co > 0, condition (1.2.12) holds.

Based on the iff condition (1.2.11), in the next subsection, we introduce a condition
that tells which world we are in and the optimal convergence condition for the trimming

parameter v, to obtain the fastest possible convergence rate.

1.2.5 Nice or Ugly World and the Optimal Convergence Rate Condition

Under the iff condition

Tn
pp (v) P

70 (o) — 00, (1.2.13)
—Yo JY

nfe (V)
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the bias term may be the dominant term, depending on the tail thickness of f, (v). Note

that

T | ) [,

2 - 2"
Un 2 ’Yn p ( )
72 () (S5, B )

nfg Vn f’yfylo 1}5((111))) dv
72 (12, B )’

world requires f, (7) J” 770 ol :)) dv — oo. Note that pp (v) — 1, as v — 00, so we only need

= O (1). Therefore, being in the nice

To have , / 5B, = O (1), we need

v 1
d
—Yo fo(v)

fo (7) v — 00, as 7y — 00, (1.2.14)

Condition (1.2.14) is the condition that tells whether we are in the nice or the ugly
world. If it holds, then we are in the nice world, otherwise we are in the ugly world, where
either asymptotic normality fails or the bias term term dominates the distribution when
asymptotic normality holds. We call equation (1.2.14) the tail condition.

The bias and variance tradeoff is similar to that for standard nonparametric estimation:
the larger the +,,, the smaller the bias is, but the larger the variance is. A closed form ana-
lytical expression for the minimizing RMSE is not available due to the complicated structure
of the variance term. Nevertheless, the convergence rate of the estimator is either that of
the bias or of the variance, whichever is slower. Therefore we get the fastest convergence

rate by letting the bias term and variance term of the same magnitude, i.e., , /5B, =

Lto() v E(YZDl) p o cov(y* Uy

which gives =0 S T w0 = GoEwn)?

and also implies asymptotic normality
when we are in the nice world (based on the tail condition). Simplifying this equation and

dropping small order terms, we have

1 (7 E(Y*D|v) . T2
T e e O .
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The v from this condition might not minimize RMSE, but it does minimize the rate of
RMSE, so we call it the optimal convergence rate condition. We can estimate E (Y*QD‘ v)
by regressing Y2D on V. We then also need to estimate cov (Y*,U )2, based on the model.
After this, one could implement condition (1.2.15) to get . Note that this derivation based
on the optimal convergence rate condition yields an optimal numerical value for +, not just
a rate.

To summarize, we first need to check the tail condition (1.2.14) to see if we are in the
nice or the ugly world. If we are in the nice world, we choose a trimming parameter value
based on the optimal convergence rate condition (1.2.15) to achieve the fastest convergence
rate.

Below are the derivations of the convergence rate and which world we are in for our

estimator with a given f,. Note that when f, (v) < exp (—v), f, (7) ijo 1}13((5)) dv =< 1. For
specific density functions, f, (v) < exp (—v) is the boundary of the nice and the ugly world:
for f, with thicker tail, we are in the nice world; for f, with thinner tail, we are in the ugly
world.

Example 1: If f, (v) < Ul% at the right tail for some ¢ > 0, then the optimal -, from

1 1 1
condition (1.2.13) is that v, =< n%< and , /:—%Bn =1, B, xn 2, 4/ % =n T,

It is not hard to verify that the tail condition (1.2.14) holds here so we are in the nice

world. Example 1 covers the case when V' is distributed as a Cauchy or Student-t (¢ > 1).

Example 2: If f, (v) < e~ at the right tail for some 0 < ¢ < 1, then the optimal ~,, from

1

1 1
condition (1.2.13) is that y,, =< (logn)% sand | [~ B, <1, By, < (10én) o/ %% = (loén) ‘.

In the case f, (v) < e™", ¢ < 1, the tail condition (1.2.14) holds, so we are in the nice

world.
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Example 3: If f,(v) < e at the right tail for some ¢ > 1, any =, from iff condition
(1.2.13) will have | 25 B, — oo.

In the case f, (v) < e™%", ¢ > 1, the tail condition (1.2.14) fails. It is straightforward to

verify that the dominant term is the bias term for any +,, from the iff condition (1.2.13).

1.2.6 Asymptotic Normality and Inference

The following theorem is the main result in this paper. It states that when we are in the
nice world (condition 1.2.14 holds), if we choose the trimming parameter using the optimal
convergence rate condition (1.2.15), then we attain both the fastest possible convergence
rate and asymptotic normality. If we are instead in the ugly world, then it may still be
possible to make some progress by applying bias reduction techniques. We suggest using a

Jackknife for this purpose. See Appendix 1.8 for details.

Theorem 1.2.11 Let Assumption 3, 35, 8, 9, 10 hold. For f,(v) satisfies tail condition

(1.2.14), v, from the optimal convergence rate condition (1.2.15), we have

n |1 n * d
‘/(7% [nzlAm—E(Y ) —B,| = N(0,1),
where | /-8By < 1 and the convergence rate is the fastest.

Proof.2 The conclusion follows immediately after the results in Section 1.2.5, by th Lindeberg-
Feller central limit theorem. m
The asymptotic distribution of estimator (1.2.8) follows immediately after Theorem

1.2.11.
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Corollary 1.2.12 Suppose all assumptions in Theorem 1.2.11 hold, we have

\/W A = (V)L o~ B O =Bl SN,

where \/WT[AM_%(Y*)HM} B, < 1 and the convergence rate is the fastest.

Proof.2 Not hard to see that the Lindeberg condition (1.2.10) also works for 2 ST II,,;.
The rest of the proof is done by Theorem 1.2.11 and the delta method. m
If we estimate the variance with 52 = LS A2 (A3, Am')2 , the following Lemma

~2
shows that Z—S %, 1, so we can estimate o2 with above formula. This result is not trivial

2

s — 00 as n — oo here.

because o

)

EINSEN)

P

Lemma 1.2.13 Let all assumptions in Theorem 1.2.11 hold, then we have Z— = 1.

In the next section, we turn to case when f, (v) is unknown and estimated nonparamet-

rically.

1.3 Estimation with Unknown f

fv is usually unknown. In this section, we discuss the case when f, is estimated nonpara-
metrically.
We consider here the modified estimator (1.2.8) with estimated f,,
1 n D;Tyi
4 4 iini Y
_ n Zl:l (’Yn_E(UVL))fU(’Ul) ! —

1
ﬁn o l Zn DiTni - = Z
n =1 (’Yn_E(Un))fU(UL) n

g?ﬂ% , (1.3.1)

where

1= DiTm'YiA i DiTn;
(Yn = B (Un)) fo (vi)

ni —
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-~ 1 n 1 Vi — V;
v\Vi) = —-K ! - .
folw) =732 07 < h )

K (-) is standard kernel function defined in Assumption 37.

The estimation of f, introduces some new problems: the estimation of f, is in expanding
sets [—7Yg,7n); the estimator now needs a linear representation. As shown in Wooldridge
(2007), Hirano, Imbens, and Ridder (2003), Magnac and Maurin (2007), and many others,
the estimator with estimated f, can have smaller variance than the one using the true f,.
This is also the case here, however, the rate remains the same. For the convenience of
inference, we prove the consistency of the bootstrap when we are in the nice world. Note

that the convergence rate in this model is slower than root-n.

1.3.1 The Consistency of f, (v)

To have a point-wise consistent estimate of ﬁ, (v), we need the number of observations

around the point v to tend to infinity. We know that f, (v,,) < [inf | fo (v) for n large
veE 7’707’777.

enough. So if f, (v,,) is consistent for f, (v,,), the point-wise consistency of 2 (v) on the

whole interval [—vy, 7,,] should hold.

The standard nonparametric analysis (e.g., Li and Racine 2007) gives that

E [ﬁ, (@] = £, (v) + % £89 (v) b, (1.3.2)
var [fv (v)] = Wf;év), (1.3.3)

where k, = [vIK (v)dv, 7 = [ K (v)*dv, and ¢ is the order of Kernel function K. From
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equation (1.3.2) and (1.3.3),

~

fol) g S0 ()b T

To control the variance term, we need the number of observations used to estimate f, (y,,) ,

nhf (v,) to tend to infinity. The bias term could be controlled by using a high order kernel
function with a bandwidth h =< n~=¢, for some ¢ > 0.

The optimal convergence rate condition (1.2.15) and the tail condition (1.2.14) imply
that nf, (v, ) — oco. For the consistency of o (v) on [—7vg,7V,), we need a little bit stronger
condition than that:

nlfcflfv (V) — 00, (1.3.5)

for some 0 < ¢}, < 1. The optimal convergence rate condition remains the same:

1 EBY™D[v) e 2
- /70 [0 dv =cov (Y*,U)". (1.3.6)

However, condition (1.3.5) and (1.3.6) place a more restrictive condition on f, (v):

Yo 1 1—cj,
( 7 (U>dv> fo (7,,) — o0, (1.3.7)
Yo Y

for some 0 < ¢j < 1. This is the new and stronger tail condition needed to be in the
nice world with the estimated instead of true density. Condition (1.3.7) rules out f, (v) =<
exp (—v°) for ¢ < 1 in example 2. This is because the tail of that f, (v) is too thin to ensure

the consistency of fv on the entire expanding sets, if we choose h = n~¢ for some ¢ > 0.

Jo(v+h) _
fo(v)

Assumption 11 (Restriction on f,) For v, chosen from condition (1.3.6),
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14+0(1), forv € [—vg,7,], where h is the bandwidth used in the kernel function, h < n™¢,

for some ¢ > 0.

Assumption 11 is for the consistency of ﬁ, (v); intuitively, it says that the density of
those observations used in estimation should be close to the density we estimate. It is not
hard to verify that those f, in Lemma 1.2.10 satisfy Assumption 11, so it is reasonable to

impose this assumption.

Lemma 1.3.1 For v, chosen from condition (1.5.6), under Assumption 11, if h < n™,

for some 0 < ¢, < 1, using Kernel defined in Assumption 37 with q > 1;%

:o((%%).

Note that condition (1.3.6) can possibly give v,, as fast as n%, if the tail of f, (v) is thick

sup | fo (v) — fo (V)

ve [_’YOaﬁfn]

o) = fo ()

enough. Hansen (2008) also obtains the uniform convergence rate of ~ sup
UE[_707’777,]

on expanding set. However, this does not cover our result here, because our v, may go to

infinity faster.

1.3.2 The First-Order Asymptotics

We consider the first-order asymptotics of %Z? /A\m To simplify notation, let m,; =

D;T,Y; — Mni A M
idnils then A -— ni A . Ly
Y —E(Un)’ ™ fe(vi)? T (v)

Observe that

~
Ani

Mg Mni M <fv (vi) — ﬁz (%)) N My <fv (v;) — ﬁ) (vi)>2
= o)

7 (v;) A + 72 (1) 20 Ty . (1.38)

where the first two terms on the right hand side are the influence term and could be analyzed
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using standard U-statistics, and the last term is the residual term, which is asymptotically
negligible.

With the uniform convergence of fv (v) over the expanding sets, the following theorem
gives the linear representation form, by applying the standard U-statistics (see Powell et
al. 1989) technique on the influence term and showing the residual term is asymptotic

negligible.

Theorem 1.3.2 Suppose f, (v) satisfies condition (1.3.7). Let Assumption 3, 35 «~ 11, 87
hold. For vy, chosen from condition (1.3.6), we set h =n", 0 < ¢;, < ¢, and q > 1;%,

then

2

%le (an -E(Y") - Bn) = % Z:;l (Ani — B (Apilvi)) +op ( a;) , (1.3.9)

where the influence term is asymptotic normal and achieves the fastest rate of convergence,
and 4/ %Bn = 1.

By Theorem 1.3.2 and for the same reason as in Corollary 1.2.12; we have the following

Corollary.

Corollary 1.3.3 Suppose all Assumptions in Theorem 1.3.2 hold, then

n o2
BB = By= 2 3" (i~ B ]~ B[ — B (V) Iaifui]) + ( n”) ,
(1.3.10)

where the influence term is asymptotic normal and achieves the fastest rate of convergence,
2

and \/ 2B, < 1.

Proof.2 It is not hard to see that the Lindeberg condition (1.2.10) also works for = >"7 IL;.
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The rest of the proof is done by Theorem 1.3.2 and the delta method. m
The variance here is smaller than that in Corollary 1.2.12 with same degree of trimming,

confirming previous results. However, the convergence rate remains the same.

1.3.3 Bootstrapping the Estimator

Suppose we have data {z;};; and a statistic g formed from {z;}; ;. The bootstrap ran-
domly generates a series {2} ; many times according to the empirical distribution of
original series {z;};_, , and then gets a new statistic o* based on {z;}" ;. ¢* is used to ap-
proximate the distribution of p. The consistency of bootstrap has been discussed intensively
in the literature. For an comprehensive review, see Horowitz (2001) and references therein.

Estimator (1.3.1) with a nonparametric estimated component is essentially a U-statistic.

After some transformation, equation (1.3.8) becomes

P
Zi:l AnZ o Eziil fv (’U,L) N n_ 1 Zz 12] 1,j#i n Z“Z])

+%Z; <fv(( Z)) { Ew)) : (1.3.11)

1 mm)) L (vj _UZ) Z denotes all the variables involved.

where Qn (Z,L,Z]) = <f2(1)1) + fQ(UJ

The bootstrap for U-statistics is first discussed by Bickel and Freedman (1981), which gives
conditions for the bootstrap to work. One condition is that second moment of @y, (2, 2;)
is uniformly bounded which is not the case here. Chen, Linton, and Keilegom (2003) show
bootstrap works for semiparametric estimates when the criterion function is not smooth
but their results are in the regular case (root-n). So we need to show that the bootstrap

works for estimator (1.3.1).
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For notation we let variables with superscript * be the newly generated variables from
the empirical probability density function of {z;};_; with mass 1 on each z;, i.e., {2/},
and ]A\;“w are the newly generated variables for {z;};"; and Km respectively.

The theorem below says that the bootstrap technique indeed works for our estimator
here, when we are in the nice world. The proof is tedious, but the idea of the proof is

simple: we follow the standard proof of the consistency of the bootstrap for U-statistics

while showing residual terms asymptotically negligible as in Section 1.3.2.

Theorem 1.3.4 Under the same conditions in Theorem 1.3.2, and the bootstrap series

1

{2/}, are distributed as the empirical probability density function of {z;};—, with mass

on each z;, then

et B (e L) £ v

B { [Ani — B (Anilvi)]” }

1.4 Model with Additional Covariates

In this section, we generalize our identification and estimation to the case when we have
additional covariates X. We first consider the case where we put no structural restrictions
on how covariates affect the outcome, and then consider some parametric restrictions on
the outcome equation. To simplify the already complicated analysis, we assume we know
the joint density function of V and X. The results can readily but tediously be extended to

the case with estimated density function, following the same line analysis as in section 1.3.
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1.4.1 Nonparametric Estimates

The model is now as follows

where we observe (Y, D,V, X), we do not observe U, and each variable is scalar except that
X is k x 1 vector. The object of interest is E (Y™). For notational convenience, we let

Z =1[Y,Y* D,V,U, X]| denote all the variables involved here.

We basically maintain the previous assumptions, but now including X.

Assumption 12 V L U| X, E(Y*|U, X,V) = E(Y*|U,X), 0 < ¢ < var (Y*?|U,X,V) <

E (Y*2|U,X, V) <e< oo, for any U, V, X.

Assumption 13 V is continuous with support R. Fy, > 0,y > 0, inf {f, (v| ) |[v € [=7v0,7]} >

0.

Assumption 14 X lies in a compact set Qg, and infzeq, fo () > ¢ > 0. fi, (v|z+h) =

fo(v|z) (14 0(1)), for any h =o0(1).

Assumption 15 (Restriction on f(v|z)) f, (v|z) satisfies Assumption 3 at right tail for

each fized x.

Assumption 13 is not restrictive, because we assume that X lies in a compact set.
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Identification and the Estimator

For similar reasons as in Lemma 1.2.7,

cov (Y*,Uy,| X)

DY]I(_PYOSV<’Y7L * _
5 ( ot e ‘X> AR 6 o B 1 (7Ab M
DI (=, <V <7, (X)) _
(m X) —E(Un\X))f(VlX)'X) -t
Then
( DYI 30V 9, () ) X) .
(7 (%) —E(U X)) (V] X) . cov (Y*,Up| X)

E ! =E(Y*)-E [% X = E(UN‘XJ (1.4.2)

DI(—79<V <7, (X))
E ( T (X) B X)) (V) ) X )

so E (Y™) is identified by letting ~,, (X) go to infinity for each X.

Let

7@y (@)
DJTnj ij (7) DJTnj

fo (vl 25) (vp (2s) = B (Un| )’ Ho fo (vjl25) (v (i) = B (Un| )’

(@) —

where Trg? =1(—v <vj <7, (), 7, (z;) is the trimming index for z;, then the sample

counterpart estimator for equation (1.4.2) is

(1.4.3)

Convergence Rate of the First-step Estimator and Lindeberg Condition.

After defining estimator (1.4.3), we treat x; as a constant and discuss the first-step estimator

1 ()1 Tj— X4 1 @)1 Tj— X4
A —K nm:—K{(———. 1.4.4
n—lzjs«éz‘ " h ( h >’ n—lzjsﬁi " h h ( )
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We similarly define the bias and variance term for the first-step estimator:

= co(Y*Uplai) o, | _ @l (2j—%
Bt = =" ity e = e (a0 () ).

It is straightforward to check that

(14+0(1)) fp K2 (u)du /vn(wﬂ E (DY*?| zi,v) 0

CHCHES 5
h(v, —B(U,|%:))" J—, f(v]z)

The variance of the first-step estimator is

which is slower than estimator (1.2.8) and (1.3.1).
Similar to Theorem 1.2.9, the following theorem shows that the iff condition of the

Lindeberg condition for the first-step estimator.

Theorem 1.4.1 Suppose Assumption 12 and 15 hold. If

n(4)
nf? (v, (i) ;) h/7 PDjz: 1Y) ()

L FlD dv — o0, (1.4.5)

where p pz, (v) =E(D|V = v, X = ;). Then the Lindeberg condition of estimator (1.4.4)
holds. If Lindeberg condition for estimator (1.4.4) holds and f (v|x) satisfies similar requ-

larity condition as in Theorem 1.2.9, then condition (1.4.5) holds.
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To be in the nice world, similar to Section 1.3.1, in this section, we need f,, satisfy

1 o 1.4.6
</ F(olo) ) fo b (@) = o2, (1.4.6)

for some 0 < ¢; < 1. Once we are in the nice world, similarly, we choose the trimming
parameter from the following optimal convergence rate condition:

Jp K (w) du /’Yn(“*’i) E (DY?|%;,v)

dv = cov (Y*,Uy,| 24)?, (1.4.7)
nh v f(v]z)

which provide the trimming parameter that gives the fastest convergence rate for the first-

step estimator.

Convergence Rate of the Plug-in Second-step Estimator

This portion of the analysis is standard and similar to the one in Section 1.3.2. Note that
the structure of our estimator is essentially as follows:

~ N ~ ~ 2
i—a a(b-0) @-o)(b-0) a(b-b)

a
Sy w bb T

S )

We first show the residual term (last two terms in above expression) is asymptotic negligible,
then apply standard U-statistics technique on the influence term (first three terms in above
expression).

Lemma 1.10.7 in the Appendix shows that the residual term is asymptotically negligible
if we choose the trimming parameter using condition (1.4.7). After showing that the residual
term is asymptotically negligible, we are able to give the first-order asymptotics of estimator

(1.4.3). Since the proof on the influence term is standard and similar to the one in Lewbel
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and Yang (2013), it is omitted.

Theorem 1.4.2 Let all the Assumptions in Lemma 1.10.7 hold here, then

fin ~ B (V") ~ E (B, (1))

ALY I, B (Affz) !M‘) E (ASZ \l‘i) L (Agfz) W?z‘) ( o2
n _|_ Op n

1 n
Sn 2o\ B () e (e)] B (M) (B (10

where the influence term is asymptotic normal and achieves the fastest convergence rate,
2 ~
and \/ 22 (Bn (a:z)) =1

The convergence rate of the two-step estimator here is the same as in Theorem 1.3.2. The
slower convergence rate from the first-step estimator is smoothed out during the second-step

estimation.

1.4.2 Semiparametric Estimates
The Model

We consider now the following semiparametric model,

where we observe (Y, D, V, X), we do not observe U, and each variable is scalar except that
X is k x 1 vector. The object of interest is the parameter 6, a k x 1 vector. We assume the
moment condition that E (e| X) = 0, so the only source of endogeneity comes from selection

D.
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We maintain assumptions 13~15 here, and we modify Assumption 12 to accommodate

current model for identification.

Assumption 16 V L U| X, E(e| X) =0, E(XX') is full rank, and 0 < ¢ < var (Y**|U,X,V) <

E (Y*2|U,X, V) <e< oo, for any U, V, X.

The Estimator

Following the last subsection, we have

DX (Y = X'O)[(—y <V <y(X))\ _ [ cov(Xe,U)
E( (v (X) —E(U,]X)) f (V[ X) >— E[V(X)_E(U”XJ (1.4.8)
DI(—y <V <( B
E((Y(X)—E(U7|X)) V,X‘X> 1. (1.4.9)

Therefore, we can identify 6 by

- m B (DXXICn ST 00) > (221 <v<500) )
G -BGIX)FVIX)) 6 - B0, X))/ (V]X)

(1.4.10)

The sample counterpart estimator can be

s (1 DT N1 D,
b= (n ; (Y () — E(lemi))f(w!:ci)xzxo (n Z (Y () (leaci))f(vi]xi)xzyg '
(1.4.11)

For the asymptotic normality of each element in 6, the iff condition for the Lindeberg
condition is the same for each element, since the variance of each component is of the same

structure. Further, one can check that this iff condition is

Vi (T4) v
nf? (@l [ B

o Flm ™ T (1.4.12)
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which is equation (1.4.5) without h.

Since 6 is a vector, we choose the optimal convergence rate trimming parameter by
minimizing the weighted RMSE of each component in 6 by a non-negative weighting vector
¥ = (Y1, ...,9%). The choice of ¥ affects the condition for choosing ~,, by a small amount.
Because of this small discrepancy, we suggest using ¢ = (1,0, ...,0), i.e., putting all weight
on the first term. With this weighting vector, by some simple calculation, we get the optimal

convergence rate condition:
1 (@) E(De?|x;,
/ wdv = cov (e, Upn|z;)?. (1.4.13)

Similarly, for valid inference, we restrict our attention to the nice world where the density
function f (v|x) satisfies the tail condition (1.4.6). Using the Cramer-Wold device, the final
asymptotics of 0 is straightforward given what we have before. To save space, these details

are omitted.

A Practical Alternative

Nonparametric estimation of f (V|X) may be problematic in applications where X is mod-
erate or high dimensional. To bypass this difficulty, one may put more structure on the
model. For example, following Dong and Lewbel (2014), we assume that V is a linear
function of X:

V=Xa+n nlXU E(X,n)=E(EX), (1.4.14)

and 7 is the new one-dimensional special regressor. We can first get @ by doing linear

regression of V on X and let 7 = V — X'a. Then f, could be estimated using a one-
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dimensional nonparametric kernel density estimator.

We can identify 6 by

i (PXXT(—y SV <)\ (DXYI(—y <V <)
= E( ( —E(Uy)) 1, (1) ) E( ( —E(Uy)) 1, (1) )
i (PXXT(—7 SV <)\ (DXYI(—y <V <)
= E( 7o 1) ) E( 7o (1) )

y—00

y—00

(1.4.15)

where v — E (U,) is canceled out in the second line. The iff condition for 0 being asymptot-
ically normal is equation (1.2.11), replacing v with 1. To choose the trimming parameter,
similar to the last subsection, we can let the weighting vector be ¥ = (1,0, ...,0) . Similarly,

with this ¢, the optimal convergence rate condition for choosing 7,, is

;/_:7; de = cov (e, Up)?. (1.4.16)

To be in the nice world, we need to restrict f, to satisfy equation (1.3.7) (v replaced by 7).

The sample counterpart estimator with ]?can be

—1
- - ~ 1byg - =~ 1Y | =
noiD o () ' no= fn (1)

and T; = I(—v9 <n; <7,). Because 7 is root-n consistent, the asymptotics of 6 will be
not be affected by the preliminary estimation stage of 7. Using the Cramer-Wold device,
the final asymptotics of 0 is a linear combination of the asymptotics in corollary 1.3.3 under
almost the same conditions. Since the analysis is the same as before, to save space, we do

not list formal results here.
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1.5 Monte Carlo

To assess how our trimming criterion works in small samples, we provide two sets of Monte
Carlo experiments. In the first experiment, all error terms are symmetric, while in the
second experiment, there exists some asymmetry.

We set the number of observations to 200, 1000, and 5000, and the number of replications
to 10000. We want to show that our way of trimming works well in small and in moderate
large samples. We obtain five different estimates: one is our estimator with trimming
parameter that is chosen from the optimal convergence rate condition (denoted as Full Trim
in the table); two others are with halved and doubled that trimming parameter (denoted
as Half Trim and Double Trim); the fourth one is the ordinary least square estimator
without bias correction (denoted as OLS); last one is the Heckman’s two-step estimator
(denoted as Parametric). Heckman’s estimator using MLE is more efficient than the two-
step estimator when the error terms are normal. However, sometimes the Heckman MLE
is hard to converge, so we choose the more robust two-step estimator as the benchmark.

The set up for the first Monte Carlo experiment is symmetric. We let e; and es be the
standard normal random variables, and set random variable V' to the student-t distribution

with the degree of freedom be 1, 3, or 4. The outcome and selection equation are:

Y =(1.5e1 + 1.5¢3) D, (1.5.1)

D =I(V — 1.5¢3 > 0). (1.5.2)

The expectation of the true underlying Y* is zero, but one would see spurious negative
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effects without any bias correction. We obtain two sets of estimates: one is obtained with
true f,, and the other one is obtained with ﬁ, estimated by the Gaussian kernel with
bandwidth from the Silverman’s Rule of Thumb. Note that the student-t distribution with
1 degree of freedom does not have finite variance, so for the latter case, we do not obtain
estimates when V' is t(1).

The set up for the second Monte Carlo experiment is asymmetric. We let es be the
standard uniform and e4 is distributed as t(4), with V' be the same as in the first experiment.

Again, es,eq,V are independent. The outcome equation and selection equation are as

follows:

Y =[2e3 — 2|e4|] D, (1.5.3)

D =I1(V —4e3 > 0). (1.5.4)

The expectation of the true underlying Y* is 0, and Y is asymmetric. Just as in the first
experiment, we consider two different estimates: one with known f,, and one with estimated
ﬁ,. For the same reason as before, we do not consider the case with ﬁ, when V is distributed
as t(1).

Note that Heckman’s two-step estimator is consistent in the first experiment but is
inconsistent in the second one because es and e4 are uniform.

All MC results are displayed in Table 3, 4 and Figure 1.2, 1.3 in the Appendix. We
summarize our results in the tables as follows. First, the Heckman’s two-step estimator is
consistent in experiment one and inconsistent in experiment two. Our proposed estimator

with the full trimming parameter performs reasonably well compared to Heckman’s esti-
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mator in experiment one. Our estimator performs similarly in both experiments. The OLS
without bias correction shows large bias. Second, our estimator with the full trimming
parameter outperforms those with the halved or doubled trimming parameter in terms of
RMSE. The convergence rate of our estimator is indeed slower than root-n as seen from the
RMSE in different sample sizes. One can also see that the heavier the tail that V has, the
faster the convergence rate is, e.g., V being t(1) gives the fastest convergence rate. Last,
the result with ﬁ, is similar to the result with true f,.

Figure 1.2 and 1.3 show the results in both experiments when V' distributed as t(3). The
first three plots in both figures show the estimated probability density function (PDF) of
our estimates with halved, full and doubled the optimized trimming parameter in different
sample sizes. From the first plot, our estimator with halved trimming parameter shows big
bias and the PDF of the estimates does not cover the true value zero. The third plot shows
that our estimator with the doubled trimming parameter converges to zero very slowly.
Our estimator with the optimized trimming parameter balances the bias and variance very
well, as shown in the second plots. This is seen more clearly by the fourth plot, displaying
our estimators with different degrees of trimming when the number of observations is 5000.
The last two plots compare the PDF of our estimates with the full and doubled trimming
parameter to the normal distribution with the same mean and variance as our estimates.
They show that the PDF of our estimate with the full trimming is very close to normal while
with the doubled trimming parameter, the PDF deviates from the normal distribution. The
one in the second experiment even shows some degree of skewness. This shows that under
trimming may lead to the failure of normality.

All in all, our MC results show that our estimator with the optimized trimming para-
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meter works well in small and moderate large samples. Too small or too large trimming
parameter gives undesirable RMSE. Under trimming may lead to the failure of asymptotic

normality. MC results basically confirm previous theoretical findings.

1.6 Gender Wage Gap

1.6.1 Data

The gender wage gap problem fits right into the endogenous selection problem and has been
studied extensively in the literature. Our analysis uses data from the Second Malaysian
Family Life Survey (MFLS-2). This survey was conducted between August 1988 and Janu-
ary 1989 in Peninsular Malaysia. The MFLS-2 was developed by RAND and the National
Population and Family Development Board of Malaysia. Previous work using this data
set include Blau (1985, 1986), Vijverberg (1987), and Schafgans (1998, 2000). They found
great discrepancies across different ethnicities in Malaysia. To simplify empirical analysis,
we focus on the wage gap for a single ethnicity, specifically, between Malay men and women.

All monetary values are in 1985 prices, at an exchange rate of 2.48 Ringgit (M$). In
line with similar studies, the exogenous variable we use is the non-employment income
for individuals. The sources of non-employment income are unearned income (average
yearly property income of the household in 00 M$’), house ownership (binomial 0 or 1),
landholding (in ’00 acres’), and other household members’ yearly income (in ’000 M$’).
These wealth variables are assumed to affect individuals’ reservation wage and hence thier
decision to work, but are independent of the offered wage. We use minus the log of non-
employment income as the special regressor V, so that V tending to positive infinity (no

non-employment income at all) will force individuals to work. Summarized in Table 1.1,
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Table 1.1: Summary Statistics
Variable Name Male In Male Out Female In Female Out

Hourly Wage 3.26 N.A. 2.00 N.A.
(M$) (3.41) (2.42)
Age 30.17 22.61 28.67 26.80
(years) (5.95) (5.04) (5.73) (6.68)
Education Level 9.63 10.37 9.28 8.39
(years) (3.36) (3.11) (3.91) (4.00)
Unearned Income 5.56 10.21 7.42 11.96
(’00M$) (20.00) (24.69) (25.32) (72.16)
Home Ownership 0.57 0.77 0.55 0.73
(0Oor1) 0.50 (0.42) (0.50) (0.44)
Land 0.66 0.92 0.59 0.97
(’00acres) (6.32) (6.94) (5.67) (7.45)
Others’ Income 3.99 6.30 7.31 7.38
(’000MS$) (5.87) (6.27) (7.51) (11.13)
Num of Observations 935 327 570 785

the non-employment income for individuals who are in the labor market is much worse
than those who are not, which fits our intuition. Their introduction, however, does pose
possible endogeneity problems arising from their dependence on previous earnings of the
household. Following the literature, we only estimate over a young cohort 20-40, where
non-employment income is more likely to be exogenous. The dependent variable is the
log of the hourly wage rate. Other control variables are sex (0 denotes male and 1 denotes
female), ages, squared ages, and education level (years of schooling). The notation for those
variables is as follows: Y and Y™* are the observed log hourly wage rate and underlying log
hourly wage rate respectively; Xy denote those non-employment income variables; dg is
the sex dummy; X, are those control variables excluding sex dummy.

After dropping data with missing information, we have 2617 observations, including 1262
males and 1355 females. The participation rate of males is higher than that of females: 935
males but only 570 females are in the labor market. Mean values and standard errors (in

parentheses) of those variables are summarized in Table 1.1. The first two columns and last
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two columns are the statistics for males and females respectively, where "In" and "Out"
denote inside and outside of the labor market respectively.

From Table 1.1, the hourly wage rate for females is only about 60% of that for males.
Males not in the labor market are on average much younger than those in the labor market,
while for females these two groups on average are about the same age. Males in the labor
market on average are less educated than those who are not, but opposite is true for females.

We run the smoothed maximum score estimator to choose a weight 3y, for the variables
of non-employment income Xy to construct a special regressor V = —log (X{,3y,). The
maximum score estimator by Manski (1975, 1985) permits general forms of heteroskedas-
ticity, but the convergence rate is cube-root-n and bootstrap is not consistent for inference.
The smoothed maximum score estimator by Horowitz (1992) overcomes these issues; it
converges faster and the bootstrap is consistent, so we use the smoothed maximum score

technique here. We estimate the following model:

D =1(By —log (XyBy) + X.8.—U =0), (1.6.1)

where [, 8y, 5. are constant term, coefficients before Xy and X. respectively. During
estimation, we keep | By |, = 1, where ||| is the Euclidean norm. Following Horowitz

(1992), we minimize

1 o By — log (Xy, By ) +Xé5c>
S e ( ,
=1

n & h

where @ is the cumulative density function (CDF) of the standard normal and h = cn3, ¢
is some constant. We vary ¢ from 0.5 to 1.5, and find that the results are not sensitive to the

bandwidth we choose; we use the result from ¢ = 1. The standard errors of our estimates
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are obtained through the bootstrap with 200 replications. We finally get

V =—log <0.454 x unearned income + 0.409 x others’ income + 0.316 x land + 0.726 x houseown) ,
(0.140) (0.065) (0.089) (0.164)

where estimated coefficients with standard errors in parentheses are all positive significant

as expected.

1.6.2 Oaxaca Decomposition

The gender wage gap can be decomposed into the part that is due to group differences in
the magnitudes of the determinants, and the part that is due to group differences in the
effects of those determinants. The latter difference is more reasonable to describe the wage
gap than the original one, because the first difference can be explained by covariates. The
Oaxaca decomposition (Oaxaca 1973) addresses this issue.

We illustrate the Oaxaca decomposition using our example. We further decompose
(Y*, X,) into (Y}, X;ne) and (Yf*, X fc) which are the variables for males and females re-
spectively. Suppose the corresponding coefficients before X,,, Xy are 0,,,, 0y and let - denote

the average of the variable -, then

Y, —=Y; = Xyl — X sy
= (Xme— Xge) Om + Xye (0m — 05) (1.6.2)

= (Ymc - ch) 0f + Ymc <0m - Hf) , (1.6.3)

where the first part in equation (1.6.2) and (1.6.3) is the gap attributed by endowment, and

the second part is the gap by coefficients. Alternatively, we say the first part is explainable,
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while the second part cannot be explained by what we observe. The second part is what
we consider to be the gender wage gap.

Both equation (1.6.2) and (1.6.3) are possible decompositions. Without loss of generality,
we adopt the one in equation (1.6.3).

1.6.3 Estimation

The outcome equation is model as follows:

Y* = 0p+ X.0.+ dsOs + X.dsO.s + e, (1.6.4)

Y = Y*D (1.6.5)

Relating these coefficients to the previous section, we have 8,,, = [60, 02]/ 0 = [90 + 05, (0. + 965)'], )
We find that estimation of f (V| X) is sensitive to the bandwidth we choose, because the
dimension of X is high. To make our results more robust, we impose more structure and

adopt the simple approach in Section 1.4.2. We assume that

D=I(n—U>0),

where U is an unobservable, and n comes from

V = ao—l—dsozs—i—XéaC—i—n,

with assumption n L X, ds, U, E(e|X,n) = E(e|X). In this way, we only need to run a
linear regression to get 77 and one dimension nonparametric estimation to get jA}, The final

estimator is equation (1.4.17), with X being those regressors in equation (1.6.4).
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Figure 1.1: Estimated Density of n

To check whether we are in the nice world, Figure 1.1 displays the right tail of ‘]/‘; against a
standard normal and a standardized student distribution with six degrees of freedom. From
Figure 1.1, we argue that n has right tail behavior similar to that of t(6), indicating that
we appear to be in the nice world.

We choose the trimming parameter 7, from the optimal convergence rate condition
(1.4.16). To estimate cov(e,U), we impose the assumptions of Heckman’s two-step esti-
mator. However, note that these are assumptions used to get a good estimate of v,,, they
do not need to hold otherwise. We also provide estimates based on letting the trimming
parameter equal v,/ 2 and 27,,.

We compare our estimates with the ordinary least square estimator without any bias
correction and with Heckman’s two-step estimator, where the model is set as equation
(1.6.1), (1.6.4), and (1.6.5). The estimated parameter with standard errors are displayed
in Table 1.2. From Table 1.2, our estimates are sensitive to different trimming parameters,

showing the importance of choosing it carefully as this paper provides. The coefficients of
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Table 1.2: Estimation Results

SR Full Trim SR Double Trim SR Half Trim OLS Parametric

Constant —5.810%* —3.965*" —3.44%%  —4.466™*  —5.620"*
(0.356) (0.432) (0.393) (0.545) (1.031)
Sex 2.82%** 1.294%** 0.440 1.226 0.907
(0.565) (0.474) (0.563) (0.824) (0.863)
Age 0.338*** 0.200%* 0.140** 0.257***  0.318"*
(0.024) (0.030) (0.029) (0.038) (0.058)
Age? /100 —0.466*** —0.243** —0.086*  —0.352"*  —0.400***
(0.042) (0.050) (0.051) (0.064) (0.100)
Education 0.088*** 0.112** 0.092*** 0.098***  0.099***
(0.005) (0.003) (0.007) (0.007) (0.007)
AgexSex —0.226*** —0.059* —0.025 —0.111* —0.092
(0.040) (0.033) (0.041) (0.058) (0.060)
Age?/100xSex  0.345"** 0.045 —0.041 0.141 0.100
(0.070) (0.057) (0.071) (0.098) (0.100)
EducationxSex  0.037*** —0.057*** 0.026*** 0.023**  0.033***
(0.008) (0.005) (0.009) (0.010) (0.013)

Note: * significant at 10% level, ** significant at 5% level, *** significant at 1% level.

age and age? are expected to be positive and negative respectively, resulting in an inverted-
U-shape type response centered around some positive value. All estimates of the coefficients
before age and age? are as expected, except our estimator with halved the trimming para-
meter: the coefficient before age? is only significant at 10% level. For the coefficient before
education xsex, our estimator with the doubled trimming parameter has an opposite sign
than the others. For the parametric estimator, among the coefficients before the variables
involved sex, only the one before educationxsex is significant. Thus, if we do the Oaxaca
decomposition and only keep those significant coefficients, the unexplained part will be neg-
ative, favoring women, which seems unlikely. To sum up, our estimator with the optimized
amount of trimming delivers the most reasonable results.

The observed difference in the means of the log-wages for males and females (Y, —
?f) is 0.635. With OLS, the standard decomposition into the term (Ymc - ch) 0,, and

X e (0m — 0f) are 0.071 and 0.564 respectively. Only 11.2% of the difference in the mean
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of log-wages can be explained by the superior endowment for males. For our estimator
with the optimized trimming parameter, this percentage is 21.5%. From the parametric
estimator, the percentage is 19.7%. After correcting for selection bias, the unexplained

wage gap becomes smaller.

1.7 Conclusion

In this paper, we propose a general approach to trimming for heavy-tailed estimators.
Unlike most of the previous literature, which either assumes the Lindeberg condition holds
or imposes strong tail distribution assumptions, we instead find the largest range of possibly
trimming parameter values that satisfy the Lindeberg condition without any tail distribution
assumptions. We show a sharp distinction between a ’'nice’ and an ’'ugly’ world, which
depends on details of the tail conditions. We demonstrate the results by working out the
details for the special regressor estimator of endogenous selection models. A monte carlo
experiment and an empirical study show that our approach works well in small samples.
The methods proposed here may be applied to a wide variety of other problems involving
potentially heavy tailed estimators. Appendix 1.9 discusses some examples. Also, Appendix
1.8 shows that it may be possible to make progress using our approach even in the ugly

world where standard inference is not possible.

48



Bibliography

Abadie, A. (2003), Semiparametric Instrumental Variable Estimation of Treatment

Response Models, Journal of Econometrics, 141, 777-806.

Ahn, H., and J.L. Powell, (1993), Semiparametric Estimation of Censored Models with

a Nonparametric Selection Mechanism, Journal of Econometrics, 58, 3-29.

Andrews, D., and M. Schafgans (1998), Semiparametric Estimation of the Intercept of

a Sample Selection Model, Review of Economic Studies, 65, 497-517.

Bickel, P. (1982), On Adaptive Estimation, The Annals of Statistics, 10, 647-671.

Bickel, P., and D. A. Freedman (1981), Some Asymptotic Theory for the Bootstrap,

Annals of Statistics, Vol 9, 6, 1196-1217.

Blau, D.M. (1985), The Effects of Economic Development on Life Cycle Wage Rates
and Labor Supply Behavior in Malaysia, Journal of Development Economics, 19, 163-

185.

Blau, D.M., 1986. Self-employment, Earnings, and Mobility in Peninsular Malaysia,

World Development, 14, 839-852.

49



8]

[10]

[11]

[14]

Brown, B. M. (1971), Martingale Central Limit Theorems, Annals of Mathematical

Statistics, 42, 59-66.

Campbell, J. and L. Hentschel (1992). No News is Good News: An Asymmetric Model

of Changing Volatility in Stock Returns, Journal of Financial Economics 31, 281-313.

Chaudhuri S., and J. B. Hill (2013), Robust Estimation for Average Treatment Effects,

working paper.

Chaudhuri, S., and H. Min (2012), Doubly-Robust Parametric Estimation in Moment

Conditions Models with Missing Data, Mimeo.

Chen, S. (1997), Semiparametric Estimation of Type-3 Tobit Model, Journal of Econo-

metrics, 80, 1-34.

Chen, X., O. Linton, and I. Van Keilegom, Estimation of Semiparametric Models When

the Criterion Function is not Smooth, Econometrica, 71 (5), 1591-1608

Chernozhukov, V., and I. Fernandez (2011). Inference for Extremal Conditional Quan-
tile Models, with an Application to Birthweights, Review of Economic Studies, 78, 2,

559-589

Csorgo, S., E. Haeusler, D.M., Mason (1988a), The Asymptotic Distribution of

Trimmed Sums, Ann. Probab., 16, 672—699.

Csorgo, S., E. Haeusler, D.M., Mason (1988b), A Probabilistic Approach to the Asymp-
totic Distribution of Sums of Independent, Identically Distributed Random Variables,

Adv. Appl. Math., 9, 233-259.

50



[17]

[18]

[22]

23]

[24]

[25]

[26]

Crump, R., V. Hotz, G. Imbens, and O. Mitnik (2009), Dealing with Limited Overlap

in Estimation of Average Treatment Effects, Biometrika, 96, 187-199.

Das, M., W.K. Newey, F. Vella (2003), Nonparametric Estimation of Sample Selection

Models, Review of Economic Studies 70, 33-58.

Dong, Y., and A. Lewbel (2014), A Simple Estimator for Binary Choice Models with

Endogenous Regressors, forthcoming, Econometrics Review.

Embrechts, P., Kluppelberg, C. and Mikosch, T. (1997). Modelling Extremal Events

for Insurance and Finance. Springer-Verlag: Frankfurt.

Engle, R. amd V. Ng (1993). Measuring and Testing the Impact of News On Volatility,

Journal of Finance 48, 1749-1778.

Finkenstadt, B., and H. Rootzen (2003). Extreme Values in Finance, Telecommunica-

tions and the Environment. Chapman and Hall: New York.

Frolich, M. (2004), Finite-Sample Properties of Propensity-Score Matching and Weight-

ing Estimators, Review of Economics and Statistics, 86, 77-90.

Hardle, W., and T. Stoker (1989), Investigating Smooth Multiple Regression by the
Method of Average Derivatives, Journal of the American Statistical Association, Vol

84, 408, 986-995.

Hahn, J. (1998), On the Role of the Propensity Score in Efficient Semiparametric

Estimation of Average Treatment Effect, Econometrica, 66, 315-331.

Hansen, B. (2008), Uniform Convergence Rates for Kernel Estimation with Dependent

Data, Econometric Theory, 24, 726-748.

51



[27]

28]

[29]

[32]

[35]

Heckman, J. (1976), The Common Structure of Statistical Models of Truncation, Sam-
ple Selection and Limited Dependent Variables and a Simple Estimator for Such Mod-

els, Annals of Economic and Social Measurement, 5/4, 475-492.

Heckman, J. (1979), Sample Selection Bias as a Specification Error, Econometrica, 47,

153-161.

Heckman, J. (1990), Varieties of Selection Bias., American Economic Review: Papers

and Proceedings, 313-318.

Hill, B. (1975), A Simple General Approach to Inference about the Tail of a Distribu-

tion, Annals of Statistics, 3(5), 1163-1174.

Hill, J.B., and E. Renault (2010), Generalized Method of Moments with Tail Trimming,

working paper.

Hill, J.B. and A. Shneyerov (2013), Are There Common Values on BC Timber Sales?

A Tail-Index Nonparametric Test, Journal of Econometrics, 174, 144-164.

Hirano, K., G. Imbens, and G. Ridder (2003), Efficient Estimation of Average Treat-

ment Effects Using the Estimated Propensity Scores, Econometrica, 71, 1161-1189.

Honore, B.E., E. Kyriazidou, and C. Udry (1997), Estimation of Type-3 Tobit Models
Using Symmetric Trimming and Pairwise Comparisons, Journal of Econometrics, 76,

107-128.

Horowitz, J. L. (1992), A Smoothed Maximum Score Estimator for the Binary Response

Model, Econometrica, 60, 3, 505-531.

52



[36]

[37]

[38]

[41]

[44]

Horowitz, J. L. (2001), The Bootstrap in Econometrics, Handbook of Econometrics,
Vol. 5, J.J. Heckman and E.E. Leamer, eds., Elsevier Science B.V., 2001, Ch. 52, pp.

3159-3228.

Khan, S., and D. Nekipelov (2014), On Uniform Inference in Nonlinear Models with

Endogeneity, working paper.

Khan, S., and E. Tamer (2009), Irregular Identification, Support Conditions, and In-

verse Weight Estimation, working paper.

Khan, S., and E. Tamer (2010), Irregular Identification, Support Conditions, and In-

verse Weight Estimation, Econometrica, 6, 2021-2042.

Lee, L.F. (1994), Semiparametric Instrumental Variables Estimation of Simultaneous

Equation Sample Selection Models, Journal of Econometrics, 63, 341-388.

Lee, B., J. Lessler, and E. Stuart (2011), Weight Trimming and Propensity Score

Weighting, PLOS One, 6.

Lewbel, A. (1998), Semiparametric Latent Variable Model Estimation with Endogenous

or Mismeasured Regressors, Econometrica, 66, 105-122.

Lewbel, A. (2000), Semiparametric Qualitative Response Model Estimation with Un-
known Heteroscedasticity and Instrumental Variables, Journal of Econometrics, 97,

145-177.

Lewbel, A. (2007), Endogenous Selection or Treatment Model Estimation, Journal of

Econometrics, 141, 777-806.

53



[45]

[47]

[48]

[51]

[52]

Lewbel, A., and T. T. Yang (2013), Identifying the Average Treatment Effect in a Two

Threshold Model, working paper.

Li, Q., and J. S. Racine (2007), Nonparametric Econometrics: Theory and Practise,

Princeton University Press.

Li, Q., and J. Wooldridge (2002), Semiparametric Estimation of Partially Linear Mod-

els for Dependent Data with Generated Regressors, Econometric Theory, 18, 625-645.

Magnac, T., and E. Maurin (2003), Identification and Information in Monotone Binary

Models, Journal of Econometrics, 139, 76-104.

Mandelbrot, B. (1963). The Variation of Certain Speculative Prices, Journal of Business

36, 394-419.

Manski, C. (1975), Maximum Score Estimation of the Stochastic Utility Model of

Choice, Journal of Econometrics, 3, 205-228

Manski, C. (1984), Adaptive Estimation of Nonlinear Regression Models, Econometric

Reviews, 3, 145-194

Manski, C. (1985), Semiparametric Analysis of Discrete Response: Asymptotic Prop-

erties of the Maximum Score Estimator, Journal of Econometrics, 27, 313-334.

Masry, E. (1996), Multivariate Local Polynomial Regression for Time Series: Uniform

Strong Consistency Rates, Journal of Time Series Analysis, 17, 571-599.

Oaxaca, R.L. (1973), Male-female Wage Differentials in Urban Labour Markets, Inter-

national Economic Review 14, 693—-709.

54



[55]

[56]

[57]

[60]

[63]

Potter, F. (1993), The Effect of Weight Trimming on Nonlinear Survey Estimates, Pro-
ceedings of the Section on Survey Research Methods & Research. American Statistical

Association.

Powell, J.L. (1984), Least Absolute Deviations Estimation for the Censored Regression

Model, Journal of Econometrics, 25, 305-325.

Powell, J. L., J. H. Stock, and T. M. Stoker (1989), Semiparametric Estimation of

Index Coefficients, Econometrica, 57, 1403-1430.

Quenouille, M. H. (1949), Approximate Tests of Correlation in Time-Series, Journal of

Royal Statistical Society, B, 11, 68-84.

Resnick, S.I. (1997). Heavy Tail Modeling and Traffic Data, Annals of Statistics 25,

1805-1849.

Robinson, P. M. (1988), Root N-Consistent Semiparametric Regression, Econometrica,

56, 931-954.

Schafgans, M.M.A. (1998), Ethnic Wage Differences in Malaysia: Parametric and Semi-
parametric Estimation of the Chinese-Malay Wage-Gap, Journal of Applied Economet-

rics, 13, 481-504.

Schafgans, M.M.A. (2000), Gender Wage Differences in Malaysia: Parametric and

Semiparametric Estimation, 63, 351-378.

Samorodnitsky, G., and M. S. Taqqu (1994), Stable Non-Gaussian Random Processes:

Stochastic Models with Infinite Variance, Chapman and Hall, New York.

55



[64]

[66]

[67]

[70]

Serfling, R. J. (1980), Approximation Theorems of Mathematical Statistics, New York:

Wiley.

Silverman, B. W. (1978), Weak and Strong Uniform Consistency of the Kernel Estimate

of a Density Function and its Derivatives, Annals of Statistics, 6, 177-184.

Vella, F. (1992), Simple Tests for Sample Selection Bias in Censored and Discrete

Choice Model, Journal of Applied Econometrics, 7, 413-421.

Vella, F. (1998), Estimating Models with Sample Selection Bias: a Survey, Journal of

Human Resources, 33, 127-169

Vijverberg, P.W. (1987), Decomposing the Earnings Differentials in Peninsular

Malaysia, Singapore Economic Review, 32, 24-36.

Wooldridge, J.M. (1995), Selection Corrections for Panel Data Models under Condi-

tional Mean Independence Assumptions, Journal of Econometrics, 68, 115-132.

Wooldridge, J. M. (2007), Inverse Probability Weighted M-Estimation for General

Missing Data Problems, Journal of Econometrics, 141, 1281-1301.

1.8 Appendix A: Jackknifing the Bias Term

The bias term here plays a very important role for estimator (1.2.8), causing trouble when

it dominates the variance term. In this section, we propose a possible remedy for the bias

term problem using Quenouille’s (1949) jackknife estimator.

Let g(zl, 29, ..., 2n) be a statistic over the whole sample with sample size n. Let E,, =
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E /9\(21,,22, ,zn)} , and assume that

where c1,co are some constants. Quenouille’s method is based on sequentially deleting

points z;, and recomputing statistics 5(@')7 then let

The jackknife estimate is

0y =nf—(n—1) 9(.). (1.8.2)

Based on equation (1.8.1), it is not hard to see that E (6;) = 6+ O (n™?), so the bias term
reduces from O (n_l) to O (n_Q) .

Back to our estimator here, we know from previous sections that
E (I1,;) = 1.

The E (Uy,) in the denominator is unknown and cannot be estimated. To apply jackknife

technique, we modify the estimator a little bit

D;T;Y; ~ 1
Oni=F7—~ —and g, =— > ¢, 1.8.3
IACLH o (1.8:3)
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where an is the modified estimator. Then by Lemma 1.2.7

~ «~  EY*U,
8 (3,) =B (gn) =B(r) - ) (184)
Tn
Let the jackknifed estimator be
” 1 n )
~J 7n¢n — Tn-1 (ﬁ Zi:l ¢n )
b = ) (1.8.5)

Yn = Tn—1

where &;S) is the estimator in equation (1.8.3) dropping i-th observation with trimming

parameter be 7,,_;. Then

E (Y*U) — E(Y*Unot)

B (6,) =B (") -

Tn = Tn—-1
1 Tn
—E(Y*) - / E(Y*| u) ufy (u) du. (1.8.6)
Tn = Tn—1 V-1

Inspecting equation (1.8.6), the bias term is roughly ~,, fu (7,,) - Assumption 8 says that the
second moment of U exists, which implies that

lim u?f, (u) = 0.

U—00

Therefore v, fu (7,) = 0 (%) , thus the bias term is reduced. When f, (v) decays as expo-

nential, for example, f, (v) = exp (—v) at tails, then ~y,, = log (n). U is usually thin tail than

V, for simplicity let f, (u) be exp (—u) at tails as well. Then ~,, f, (7,,) = 108(") 5o the bias

n

term is reduced dramatically in this case. In the case when f, (u) = 0 between [’yn_l, 'yn] ,
the bias term vanishes. From the above discussion, we know that jackknife works better in

the case when both v and u are thin tails. More work needs to be done for the asymptotic
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normality of the jackknifed estimator. We leave this for future research.

The advantage of the modified estimator (1.8.3) is that we can do the jackknife more
easily and more efficiently. The disadvantage is that when U and Y™* are correlated, the
original estimator is unbiased while the modified estimator is still biased. However, one
usually knows a priori if endogeneity is likely. When the endogenous selection problem does

exist, the modified estimator (1.8.3) is no worse than the original estimator.

1.9 Appendix B: Potential Extensions

In this section, we outline the way to do trimming for other important scenarios. These
extensions are not trivial. In general, additional assumptions on the density function of
certain unobservables are required. We point out where more regularity conditions are

needed here and leave the details for future research.

1.9.1 The Average Derivative Estimator

Suppose we have E (Y| X) = m (X) . Estimand is p = E [m/ (X)] . Without loss of generality,

we assume that X is a scalar. By E[m/(X)] = E [— ﬁgg}/} , Hardle and Stoker (1989)

—fi(

n
propose to estimate p by %Z e i)yi, where {z;,y;}.—, are i.i.d. series from X,Y. To
i=1

deal with the heavy-tails problem, we propose to estimate it by

=)
I
SR

,Z; my’]l (=vn < @i <) -

Under similar conditions to the previous sections, the iff condition to the Lindeberg condi-

tion for trimming parameters are equation (1.2.4) with v replaced by z.
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By some derivations, we can obtain the bias term B, and variance term o2 as follows:

!

_’Yn

By = —m(1m) fr (1) +1(=7n) fo (~m) — /

L (@) B ()
—h fﬂf (3’,’) '

m' (z) fo (z)dz — /00 m' (z) fo (z)dz,

n

on = (1+0(1))

To get the optimal convergence rate condition as in equation (1.2.15) and the tail conditions
with which we can apply standard inference as in equation (1.2.14), we can proceed as before,

though doing so will require stronger regularity conditions on f,.

1.9.2 The Special Regressor Estimator in Binary Choice model

Consider a standard threshold crossing binary choice model, where to simplify discussion,

we assume regressors consist only of a constant y and a single regressor V,
Y=I(V+p-U2>0),

where V' is a continuous variable that is independent of U and V has support on R. Lewbel

(2000) identifies the constant p by p = E {%\%0)} , where f, is the density function of

yz i )

V. The sample counterpart estimator is = ZZ 1 w;

, where {v;, y;};—, are i.i.d. series.

To deal with the heavy-tails problem, we propose to trim based on V,

=)
Il

>0
Z UZ_ )H(—V'nSUiSVn)-

:\'—‘

Under similar conditions to previous sections, the iff condition to the Lindeberg condition

for trimming parameters are equation (1.2.4).
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By some derivations, we can have bias term B,, and variance term o2 as follows:

—Tn o]
B, = —/ F,(a+v)dv+ (1-F,(a+v))dv,

o0 n

”
a% _ (1+0(1))/7n F, (04—1—1))(1—Fu(oz—i—v))dv7

—yh fU (’U)
where [, is the cumulative density function of U. These expressions would form the basis
of an anlysis to obtain the optimal convergence rate condition as in equation (1.2.15) and
the tail conditions with which we can apply standard inference as in equation (1.2.14).

Regularity conditions will need to be imposed on f, and Fj,.

1.9.3 The Propensity Score Weighted ATE Estimator

Consider the Average Treatment Effect (ATE) under unconfoundedness, where the treat-
ment indicator D is independent of potential outcomes Y; and Yy after conditioning on
control variables X. The observed outcome is Y = Y1 D + Y, (1 — D). To simplify analy-
sis, we assume that X is a scalar variable here. The estimand ATE p = E(Y; —Y)) =

E Jj@—%] , where P, is the CDF of X. As discuss before, we propose to estimate

by

Z a ém{iﬁ»ﬂ (Zom <@ = 9)

1
n
where {x;, D;,y;};_, are i.i.d. series from the model. The iff condition to the Lindeberg
condition of 1 could probably derived the same line analysis as in Section 1.2.2. Condition

(1.2.5) is designed specifically for density function. Some similar conditions could probably

be designed for cumulative density function.
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The bias term and variance term for the term in ji is as follows:

B, = —/ [E(Ynx)—E(Yom]fm(x)dw—/m{E(Yum)—E(W)]fx(x)dw

—0o0

s Yn
g, =

_’Y'In

As in the previous examples, these are the starting points for obtaining the optimal conver-

B(v?]2) | B(|0)
P, (x) 1— P, (x)

fo () dz.

gence rate condition as in equation (1.2.15) and the tail conditions with which we can apply

standard inference as in equation (1.2.14), after imposing sufficient regularity conditions on

Ja-

1.9.4 Heavy Tail Time Series Models

In a time series framework, many data are known to have heavy tails, but those heavy-tailed
random terms are seldom independent. In many times series models, e.g., AR, ARCH,
and GARCH, error terms are martingale difference sequences. To apply our approach,
the Lindeberg condition we consider is now the one associated with a CLT for martingale
difference arrays.

Suppose we have the martingale difference sequence {ij}z:l with information set
{fk,lyT}le for each T' > 0. The following central limit theorem for martingale difference

arrays is due to Brown (1971).

Theorem 1.9.1 (CLT for Martingale Difference Arrays) If we have for any e > 0,

T

1

7 2B [Xirl (X > T)| Firr] 50, (1.9.1)
k=1
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T T
and %ZE [X%’T‘ fk—l,T} L1, then we have x ZXk,T 4 N (0,1).
—1 k=1

Our iff condition to the Lindeberg condition (1.9.1), and the associated bias and variance
with trimming, will differ from model to model. But the discussion of trimming parameters

could follow the same line as before, with appropriate regularity conditions on error terms.

1.10 Appendix C: Some Technical Assumptions and Proof

Assumption 17 The kernel functions K(v), K(x) have supports on [—1,1] in R. Each
kernel function integrates to one over its support, is symmetric around zero, and has order
q, i.e., for K(x),

/ o' K(z)dz =0 forl < q,
R
/ 21K (x)dx #0 .
R

sup K (z) is finite, and K (x) satisfies Lipschitz condition, namely, there exists a cx > 0,
z€[—1,1]
such that

sup |K (z)] <ck, [K(z+s)—K(x)] <ckls|.
ze[—1,1]

This similarly holds for K(v).

Lemma 1.10.1 Under Assumption 3, lim vf, (v) = 0.

Proof of Lemma 1.10.1.2 By Assumption 3 that ;“Ezg = 1, to prove lir+n vfy (v) =0,
v V—T00
it is equivalent to show that

lim vf, (v) = 0.

V—+00

We prove the conclusion by contradiction.
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If not, there exists ¢; > 0, and a monotone increasing series going to infinity {m,} -,

such that f, (m,) > . Let fo(v) = & v € [mp_1,m), then this f, (v) will make

T’

Cc1

f:on fo (v) dv the smallest among all f, that satisfy monotonicity and f, (mn) = 2+

Fix mg, 7y, easy to show that

Tl Tn—1 o Tn

min [ F)dv=en (1 - <7TO> i) . (1.10.1)

Since for any ¢ < 1,

ilil(l);(l—c )= —Ingc,
and by 7’;—2 — 0, we have
lim inf fo(v)dv > —1Inc,
n—oo o

for any ¢ < 1. Therefore

lim inf/ fo (V) dv — o0,
o

n—oo

which contradicts with [ fo(0)dv < ¢y <oo. m
The intuition for Lemma 1.10.1 is as follows. Since floo %dw = 00, floo xl—lﬁdac < 00,
and [ fo (v) dv = 1, intuitively, f, (v) should decrease to 0 faster than % Consequently, by

Assumption 4, we have

dv — 0, as v — 00,0r 7 — —00. (1.10.2)

2 7E(§2“/:1’)
o

Proof of Theorem 1.2.3.2 We first consider the case where one of the first two conditions

in equation (1.2.4) hold. Without loss of generality, we assume that the first one holds.
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Because E (z,,;) is uniformly bounded and o2, — oo, as n — oo, we have:

2 2

limE(xg”H [fcg >n5D :0}. (1.10.3)
n— oo o“. o

ng ni

v = {7217 Tn

For any fixed € > 0, and v/, ~,, from the first condition in equation (1.2.4)

i) < ([, )/
E |2 > ne < + —— 2 dv i (1.10.4
(U?Li U%Li [—7,0] vZOﬁ{v :21 >n5} fo (U) 7 ( )

By the first condition in equation (1.2.4) we have

B(S|V=v) )
</[—w'n,o] fo (v) dv)/% O asm = oo (1.10.5)

So we only need to focus on the second integral in equation (1.10.4).

Consider the set when v > 0, for any fixed € > 0, the following in equivalent

T
Vg

g

2
5t > ne,v > 0}

ni

1 t0<u e [ BV =0)

& {vZ g(vi)}l(o <wv; <7, > e/_% RO dv (1 + (1))}
| v ne " E(PV =v) (14 o

& {vz 3(@1-)]1(0 <v <) > /O RO dv (1 + (1))}

e o) [ E(E]V =0
L10 <) > afiw) [

~ {Ui

where the third line holds by the first condition in equation (1.2.4). By assumption f, (v)

dv (1—1—0(1))} (1.10.6)
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decreases in order, condition

n 2 ’YTL—E(§2‘V:’U) vV — OO
12 (4) /0 o

implies that the set in equation (1.10.6) is empty after some large n, so that we have

E(3| V=0
/v>0r1{v :ZL >n£} (gff,’)(v))dv =0 (1.10.7)

ni

after some large n. Equation (1.10.4), (1.10.5), and (1.10.7) give that

2 2
hmE<m [:Eg” ]) =0,
N0 Uni O ni

which implies the Lindeberg condition.

For ~},,,, from the third condition in equation (1.2.4), because f, (v) decreases in order

at both tails, by the same logic as in the second part of the above proof, we have that

2

x
Vi |52

2> ns} is empty after some large n, for any fixed € > 0. This implies the Lindeberg

ni

condition. m

Proof of Theorem 1.2.4.2 Without loss of generality, we consider the set

Q (Yo, vn) = {vi

T E(3|V = )
nf? (Ui)/o (gfl(v)v)dv < %]I (= <vi <) } (1.10.8)

for some ¢; > 0, and fixed small € > 0, and the value

2 _ 2 —
L (v, vn) = / ‘ V v) / ‘ V v) dv (1.10.9)
v€Q(Vn )
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From the proof in Theorem 1.2.3, it is not hard to verify that set (1.10.8) is the essential
part of set (1.2.2) and equation (1.10.9) is of the same order order as the expectation in
the Lindeberg condition (1.2.10). Thus, the Lindeberg condition holds if and only if for all
e>0

lim L (7,,,7,) = 0. (1.10.10)

n—oo

Suppose we are in the first situation in condition (1.2.4), then

/?; fo (v) d“A Fo) o),

[eS)
n=17

so we could disregard the effect 4/, in this case. By equation (1.10.2), we can find {7} }

vy — 00, such that

B (2]V =)

7 ) dv < 1. (1.10.11)

nf2on) [

We prove the conclusion in two parts. In the first part, we prove that for any {v, },=,
with a sub-series going to infinity faster than «}, the Lindeberg condition fails to hold. In
the second part, we prove that if a sub-series {7} } 2, could let the Lindeberg condition
hold, then condition (1.2.11) can also give a corresponding sub-series {7, }~-; which is of
the same order as {7} }>2 ;. If any sub-series of those {~}} | fails the Lindeberg condition,
our conclusion holds for sure. Combining the results above then implies the conclusion.

First, we set ,, = a,7;, as the trimming parameter, where {a,}, -, is any series going
to infinity. The results remain unchanged when only a sub-series of {a, },- ; goes to infinity,
for notational convenience, we say the whole series is the sub-series. By equation (1.10.2)
and (1.10.11),

nﬁmmm/M%E“ﬂV:”w—oaw

0 fv (U)
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By condition (1.2.5) in the Lemma and assumption 4 on E (¢*| V = v) we have,

an’yi:z E( §2 ’VZU)

f3 (L= cp) any) —e v
2 *f an’YO;kz/af E(Cfl‘)‘(/:)”) =0 (1) ) (11012)

fv (an’)/n/ af) fo de

From equation (1.10.2) and a,, — oo, we know
anv’ /a E(<2|V:v)

nfy (anyy/ a) /et o W

Ve BT T o0 e
nfv (Vn) 0 " T(U)dv

So we have

1oy [PRB(E V=) PRB(EV =) )

Therefore [(1 — cf) an}, anvh] € Q (75, anyy,) for some small € > 0. Then after some large

n
anv: E(§2|V:v)d (1=cp)anvs B(2|V=)
n v f)onVn S
I (’y, a ’y*) > f(lfcf)an’yfb fo(v) >1_ fO fo(v) dv
yn - * 2 — - * 2 —
n n foan'yn E(gfj(\/ﬁufv) dv foan"/n E(gfﬂ‘(‘g—v) dv

So we have limsupL (v, an7;) > 0, by L'Hopital’s rule and Assumption 6 on w. Thus,

n—oo
equation (1.10.10) does not hold on series {7}, anvi}oe ;-
Second, we assume that a sub-series {7}} 7, will have the Lindeberg condition hold.
oo

For notational convenience, we say the sub-series is {v;} ~, itself. We set v, = v} /ay.

Then we say we must have

dv — oo.

ey [ E(E]V =)
nf2oifan) [ S

Otherwise a sub series of {7, }-7, or {7, },—; itself can have condition (1.10.11) hold. By

68



condition (1.2.5), set a, = 1 in equation (1.10.12), and we can have that for that sub-
series [(1 —cf) v, vh] € Q (74,75 ), which leads to the contradiction that {v;} ° ; fails the
Lindeberg condition by the previous part of proof. Obviously, {7, },—; is of the same order
as {7V}, .

We have proved that in the first situtation our conclusion holds. The proof our results
hold in the second situation is the same as the previous one. In the third case, we define
two sub series in the following way

T E(|V =v 0 E(3|V=0v
/ ( fl(v) = /_% ( fl(v) )d”}’
[rEE =y, [ E<\V=>d} |
0

{ni+} = {n

{ni_} = {n

By the definition of the third situation in equation (1.2.4), both series have infinite elements.

fv <U) —h fv (U)

We then can apply the same analysis on both v, . and ,},;” _, and the conclusion follows.
|

Proof of Lemma 1.2.5.2 We show the results one by one.

1L If f,(v) < qﬂ% at its right tail, by some simple calculations, condition (1.2.5) is

satisfied.

2. Suppose f, (v) < v exp (—v?), for any ¢; > 0,c2 > 0. Note that for any a > 1

2 “ L 1+e ary 1
e QN SO oD -1 O N CaN Gall SO% ot o
L), mmde B F ) 7500 2 fde

By L’Hopital’s rule, one can verify that f}+¢ (av) ffzo fv%v) dv — 0and f1=¢ () j,yO fv%’v) dv —

2
oo for arbitrary small € > 0. The deterministic component for the rate of %
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is the exponential term

exp{(l+¢)(1+a®?)y? —207%}. (1.10.15)

2((1-
We can let ¢f = 3 (1 - a%) and it is then easy to check that % =0()

by verifying equation (1.10.15) with v = (1 — ¢f) ay and some small €. Therefore, we

have
i =cp)an) [0 simydv
2 2] 1
f” (’7) f—’Yo fo(v) dv

=0(1),

which is the conclusion.

. Suppose f, (v) < v™*°. We do the same transformation as equation (1.10.14). Then

it is easy to verify that f1¥¢ (ay) ffzo #(U)dv — 0 and f17¢(v) j,YO ﬂ%(v)dv — oo for

2
arbitrary small € > 0. The deterministic component for the rate of W@’E(m) is

AAF)(A+a%)7%=2v" - By setting ¢y = 3 (1 - %) , for the same reason as before we
a

fo((l=cp)ar) _ -
have T T ) = O (1), and the desired result

i =cp)ar) [0 simydv
f’g (’Y) fj’YO fv%v

—0(1).

)dv

. If we have f, (v) < exp (—exp (v°)), we do the analysis in the opposite way. First
verify that f1=¢ (ay) ffgo #(v)dv — oo and fl1¢(v) :/70 #@)dv — 0 for arbitrary

g f2(v)
small € > 0. The deterministic component for the rate of ()T

18

exp {exp (7° + log (1 — ¢)) + exp (a“y° +log (1 — €)) — exp (v° + log (2))}. (1.10.16)

Then for any 0 < ¢y < 1,v = (1 — ¢f) ay will let equation (1.10.16) go to infinity which
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f2(v)

. val
1s equivalent to = ()

— 00. Then we have the result, for any 0 < ¢y < 1,

f2 (L—c¢p)ay) [2 70 fu(v)d
B2, e

Proof of Lemma 1.2.7.2 First

B() = — 18 | [ PO ]

_ME[ (Y*]u)/R (v—uzo)ﬂ(—vogvévn)dv}

E[E Y u) —EX™)) (o = Un)]

=BT " E(0,)
B o cov (Y, Uy)
=B - TEw,)

where by Assumption 8 the fourth line is finite. Similarly

E (I1,;) = 1.

Furthermore

DT, (Y*?
// Y2 f2 (v ‘u U)fv (v) fu (u) dvdu

/% E (Y*?D|v)
(’Vn—E(Un))2 —0 S0 ()

dv. (1.10.17)

From the first line of of equation (1.10.17), and by Assumption 9, we know that

E (A%) < % _1" 1;}; ((;’)) dv (1.10.18)
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Since

and under some mild condition by Lemma 1.2.8

E (A?M) — 00,

then
var (An;) = E (AZ;) (14 0(1))
 140(1) T B (Y*2D)| v) _ 1 [T pp(v) )
a (’Yn*E(Un))2 */’Yo fv (U) o= —Y0 fv (U)d
[

Proof of Lemma 1.2.8.2 Note that

f7n ?}D((’U)) 1
li Yo Jul? = lim ———— = 1.10.19
oo [T udy Jom vdv T fo () ( )

where the first equality holds by L’Hopital’s rule and second equality holds by Lemma

1.10.1. Equation (1.10.19) implies that

1 n ()
—y fo (V)

var (Ap;) < dv — 0.

Replace (1 — ¢f) apy with ayy —m () in the proof of Theorem 1.2.4, we can get the desired
result. m

Proof of Theorem 1.2.9.2 The sufficiency of condition (1.2.11) holds obviously by pre-
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vious results.

We define the set

Qvn) = {v

nf2 (v) _:z ’}f((;’)) dv < %H(—’yo <v< vn)} (1.10.20)

for some ¢; > 0, some small ¢ > 0, and the value

B " pp (v)
vo= [ ) [ (L1021

By pp (v) — 1, as v — oo and assumption 9, not hard to verify that equation (1.10.21) is

of the same order order as the expectation in the Lindeberg condition.

Yn PD (U)
Yo fu(v)

Suppose we have the opposite of condition (1.2.11) that a sub-series of nf2 (v,,)

is O (1). For the convenience of notation, let the original series be the sub-series. Let ¢y =

. 2
sup {nf2 v f’Y;O ?D((s)) dy} . Then if we have % > Z2¢, we have o )fwll T}D((“)d > =
v Y0 fo(v)

For easier exposition, we strengthen the assumption that f, decreases in order to the

assumption that f, is monotone decreasing. By condition W = O(1), we have
f2(9) c2 . . ¥ Wt .
ZhomG)y ~ af for some small ¢ > 0. Using the result in last paragraph, we have

1
nf3 (Y —m(7y)) fjgo Z}S((:)) dv

that
L(y,) = / / /
—m(v,) fv Yo fv v)

By L’Hopital’s rule and condition (1.2.12), we have

> ~Z. Therefore we have [y, —m(v,),7,] C Q(7,), implying

>0,
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which conflicts with the Lindeberg condition. m
Proof of Lemma 1.2.10.2 We prove this by construction of m () for each density
function. For easier exposition, we show the results for when the tails of f, decay following

exactly the same functions as those listed in the lemma.

LG-mG) -G ()
Rey DWW end EmewrETTGn <b 0

1. Suppose f, (v) = vl—hc, after some large v. Let m (y) = (1 — ¢f)~y, where 0 < ¢y < 1.

Then one can immediately verify that condition (1.2.12) holds.

2. Suppose f, (v) = v exp (—v°?), after some large v. Let m (y) = v17¢2. Then

Loy =m@) _ (v N )t e,
e (7_71_02> Y=y 0l +o(1),

m'(v) = (1-c)vy ?=0(1),

by which condition (1.2.12) holds.

v

°, after some large v. Let m () = 1717¢1%82 Then

3. Suppose f, (v) =v~ . Toe -

Llr=mO) _ ar—-me) (V—m(V)> “omme)r
fo (7) ~

m'(y) = g —y =o(1),

by which condition (1.2.12) holds.
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4. Suppose f, (v) = e*evc, after some large v. Let m (y) = %fylfce*VC. Then

c —cm c=lis(m c—1
fU (’Y -m (7)) 6e’YC [1—3("/*m(7))cf’vc] e {1—@ M=+ ( 2 )}

fo ()

=€

m'(y) = v —el =o0(1),

by which condition (1.2.12) holds.

n
Proof of Lemma 1.2.13.2 By Lemma 1.2.7, we know that 02 = E (A%)) (1 +0(1)). By

Lemma 1.2.8, 02 — 0o. So we have

Ly~ fA2 (A2,

. : 7'1:1[/\2 '_E(A2 )]
To show the conclusion, we only need to show that === B (X; 3 n

= 0y (1) . To this end,

we show the variance of this term is o(1).

n 1 (7. B(DY)
var <711 i (A% — B (A%z)}> _ B (A7) o(1) = n jvo 7w
E (A2 E (A2,)° . BODY*2) 5\

() () (175, =5y a)

+o(1).

E(DY*2)
fo

By condition (1.2.15), we have %fj;o @)

dv < 1. By condition (1.2.15) and (1.2.14),

we have nf, (v,) — oo. Therefore

E (A%) n

var %Z?:l [AE” — B (AZ”)] _1 B (DY*4) 1 v —
( Tn /’Yo fo () (nfo (U))Zd v
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The convergence comes from condition (1.2.15) and nf, (v,) — oo. Then conclusion is
obtained by Markov’s inequality. =
Proof of Lemma 1.3.1.2 The proof is a modification of Masry (1996) and Li and Racine
(2007).

The object of interest is

sup | fo (v) — fo (V)] (1.10.24)
VE[=Y0,Vn]

Decompose equation (1.10.24):

sw [Fw-f@]< sw [Le)-B(EO)+ sw [B(R0)-f0)

VE[=Y0,nl VE[—Y0,7n] —Y0:Yn

Py Py
(1.10.25)

For P, use equation (1.3.2)

P2 S Clhq, (1.10.26)

for some ¢1 > 0.
The rest of proof focus on P;. Since [—7y,7,,] is compact for fixed n, we can cover it by

L, intervals {Hn,k}£l1 with length [,, = QLL: Let vy, 1, be an inner point of I, ;. Then

~

A= g, oo [P0 B ()<, 55 o 708 (f )]
Pry
+ 2325, [P o) ~B (B n)| +, oy o [B(Foenm)) B (£ @)
Pra 13’13
For Plg,
n
Pz = 15;?271 Zz‘:1 Wni (Vkn)]|
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where

R (4) 5 ()

Wny (Uk,n) = nh

Easy to get that E ( ; (g, n)) < —h for some ¢y > 0. Then

p (P12 > n) :p< max

ijl Wny (Ukn)‘ > 77) L, sup p (’Z Wn (

)| =),

1§k§Ln 70’7”
(1.10.27)
Let
1
Ap = (nhlnn)2,
then by Assumption 37 and ¢;, < 1,
Inn\ 2
An Jwni (0)| < ek ) =0 (1) (1.10.28)

Given equation (1.10.28), we apply the Bernstein inequality (e.g., Serfling, 1980, p.95, Masry

1996), then we have,

sup p(‘z W ( ‘ n)§2eXp< >\n77+62)f;2>'

VE[—=Y0,Vn]

M

Let n,, =c3 (hﬁ—,?) , C3 > Co

2
sup p (‘Z wnz ’ > 7771) = M7

Ue[fvov’}/n]

then combine equation (1.10.27), we can get

2L,

nes—cz’

p (P2 >n,) < (1.10.29)
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By choosing ¢z — ¢o large enough, such that > > p(Pi2 >n,) < co. By Borel-Cantelli

ra=o,((22)') (1030)

By Lipschitz condition on K (-),

v — v Viem — Vg ckln
_ it LLA—. < =2
o) = () =

lemma, we know that

sup
’L)G]Ik,n

which implies that

cyl csl
|Pri| < T;, | P3| < }TQH,

for some c4,c5 > 0. Since by condition (1.3.5) and Lemma 1.10.1, v, = O (n). Under

the constraints for equation (1.10.29) and [,, = 2]7:, we could let c3 — co large enough and

L, = n® large enough such that [, = n™° small enough such that

Inn 2 Inn 3
|P11|:Op<<nh> ) |P13\=Op<<nh> ) (1.10.31)

From equation (1.10.30) and (1.10.31), we have

Inn 2
[Prl < [Praf + [ Pro| + | Prs| = Op | { . (1.10.32)

By equation (1.10.26) and ¢ >

1—
—b we have

n-o,((%)"). (1.1033)

The conclusion follows by equation (1.10.32) and (1.10.33). =
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Proof of Theorem 1.3.2.2 We can get that the residual term is o, <\/ Uj) by Lemma

1.3.1 and results in Khan and Tamer (2009) Appendix B.2. Let

1 My mnj 1 vV — Vg
n(zi,2i) = = —K |- . 1.10.34
@) =5 (i ) ik () (11034
Then not hard to verify that

1=n [ mnifo (vi)
n Zi:l ( f2 (vi) )
1 n n My, 1 Vi — U
T (-1 Zz’zl ijl,j;éz‘ f2 (vi)EK < : h )
1 n n 1 M My 1 Vi — V;
(1) 2oy 2irinis (f% () 72 (5]-)) s < T >

1 N n
T nn—1) DIAD DN CIENR (1.10.35)

To apply U-statistics technique on equation (1.10.35), according to Powell et al. (1989), we

need to verify B [Q2 (z;,2;)] = o(n). Since we know the rate of convergence here is | /2%

instead of /n, not hard to see that we only need to verify a weaker condition E [Q2 (z;, z;)| =

0 (no?).

First we need to get the order of E [Q2 (2, 2;)] ,

2

B [Q (2, 2)] < B [fT(rZi) h12K2 <U];Ui>] '

v
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and

m72m i 2 Uj_vi):| _ |: DzTnzY;*z i 2 (UJ—1)1>:|
o[ e ()] 2 o e (G

[ o) T [ 1 o (v;—v
= /_Oo 7,7%.]03 (vl) /_oo ﬁK h f(vj)dvjdvi

ey [ pp (@) L (withu)
= /1K (u) /70 22wk (0n) dv;du.

By Assumption 11 that L ”f(v(j)h =140 (1), continue from last equality

ai, 1 vj — 1 (" pp ()
E 14 7K2 J ? - ? d i
[fﬁ(w) 2 < h )] 2 ), FEw)

Here we show

E Q% ZZ‘,Z]‘
( <2 ) —o(1), (1.10.36)

noz

where the left hand side is of the same order as

Yn P (’U fu('yn)
fy% 1 Yn pD ('U) v — 1 f Yo fi)(U fU ) dv
B) — v
g L 0 G T

We already know that nhf, (v, ) — oo and the other term on the right hand side is obviously
bounded. Thus equation (1.10.36) holds.

Given equation (1.10.36), standard U-statistics result implies that?

’l}

721 X <mmfv Uz)) = E[Qn (Zi,Zj)]-i-% Zj:l 2 (E[Qn (Zz‘,Zj)! Zi] _ E[Qn (Ziazj)])+0p ( i;%) '

(1.10.37)

*Tt is got from taking expectation on the squared equation (1.10.35).
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Note that

)

K (u)du

810 (ool = e (G (50| =) 4 (e (452)
Mg fv (v + hu) 1 E [mp;| vi + hu]
fv Uz / K fv U%) du_l_/—l fﬂ (U2+hu)

Mpi B (mp|v;)
A AT (Anilv) + Fre - (110.38)

where

f” (it hu) } 1 i| vi + hu) — i| vi u) du
o= [ [ a0 2] [ i) — B (A )] K ()

(1.10.39)

And

E[Qn (2 27)] = B (Au) + O (h). (1.10.40)

1

by value of ¢ and h specified in the lemma, easy to verify that O (h?) = O (n_§> .

Use equation (1.10.38)
2 (E [Qn (ZZ‘, Zj)’ Zi] —E [Qn (Zi, Zj)]) = Am‘-l-E (Am‘ Ui)—QE (Am)—i—Ru—E (Rh) . (1.10.41)

By Assumption 11,

implying that

%Z; (Rii — E(Ru)) = o, < "j) . (1.10.42)
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Combine equation (1.10.37), (1.10.40), (1.10.41), and (1.10.42), we have

2

mmfv (vi)} 1 n o2
2 Zl 1 < (o) ) = Zizl [Api + B (Api|v;) — B (Ani)] + 0p ( n) . (1.10.43)
From equation (1.3.8) and that the residual term is asymptotic negligible, we have
1 noo~ 1 n 0-121
i i = D) (i = A — B (Al vi) + B (Am)) + 0y < n> |
Moving E (A,;) from left hand side to the right hand side gives

5 (Rui-E Am->)=;Zfﬂ(Am—E(Ammwop( C;)

which is the conclusion of the theorem. m

Proof of Theorem 1.3.4.2 Not hard to see that
E {[Am- —E (Am-]vi)]Q} = 02,

so to show that one term is asymptotically negligible is equivalent to show that term is

Op (\/ 05) From the expression (1.3.11), we know

n = :fv (vf) B fo (vi)
mi; (fo (1) = T 7))
2 (v7) fo (vF) 2 (v) fo

v) ~ o tw)’
v;)

1 n n
o (n—1) Zz‘:l Zj:m;éi [Q" (Z;’ Z;) — Qn (2, ZJ)]
; B Mng (f (

(1.10.44)

—~
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Let

then by Lemma 1.10.3, we show that T; = o, ( Gj) .

For the U-statistics, Let

2 n n
To= 23" T 100 (5 5) ~ Qu )~ B(Qu (2] ) + B(Qu (229 )

1 n n
Ts=12 Zizl Zj:l [Qn (25,25) = Qn (27, 2) — Qn (21, 27) + Qn (2, 2))]

Tam -5 3" Qu () — Qu ()],

n2

1 n n * *
Ts = 1) it 2oy [On (B 25) = Qn i)

then

1 " n * *
n(n—1) Zi:l Zj:1,j7éi [@n (=, Zj) — Qn (2, 7)) (1.10.45)
1 n n
- ﬁ Zi:l Zj:l [Qn (Z;" Zj*) - QTL (Zi? Z])] + T4 + TE')
n2 ZZ 12 Q" zz?z] —Qn (Ziazj)]+T3+T4+T5.

le (B (Qn (2], 2))] ) = B(Qn (21, )| )] + T2 + T3+ Ta + Ts,

where the third line holds because @y, (z;, z;) is symmetric in z;,z;. Ts is obviously as-

n

ymptotically negligible. Lemma 1.10.4 1.10.5 and 1.10.6 show that Yo = 0p< Ui),

T3 =0, < Uj) ,and T4 = o) (\/ aj) , respectively.
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Therefore, we have

1 n ~ 1 n oo~ 1 n 2mr. 2Mp;
il AY = Api | = — ni_o_ m 1.104
n Zi:l < noon Zizl > n Zi:l |:fv (’U:() Jo (Ul) ( ’ 6)

2B (Qn (27, 2))] ) + 2B (Qn (21, 7))  20)] + 0p ( U) -

n

For the right hand side of equation (1.10.46), by equation (1.10.38), we know

LY | 2 08 (Qu (55 57) + 2B (Qn 1) )
1 1

= % Z; [A;i — B (AL vf) — < Z; [Ani + E (Al m)])] + Z; (Ry; — Rui)

n

where 13" (R}, — R1;) = op (\/ 071?) for the same reason as equation (1.10.42). The

Lindeberg condition for

Ly [Ai‘m- — B (AL ) - (; Dy [ +E(Am'”l’”)]

hold by Assumptions in the theorem, and

var % > [An CB (A0 — <:z S [Ani B (A w)])])

_ %E {E [[A,‘;i ~E(AY U;‘)]?‘ S zn} } - %E (i S A~ B (Al vi)]>2]
2B { S - Bl | - B { [ - B4l

= %E{[Am —E(Am|v,~)]2} +op< ‘f) (1.10.47)

where the first and second equalities hold because i.i.d. of {z};"_; conditional on {z;}" ; and

the i.i.d. of {2}, itself. Therefore, by equation (1.10.46) and (1.10.47), and Lindeberg-
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Feller central limit theorem, we have

et B (e L) £ v

Lemma 1.10.2 Under assumptions in Theorem 1.3.4,

B [Q )] 0, fori# B Q ()] 0

noy, n

Proof of Lemma 1.10.2.2 The first conclusion is already shown in equation (1.10.36).

For the second conclusion, by some simple calculations,

1 ,y2 1 " pp (U)
E[Q? (2, )| = i dv
R A STy S T PG AN 1)

Tn pD('U) f'u ’Yn)
1 R ey
) [ 2l gy

Tn PD(”) fz%Q(’Yn)
where nhf, (v,) — oo and —2 LLORN;: ;”) is bounded. So we have 2 o E [Q2 (2,2)] — 0.
v

Yn PD)
=70 fo(v)

Lemma 1.10.3 Under assumptions in Theorem 1.3.4, T1 = o, <\/ i’?) .
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Proof of Lemma 1.10.3.2 If we use {v]}]_; to estimate f,, then

E[ﬁ(v)}:Emz; (Ulhv>]:E[ < h )]
o (e} -2 LT ()
= fu (v) + 22 70 (v) h

For the same reason,

var (ﬁ, (v)) = Wf;év)

Both terms coincide with equation (1.3.2) and (1.3.3).
Therefore, we could similarly prove that Lemma 1.3.1 hold for f, (v) using {vii .

Apply the results in Khan and Tamer (2009) Appendix B.2., we have the conclusion. m

o2

Lemma 1.10.4 Under assumptions in Theorem 1.5.4, To = o, < "> .

n

Proof of Lemma 1.10.4.2 Y5 could be rewritten as

n 1 n
T2y IS 005 -0 G )

n

1 n n 1 n
7? Zi:l Zj:l Qn (Zia Zj) + E Zi:l E (Qn (ZZ', ZJ)| Zi)

Then not hard to check that E (Ys| 21, ..., z,) = 0, implying that |E (Y3) = 0. For the second
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moment of Yo, terms inside the first summation is i.i.d. given z1, ..., z,, SO

Zlyeeey Zn}

! (nl S z;j;l (@ (20, 27) — B (Qn (26, )] zm)Q
i{ LY Qe ~E(Q <Zi,zj~>rZi>]2}
- (e

2
: Z 1Zj [@n (zi,2)) —E(Qn (zi,zj)lzz-)]> . (1.10.48)

2
E(T%»Zb---,zm):%{ 3 Q) ~ B Q) )

n2

Easy to see that when j # 5/,
E{[Qn (21, 2)) = E(Qn (25 21)| 20)] [@n (21, 257) — B (Qn (21, 25)| )] } = 0,

when i # j #i' # 5,

B{[Qn (2i:2) = B(Qn (21, %)) )] [Qn (201, 257) = B (Qu (2015 257)] 20) ]} = 0.

Therefore, taking unconditional expectation on equation (1.10.48), we can have
2 €1 2 C2 2
E(Y3) = —E Q7 (zi,2;)] + —E [Q2 (2, 2)] , (1.10.49)
where i # j, and c¢1, co are some constants. By Lemma 1.10.2,

B(1}) =0, (2)

implying the conclusion by Markov inequality. m
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Lemma 1.10.5 Under assumptions in Theorem 1.5.4, T3 = o, <\/ Uj) .

Proof of Lemma 1.10.5.2 We do this along the same line as in Lemma 1.10.4. First we

rewrite Y3 as

A U p—
Ts=—3 D ijl [Qn (=F,25) -~ ijl Qn (2], %)

1 n 1 n n
n ijl @n (21, 2]) + — Zizl ijl @n (2, Zj):| (1.10.50)

Not hard to check that E (T3] z1, ..., 2,) = 0, implying that E (Y3) = 0. Note that

1 n n n n
B (Y3| 20, m) = 5 Zj:1 > Zj/ﬂ E (ng.’)arg?}

Rl ooy zn) )

where Tg’) is the 7, j-th term inside equation (1.10.50). In the case when (4, j) # (i, ') and
(i,7) # (j',1') , easy to see that

(3) ()

E(TU @

Zlyeeey Zn> = 0,

implying
3)~~(3
B(r$rd)) =o.

vJ

Therefore only n? terms left inside the quadra-summation, and then we have

E(13) = SE[Q) (%)) + 3B[Q) (2],
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for some constants c1, co, and ¢ # j. By Lemma 1.10.2,

B(r}) =0, (2)

n

implying the conclusion by Markov inequality. m
Lemma 1.10.6 Under assumptions in Theorem 1.5.4, T4 = o) <\/ Uj) .

Proof of Lemma 1.10.6.2 Rewrite Y4 as

1 <« L
T, = —ﬁ Zi:l |:Qn (Z;kvzz;'k) - ﬁ 27;:1 @n (Zi’zi):| )

Then for the same reason as in Lemma 1.10.4 and 1.10.5,
c
E(Y3) = el Q2 (25, 2))]

for some constant c. The conclusion follows similarly as in Lemma 1.10.4 and 1.10.5. =

Proof of Theorem 1.4.1.2 Consider —— 3. ADL e (i , then the condition for
n—1 j#i nj h h

denominator could be verified similarly. We take z; as a constant here.

A(i?lK T — 2 i
" h h

Ta(22) B (DjYJ'*Q‘ i vj) o (T — i
= /sz /70 BP0 25) (7 (20) —E(Un|xi))2K ( - )f(vjlxj)dvjfx (25) dz; (1+0(1))
_ mfe(zi) 1 +0(1)) /7"(“) E (D;Y;2| @, v;) 1 /V"(Ii) PD|x; (V)

@) e, e T mE@n ), Tlelw)

E

i

dv.
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To let Lindeberg condition hold, similar to Theorem 1.2.3, we analyze the following set

Tn(@) B (D; Y| @
nf3(0j|fﬂj)h/ (—l‘x)dvi

o f(vil )

i (1) *2

_ Dilaj Y5 (%’ —%)}

€ h

(@) | (DiY;?| ;)

=z Inf2(vj]z) (14 0(1 h/ _—
{ J ’U( J| )( ( )) e f(vl|$z)

eD; Ty *2 R
< LmiJ g2 (W) : (1.10.51)

W (v, (i) = {Zj

Ui

e

where ¢ is some positive constant, and the second equality holds because the support of
K (.)is [-1,1] and f, (v|x+ h) = f, (v|x) (1 + o(1)). For the same reason as in Theorem

1.2.3, a sufficient condition is

n(Ti)
nfy (T <wz->|:ci>h/” P Dlz, (¢)

e (V] T) dv = co. (1.10.52)

The second conclusion in this Lemma follows similarly as in Theorem 1.2.9. m

Lemma 1.10.7 Suppose Assumption 35, 8, 12, 18, 14 15, and 37 hold. Let the residual

term be

) -5 (g

)

= (B(n]ee) =B (A]) ) (B (10
B () 1 (1

")

5 (A]) (B (2] 0) B (0] 0))"
B () xi)2E (18| 2:)

We choose bandwidth h = n=", for some 0 < ¢;, < c},, kernel function with order q > e
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and 7y, from condition (1.4.7), for those with f(v|x) that satisfy equation (1.4.6), we have

& (L i) = 0,0,

n

Proof of Lemma 1.10.7.2 By Assumption 14 that X lies in a compact set with a density

bounded away from zero, modifying the results in Silverman (1978), and Li and Racine
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(2007) a little bit, we can have
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which are O, (1). Therefore,
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Under condition (1.4.6), (1.4.7) and assumption on h, it is easy to verify that
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And the following is obvious

v — 0.

f (v @) zi) (@) pppa, (v)
22 (z7) / 7 lolan)®

So we have , /% (L3 | [Ry|) =0(1). =

n
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D Additional Tables and Pictures

Table 3: Symmetric Setting

Distribution of v MEAN (TRUE=0) STD BIAS RMSE
Panel A: n =200, f, known
t(1) Half Trim -1.037 0.287 -1.037 1.076
Full Trim -0.409 0.376 -0.409 0.556
Double Trim -0.150 0.615 -0.150 0.633
OLS -0.755 0.200 -0.755 0.781
Parametric -0.001 0.330 -0.001 0.330
t(3) Half Trim -1.197 0.246 -1.197 1.222
Full Trim -0.561 0.376 -0.561 0.676
Double Trim -0.253 0.924 -0.253 0.958
OLS -0.910 0.191 -0.910 0.930
Parametric 0.009 0.394 0.009 0.394
t(4) Half Trim -1.191 0.237 -1.191 1.214
Full Trim -0.582 0.384 -0.582 0.698
Double Trim -0.316 0.953 -0.316 1.004
OLS -0.934 0.192 -0.934 0.954
Parametric 0.004 0.412 0.004 0.412
Panel B: n = 1000, f, known
t(1) Half Trim -0.667 0.140 -0.667 0.682
Full Trim -0.230 0.220 -0.230 0.318
Double Trim -0.075 0.373 -0.075 0.381
OLS -0.756 0.089 -0.756 0.761
Parametric 0.000 0.145 0.000 0.145
t(3) Half Trim -0.984 0.110 -0.984 0.990
Full Trim -0.387 0.262 -0.387 0.467
Double Trim -0.156 0.828 -0.156 0.843
OLS -0.911 0.086 -0.911 0.915
Parametric -0.003 0.175 -0.003 0.175
t(4) Half Trim -1.013 0.105 -1.013 1.018
Full Trim -0.411 0.275 -0.411 0.494
Double Trim -0.202 0.892 -0.202 0.915
OLS -0.931 0.086 -0.931 0.935
Parametric -0.001 0.178 -0.001 0.178
Panel C: n = 5000, f, known
t(1) Half Trim -0.402 0.077 -0.402 0.409
Full Trim -0.137 0.127 -0.137 0.186
Double Trim -0.046 0.220 -0.046 0.225
OLS -0.755 0.040 -0.755 0.756
Parametric -0.001 0.065 -0.001 0.065
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Table 3 (Continue): Symmetric Setting
Distribution of v MEAN (TRUE=0) STD BIAS RMSE

Panel C: n = 5000, f, known (continue)

t(3) Half Trim -0.770 0.057 -0.770 0.772
Full Trim -0.270 0.185 -0.270 0.327

Double Trim -0.115 0.708 -0.115 0.717

OLS -0.910 0.038 -0.910 0.911

Parametric 0.000 0.077 0.000 0.077

t(4) Half Trim -0.825 0.053 -0.825 0.827
Full Trim -0.298 0.206 -0.298 0.362

Double Trim -0.139 0.847 -0.139 0.858

OLS -0.932 0.038 -0.932 0.933

Parametric -0.001 0.080 -0.001 0.080

Panel D: n = 200, f, unknown

t(3)  Half Trim -1.058 0.221  -1.058 1.081
Full Trim -0.602 0.362  -0.602  0.702

Double Trim -0.333 0856  -0.333  0.919

t(4) ~ Half Trim -1.074 0223  -1.074 1.097
Full Trim -0.617 0.369  -0.617  0.719

Double Trim -0.350 0929  -0.350  0.992

Panel E: n = 1000, f, unknown

t(3) Half Trim -0.935 0.105 -0.935 0.941
Full Trim -0.408 0.263 -0.408 0.486

Double Trim -0.198 0.749 -0.198 0.774

t(4) Half Trim -0.973 0.103 -0.973 0.978
Full Trim -0.431 0.273 -0.431 0.510

Double Trim -0.230 0.874 -0.230 0.904

Panel F: n = 5000, f, unknown

t(3) Half Trim -0.771 0.057 -0.771 0.773
Full Trim -0.278 0.186 -0.278 0.334

Double Trim -0.140 0.654 -0.140 0.668

t(4) Half Trim -0.824 0.053 -0.824 0.826
Full Trim -0.305 0.205 -0.305 0.367

Double Trim -0.153 0.833 -0.153 0.847

Notes: True mean value is 0. MEAN, STD, BIAS, RMSE are the mean value, standard deviation, bias,

and root mean square errors of the estimates, respectively.
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Table 4: Asymmetric Setting

Distribution of v MEAN (TRUE=0) STD BIAS RMSE
Panel A: n =200, f, known
t(1) Half Trim -0.757 0.365 -0.757 0.840
Full Trim -0.276 0.299 -0.276 0.407
Double Trim -0.063 0.348 -0.063 0.354
OLS -0.311 0.189 -0.311 0.363
Parametric -0.137 0.223 -0.137 0.261
t(3) Half Trim -0.837 0.426 -0.837 0.939
Full Trim -0.496 0.315 -0.496 0.587
Double Trim -0.141 0.608 -0.141 0.624
OLS -0.527 0.214 -0.527 0.569
Parametric -0.293 0.312 -0.293 0.428
t(4) Half Trim -0.836 0.417 -0.836 0.934
Full Trim -0.521 0.318 -0.521 0.610
Double Trim -0.174 0.628 -0.174 0.651
OLS -0.567 0.220 -0.567 0.608
Parametric -0.332 0.332 -0.332 0.469
Panel B: n = 1000, f, known
t(1) Half Trim -0.445 0.132 -0.445 0.464
Full Trim -0.083 0.148 -0.083 0.170
Double Trim -0.026 0.221 -0.026 0.223
OLS -0.311 0.082 -0.311 0.322
Parametric -0.136 0.097 -0.136 0.167
t(3) Half Trim -0.682 0.131 -0.682 0.694
Full Trim -0.183 0.209 -0.183 0.278
Double Trim -0.063 0.505 -0.063 0.509
OLS -0.527 0.096 -0.527 0.535
Parametric -0.288 0.135 -0.288 0.319
t(4) Half Trim -0.713 0.134 -0.713 0.726
Full Trim -0.219 0.234 -0.219 0.320
Double Trim -0.088 0.558 -0.088 0.565
OLS -0.566 0.098 -0.566 0.575
Parametric -0.330 0.147 -0.330 0.361
Panel C: n = 5000, f, known
t(1) Half Trim -0.186 0.060 -0.186 0.195
Full Trim -0.045 0.078 -0.045 0.090
Double Trim -0.015 0.122 -0.015 0.123
OLS -0.313 0.037 -0.313 0.315
Parametric -0.137 0.043 -0.137 0.143
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Table 4 (Continue): Asymmetric Setting
Distribution of v MEAN (TRUE=0) STD BIAS RMSE

Panel C: n = 5000, f, known (continue)

t(3) Half Trim -0.551 0.060 -0.551 0.555
Full Trim -0.111 0.131 -0.111 0.171

Double Trim -0.031 0.413 -0.031 0.414

OLS -0.526 0.043 -0.526 0.528

Parametric -0.288 0.061 -0.288 0.294

t(4) Half Trim -0.605 0.059 -0.605 0.608
Full Trim -0.132 0.154 -0.132 0.203

Double Trim -0.051 0.501 -0.051 0.504

OLS -0.567 0.044 -0.567 0.569

Parametric -0.329 0.064 -0.329 0.335

Panel D: n = 200, f, unknown

t(3) Half Trim -0.838 0.430 -0.838 0.942
Full Trim -0.488 0.319 -0.488 0.583

Double Trim -0.175 0.550 -0.175 0.577

t(4) Half Trim -0.834 0.428 -0.834 0.938
Full Trim -0.514 0.318 -0.514 0.604

Double Trim -0.214 0.583 -0.214 0.621

Panel E: n = 1000, f, unknown

t(3) Half Trim -0.671 0.127 -0.671 0.682
Full Trim -0.185 0.212 -0.185 0.282

Double Trim -0.083 0.463 -0.083 0.471

t(4) Half Trim -0.707 0.132 -0.707 0.719
Full Trim -0.226 0.239 -0.226 0.329

Double Trim -0.107 0.547 -0.107 0.558

Panel F n = 5000, f, unknown

t(3) Half Trim -0.545 0.061 -0.545 0.549
Full Trim -0.111 0.133 -0.111 0.174

Double Trim -0.044 0.402 -0.044 0.404

t(4) Half Trim -0.601 0.060 -0.601 0.604
Full Trim -0.134 0.155 -0.134 0.205

Double Trim -0.064 0.488 -0.064 0.492

Notes: True mean value is 0. MEAN, STD, BIAS RMSE are the mean value, standard deviation, bias, and

root mean square errors of the estimates, respectively.
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Figure 1.2: Monte Carlo Results in the First Experiment with V' Distributed as t(3)
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98



Chapter 2

Identifying the Average Treatment

Effect in a Two Threshold Model

With Arthur Lewbel

2.1 Introduction

Suppose an outcome Y is given by
Y:YQ—F(K—YQ)D (2.1.1)

where Yy and Y; are potential outcomes as in Rubin (1974), and D is a binary treatment
indicator. Generally, point identification of the average treatment effect (ATE) E (Y7 — Yp)
requires either i) conditional or unconditional unconfoundedness, or ii) an instrument for D
that can drive D to zero and to one (with probability one), or iii) functional restrictions on

the joint distribution of Yy, Y7 and D. In contrast, we provide a novel point identification
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result, and an associated estimator, for the ATE in a model where none of these conditions
hold.

Let V be a continuous instrument that affects the probability of treatment but not the
outcome, and let X denote a vector of other covariates. In our model, D is given by a

structure that is identical to one of the middle choices in an ordered choice model, that is,

D:I[ao(X)§V+U§a1(X)] (2.1.2)

where I (-) is the indicator function that equals one if - is true and zero otherwise, U is a
latent error term, and ag (X) and «; (X)) are unknown functions. The joint distribution of
(U, Yo, Y1 | X) is assumed to be unknown.

In the special case of this model where ap(X) and «; (X) are linear with the same
slope, this is equivalent to treatment being given by the more standard looking ordered
choice specification

D=1 <X'B,+V+U<d)

for constants dp, 91, and 5;. However, we don’t impose these linearity restrictions. In
addition, unlike standard ordered choice models, we allow the distribution of U to depend
on X in completely unknown ways. Equivalently, the covariates X can all be endogenous
regressors, with no available associated instruments. The only covariate we require to be
exogenous is V.

The proposed model is confounded, because the unobservable U that affects D can be
correlated with Yy and Y7, with or without conditioning on X. No parametric or semi-

parametric restrictions are placed on the distribution of (U, Yp, Y1 | X), so treatment effects
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are not identified by functional form restrictions on the distributions of unobservables. We
assume V has large support, but the model is not identified at infinity. This is because both
very large and very small values of V' drive the probability of treatment close to zero, but no
value of V' (or of other covariates) drives the probability of treatment close to one. So in this
framework none of the conditions that are known to permit point identification of the ATE
hold. Even a local ATE (LATE) is not identified in the usual way, because monotonicity of
treatment with respect to the instrument cannot hold in the proposed model. Nevertheless,
we show that the ATE is identified in our model, using a special regressor argument as
in Lewbel (1998, 2000a, 2007). We also provide conditions under which a corresponding
simple estimator of the ATE converges at rate root n.

To illustrate the model and foreshadow our later empirical application, suppose the
outcome Y is a measure of innovation in an industry and D = 1 when a latent measure
of competitiveness in the industry lies between two estimated thresholds, otherwise D = 0.
According to the "Inverted-U" theory in Aghion, Bloom, Blundell, Griffith, and Howitt
(2005) (hereafter ABBGH), industries with intermediate levels of competitiveness have more
innovation than those with low levels or high levels of competition. As in Revenga (1990,
1992), Bertrand (2004), and Hashmi (2013), we use a source-weighted average of industry
exchange rates as an instrumental variable for competition, which we take to be our special
regressor V. This instrument is computed from the weighted average of the US dollar
exchange rate with the currencies of its trading partners. When V is low, products from the
U.S. becomes relatively cheaper, thereby reducing competition by driving out competitors.
The treatment effect we estimate is therefore the gains in innovation that result from facing

moderate (rather than low or high) levels of competition.
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More generally, our estimator is potentially useful in applications where one wants to
assess the impact of a treatment defined as a moderate level of some activity, versus low or
high levels. Many such treatments exist. For example, one might want to assess the effects
of moderate levels of BMI or of alcohol consumption on a variety of health outcomes (see,
e.g., Cao et al. 2014, Koppes et al. 2005, and Solomon et al. 2000). Other examples are
the effect of moderate levels of financial development on the growth rates of countries (see
Cecchetti and Kharroubi 2012) or the effects of moderate levels of financial regulation on
measures of financial instability (see Huang 2015).

Often one might be interested in comparing mean outcomes of the middle group, Y7,
with just the high group (those above the upper threshold) or just the low group (those
below the lower threshold). We provide an extension of our results that combines our main
identification theorem with identification at infinity arguments as in Heckman, Urzua and
Vytlacil (2006) to estimate these additional treatment effects. This would be useful for
applications such as returns to education, where, e.g., treatment could correspond to not
finishing high school (the low group), finishing high school (the middle group), and having
some college (the high group). Another extension we consider is identification in a model
where V' in the treatment equation is replaced with ¢ (V) for some unknown function .

Our empirical application uses panel data. We extend our method to show identification

of E (Y1it — Ypit) in the panel data model

Yie = @i + by + Your + (Y1it — Yoit) D, (2.1.3)

Dy = I(ao(mit) <a;+b+Vy+Uyp < al(acit)), (2.1.4)
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where ai,a’i,bt,gt are individual and time dummies in selection and outcome equations.
If potential outcomes are given by ffdit = a; + gt + Yyit, then our estimand E (Y1 — Yoir)
equals a standard ATE E (}N/m — ?Oit). Alternatively, given equation (2.1.3), E (Y1;: — Yoit)
can be interpreted as a generalization of difference-in-difference (DID) estimation, where
unlike standard DID, here D;; can be endogenous and hence correlated with the potential
outcomes, so unconfoundedness does not hold. Equation (2.1.3) is also a generalization of
Manski and Pepper (2003).! Despite the presence of fixed effects (incidental parameters)
in the nonlinear selection equation, we attain a rate root n1' estimate for the ATE in this
panel model. We also consider other panel specifications, including dynamic panels.

The next section is a literature review. In section 3 we provide formal assumptions of
our model, prove identification, and establish the consistency and asymptotic normality of
our cross section and panel estimators. In section 4 we empirically apply our estimator to
investigate the relationship between competition and innovation. In this section we also
implement simulation experiments to evaluate small sample properties of our estimators,
using a Monte Carlo design that replicates features of our empirical data. This is followed
by an extensions section and conclusions. The paper additionally includes some appen-
dices. Appendix A provides an evaluation of how the robustness of our approach compares
to more structural models in the presence of measurement errors. Appendix B provides
some additional extensions, and Appendix C gives additional technical assumptions and
proofs. Finally, in a supplemental appendix separate from the main paper, we provide more

details regarding application of relatively standard semiparametric methods for deriving the

! Manski and Pepper (2003) consider the linear treatment response model Y;; = o + 8Dt +~yt +ei+ where
«; is the individual fixed effect, vt is the time trend, €;+ is the random disturbance, and S defines the ATE.
Our model generalizes theirs by replacing their fixed ATE 8 with a random coefficient and replacing the
time trend ~¢ with time fixed effects b;.
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limiting distribution of our estimators, and other technical material.

2.2 Literature Review

Existing methods for point identifying ATE’s are discussed in surveys such as Heckman
and Vytlacil (2007a, 2007b) and Imbens and Wooldridge (2009). The early treatment
effects literature achieves identification by assuming unconfoundedness, see, e.g., Cochran
and Rubin (1973), Rubin (1974), Barnow, Cain, and Goldberger (1980), Rosenbaum and
Rubin (1983), and Heckman and Robb (1984). As noted by ABBGH, competition is an
endogenous regressor, e.g., successful innovations increase market power and may thereby
reduce competition. Much of what determines both is difficult to observe or even define,
making it very unlikely that unconfoundedness would hold, regardless of what observable
covariates one conditions upon.

Without unconfoundedness, instrumental variables have been used in a variety of ways
to identify treatment effects. Instead of estimating the ATE, Imbens and Angrist (1994)
show identification of a local average treatment effect (LATE), which is the ATE for a
subpopulation called compliers (the definition of who compliers are, and hence the LATE,
depends on the choice of instrument). An assumption for identifying the LATE is that
the probability of treatment increase monotonically with the instrument. This assumption
does not hold in our application, since both increasing or decreasing V' sufficiently causes
the probability of treatment to decrease. Although he does not provide an example, an
implication of Kitagawa (2009) is that, if point identification of the ATE based only on
an exogenous instrument were possible without identification at infinity, then instrument

nonmonotonicity would be necessary. Our model possesses this necessary nonmonotonicity.
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Building on Bjorklund and Moffitt (1987), Heckman and Vytlacil (1999, 2005, 2007a) de-
scribe identification of a marginal treatment effect (MTE) as a basis for program evaluation.
The MTE is based on having a continuous instrument, as we do. However, identification of
the ATE using the MTE requires the assumption that variation in V' can drive the proba-
bility of treatment to either zero or one, and hence depends on an identification at infinity
argument. As we have already noted, identification at infinity is not possible in our model,
since no value of V' can drive the probability of treatment to one.

A few other papers consider identification of treatment effects in ordered choice models,
such as Angrist and Imbens (1995) and Heckman, Urzua, and Vytlacil (2006). However,
these papers deal with models having more information than ours, i.e, observing extreme
as well as middle choices, and they consider identification of LATE and MTE, respectively,
not ATE. In an extension section, we will consider combining the information obtained by
these approaches with our estimator.

The way we achieve identification here is based on special regressor methods, particularly
Lewbel (2007), which exploits a related result to identify a class of semiparametric selection
models. The instrumental variable V' needs to be continuous, conditionally independent of
other variables and have a large support, which are all standard assumptions for special
regressor based estimators. See, e.g., Dong and Lewbel (2015), Lewbel, Dong, and Yang
(2012), and Lewbel (2012). Some of the previously discussed papers also implicitly assume
a special regressor, notably, Heckman, Urzua, and Vytlacil (2006).

In addition to the ATE, our methods can be immediately extended to estimate quantile
treatment effects as in Abadie, Angrist, and Imbens (2002), Chernozhukov and Hansen

(2005). Bitler, Gelbach, and Hoynes (2006), or Firpo (2006). This is done by replacing Y’
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with (Y < y) in our estimator.

In the panel context of equations (2.1.3) and (2.1.4), if unconfoundedness held so that
(Yoit, Y1it) L Dyt | Xit, and if in addition a; and b; were absent from the selection equation,
then one could achieve identification via difference-in-difference methods, as in Ashenfelter
(1978), Ashenfelter and Card (1985), Cook and Tauchen (1982, 1984), Card (1990), Meyer,
Viscusi, and Durbin (1995), Card and Krueger (1993, 1994) and many others. In contrast,
we obtain identification without unconfoundedness, and while allowing for a; and b; fixed
effects. Analogous to Honore and Lewbel (2002), in panel data our identification and
estimation strategy overcomes the incidental parameters problem associated with these
fixed effects, and we attain a rate root n1’ estimate for the ATE.

Chernozhukov et al. (2009) discuss partial identification of marginal effects in nonlinear
panel data, while Manski and Pepper (2013) provide partial identification of the (ATE)
in a panel data context. Manski and Pepper also consider additional assumptions needed
for point identification of the ATE in a panel setting (see their section 3.1). Our panel
data point identification requires some but not all of the assumptions they list as needed,
including an average treatment response that is time-invariant, and the instrument exclusion

restriction in the outcome equation.

2.3 The Model

In this section we first prove identification of the ATE in our model. The proof we provide
is constructive, and we next describe a corresponding estimator. This is followed by some
extensions, in particular, a panel data estimator with fixed effects. The remaining parts of

this section then provide limiting distribution theory for the estimators.
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2.3.1 Identification and Estimation

Let €. and f. denote supports and density functions for random variable -, e.g., 2, and f,
are the support and density function for the random variable X. Let E () denote the sample
mean of the argument inside, and let f() and E(-|-) denote nonparametric Nadayara-Watson
kernel density and kernel regression estimators, with bandwidth denoted h. For notational
convenience, h is assumed the same for all covariates. We use R to denote any set of residual

terms that are proven to be asymptotically negligible for our derived limiting distributions.

Assumption 18 We observe realizations of an outcome Y, binary treatment indicator D,
a covariate V, and a k x 1 covariate vector X. Assume the outcome Y and treatment
indicator D are given by equations (2.1.1) and (2.1.2) respectively, where ap (X) and aq (X)
are unknown threshold functions with oo (X) < a1 (X), U is an unobserved latent random
error, and Yy and Y1 are unobserved random untreated and treated potential outcomes. The

joint distribution of (U, Yy, Y1), either unconditional or conditional on X, is unknown.

Assumption 19 Assume E(Y;|X,V,U) = E(Y;|X,U) for j =0,1, and V L U | X. As-
sume V | X is continuously distributed with probability density function f(V | X). For
all x € supp (X), the supp(V | X = x) is an interval on the real line, and the inter-
val [inf supp (ag(X) —U | X = z), sup supp (a1 (X) — U | X = z)] is contained in supp(V |

X =uz).

Assumption 18 defines the model, while Assumption 19 says that V' is an instrument,
in that V affects the probability of treatment but not outcomes (after conditioning on X).
The instrument V is also continuously distributed, and has a large enough support so that,

for any values U and X may take on, V' can be small enough to make D = 0 or large enough
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to make D = 0. But no value of V and X will force D = 1, so identification at infinity is

not possible.?

Remark 2.3.1 For identification, the assumption that supp(V | X = z) equals an interval
can be relaxed, as long as this support suitably contains ag(z) — U and «a;(z) — U for all
x. We maintain the single interval support to simplify notation in the identification proofs,

and to apply the testing results in Section 2.5.1.

In this model, obtaining identification by imposing unconfoundedness would be equiva-
lent to assuming that U was independent of Y1 —Yp, possibly after conditioning on covariates
X. However, we do not make any assumption like this, so unconfoundedness does not hold.
Alternatively, one might parametrically model the dependence of Y7 — Y on U to identify
the model. In contrast we place no restrictions on the joint distribution of (U, Yp, Y1), either

unconditional or conditioning upon X.

Assumption 20 For some positive constant T, define the trimming function I.(v,x) =
Iinf supp(V|X = x)+7 < v < sup supp(V|X = z)—7]. Assume the interval [inf supp (oo (X)

sup supp (a1 (X) — U | X = x)] is contained in {v : I;(v,z) = 1}.

Assumption 21 Assume there exists a positive constant T < T such that, for all v,x having
L(v,z) = 1, the density f(v|x) is bounded away from zero (except possibly on a set of

measure zero) and is bounded.

Assumption 20 is not necessary for identification, but will be convenient for simplifying

the limiting distribution theory for the estimator we construct based on the identification. In

?If instead of the ordered choice D = I'[ao (X) <V 4+ U < a1 (X)] we had a threshold crossing binary
choice D = I (ap (X) <V 4+U), then Assumption 19 would suffice to use "identification at infinity" to
identify the treatment effect, by using data where V was arbitrarily low to estimate F (Yp | X) and data
where V was arbitrarily high to estimate E (Y1 | X). However, in our ordered choice model identification at
infinity is not possible, since no value of V guarantees with high probability that ¥ will equal Y;.
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particular, this assumption permits fixed trimming that avoids boundary bias in our kernel
estimators. This assumption could be relaxed using asymptotic trimming arguments. The
requirement that f(v|x) is bounded away from zero in Assumption 21 might also be relaxed
via asymptotic trimming (e.g., by including another trimming indicator I (f(v|x) > by),
b, — 0, as n — o0). To save notation, we let I, = I.(V, X). Define the function ¢ (X) by

ELDY/f(VIX)|X] E[A-D)Y/f(V]|X)]|X]
ELD/f(V|X)|X]  E[(1-D)/f(V]X)]X]

P (X) = (2.3.1)

Theorem 2.3.2 Let Assumptions 18, 19 hold with I. = 1, or let Assumptions 18, 19 20
and 21 hold. Then

Y(X)=E(M —Yo | X)

The theorem is proved in Appendix C. Theorem 2.3.2 is related to Lewbel (2007),
however, that paper estimates a semiparametric selection model, while we identify and
estimate a nonparametric conditional treatment effect. This includes identification for the
untreated E (Yp|X) which is not considered in Lewbel (2007). We later provide more results
that do not have analogs in Lewbel (2007), including, in Section 2.3.3, identification of a
panel data model with fixed effects.

Theorem 2.3.2 shows identification of the conditional ATE since ¢ (X) is defined in terms
of moments and densities of observed variables. The first part of the Theorem shows that
just Assumptions 18 and 19 are needed for identification. The second part of the Theorem,
giving identification including the additional Assumptions 20 and 21, is convenient because

inclusion of the trimming term I simplifies the asymptotics of the associated estimator.
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It follows immediately from Theorem 2.3.2 that ¥ = E [¢ (X)] equals the ATE, which

is therefore identified and can be consistently estimated by T = % Yoy 1/; (z;) where

E [ITDY/f(V | X) | X = :1:] E [IT 1-D)Y/f(V|X)| X = :p}

U B[ x=a] Bl D)/fvIx | X =a]

with uniformly consistent kernel estimators fand E.
To provide some intuition for Theorem 2.3.2, suppose for the moment that X was empty,

and consider

EMD|UYo Y1) =E([ag—U<V <1 —U]|U,Yy, Y1)

a1 —U

= / ( )I[ao ~U<v<a1-Ulf(v|UYoY1)dv= / f (Yo, Y1)dv = Fyy, v, (a1 = U)=Fyy,.v; (o
supp(V

apg—U
where F,y;y; is the cumulative density function of V' conditional on Yp,Y;. We have
confoundedness because the above expression depends on U, which is correlated with Yj
and Y7. However, if V' were uniformly distributed, then the above expression would simplify
to E(D | U,Yy, Y1) = a1 — ap, which is independent of (U, Yo, Y1). So if V were uniformly
distributed, the model would be unconfounded. Moreover, in that case f would be constant
and equation (2.3.1) would reduce to the standard propensity score weighted estimator of
the (unconfounded) average treatment effect. Scaling by the density of V' in equation (2.3.1)
is equivalent to converting to a uniform V', and so is equivalent to converting our model into
one that is unconfounded. Density weighting is a feature of some special regressor estimators
including Lewbel (2000a, 2007), and indeed V has the properties of a special regressor,

including appearing additively to unobservables in the model, a continuous distribution,
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large support, and conditional independence.

2.3.2 Small Extensions

The above identification and associated estimator can be extended to handle independent
random thresholds, that is, all the results go through if the deterministic functions oy (X)
and g (X) are replaced with random variables a; and «g (having distributions that could
depend on X), provided that (o, 1) L (U, Y1,Y)) | X.

Our results also immediately extend to permit estimation of quantile treatment ef-
fects. The proof of Theorem 2.3.2 shows that the first term in equation (2.3.1) equals
E (Y1 ] X) and the second term equals E (Yp | X). Suppose we strengthen the assump-
tion that E(Y; | X,V,U) = E(Y;| X,U) for j = 0,1 to say that F;(Y; | X,V,U) =
F; (Y; | X,U), where Fj is the distribution function of Y; for j = 0,1. Then one can apply
Theorem 2.3.2 replacing Y with I (Y < y) for any y, and thereby estimate £ (1 (Y; <y) | X) =
F; (y | X). Given this identification and associated estimators for the distributions Fj (y | X)

of the counterfactuals Y}, we could then immediately recover quantile treatment effects.

2.3.3 Panel Data

We now consider a panel data version of the model, allowing for fixed effects. Let the model
of treatment be

Dit = I(ao(xit) S a; + bt + Vit + Uit S al(mit)), (2.3.2)

and let the outcome equation be

Yir = @i + by + Yoir + (Yiie — Yoir) Dit, (2.3.3)
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where a; and a; equal the coefficients of individual ¢ dummy variables, and where b; and Et
equal the coefficients time dummies in the two equations. For example, b; is the coeflicient
of a dummy variable that equals one for all observations in time period ¢ and zero otherwise.

As before, the observables in the model are the outcome Y, treatment D, instrument
V, and covariate vector X. We assume that a;, b, a;, and gt for all 7 and ¢ are random
variables, in that we make some mild assumptions regarding their distribution. However,
we interpret a;, by, a;, and Et as fixed effects, in that their values will not be estimated, their
distribution is not be parameterized or estimated, and they are permitted to correlate with

both X and with the unobservables in the model in unknown ways.

Assumption 22 For all individuals © and time periods t, a;, bt,ai,é't are random variables.
E (Ziz' + b+ Yjit| Xit, Vie, ai, by, Uit) =F (ZL}' + b+ Yjit| Xit, aq, by, Uit) ;

for 5 =0,1. Vig L a;, b, Uy| Xz

Remark 2.3.3 The identification permits having a;, bs, a;, and Et be pre-determined
constants.®> We more generally let a;, b;, a;, and Zt for all 7 and t be random variables
(which can be correlated with Xj;) to clarify the minimum restrictions we require of them,
which is the above conditional independence with V;;. Note that the joint distribution
of (ai,bt,ﬁi,gt, Uit, Yoit, Y1i¢) conditional or unconditional on Xy, is unknown. A similar
assumption regarding fixed effects in discrete choice panel models appears in Honore and

Lewbel (2002).

Assumption 23 Assumption 20 holds after replacing supplog(X) — U, c1(X) — U] with

3We thank a referee for pointing this out.
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supplog(xi) — a; — gt — Ui, a1 (i) — a; — gt — Uy. We similary define I (v, xit) and let

Iy =1I; (Um int) .

Assumptions 22 and 23 are essentially the panel data versions of Assumptions 19 and

20.

Theorem 2.3.4 Let Assumption 18, 21, 22, and 23 hold for each individual i in each time

period t. Let f,, denote the density of V in time t. Then

EL7itDitYit/ fo, Vit Xit) | Xat] — Ellrie(1 = Dit) Yo/ fo, (Vie| Xi) [ Xia] E(Yii — You | X)
B+t Dit/ fo,(Vite| Xit )| Xit] E[L+it(1 = Dit) / fo, (Vie| Xit )| Xit] ' e

(2.3.4)

This theorem is proved in Appendix C. Analogous to Theorem 2.3.2, identification is
also possible without the trimming I,;;.

In typical panel data models, removing individual specific fixed effects requires some
type of differencing over time, and similarly for removing time fixed effects. Moreover, in
nonlinear models such differencing is generally not possible and fixed effects need to be
estimated, leading to the incidental parameters problem. However, despite the presence
of fixed effects in both the linear outcome equation (2.3.3) and the nonlinear treatment
equation (2.3.2), we have that equation (2.3.4) is virtually the same as the expression for
(X)) in equation (2.3.1). As a result, no differencing or incidental parameter estimation is
required. The estimator for panel data, corresponding to equation (2.3.4) in Theorem 2.3.4
is essentially identical to the cross section estimator 171 () based on Theorem 2.3.2.

The intuition for this result is that the same density weighting that eliminates the

confounding effects of U in the cross section also happens to remove the nonlinear treatment
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equation fixed effects, and the differencing of the two terms that appear in equation (2.3.4)
removes the linear outcome equation fixed effects.

As in the cross section case, estimation based on equation (2.3.4) simply replaces fi,
with a kernel estimator of this density, and replaces the expectations with averages, or
nonparametric regressions if elements of X;; are continuous. If the distribution of V' varies
by time then the density of f,, must be estimated separately in each time period, but
averaging or nonparametric regressions is done across all individuals in all time periods. No
differencing or other techniques for removing the fixed effects are required.

Identification and estimation based on more general panel models is possible. We present

one such extension, allowing for dynamic effects, in Appendix B.

2.3.4 Asymptotic Normality

Our identification theorems permit fixed trimming, indexed by I,; in the cross section
and I, in the panel. This trimming allows our limiting distribution derivation to follow
standard arguments like those in Newey and McFadden (1994), avoiding the complications
associated with kernel estimator bias when V' is near the boundary of its support. As
a result, we can estimate ¥ (X) at the standard nonparametric rate associated with the
dimension of X. As noted briefly in Lewbel (2000b) and discussed more thoroughly in
Khan and Tamer (2010), without fixed trimming obtaining standard convergence rates
with inverse density weighted estimators like ours would generally require V' to have very
thick tails. Our fixed trimming avoids these issues.

For this section, standard assumptions regarding kernels, bandwidths and smoothness,
as well as detailed proofs, are provided in Appendix C. Assumptions that require some

discussion are kept in the main text.
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Cross Section Asymptotics

We first derive properties for the cross section version of our estimator. Let x be an interior

point in the support of X. Define

Dil7Y;  _ Dily _A-D)y; (1= Di) Iy _ E(hilz) _ E(hai|z)
Tl 9% = Foded "= Fogmy S Faley Y = Bgule) 2 = B gal)

15 =

From the proof of Theorem 2.3.2, 1, (z) = E(Y1|z) and ¢5(z) = E(Yp|x). We let the sample

counterpart estimator of 1(x) = 1, (z) — 1y(z) be

n

e Z PR (550) w2 UK (5)
P1(z) — Pa(z) = - Z:Ti , (2.3.5)
D;1.; T;—x (1-Dy)Ir; T;—x
ﬁ P J?(Ui\xi)K ( h ) % ; Fwilwi) K ( h )

where f(v|2;) = fao(zi,vi)/ [ (2;) with fu(z;) and fuy(25,v;) being the standard leave-one-

out nonparametric density estimators

~

Fulai) = 12 (ml - m) ,

-~ Ty — Ly UV —U;
fxv(xiy'vi) - W Z K( h ) h )7

I=1,l#i

where K is a kernel function and A is the bandwidth.
Assumptions 35, 36, 37 and 38 provided in Appendix C, are all standard. Given these

assumptions, the asymptotic normality of estimator (2.3.5) is established as follows.

Theorem 2.3.5 Let Assumption 18 ~ 21, 35 ~ 38 hold. As n — oo, h — 0, nh¥ — oo,
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and nh*h? — ¢y € (0,+00) . For any interior point x in the support of X, we have

nhk
var (@ @) [2) s K (a) du

bi(@) = a(@) = B (Vi = Yolo) — By ()] 4 N (0,1),

where ¢; (z) and B, (z) are defined in equation (2.10.6) and (2.10.7) respectively in the

supplemental Appendizx.

The proof is in the supplemental online appendix.

n

Remark 2.3.6 The unconditional treatment effect £ (Y1 — Yp) could be estimated as = Z [;pl(a:,) — ()
i=1

It is generally possible to attain parametric convergence rates for estimators like this Zav—

erages of smooth functions of kernel estimated densities and regressions), though doing so

requires dealing with standard boundary bias issues for values of x near the boundary of its

support. One method for doing so would be to use boundary bias corrections as in Hickman

and Hubbard (2014). Another approach is to employ asymptotic trimming as in Robinson

(1988) or Hardle and Stoker (1989).

Panel Data Asymptotics

The panel version of our estimator is essentially identical to averaging our cross section
estimator across multiple time periods, because, as noted in the proof of Theorem 2.3.4, the
estimator automatically accounts for fixed effects. Deriving the asymptotic properties of
the panel estimator is therefore relatively straightforward but tedious. The main difference
from the cross section case comes from allowing the distribution of V' to vary over time.
However, it is also necessary to keep track of the fixed effects, since they can affect the

limiting distribution of the estimator.

116



To simplify the analysis and to focus on the new issues raised by panel data, assume we
have no covariates X. This will be the case for our empirical application. Equations (2.3.2)

and (2.3.3) then simplify to
Yit = ai + bt + Yoir + (Yit — Yoit) Dit, (2.3.6)

Dy =T|0<a+b+Vi+ Uy <al, (2.3.7)

where i =1,2,...,n,t =1,2,...,T, and « is an unknown constant. The sample counterpart

we estimate is then

n

T n T
LE § D/@ITMYVH 1 E (1 D'Lt T'LtY;,t
nT - fvt ('Uit) nT fut 'Uzt)
=1 t=

1 i=1
— 2.3.
1 Dl 1 1 th Tit
nT 2 : 2 :]/r\ v; nT 2 : 2 : Fo, (v
e e ALY oo el

If we did have covariates X, the estimator would then be analogous to equation (2.3.5), and

we would need to combine the asymptotics we do here with those of the previous section.
We consider asymptotics where n goes to infinity faster than 7', and obtain a convergence

rate of v/nT. Define gjit by Yjie = E(Y;) + €jit for j =0,1, where E (¢j) = 0. Define

(Yie = B + b + Y1) Dislyie = B | (Yu = B(@i + b + 1)) Ditlyie| vi|
For (i) |

Ay =

(it = B(@s + bt +Y0) ) (1 = Die) Irie = B | (Yir = B(@i + b + 0) ) (1 = Dig) Lt v
o (Vi) ’

My = 20l = p (Df> gy = L Pl g <<1—D>I> |
fvz (Uit) f'ut (vit) fvt (Uit) fvt (Uit)

Assumption 24 n — 00,7 — o0, and T = o (nl_cT) , for some cp € (0,1).
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Because /n convergence of fvt is not attainable, we need T' = o (nl_CT ) to attain the
~ 2
convergence rate ( fo, () = fu, (v)) =0, ((nT)fl/ 2) with appropriate choice of bandwidth

and kernel function.

Assumption 25 q;,qa; are i.i.d. across i and bt,gt are i.i.d. across t. (Yoi, Y1it) are
identically distributed across i,t. (Ui, Yoit, Y1it) L (Ugrgr, Yoirr, Yiirer) for any @ # ¢/, t £ .
(Uit, Yoit, Y1it) L (Uier, Yoirr, Y1i) |ais @ for any i, t # . (Ui, Yoit, Y1ie) L (Uire, Yoire, Yiire)| be, by

for any t, i # 1.

The assumption that (Y, Y14¢) is identically distributed over ¢ as well as over 4 for each ¢
is made only for convenience, and could be relaxed at the expense of additional notation that
would include redefining the estimand to be the average value over time of E (Y1 — Yjlt).
We could allow heterogeneity (non-identical distributions) over the time dimension for other
variables as well, but we do exploit the i.i.d. assumption across i, conditional on t. These
i.i.d. assumptions could also be relaxed to allow for weak dependence, at the cost of requiring
more notation and a more general central limit theorem. Variables with the same ¢ or the
same t subscript are correlated with each other through individual or time dummies.

In Assumption 25, we define a;, a;, bt,gt as random variables, but we estimate the model
treating them as one would handle fixed effects, without estimating their values or their
distributions and without imposing the kinds of assumptions that would be required for
random effects estimation. For example, a; and b; are allowed to be correlated with U;; and

Y in arbitrary unknown ways.

Remark 2.3.7 Although they are not estimated, @; and Et do affect our limiting distri-

bution, because the weights on these variables in the first and second components of our
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estimator are not identical in finite samples. In Lemma 2.10.8 in the online supplemental ap-

pendix, we show that the difference in these components due to a; and gt is Op ((nT )71/ 2).

Assumption 26 Vj; are independent across i and t. Vi are identically distributed across i

given t, with distribution f,, (V).

For each time period t, Assumption 26 is equivalent to the cross section special regressor
assumption without X. In addition it is assumed that special regressor observations are
independent over time, but the distribution of V}; is allowed to vary with ¢. This indepen-
dence assumption could be relaxed, and it would even be possible to let V;; be fixed over
time for each i, though this would require dropping the cross section fixed effects from the

model.
Assumption 27 E (goit|ai, a;) = E (e1it|ai, a;) and E <€0it‘bt,gt) =F (51it|bt,5t) .

This is assumption is somewhat stronger than the assumption needed to interpret ATE,

because we only need E (gj;+) = 0 such that E (Yj;) = E(Y;) for j =0, 1.

Remark 2.3.8 Assumption 27 is necessary to attain v/nT-convergence. To see why the
assumption is necessary, suppose we could observe the counterfactuals Y7;; and Yp;:. Then

T n
the direct estimator for E (Y1) — FE (Yp) would just be % Z Z (Y14 — Yoit) . The random
t=1 i=1

T n
component for this estimator is niT Z Z (€14t — €0it) , which is equal to

t=1 =1

3

5=
B

g (51it —eoit — E (e1it — €oit|ai, ai) — E <51it — eoit|bt, bt))
1i=1

o
I

3

4
S|

T
- 1 ~
1 E (e1it — €oit|ai, a;) + 7 ;E (511'1‘, — €oit|bt, bt) .

(2
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The first term is Op <(nT)_1/2> , the second term is Op (n*1/2) , and the third term is

~\2
Op (T*1/2) . So the convergence rate of this estimator is Op (T*1/2) it B {E (51# — £0it|bt, bt) ] >
0. So even in the infeasible case where counterfactuals are observable, Assumption 27 would

be necessary to obtain v/nT-convergence instead of rate v/7.

As was discussed earlier, if potential outcomes are given by ffdit = a; —i—E + Yyii, then
our estimand E (Y1;; — Yoit) equals a standard ATE F (EN/W — ?%).

Additional Assumptions 37 and 39 provided in the Appendix are standard. Given
these assumptions, the rate v/nT asymptotic normality of estimator (2.3.8) is established

as follows.

Theorem 2.3.9 Let Assumption 18, 21, 22, 23, 24, 25, 26, 27, 37, 89 hold. Assume that

bandwidth h = con™°T/? in fvt, and assume a kernel of order p > (1 — ¢p/2)/ cr. Then

n

T n T
SIS DY [Fuwi) D0 (= DY [ Fu (o)

T - ~ [E()) - B(Y)]
o Z Z Dy /ﬁ)t (vit) 4 Z 2(1 — Dy) /ﬁ)t (vit)
t=1 i=1 t=1 i=1

1 (Alzt A2n> ~1/2
= 5 - +o (nT> )
nT ; P P ( )

and %i n (4 - %) = 0, (i) 7?).

t=1 1=1

Remark 2.3.10 This theorem gives the influence function %ﬁt

— % for our estimator. The
2

terms in the influence function are identically distributed. From Lemma 2.10.8, 2.10.9, and

2.10.10 in the supplemental appendix, those terms are dependent (through fixed effects) but

not correlated with each other. Additional assumptions on the dependence of those terms

are needed to establish asymptotic normality.
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Remark 2.3.11 Suppose <ai,5¢,bt,gt) is a series of constants instead of random vari-

ables. From the proof of Lemma 2.10.8, our estimator will still be consistent as long

n T
as ﬁ (Z?JZ?) = o(1) and n—jlﬂz (ZE%) = 0(1). The estimator will also, given As-
t=1

i=1
sumption 27, still converge at rate v/n1 with the same limiting distribution given below if

n T
1 (Z ZL’?) =0(1) and + (ZE%) = O (1). This result allows for limited forms of time
i=1 t=1

trends of unknown form, e.g., b; and b; could systematically increase or decrease over time.

Some additional results involving panel data asymptotics are provided in the appendix.
In particular, we provide limiting distribution theory under some more general conditions,

including if Assumption 27 does not hold, and a more general model of fixed effects.

2.4 Competition and Innovation

We apply our model to test the the "Inverted-U" theory of ABBGH (Aghion, Bloom,
Blundell, Griffith, and Howitt 2005) relating innovation investments to competitiveness
in an industry. ABBGH consider two types of oligopoly industries, called Neck-and-Neck
(NN) industries, in which firms are technologically close to equal, and Leader-Laggard (LL)
industries, where one firm is technologically ahead of others. For these industries there
are two opposing effects of competition on innovation. One is the Schumpeterian effect,
where increased competition reduces profits and thus reduces the incentive to innovate.
The second is the escape-competition effect, where firms innovate to increase the profits
associated with being a leader. For these latter firms, increased competition increases the
incentive to innovate. ABBGH argue that the escape-competition effect dominates in NN

industries while the Schumpeterian effect dominates in LL industries. This theory results
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in an inverted-U relationship, because low levels of competition are associated with NN
industries and hence with low innovation, by the escape-competition effect, and high levels
of competition are associated with LL industries, again leading to low innovation but now
by the Schumpeterian effect. In contrast, with an intermediate level of competition, both
NN and LL industries innovate to some extent, yielding a higher overall level of innovation
in steady state than in either the low or high competition industries.

ABBGH find empirical support for the inverted-U based mainly on UK data. Hashmi
(2013) revisits the relationship using a richer dataset from the US, and finds no inverted-U.
Hashmi notes that his finding can be reconciled with the ABBGH model by the assumption
that the manufacturing industries in the UK are, on the average, more neck and neck than
their counterparts in the US.

For identification and estimation, both the ABBGH and Hashmi empirical results de-
pend heavily on functional form assumptions, by fully parameterizing both the relationship
of competitiveness to innovation and the functional form of error distributions. In contrast,
we apply our model to test for an inverted-U relationship with minimal restrictions on

functional forms and error distributions.

2.4.1 Data

Our sample, from Hashmi (2013), consists of US three-digit level industry annual data from
1976 to 2001. There are 116 industries, resulting in 2716 industry-year observations. Our
analysis is based on three key variables: a measure of industry competitiveness, a measure
of industry innovation, and a source-weighted average of industry exchange rates that serves
as an instrument, and hence as our special regressor. Summary statistics for this data are

reported in Table 1. We only applied our estimator to Hashmi’s data and not to ABBGH’s
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data, because the latter does not contain a continuous instrumental variable that can be
used as a special regressor.

The measure of the level of competition for industry i at time ¢, denoted c;, is defined
by

1 n;
Cit = 1—— Zj:tl ljt; (241)

it
where 4 indexes firms, /j; is the Lerner index of the price the cost margin of firm j in year ¢,
and n;; is the number of firms in industry ¢ in year . The higher ¢;; is, the higher is the level
of competition. The innovation index, denoted ¥;;, is a measure of citation-weighted patent
counts, constructed using data from the NBER, Patent Data Project. Details regarding the
construction of this data can be found in Hashmi (2013).

As ABBGH point out, innovation and competition are endogenous, that is, there are
likely to exist unobserved characteristics of each industry ¢ in each time period ¢ that
can affect both. To deal with this endogeneity, Hashmi uses a source-weighted average of
industry exchange rates as instrument variable for competition (ABBGH use a different,
events related instrument). Hashmi’s instrument, V;;, is a weighted average of the US dollar
exchange rate with the currencies of trading partners, with weights that vary by industry
according to the share of each country in the imports to the US. This instrument has been

used in other similar applications, including Revenga (1990, 1992) and Bertrand (2004).
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2.4.2 Model Specifications

Hashmi (2013) adopts a control function approach to deal with endogeneity. In a first stage,

¢t 1s regressed on Vi, industry dummies and time dummies, so

cit = Vit + a; + by + wit, (2.4.2)

where a; and b; are fixed effects (coefficients of industry and time dummies) and wj; is the
error from the first stage regression. The fitted residuals w;; from this regression are then

included as additional regressors in an outcome equation of the form

ln(yit) = 61 + gt =+ 90 + Qlcit + GQszt =+ 5'&)\175 + €it, (2.4.3)

where a; and gt are outcome equation fixed effects (coefficients of industry and time dum-
mies). Hashmi estimates the coefficients in equation (2.4.3) by maximum likelihood, where
the distribution of errors €;; is determined by assuming that y;; has a negative binomial
distribution, conditional on c¢;;, industry, and year dummies. This model assumes the re-
lationship of In(y) to ¢ is quadratic, with an inverted-U shape if 6; is positive and 6
negative. The industry and time dummies cannot be differenced out in this model, and so
are estimated along with the other parameters.

In addition to the possibility that this quadratic is misspecified, or that the endogeneity
takes a form that is not completely eliminated by the control function addition of W as
a regressor, or that the distribution is not negative binomial, Hashmi’s estimates could
also suffer the from the problem of incidental parameters (Neyman and Scott 1948). This

problem is that the need to estimate industry and time fixed effects results in inconsistent
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parameter estimates unless both 1" and n go to infinity. In this application neither 7" nor n
is particularly small, but the presence of the fixed effects still results in over 100 nuisance
parameters to estimate, which can lead to imprecision. Our intention is not to criticize
Hashmi’s or ABBGH’s model, but only to point out that there are many reasons why it is
desirable to provide a less parametric alternative, to verify that their results are not due to
potential model specification or estimation problems.

To apply our estimator, let the treatment indicator D;; equal one for industries ¢ that
have neither very low nor very high levels of competition in period ¢, and otherwise let

D;; = 0. We then let innovation y;; be determined by

Yit = G + by + You + (Y14t — Yoit) Dt (2.4.4)

where a;, Zt are the industry and time dummies respectively, and Yy;; are Y7;; are unobserved
potential outcomes for industry ¢ in time ¢, after controlling for time and industry fixed
effects. Unlike the error distribution imposed in equation (2.4.3), both Y7, and Y here are
random variables with completely unknown distributions that can be correlated with each
other, and with the error term in the D;; equation, in completely unknown ways. We will
then estimate the ATE E(Y1;—Yo:t), which equals the average difference in outcomes y (after
controlling for fixed effects), between industries with moderate levels of competitiveness,
versus industries that have very low or very high levels of competitiveness.

What our model assumes about the treatment indicator D;; is

Dit = I(ap < aj + by + Vie + Uy < aq), (2.4.5)
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where a; and b; are industry and time dummies, U;; are unobserved, unknown factors that
affect competition, and «g and «; are unknown constants. The way to interpret equation

(2.4.5) is that the latent variable ¢, given by

Cip = ai + by + Vie + Uit (2.4.6)

is some unobserved true level of competitiveness of industry ¢ in time ¢. Our model does
not require the observed competitiveness measure c;; to equal the true measure cj;, but if
they do happen to be equal then our model is consistent with having Hashmi’s equation
(2.4.2) hold. Note when comparing the models for ¢}, and ¢;; to each other that replacing cj;
with B¢}, to make equation (2.4.6) line up with equation (2.4.5) is a free scale normalization
that can be made without loss of generality, because the definition of D;; is unaffected by
rescaling cf,.*

As in Hashmi’s model, our estimator assumes that Vj; is a valid instrument, affecting
competitiveness ¢}, and hence the treatment indicator D;;, but not directly affecting the
outcome y;;. We also require that Vj; has a large support. This appears to be the case in

our data, e.g., the exchange rate measure sometimes as much as doubles or halves over time

even within a single industry, and varies substantially across industries as well.

2.4.3 Measurement Errors in Competitiveness

In our empirical application, we define D;; to be one when the observed c¢;; lies between

the .25 and .75 quantiles of the empirical ¢;; distribution (we also experiment with other

4In our data it is very unlikely that c;; perfectly measures true competitiveness in each industry and time
period. However, if ¢;+ is not mismeasured, then the thresholds used to construct D;: from c¢;; would be
proportional, up to the scaling of the coefficient of V', to the unknown thresholds a1 (X) and ag (X) (after
accounting for unknown fixed effects a; and b). In theory this information might be usable to increase
estimation efficiency, by exploiting the fact that E (D/f,|X), which we estimate, equals a1 (X) — ao (X).
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quantiles). This is therefore consistent with equation (2.4.2) if ¢; is linear in ¢},. However,
our model remains consistent even if ¢;; differs greatly from cj;, as long as the middle 50% of
industry and time periods in the ¢;; distribution corresponds to the middle 50% of industry
and time periods in the ¢}, distribution.

More generally, suppose c;; equals ¢, plus some measurement error. Then the Hashmi
model, even if correctly specified, will be consistent only if this measurement error satis-
fies the conditions necessary for validity of their control function estimator. Some control
function estimators remain consistent in models containing measurement errors that are
classical, i.e., independent of the true c, and of the true model. However, the Hashmi
control function estimator would not be consistent even with classical measurement errors,
because equation (2.4.3) is nonlinear in the potentially mismeasured variable ¢;; (this is
not intended as a criticism of Hashmi’s empirical application, since that work uses control
functions only to deal with endogeneity and never made any claims regarding measurement
erTors).

In contrast, our estimator can remain consistent in theory even with measurement errors
that are large and nonclassical, as long as c¢;; correctly sorts industries into moderate versus
non-moderate levels of competitiveness. However, in practice, measurement error in c; will
likely cause some industries to be misclassified, so D;; is likely to be mismeasured for some
industries (particularly for some that are near the .25 and .75 quantile cutoffs). Also, in
practice we should expect Hashmi’s control function specification to at least partly correct
for potential measurement error.

To summarize: competitiveness is difficult to precisely define and measure, and as a

result the impact of measurement errors on this analysis could be large. One advantage
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of our methodology is that it only depends on sorting industries into two groups (that is,
moderate versus extreme levels of competitiveness as indicated by D;;). While this sorting
discards some information and may therefore cost some efficiency, it will also mitigate
measurement error biases, because only a small number of observations of D;; are likely
to be mismeasured even if most or all of the ¢;; observations are mismeasured to some
extent. To check whether this intuition is correct, in an appendix we do a monte carlo
analysis that compares the accuracy of our estimator with that of Hashmi’s in the presence

of measurement errors.

2.4.4 Estimation

Our estimator is quite easy to implement, in part because it does not entail any numerical
searches or maximizations. We first estimate the density of Vj; separately for each year,
using a standard kernel density estimator ﬁt (vir) = 15 D et K (W) . Note that
the density is estimated at each of the data points v;;. We employ a Gaussian kernel function
K, and choose the bandwidth h using Silverman’s rule of thumb. Our estimator involves
dividing by these nonparametric density estimates, which can result in outlier observations
when [ is close to zero. As suggested in Lewbel (2000a) and Dong and Lewbel (2015) for
other special regressor based estimators, we trim out (i.e., discard from the sample) the 2%
of observations with the smallest values of ﬁ,t. This defines the trimming function I, (v)
from our asymptotic theory.

Given the density estimates ]?vi (vit), our resulting estimate of the ATE E (Y14 — Ypit) is
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then given by

Trim ATE — 2o 2t L Wie) DiaYia/ o (Vi) 32555, Er(vie) (1= Dia) e/ fo (Vi)
i 2t Ir (vit) Dit ] for (Vie) 225 2t Ir (vie) (1 = Dit) [ fu, (Vi)

(2.4.7)

where the 7 and ¢ sums are over the 98% of observations that were not trimmed out. This
model corresponds to the estimator (2.3.8), which has standard errors that we calculate
based on the asymptotic distribution provided in Theorem 2.8.2. To assess the effect of
the trimming on this estimator, we construct a corresponding estimate of ATE that is not

trimmed, given by

No-Trim-ATE = 32 30 DieYie Fo (Vi) i1 Dit)Yit] Fur (Vi)

= = . (2.4.8)
>i 2ot Dit/ for (Vi) >oi 211 = Dit) /[ fo, (Vir)
For comparison, in addition we calculate a Naive-ATE estimator given by
>N, Dy Y; . 1—Du)Y;
Naive ATE = =izt Din¥it 2524 it) Vi (2.4.9)

Zi Zt D Zz Zt(l - Dit)

This Naive-ATE just subtracts the average value of Y;; when D;; = 0 from the average value
of Y;; when D;; = 1. This would be a consistent estimator of the ATE if treatment were
unconfounded, that is, if low or high competitiveness as indicated by D;; was randomly
assigned over firms and time periods. One could also consider a LATE estimator such
as an instrumental variables regression of Y on D using V as an instrument. However,
as noted in the introduction, LATE requires that the probability of treatment increase
monotonically with the instrument. This requirement does not hold in our application,

since both increasing or decreasing V' sufficiently causes the probability of treatment to
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decrease.

We also compare our results to a parametric maximum likelihood estimate of the ATE
(denoted ML-ATE) assuming a Heckman (1979) type selection model for treatment. This
model assumes equations (2.4.4) and (2.4.5) hold and that U, Yp, Y7 are jointly normally
distributed. Let ® denote the standard normal cumulative distribution function, 6y =
E (Yp), 01 = E (Y1), and 0 = cov[U,Yp,Y1] be the three by three covariance matrix of

elements oy for K =1,2,3 and [ = 1,2,3. Then the ML-ATE is defined by

ML-ATE = 51 - /9\0 where [50,51, ao, al, [3kl]3><3] = arg maxz Z
A t
1 Yie — 0 ap— Vig — 22 (Y — 0 a1 — Vg — 22 (Y, — 0
(1 _ Dit) log 7@25 < t 0) o 0 0222( t 0) 1@ 1 0222( t 0)
022 022 Vo —oly/on Vo — 0202
+Dj; log i(ﬁ <Yit — 01) o o~ Vie — %2(}/“ —0) _® ao — Vit — %;Yit —01) |
o33\ 033 Vo — ot /oss Vo — 0%5/053

2.4.5 Empirical Results

Figure 1 shows our kernel density estimates ﬁ,t for each year t. The estimates can be
seen to vary quite a bit over time, so we use separate density estimates for each year
instead of assuming a constant distribution across years. Figure 2 shows a scatterplot of
our competitiveness and innovation data. The fitted linear line using least squared errors
estimation is slightly downward sloping. The fitted quadratic line using least squared errors
estimation is slightly U-shape. Note that the fitted curves do not deal with the endogeneity
issue.

Table 2A shows our main empirical results. The first row of Table 2A provides estimates
where Dj;; is defined to equal one for the middle half of the data, that is, D;; equals one

for firms and years that lie between the 25th and 75th percent quantiles of the observed

130



measure of competition, making half the observations treated and the other half untreated.
Other rows of Table 2A report results using different quantiles to define D;;. In each row of
Table 2A we report four estimates of ATE, as described in the previous section. Standard
errors for all the estimates are provided in parentheses.

An inverted-U would imply a positive ATE, but all of our estimates are negative, con-
firming Hashmi’s finding that the inverted-U is not present in US data. For example, our
main estimate from the first row of Table 2A is that the Trim-ATE equals —3.9, and is
strongly statistically significant. We also find that failure to appropriately control for error
correlations between competitiveness and innovation substantially biases the magnitudes of
estimated treatment effects. Our semiparametric estimates of the ATE are 50% to 100%
larger than both the naive estimates that ignore these correlations, and the maximum like-
lihood estimates that allow for correlations but requires the errors to be jointly normally
distributed.

Attempts to find a positive ATE by experimenting with more unusual quantiles for
defining D;; were for the most part fruitless. An exception, based on examination of Figure
2, was to define the left and right thresholds by 0.62 (10%) and 0.68 (20%) respectively.
This implies a heavily skewed inverted U where 80% of firms are in the upper tail. This
yields a positive ATE of 8.66, but this model is implausible, since it treats a very narrow
spike in Figure 2 as the set of all moderately sized firms. We also experimented with varying
the degree of trimming, but we only report results without trimming and with 2% percent
trimming because the impacts of other changes in trimming were very small.

The quantiles of ¢;; vary over time, so instead of defining D;; based on quantiles of the

entire sample of ¢;; observations, one could instead define D;; for each year ¢ based on the
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quantiles of ¢;; just in year t. As a robustness check, results are reported in Table 2B based
on estimates calculating D;; this alternative way. Comparing Table 2A and 2B, shows that
the results are quite similar using either definition.

Hashmi models the mean of innovation using equation (2.4.3), so the following object

constructed from Hashmi’s paper can be compared with our ATE estimates
E <6XP <5i bt + 00 + O1cit + 022, + 5wit) ‘ Dy = 1) —-E (eXp (@‘ +bg + 00 + O1cit + 0262, + 5wit> ’ Dy = 0) :

We estimate this by replacing the expectations with D;; cell means, and using Hashmi’s
estimates for the parameters a;, Ab}, 0o, 01, 02, and §.° The value of this quantity we find
from his model is —1.8, which is about half of our estimated ATE and similar to the ML-
ATE and Naive-ATE. Again, we agree with Hashmi’s main result regarding signs of effects,
but not magnitudes. This discrepancy might come from misspecification of Hashmi’s model,
sensitivity to measurement error in ¢;; in his model, or imprecision in his estimates of @ and
b due to the incidental parameters problem.

We provide a further comparison of our results with Hashmi’s in Section 2.5.2, where

we extend our identification result to the full ordered choice model of treatment.

2.4.6 Monte Carlo Designed for the Empirical Example

To assess how the estimator works in small samples, we provide two sets of Monte Carlo
experiments. We designed these experiments to closely match moments and other features
of our empirical data, to see how likely our estimator is to perform well in a controlled

setting that mimics our actual application. The number of observations is set to 2716, the

®Hashmi only reports §; and 2. These are in the first column of table 9 in Hashmi (2013). Other
parameter estimates are found in the Stata log file he posts online.
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same as the number of observations in our empirical dataset. The same four estimators
we applied on the actual data, Trim-ATE, No-Trim-ATE, Naive-ATE and ML-ATE, are
analyzed in each set of Monte Carlo simulations

Let eq;, e9;, €3, and V; be random variables that are drawn independently of each other.
We consider a few different distributions for these variables as described below. The coun-

terfactual outcomes in our simulation are defined by

Yoi = 09 + Op1e1; + Ogoes; and Yy, = 01 + O11e9; + O12e3;.

True competitiveness is constructed to equal V; + 6qe3;, and treatment D; is defined to
equal one for observations ¢ that lie between the 25th and 75th quantile of the distribution

of V; + 62e3;. The observed outcome is then constructed as

Y; = Yoi + (Yii — Yo:) D;.

For simplicity, fixed effect type dummies are omitted from the model. Note that es; appears
in D;, Yp;, and Yi;, and so is the source of confounding in this model. By construction,
the unobserved U; in our theoretical model is given by U; = 6qe3;. Let 6 denote the vector
of parameters (6o, 01,032,001, 002,6011,012). In each Monte Carlo experiment the parameter
vector 6 is set to match moments and outcomes of our actual data, specifically, they are set
to make the ATE 61 — 0y equal our estimate —3.90, and to make the mean and variance of
Y; and D;, and the covariance between Y; and D;, equal the values observed in our data.
The variance of V; is freely normalized (inside the binomial response indicator) to equal

one.
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The ML-ATE estimator is asymptotically efficient when eq;, e9;, and es; are normally
distributed. In our first experiment we let eq;, e9;, e3;, and V; each have a standard normal
distribution, so the resulting ML-ATE estimates can then serve as an efficient benchmark.

As noted by Khan and Tamer (2010), single threshold crossing model special regressor
estimators converge at slow rates when f, has thin tails, as in the previous design. Although
their results are not directly applicable to this paper’s two threshold model, it is still sensible
to see if our estimator works better with thicker tails, so our second experiment gives
€1i, €2i, €3, and V; each a uniform distribution on [—0.5,0.5]. Note this is still likely not
the best case for our estimator, since Khan and Tamer (2010) note that special regressor
methods converge fastest when V' has a thick tail and all other variables have thin tails.

Both the normal and uniform designs have symmetric errors, which favors the ML
alternative over our estimator. However, with symmetric errors it is impossible to define a
vector 6 that matches all the moments of the empirical data, because symmetry prevents
matching the empirical covariance between Y and D. Therefore, in both designs we choose
values for 6 that match all the other moments and come as close as possible to matching
this covariance (the required values for  are given in the footnote of Table 4).

To match the empirical correlation between Y and D along with other moments, we
next consider designs that introduce asymmetry into the confounder es;. In our third
experiment, we let ey;, e9;, and V; be standard normal and let es; be a modified normal,
equaling a standard normal with probability one half when e3; < 0 and equaling 63 times
a standard normal with probability one half when es; > 0. When then choose 03 along
with the other elements of 6 to match the moments of the empirical data including the

covariance of Y with D. This required setting 63 = 2.65. Similarly, in a fourth experiment
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we let ey, eg;, and V; be uniform on [—0.5,0.5] and take es; to equal a (demeaned) mixed
uniform distribution. This mixture was uniform on [—2,0] with probability one half and
uniform on [0, 5] with probability one half, before demeaning.

Each of these four Monte Carlo experiments was replicated 10,000 times, and the results
are summarized in Table 4 in the supplemental Appendix. Panel A in Table 4 is the
symmetric normal design. Because of symmetry, all of the estimators in this design are
unbiased. ML, being efficient here, has the lowest root mean squared error (RMSE), and
the naive estimator is almost as efficient as ML in this case, since it just involves differencing
simple covariance estimates. Our Trim-ATE estimator performs reasonably well compared
to the efficient estimator, being unbiased and having a RMSE of .43 versus the efficient
.30. Trimming improves the RMSE enormously here, as expected because f, has thin tails,
which produces outliers in the denominator of averages weighted by f,.

Panel B of Table 4 shows that, in the symmetric uniform design, all four estimators are
almost identical. The happens because, with V' is uniform, ﬁ, is close to a constant, and the
estimators for the average effects of the treated and the untreated are close to their sample
means.

In the asymmetric designs, given in panels C and D of Table 4, the ML-ATE and Naive-
ATE are no longer consistent, and both become substantially downward biased, with an
average value of about one half the true value of —3.90. In contrast, our trimmed and
untrimmed ATE estimates had far smaller downward biases, resulting in much smaller
RMSE, particularly for the Trim-ATE.

The differences in biases between the inconsistent estimators (ML-ATE and NAIVE-

ATE) and our proposed estimator in these asymmetric Monte Carlos closely match the
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observed differences in our empirical application estimates. Specifically, in case 1 of Table
2A the estimated ATE using the ML and Naive estimators is about one half the estimate of
—3.90 we obtained using Trim-ATE. This provides evidence that the Monte Carlo results
in panels C and D of Table 4 are relevant for assessing the empirical performance of our
proposed estimator.

In addition to assessing the quality of estimators we also assess the quality of associated
standard error estimates, by providing, in the last column of Table 4, the percentage of
times the true ATE fell in the estimated 95% confidence interval (defined as the estimated
ATE plus or minus two estimated standard errors). In the symmetric designs all the es-
timated standard errors for all the estimators were too large, yielding overly conservative
inference. In the asymmetric designs the estimated 95% confidence intervals of the incon-
sistent estimators ML-ATE and NAIVE-ATE were very poor, containing the true value less
than 25% of the time. The No-Trim-ATE did much better, but our preferred estimator,
Trim-ATE, was by far the best, giving correct 95% coverage in panel C, and conservative

99% coverage in panel D.

2.5 Extensions

2.5.1 Testing the Large Support Assumption

The large support assumption is crucial for identification. In this section, we provide a
formal test on this assumption.
Suppose supp(V') = [-M', M|, M', M > 0, f, bounded away from zero, and the support

of U is also a fixed interval on the real line. For simplicity, we assume there is no covariates
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X and

D=I0<V+U<a). (2.5.1)

The large support assumption of V' in the paper is that supp(—U) Csupp(V'), supp(a — U) Csupp(V).
Under the model specification and that the supports of U and V are both fixed intervals on

the real line, the large support assumption holds if and only if P (D = 1|V = M) = 0 and
P(D=1V=-M)=0.

Without loss of generality, we only discuss how we test P (D = 1|V = M) = 0, and the
test for the other part of the implications follows similarly.

As discussed in the Theorem 2.5.3 and Remark 2.5.4, when the support of V strictly
covers the support of & — U on the right end, the test statistic will degenerate to a constant
0. When the support of V is exactly the same as the support of & — U on the right end,
the test statistic will converge at /n rate, even though we estimate P (D = 1|V = M)
nonparametrically. Though this property looks nice, it is basically not helpful on inference
and thus on test. Because of this peculiar property, we decide to compromise a bit and
instead test

Hy: P(D=1|V = M) > ¢,

where €* is a pre-determined small value.

Suppose we have n observations, we let vg) = max{v;,i = 1,...,n}. Then by Lemma
2.10.14, M — 07(11) = Op (n_l). We approximate M by M = vfll). Denote Gp (v) =
P(D =1V =v). We let G}, _ (M) and G7, _ (M) denote the left first and second deriv-

atives at M respectively. Since we are only interested in the estimation at the boundary,

we estimate it by the local linear regression, which is known to be able to correct boundary
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effects automatically:

where 8 = (8o, 8,)" , Kp (Vi —v) = K (Vzh_”> . Let B(v) = (Bo (), B, (v))T be the esti-
mates from the above estimation.

Let e; = (1, O)T . We are only interested in the estimates at the boundary point M. Since

N _ 77

we do not know M, we approximate it by M. Re-arrange the data such that v, = v, = M.

Then it could be obtained from the following leave-one-out estimator G D (]\//.7 ) = eF{B (]\/4\ )

where
(M) = [Sh(ﬁ)}_l ilnlehW—M\) : [(D; =1)2.5.2)
P e (Vi) /n
s () = S mem | | () ).

- (1)

. Not

Define S;_ = fi)oo K (u)w’du for any positive integer j, and S
hard to see that S is the limit of Sy, (]/W\ ) in probability.

Theorem 2.5.1 Under Hy, i.i.d., the model specification (2.5.1), that Gp (v) is twice dif-

1/5

ferentiable and h = con™"/° for some cyg > 0, we have
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So._

)

where By, = 61T§_1 G (M) fy (M) h? 0% (M) = eng_ng_lelGD (M)(1—=Gp (M)) f, (M),

Ss.—

)

Q= Qo G- , Q- = f_ooo K2 (u) v/ du.
Q- Q2-
The theorem is proved in the supplemental appendix.
By Theorem 2.5.1, we can test Hy via standard z-test. The P-value is calculated as
P=9 <@D(ﬁ)@h8*> , where By, 5 (M) can be obtained as in Remark 2.5.2. We suggest

a(M)

€* = 0.05 in empirical applications.

Remark 2.5.2 Not hard to see that the optimal bandwidth is

27 1/5

[ S

hope =n~Y/% | (eS71QS ™ exGp (M) (1 = Gp (M) £, (M) / s G, (M) f, (M)
Sy

To get B, 62 (M) and hopt, one can estimate G7, (M) and f, (M) separately using lo-
cal quadratic estimator and the kernel estimator with boundary correction (e.g., Hardle
1990)5, respectively. Fan and Gijbels (1992) has discussed the nice property and the nice

performance of this plug-in estimator.

To make this section more complete, below we list the asymptotic property of G D (]\/4\ )

when the support of U covers the support of a — U on the right end.

Theorem 2.5.3 Under i.i.d., the model specification (2.5.1), that Gp (v) is twice differen-

tiable, that the support of U covers the support of o — U on the right end, and h = con2/5,

SHere we use the modified kernel function: K (z) /f_ooo K (z)dz .
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for some cy > 0, we have

where 5 (M) = 61T§_1Q§_161G’D (M) f, (M), Q= , Q- = f_ooo K2 (u) v/ du.

The theorem is proved in the supplemental appendix.

Remark 2.5.4 In the case where the support of V strictly covers the support of U, Gp (v) =
G, (v) = 0 in an interval around the boundary point. In this case, according to the above

theorem, o2 (M) = 0. The estimates Gp (]\/4\ ) will degenerate to zero in the limit.

We conduct this test of the large support assumption for our data by testing Hy :
P(D =1V = M) > &* where we set ¢* as 0.05. We use the result from Theorem 2.5.1.

@D (M\)fﬁhfs*
(M)

The P-value is calculated as P = ® < ) as in Remark 2.5.2.

We first ignore the fixed effects and use the whole data set to get the estimates of
G p at the left and right boundary (minimum and maximum of V respectively). We use
the optimal bandwidth as in Remark 2.5.2. It turns out that G p at both sides are all
very close to zero. The P-values are both 0.000, which reject the null hypothesis that
P(D =1V =M) > 0.05.

If Vi; and Uj; are homogenous in terms of the support across different time periods, we
are all set on the testing. To be safe, we also do the test for each time period separately.
We need to do the test at both ends of V' for 26 periods. Each period contains at most

116 observations. The results are collected in Table 3A. The null hypothesis is rejected at

5% significance level in 36 out of the whole 52 cases (both sides for 26 years); the null is
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rejected at 10% significant level in 37 out of the whole 52 cases. The results are not perfect.
However, we think at least some of the failures are probably due to the small sample size.

One feature of the tests is that the P-value can easily become 0. The intuition can be
seen from the theoretical property of the test: when the support of V strictly covers the

support of U, the estimate should be close to zero and the variance is also every small (see

Remark 2.5.4), which will drive P = ® <GW> to zero.
To summarize, the null hypothesis is rejected for the whole sample in favor of our large
support assumption. The null hypothesis has been rejected for most cases when we conduct

the test over each time period separately. We think we could conclude that the large support

assumption generally holds for this application.

2.5.2 Ordered Choice Identification at Infinity

We now consider an extension of our results to full ordered choice data. In our empirical
application, this extension will help us distinguish between competing alternatives to the
inverted-U hypothesis.

We change notation in this section to define three values for treatment and three corre-
sponding potential outcomes: Let D = 0 with potential outcome Yj if the latent variable is
below the lower threshold, D = 1 with potential outcome Y7 if the latent variable is between
the two thresholds, and D = 2 with Y5 if above the upper threshold. In this notation, our
previous results did not distinguish observing D = 0 from D = 2. In practice, one would
usually be able to see if an individual had D = 0 vs D = 2. Following Heckman, Urzua and
Vytlacil (2006) (see also Andrews and Schafgans 1998), if one can distinguish D = 0 from

D = 2, then one could use identification at infinity to identify E (Yp|X) and E (Y2|X).
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Suppose the treatment indicator is the standard ordered choice as follows

D=Tlag(X)<V+U<a (X)]+20[V+U>a (X)]. (2.5.3)

The outcome equation is

Y =Y [ (D=0)+YiI(D=1)+Y,I(D=2). (2.5.4)

As noted by Heckman, Urzua and Vytlacil (2006), without invoking functional form assump-
tions, identification of E (Yp|X) and E (Y2|X) requires E (D|X,V) — 0and E (D|X,V) — 2
for limiting values of one or more covariates. In our case we use this identification at infinity
technique to identify E (Yp|X) taking the limit of E (D|X,V) as V gets sufficiently small,
and identifying F (Y2|X) by taking the limit as V' gets sufficiently large.

We impose the following assumptions, which are very similar to our earlier assumptions,

except now we assume all three values of D are observable.

Assumption 28 We observe realizations of an outcome Y, multinomial treatment indica-
tor D taking three values 0 1 and 2, a covariate V, and a k x 1 covariate vector X. Assume
the outcome Y and treatment indicator D are given by equations (2.5.4) and (2.5.3) respec-
tively, where ag (X) and aq (X) are unknown threshold functions and ag (X) < oy (X), U is
an unobserved latent random error, and Yy Y1 Yo are unobserved random potential outcomes
for D = 0,1,2 respectively. The joint distribution of (U, Yy, Y1,Y2), either unconditional or

conditional on X, is unknown.

Assumption 29 Assume V L (U, Yy, Y1,Ys) | X. For all x € supp (X), the supp(V | X =

x) covers the supp (a1 (X) — U) on the right and covers supp(ag (X) — U | X = z) on the
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left.

Theorem 2.5.5 (Identification) Suppose Assumption 28, 29 hold. {~, (X)}o> 1, {7V, (X)}2

n=1

are increasing series such that lim E(D | X,V < —v, (X)) =0and lim E(D | X,V >~ (X)) =

n—oo n—oo

2. Then

EY | X)=lm EI(D=0Y | X,V<—7,(X), EY|X)=1lmE(I(D=2)Y|X,V>+,(X)).

n—oo n—oo

EID=1)Y/f(V]X)]|X]

and E(Y1|X) = E[[(D:l)/f(V‘XHX]/

The proof is in the supplemental Appendix.

The tuning paramerers v,, (X) and 7/, (X) determine the set of V values that we average
over as the sample size grows. The intuition of this identification at infinity is that the the
larger in magnitude are v,, (X) and 7/, (X), the more extreme are the values of V' that we
average over, and hence the lower is the probability that the confounder U can alter D.
Eventually, the effect of the confounder vanishes in the limit.

In the special case of our empirical example, the treatment indicator is defined as

Dy =1[ag <Vig+ai+b+ Uy < oq]+2I [Vig +a; + b + Uir > 1], (2.5.5)

where covariates X become a constant, and the former confounder becomes a; + b; + Uj;.
For the outcome equation, compared with the previous sections, a;, b; are now absorbed
into the outcome variable.

The sample counterpart estimators for E (Yp), E (Y1) and E (Y2) (corresponding to
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E <6i —i—Et + Y}) , j =1,2,3, in our previous notation) based on the above theorem is

_ t=1 i=1
E (Yi) - T n N
BN 1Du=1) [ Fulva)
t=1 i=1
where v, and 7/, are increasing series such that lim E (D |V < —v,7) = 0 and

n,T'—o0
lim E(D|V >~,)=2.
n,I'—o0
The estimator £ (Y1) duplicates our previous results, based on Theorem 2.3.4. Andrews
and Schafgans (1998) and Schafgans (1998) provide asymptotics for models that are iden-
tified at infinity like E (Yg) and E (Yz). Following Schafgans (1998), we consider various
values for 7,7 and v/ ., based on the percentage of uncensored observations (e.g., for E (Yp)

uncensored means D = 0) used in the estimation, specifically, 50%, 40%, 30%, 20%, 10%,

and 5%. We estimate a standard error for £ (Yp) using

2

<:1t§1[ (Diz = 0) (Yit - B (YO))2 I(Vy < _’YnT)> 2

n

M=

. I (D =0)I(Vit < —vpr)

1

-
Il

1

~

and similarly for E (Y2).
Empirical results are reported in Table 3B. Panel A displays the estimates when we
define D as a whole sample and the thresholds are the 25% and 75% quantiles of the

measure of the competitiveness. As a robustness check, panel B displays the results when
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we define D separately for each year. The results do not vary much by year, and are also
not very sensitive to the choice of ~, 7 and /., especially for E (Y3). Not surprisingly,
the standard errors become larger when the tuning parameters are larger, corresponding to
averages over fewer observations.

The estimate £ (Y1) from the previous section is 4.33. Seen from Table 3B, E (Ya) is
slightly (but not significantly) higher than E (Y1), while E (Yp) is much higher than E (Y1)
and E (Y2) . Therefore we obtain a mostly decreasing relationship between innovation and
competition. This pattern is similar to the quadratic least squares estimation of the raw
data (see Figure 2). This result is also consistent with Hashmi (2013), who speculates that
manufacturing in the US is probably dominated by Leader-Laggard industries.

The results in the section come with some caveats that do not apply to our main identi-
fication theorem. Due to only being identified at infinity, the estimators E (Yg) and E (Ya)
will converge slower than the parametric rate. These estimates can also be sensitive to the
tuning parameters v, and /.

The results here could be readily extended to cases having more than three outcomes.
For example, if we had four outcomes, we can identify middle outcomes involving E (Y1)
and E (Y32) by the special regressor approach using Theorem 2.3.2, and those outcomes at

the ends, i.e. E (Yp) and F (Yy), using identification at infinity.

2.6 Conclusions

In this article, we propose a new method to estimate the average treatment effect in a two
threshold model, where the treated group is a middle choice. In our application, treatment

is defined as facing an intermediate level of competition, versus a low or high level of
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competition.

The proposed model is confounded, because the unobservables that affect the treatment
indicator D can be correlated in unknown ways with potential outcomes Yy and Y7, with or
without conditioning on other covariates. No parametric or semiparametric restrictions are
placed on distributions of treatment and potential outcomes, so treatment effects are not
identified by functional form. Our model assumes a continuous instrument V with large
support, but treatment effects are not identified at infinity, because both very large and very
small values of V' drive the probability of treatment close to zero, while no value of V' (or
of other covariates) drives the probability of treatment close to one. So in this framework
none of the conditions that are known to permit point identification of the ATE hold.
Even the monotonicity conditions usually required for identifying LATE are not satisfied.
Nevertheless, we show that the ATE is identified, using a special regressor argument, and
we provide conditions under which the corresponding estimate of the ATE is consistent, and
asymptotically normal. Root-n consistency is even obtained in a panel context with fixed
effects, despite nonlinearities that would usually induce an incidental parameters problem
in the equation determining probability of treatment. We provide Monte Carlo results
that show that our estimator works well in small samples (comparable to the data in our
empirical application). We show in an Appendix that our estimator is relatively robust to
measurement error and misspecification.

We use our method to investigate the relationship between competition and innova-
tion. Our estimates using a dataset from Hashmi (2013) confirm Hashmi’s findings that
an inverted-U is not present in US data. We also find that standard parametric model

and naive treatment effect estimators substantially underestimate the magnitude of the
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treatment effect in this context.

147



Bibliography

[1] Abadie, A., J. Angrist, and G. Imbens (2002), “Instrumental Variables Estimation of

Quantile Treatment Effects,” Econometrica. Vol. 70, No. 1, 91-117.

[2] Aghion, P., N. Bloom, R. Blundell, R. Griffith, and P. Howitt (2005), "Competition and

Innovation: an Inverted-U Relationship," Quarterly Journal of Economics, 120(2):701-28.

[3] Andrews, D., and M. Schafgans (1998), "Semiparametric Estimation of the Intercept of

a Sample Selection Model," Review of Economic Studies, 65, 497-17.

[4] Angrist, J. D., and G.W. Imbens (1995), "Two-Stage Least Squares Estimation of Aver-
age Causal Effects in Models with Variable Treatment Intensity," Journal of the American

Statistical Association 90:430, 431-42.

[5] Ashenfelter, O. (1978), “Estimating the Effect of Training Programs on Earnings,” Re-

view of Economics and Statistics, 60, 47-57.

[6] Ashenfelter, O., and D. Card (1985), “Using the Longitudinal Structure of Earnings
to Estimate the Effect of Training Programs,” Review of Economics and Statistics, 67,

648-660.

148



[7] Bai J. (2009), “Panel Data Models with Interactive Fixed Effects”, Econometrica, 77,

1229-1279.

[8] Barnow, B. S., G. G. Cain, and A. S. Goldberger (1980), “Issues in the Analysis of
Selectivity Bias,” in Evaluation Studies, Vol. 5, ed. by E. Stromsdorfer and G. Farkas.

San Francisco: Sage, 43-59.

[9] Bertrand, M. (2004), "From the Invisible Handshake to the Invisible Hand? How Im-
port Competition Changes the Employment Relationship," Journal of Labor Economics,

22(4):722-65.

[10] Bitler, M., J. Gelbach, and H. Hoynes (2006), “What Mean Impacts Miss: Distri-
butional Effects of Welfare Reform Experiments,” American Economic Review, 96, 4,

988-1012.

[11] Bjorklund, A., and R. Moffitt (1987), “The Estimation of Wage Gains and Welfare

Gains in Self-Selection Models,” Review of Economics and Statistics, Vol. LXIX, 42-49.

[12] Cao, S., R. Moineddin, M.L. Urquia, F. Razak, and J.G. Ray (2014), "J-shapedness:
an Often Missed, Often Miscalculated Relation: the Example of Weight and Mortality,"

Journal of Epidemiology and Community Health, 68, 683-690.

[13] Card, D. (1990), “The Impact of the Mariel Boatlift on the Miami Labor Market,”

Industrial and Labor Relations Review 43, 245-257.

[14] Card, D., and A. Krueger (1993), “Trends in Relative Black-White Earnings Revisited,”

American Economic Review, vol. 83, no. 2, 85-91.

149



[15] Card, D., and A. Krueger (1994), “MinimumWages and Employment: A Case Study
of the Fast-food Industry in New Jersey and Pennsylvania,” American Economic Review,

84 (4), T72-784.

[16] Cecchetti, S. G., and E. Kharroubi (2012), "Reassessing the Impact of Finance on

Growth", working paper.

[17] Chernozhukov, V., and C. Hansen (2005), “An IV Model of Quantile Treatment Ef-

fects,” Econometrica, 73(1), 245-261.

[18] Chernozhukov, V., I. Fernandez-Val, J. Hahn, and W. Newey (2009), "Identifica-
tion and Estimation of Marginal Effects in Nonlinear Panel Models," Technical report,

CEMMAP.

[19] Cook, P.J., and G. Tauchen (1982), "The effect of Liquor Taxes on Heavy Drinking,"

Bell Journal of Economics, 13(2): 379-90.

[20] Cook, P.J., and G. Tauchen (1984), "The Effect of Minimum Drinking age Legislation

on Youthful Auto Fatalities, 1970-1977," Journal of Legal Studies, 13(1): 169-90.

[21] Cochran, W., and D. Rubin (1973), “Controlling Bias in Observational Studies: A

Review,” Sankhya, 35, 417-446.

[22] Dong Y., and A. Lewbel (2015), “A Simple Estimator for Binary Choice Models with

Endogenous Regressors,” Econometric Reviews, 34, 82-105.

[23] Fan, J., and I. Gijbels (1992), "Variable Bandwidth and Local Linear Regression

Smoothers," The Annals of Statistics, 20(4), 2008-2036.

150



[24] Firpo, S. (2006), “Efficient Semiparametric Estimation of Quantile Treatment Effects,”

Econometrica, 75(1), 259-276.

[25] Hardle, W. (1990), Applied Nonparametric Regression. Cambridge University Press.

[26] Hardle, W., and T. M. Stoker (1989), "Investigating Smooth Multiple Regression by
the Method of Average Derivatives," Journal of the American Statistical Association, 84,

986-995

[27] Hashmi, A.R. (2013), "Competition and Innovation: the Inverted-U Relationship Re-

visited," Review of Economic Statistics, 95, 5, 1653-1668.

[28] Heckman, J. (1979), "Sample Selection Bias as a Specification Error," Econometrica,

47(1), 153-162.

[29] Heckman, J. J., and S. Navarro (2007), "Dynamic Discrete Choice and Dynamic Treat-

ment Effects," Journal of Econometrics, 136, (2), 341-396.

[30] Heckman, J., and R. Robb (1984), “Alternative Methods for Evaluating the Impact of
Interventions,” Longitudinal Analysis of Labor Market Data, ed. by J. Heckman and B.

Singer. Cambridge, U.K.: Cambridge University Press, 156-245.

[31] Heckman, J.J.,; S. Urzua, and E. Vytlacil (2006), "Understanding Instrumental Vari-
ables in Models with Essential Heterogeneity," Review of Economics and Statistics, 88(3),

389-432.

[32] Heckman, J. J., and E. Vytlacil (1999), “Local Instrumental Variables and Latent
Variable Models for Identifying and Bounding Treatment Effects,” Proceedings of the

National Academy of Science, USA, 96, 4730-4734.

151



[33] Heckman, J. J., and E. Vytlacil (2005), “Structural Equations, Treatment Effects, and

Econometric Policy Evaluation,” Econometrica, 73, 669-738.

[34] Heckman, J. J., and E. Vytlacil (2007a), “Econometric Evaluation of Social Programs,
Part I: Causal Models, Structural Models and Econometric Evaluation of Public Policies,”
Handbook of Econometrics, J.J. Heckman and E.E. Leamer (eds.), Vol. 6, North Holland,

Chapter 70.

[35] Heckman, J. J., and E. Vytlacil (2007b), “Econometric Evaluation of Social Programs,
Part II: Using the Marginal Treatment Effect to Organize Alternative Econometric Esti-
mators to Evaluate Social Programs, and to Forecast their Effects in New Environments,”
Handbook of Econometrics, J.J. Heckman and E.E. Leamer (eds.), Vol. 6, North Holland,

Chapter 71.

[36] Hickman, B. R., and T. P. Hubbard (2014), "Replacing Sample Trimming with Bound-
ary Correction in Nonparametric Estimation of First-Price Auctions", Journal of Applied

Econometrics, forthcoming.

[37] Honore, B., and A. Lewbel (2002), "Semiparametric Binary Choice Panel Data Models

Without Strictly Exogenous Regressors," Econometrica, 70, 2053-2063.

[38] Huang, J. (2015), "Banking and Shadow Banking," working paper.

[39] Imbens, G., and J. Angrist (1994), “Identification and Estimation of Local Average

Treatment Effects,” Econometrica, Vol. 61, No. 2, 467-476.

[40] Imbens, G., and J. Wooldridge (2009), "Recent Development in the Econometrics of

Program Evaluation," Journal of Economic Literature, 47:1, 5-86.

152



[41] Khan, S., and E. Tamer (2010), "Irregular Identification, Support Conditions, and

Inverse Weight Estimation," Econometrica, 6, 2021-2042.

[42] Kitagawa, T. (2009), "Identification Region of the Potential Outcome under Instrument

"

Independence," working paper.

[43] Koppes, L.L., J.M. Dekker, H.F. Hendriks, L.M. Bouter, and R.J. Heine (2005), "Mod-
erate Alcohol Consumption Lowers the Risk of Type 2 Diabetes: a Meta—Analysis of

Prospective Observational Studies," Diabetes Care, 28, 719-25.

[44] Lewbel, A. (1998), "Semiparametric Latent Variable Model Estimation with Endoge-

nous or Mismeasured Regressors," Econometrica, 66, 105-122.

[45] Lewbel, A. (2000a), "Semiparametric Qualitative Response Model Estimation with
Unknown Heteroscedasticity and Instrumental Variables," Journal of Econometrics, 97,

145-177.

[46] Lewbel, A. (2000b), "Asymptotic Trimming for Bounded Density Plug-in Estimators,"

working paper.

[47] Lewbel, A. (2007), "Endogenous Selection or Treatment Model Estimation," Journal

of Econometrics, 141, 777-806.

[48] Lewbel, A. (2012), "An Overview of the Special Regressor Method," a chapter in
Handbook of Applied Nonparametric and Semiparametric Econometrics and Statistics,

Oxford University Press.

153



[49] Lewbel, A., Y. Dong, and T.T. Yang (2012), "Comparing Features of Convenient
Estimators for Binary Choice Models With Endogenous Regressors," Canadian Journal

of Economics, 45, 809-829.

[50] Manski, C. F., and J. V. Pepper (2013), "Deterrence and the Death Penalty: Partial
Identification Analysis Using Repeated Cross Sections," Journal of Quantitative Crimi-

nology 29 (1), 123-141.

[51] Masry, E., 1996. Multivariate local polynomial regression for time series: uniform

strong consistency rates. Journal of Time Series Analysis 17, 571-599.

[52] Meyer, B., K. Viscusi, and D. Durbin (1995), “Workers’ Compensation and Injury
Duration: Evidence from a Natural Experiment,” American Economic Review, Vol. 85,

No. 3, 322-340.

[53] Newey, W. K., and D. McFadden (1994), ”Large Sample Estimation and Hypothesis
Testing,” in Handbook of Econometrics, vol. iv, ed. by R. F. Engle and D. L. McFadden,

pp- 2111-2245, Amsterdam: Elsevier.

[54] Neyman, J., and E.L. Scott (1948), "Consistent Estimation from Partially Consistent

Observations," Econometrica 16, 1-32.

[55] Revenga, A. (1990), "Essays on Labor Market Adjustment and Open Economics." PhD

diss., Harvard University, Economics Department.

[56] Revenga, A. (1992), "Exporting Jobs? The Impact of Import Competition on Employ-
ment and Wages in U.S. Manufacturing," Quarterly Journal of Economics, 107, 1255—

1284.

154



[57] Robinson, P. M. (1988), "Root-n-consistent Semiparametric Regression," Economet-

rica, 56, pp. 931-954.

[58] Rosenbaum, P., and D. Rubin (1983), “The Central Role of the Propensity Score in

Observational Studies for Causal Effects,” Biometrika, 70, 41-55.

[59] Rubin, D. (1974), "Estimating Causal Effects of Treatments in Randomized and Non-

Randomized Studies," Journal of Educational Psychology, 66, 688-701.

[60] Schafgans, M.M.A. (1998), "Ethnic Wage Differences in Malaysia: Parametric and
Semiparametric Estimation of the Chinese-Malay Wage-Gap," Journal of Applied Econo-

metrics, 13, 481-504.

[61] Solomon C.G., F.B. Hu, M.J. Stampfer, et al. (2000), "Moderate Alcohol Consumption
and Risk of Coronary Heart Disease among Women with Type 2 Diabetes Mellitus,"

Circulation, 102, 494-99.

2.7 Appendix A: Robustness to Measurement Errors

Observable indices of competitiveness of an industry, like the average Lerner index in equa-
tion (2.4.1), may be relatively crude measures of true competitiveness. In this section we
therefore assess the robustness of our estimator, relative to a parametric model estimator
like Hashmi’s, to measurement error in the index of competitiveness. We first show that
both models, as one would expect, become inconsistent if competitiveness is mismeasured,
even when the models are otherwise correctly specified. However, we also show that the
bias in our estimator resulting from measurement error is quite small relative to alternative

estimators.
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First consider the case where competitiveness is mismeasured, but a parametric model
like Hashmi’s (dropping fixed effects for simplicity) is the correct specification in terms of

true competitiveness. This model assumes

InY =6y + 61¢* + 0262 4 €, (2.7.1)

where In Y is logged innovation, c¢* is the true level of competitiveness, and € is an error term.
For simplicity we ignore discreteness in InY’, and we assume ¢* can be linearly decomposed

into the observable instrument V' and an unobserved independent component W, so

F=V+W. (2.7.2)

Assume validity of Hashmi’s control function type assumption that € = AW + e where e is

independent of W and V, so

InY =6y + 601¢" + 02" + AW + e (2.7.3)

In this model, if ¢* were observed, then control function estimation (first regressing ¢* on
a constant and V, getting the residuals W, and then regressing InY on a constant, c*,
c*2, and W) would consistently estimate the 0 coefficients and hence any desired treatment
effects based on 6.

Now assume the observable competitiveness measure ¢ equals the true measure ¢* plus
measurement error ¢, SO

c=c"+ e, (2.7.4)
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where c. is the measurement error and independent of ¢* and e. To take the best case
scenario for the parametric model, assume that the measurement error ¢, has mean zero
and is independent of V, W, and e.

Substituting equation (2.7.4) into equation (2.7.3) gives

InY =6y + 01¢c+ 022 + A\W + e* (2.7.5)

where

e* = 01c. — 203cc. — 0203 + e.

The error e* does not have mean zero and correlates with ¢ and ¢2, which makes the control
function estimator inconsistent. Unlike the case of linear models with independent mean
zero measurement errors, the control function estimator is not consistent because of the
nonlinearity in this model.

Now consider applying our nonparametric estimator to this model. The treatment
indicator D that we would construct is defined as equaling one for firms in the .25 to .75
quantile of ¢ and zero otherwise, while the corresponding indicator D* based on the true
measure of competitiveness equals one for firms in the .25 to .75 quantile of ¢* and zero
otherwise. Unless the measurement error ¢ is extremely large, for the large majority of firms
D will equal D*. This is part of what makes our estimator more robust to measurement
error. Even if all firms have ¢ mismeasured to some extent, most will still be correctly
classified in terms of D.

To check the relative robustness of these estimators to measurement error, we perform

additional Monte Carlo analysis. As before, we construct simulated data to match moments
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and the sample size of the empirical data set, and to make what would be the true treatment
effect in the model match our empirical estimate of —3.9. We do two simulations, one using
normal errors and one based on uniform errors, as before. In both, V and W are scaled to
have equal magnitudes, so V = §g + d161 and W = §y + d169. To match data moments,
the normal error simulations set 59 = 0.375, 41 = 0.0733, and c. = k1e3 where €1, €2,
and e3 are independent standard normals and x; is a constant with values that we vary
to obtain different magnitudes of measurement error. The uniform error simulations set
do = 61 = 0.25, and ¢, ~ Ka(eg — 0.5), where now £1, €9, and €3 are independent random
variables that are uniformly distributed on [0, 1].

To check for robustness against an alternative specification as well as measurement error,

we also generate data replacing the quadratic form in equation (2.7.1) with the step function

InY =6y + (91 — 90)D* + €, (276)

where D*, D, c¢*, ¢, V, W, and e are all defined as above.

The Monte Carlo results, based on 10,000 replications, are reported in Tables 5 and 6
in the supplemental Appendix. In addition to trying out the four estimators we considered
earlier, (Trim-ATE, No-Trim-ATE, Naive-ATE, and ML-ATE) we also apply the control
function estimator described above, analogous to Hashmi’s estimator.

Our main result is that, with both normal and uniform errors, the greater the magnitude
of measurement error is (that is, the larger the k1 and kg are), the better our estimator
performs relative to other estimators. For the quadratic model without measurement error
the control function would be a consistent parametric estimator and so should outperforms

our semiparametric estimator. We find this also holds with very small measurement error
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(e.g., k1 = .02 in the left side block of Table 5), however, both control function and Trim-
ATE perform about equally at k1 = .03, and at the still modest measurement error level
of ko = .04, Trim-ATE has smaller RMSE (root mean squared error) than all the other
estimators, including control function. Similar results hold for the uniform error model
reported in Table 6. Also, in the step function model (shown on the right side of Tables
5 and 6) our Trim-ATE is very close to, or superior to, all the other estimators including
control functions at all measurement error levels.

It is worth noting that possible measurement error affects our empirical application only
because we defined treatment D in terms of an observed, possibly mismeasured underlying
variable, competitiveness. In other applications the treatment indicator may be observed
without error even when an underlying latent measure is completely unobserved. For exam-
ple, suppose an outcome Y is determined in part by an individual’s chosen education level,
which in turn is determined by an ordered choice specification. The true education level of
a student might be unobserved, but a treatment D defined as having graduated high school

but not college could still be correctly measured.

2.8 Appendix B: Additional Extensions

2.8.1 Identifying an additive function of V'

In previous sections, we assumed V appears in the selection equation in the form V +U. In
this section, we consider the generalization where selection depends on ¢ (V) + U for some
unknown function ¢ (V). This may be more realistic in some applications, since economic
theory may not indicate a priori the function ¢ (V'). Given identification and an associated

estimator for ¢, one could then redefine V as ¢ (V') and then estimate treatment effects as
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before. Though not likely to be empirically relevant, it is interesting to note that in the very
special case where the function ¢ equals the distribution function of V', the model becomes
unconfounded and our proposed estimator reduces to standard propensity score weighting.

To identify ¢, suppose that the selection equation takes the form

D=1(GX)<c(V)+@(X,Z2)+U < a (X)), (2.8.1)

for some continuously distributed exogenous covariate Z that affects selection but does not

affect the thresholds. Formally, we assume the following.

Assumption 30 Fquation (2.8.1) holds for observed covariates V, Z, and vector X, where
S, w,qp, a1 are unknown functions, s is differentiable, 0 is in the support of V., ¢(0) = 0,

and ¢’ (0) =1, and (V,Z) LU | X.

We could equivalently write equation (2.8.1) as

D=1((X,Z2)<s(V)+U<a1(X,2))

for some unknown functions ¢, ag, and a; where o (X, Z)—ag (X, Z) = 6 (X) for some func-
tion d. In the standard specification of ordered choice models where D = I (6 < X'8, + Vo + U < 1)
and X is exogenous, every continuous regressor contained in the vector X could be relabeled
as Z and would then satisfy Assumption 30. This is much stronger than necessary, since
we only the require existence of one such regressor.
The assumptions that zero is in the support of V, that ¢ (0) = 0, and that ¢’ (0) = 1 are
all free normalizations that are made without loss of generality. To see this, first note that

there must exist some value of v in the support of V' for which ¢’ (v) # 0, since otherwise
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¢ (V) would be a constant, not a function of V. Redefining V' as V —wv then ensures that zero
is the support of V' and that ¢’ (0) # 0. Next redefine all of the unknown functions, and U,
by dividing them all by ¢’ (0). After this scale normalization, we will have by construction
that ¢’ (0) = 1. Finally, ¢ (0) = 0 is a free location normalization, since if ¢ (0) = ¢ # 0 then
we can redefine w (X, Z) as w (X, Z) + ¢ to make ¢ (0) = 0.

The following theorem shows identification of the function ¢. The proof is constructive,
so one could obtain a consistent estimator of ¢ by mimicking the steps of the proof, using
standard kernel based nonparametric regression derivative estimators. After estimating ¢,
our previous estimators may be applied by replacing the density of V' with the density of

(V).

Theorem 2.8.1 Suppose we observe X,V,Z,D and D follows equation (2.8.1). Given

Assumption 30, the functions s (V') and % are identified.
The proof is in the supplemental Appendix.

2.8.2 Additional Panel Data Asymptotics

We showed earlier that in the panel model, Assumption 27 was necessary for obtaining a
Vv/nT convergence rate. Here we consider asymptotics when Assumption 27 is not imposed.
In this case we can also replace Assumption 24 with the weaker Assumption 31, yielding
(ﬁ,t (v) = fu (U))2 = op (n_l/Q), because the convergence rate of the estimator will now

only be v/T. Similarly, a higher order kernel will no longer be needed.

Assumption 31 n — 00,7 — oo, and T = o (n).
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Theorem 2.8.2 Let Assumption 18, 21, 22, 23, 25, 26, 31, 87, and 39 hold. Assume that

bandwidth h = con™/5 in ﬁ,t and assume a symmetric kernel of order p = 2. Then

_ S -
it Xi a— Dit)
JT o ;; izvyz) " ; i=1 o vt”) — E(@; + by + Y1) + E(@ + by + Yo)
— — - a; +0¢+ Y1)+ La; + 0 + Yo
. ( th
J var( [A12t| bt,th B 2cov (E {Alit| bt,gt} B {Am\ bt,gt}) var (E {A%t\ btvgt})
SN|oO, = T + e
1 12 2

This theorem is proved in the supplemental online appendix.

Remark 2.8.3 In this v/T convergence case, we can allow arbitrary dependence between
Yji: and (ZL},E/) , which implies that Y};; can contain some general function of a; and Zt as
long as £ (Yji1) = E(Y;), 7 =0,1. We similarly allow for more general fixed effects of the
form g¢ (Zii,gt) instead of a; +5t for some unknown function g, because these fixed effects

will still difference out.

Remark 2.8.4 Suppose <a,~,'di, bt,gt) is a series of constants instead of random variables.

From the proof of Lemma 2.10.8, the above rate /T limiting distribution will still hold if

() o s(5) o

2.8.3 Dynamic Panels

Our identification can extend to the dynamic panel case. Define the treatment indicator

equation as

Dy = I(ao(zit) < a; +be + Vig + 9 (Dig—1) + Uir < a1 (z4t)), (2.8.2)
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and the outcome equation as
Yie =i + b+ g (Yie1) + Yoi + (Yiie — Yoir) D, (2.8.3)

where the treatment indicator and the outcome variable are related to those in the last
period, and these effects are captured by two unknown functions 7, g.

As before, the observables in the model are the outcome Y, treatment D, instrument V,
and covariate vector X. (a;, by, Zii,gt) as fixed effects, which can correlate with unobservables

and with X in unknown ways.

Assumption 32 For individuals i and time periods t, a;, bt,ﬁi,gt are random variables.

E (g (Yie—1) + @ + by + Yjir| Xit, Vi, ag, by, Ui, Dz‘t—l) =k (9 (Yie—1) + @i + by + Yjir| Xit, ai, be, Ui, Dit—l) ,
(2.8.4)
for j=0,1, and

Vit L ai, by, Ui, Dip—1| X4 (2.8.5)

Remark 2.8.5 Equation (2.8.4) does not put much more restriction than the corresponding
part in Assumption 22. Equation (2.8.5), however, generally requires that V;; L Vj;_1.
Although we impose V;; L Vi1 in Assumption 26, it is for theoretical convenience and
could be extended to the weak dependence case. On the contrary, we generally cannot
allow any dependence between V;; and Vj;_1 for the identification here. If there is no
dynamics in the selection equation, i.e., ¥ = 0, then we do not need V;; L V;;—1. We would
like to emphasize that, just as in previous sections, all strong assumptions are only on the

special regressor V.

163



Assumption 33 Assumption 20 holds after replacing supplog(X) — U, a1(X) — U] with

supplag(zig) — @i — by — Usyg — 9 (Dig—1) , o (i) — @5 — by — Ugy — 9 (Dgg_1)].

Theorem 2.8.6 Let Assumption 18, 32, and 33 hold for each individual i in each time

period t. Let f,, denote the density of V in time t. Then

B[DiYit/ fo Vil Xi)| Xat)  E[(L = Dit)Yie) fo Vil Xi) | Xat) — or o 1o
E[Dit/ fu, (Vit| Xit) | Xit] E[(1 = Dit)/ fu, (Vit| Xit)| Xit] = B = Yol Xar). (28.6)

It follows the proof as in Theorem 2.3.4.

We provide another set of weaker assumptions that permit some limited dependence
among {Vi;}1_, (e.g. {Vit}i_, can be a Markov chain, see Remark 2.8.7) and are able to
achieve identification. We need to modify the estimator a bit as in equation (2.8.9) where

foe(Vie| Xit) is replaced by fu, (Vie| Xit, Vie—1).
Assumption 34 For individuals i and time periods t, a;, bt,&'i,gt are random variables.

E (g (Yie—1) + @i + by + Yiit| Xits Vi, ais b, Uie, Dig—1, Vz‘t—l)

= F (9 (Yie—1) + @i + be + Yjir| Xit, ai, be, Use, Dig—1, Vit—l) , (2.8.7)

for 7 =0,1, and

Vie L ai, by, Ust, Dig—1] (Xit, Vie—1) - (2.8.8)

Remark 2.8.7 Condition (2.8.8) can be implied by Vi; L a;, by, {Ui;};_; | Xir, and Vip L {Vij}27| Vi1

So {Vit}]_, can be a Markov chain under this condition.

Theorem 2.8.8 Let Assumption 18, 33 and 34 hold for each individual i in each time
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period t. Let f,, denote the density of V in time t. Then

E[DitYit/ fo, Vit Xit, Viee )| Xit] ~ E[(1 = Dit) Yie/ for, (Vi Xit, Vieo1)| Xie] B(Yin—Yos| Xir)
E[Dit/ fv, Vie| Xit, Vie—1)| Xit] E[(1 = Dit)/ fo, (Vitl Xit, Vie—1)| Xit] ! e

(2.8.9)

The proof is in the supplemental Appendix.

Heckman and Navarro (2007) obtain the identification of structural dynamic discrete
choice model and models for dynamic treatment effects. Although the model specifica-
tions in Heckman and Navarro (2007) and our paper are very different, the identification
strategies are similar. Both their paper and ours rely on the sufficient variation on some
covariates. Heckman and Navarro (2007) allows more general serial correlation than our
paper, because we could only allow limited dependence on the special regressor. However,
we model the feedback effects and fixed effects explicitly in the choice and outcome equa-
tions, while Heckman and Navarro (2007) does not. Like other sections of our paper, all

strong assumptions are on the special regressor.
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2.9 Appendix C: Additional Assumptions and Proofs

Proof of Theorem 2.3.2.2 To prove this look first at

_ B |:I7-[[040 (X) < V+J[{(§T;§;{)]E(Yl | V.U, X) | U,X:|
_ /a j(ji:] W f| X)dv = E (Y1 | U, X) /a j()(j:] Ldv

= [ (X)) —aX)]EM [U,X),

the fourth equality holds by Assumption 20.
Therefore
I.DY

E (W,X) | X) — [on (X) — a0 (X E (Y1 | X)

The same analysis dropping Y gives

D =« —«
E(f(VlX) 'X> = o (X) — e (X)

SO
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Similarly,

E(1T<1—D>Y|X> _ E(L(l—D)YO,X)

FVTX) FVTX)
B LYy ([ IDY,
- (o 1%) - F (oo 1)
= B0 0E (55 1K) ~ 01 (0 - a0 (] B (| X)

— B0 08 (5 - o (0 - a0 ()] X)

Together these equations prove the result. =

Proof of Theorem 2.3.4.2 The proof is the almost the same as the proof for Theorem

2.3.2. To prove this first look at

E

[ [ LuDy (5i + b+ Ym)
= E|E For (Val Xo) | Vit, Uity aiy by, Xag | | Uity @iy by, X
[ Lol (a0(Xit) < @i+ by + Vie + Uiy < o0 (X)) E (ai + bt + Y | Vie, Uit i, bt,Xit>
- F For Vil a1
_ / _ Lritd (co(Xit) — a; — by — Uy < v < a1(Xip) — ag — by — Uy)
supp(Vit|Uit,a4,b¢,Xit) Jor (Vig| Xit)

E

-

ao(Xie)—ai—b—Us, Jor (Vig| Xit)

= F

= b

( It Dit Y
foe (Vie| Xit)

Uit7 aj, bt7 X’Lt>

(51' + by + Yiit | Uit, ai, b, X ) foe (it | Uit @i, by, Xig) dvge

o1 (Xit)—ai—by—Uyy B (@' + b+ Yia | UitaaiabtaXz’t)

fvt (Uit’Xit) dvgt
o~ o1(Xit)—a;—bi—Us
(ai + bt + Yiit | Uir, ag, b, Xit) / 1dv;
oo (Xit)—ai—bi—Ust

& + b + Y1 | Us, i, bt?Xit> o1 (Xit) — ao(Xi)]
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and therefore

E [1+#tDiYit ) fo, (Vie| Xit) | Xit]
= F {E <5i + b+ Yig \ UitaaiybtaXit) (a1 (Xit) — ao(Xit)] !Xit]

_ E (Ym + 3 +'5t| Xl-t) 1 (Xsr) — ao(Xar)] -

Given the above result, the rest of the proof follows similarly as in the proof for Theorem

232. m

We let my = (mq, ma, ..., my) be a k X 1 non-negative integers. Following Masry (1996),
we adopt the notation: u™*+ = Hleulmi, my! =1L, ym;!, jmy| = Zle m;, and Z‘mH:p =

b Yo —o- We let D™ f, (z) = ol £, (v)/ 0™zy - - - 9™k x. If we have covariates

my=0"""
my+---+mp=p

of other dimensions, e.g. k + 1, then mg; and the other notations above are changed

accordingly with k replaced by k£ + 1.
Assumption 35 Observations are i.i.d. across i.

Assumption 36 f,(x), E(gi;|x), and E(g2i|x) are bounded away from zero over the whole

support of X.

Assumption 37 The kernel functions K(v), K(x), and K(xz,v) have supports that are
convex and bounded on R', R, and RFt! respectively. Each kernel function integrates to

one over its support, is symmetric around zero, and has order p, i.e., for K(x),
/ 2™ K(x)de =0 for |myg| < p,
RE

/ ™ K (x)dx #0 for some |my| = p,
Rk’
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and [ K(z)2dz, [g |[#™*| K (z)dz for |my| = p are finite. This similarly holds for K (v) and

K(z,v).

* J— qu—q}/z L= Dzlrzl/;fz(IZ) DI7'1 — D’LIT’LfZ(w’L)
Assumption 38 Let s1; = Teeloioy? 520 = T 0 53 = Toy(aen 54 = (o)
1Y _ (=Di)I+iYifa(xi _ (-=D;)I — (A=Di)I7ifz(zs
ssi = (gt s = Uil = Gl sy = Uil Then for

each sji, j =1,...,8, fo (z), foo (x,v) satisfy the Lipschitz condition that there exists some

positive numbers My, ...Myg, such that

|E(sjilz + €x) — E(sjilz)| < Mj ez, j=1,....8

IN

|fx($+ex)_fx(m)| MQHGCL‘”’

’fxv(x+emav+€v)_fw(xvv)| < MIOH(emﬁeﬂ)H'

E(sjilzi), j = 1,...,8, fz, fzo are p-th order differentiable and the p-th order derivatives
are bounded. The p-th order derivatives of fr, fzv also satisfy the Lipschitz condition. The

second moment of q; (x) (defined in equation 2.10.6) exists.

Assumption 39 E (Djyl;4Yi|v), E[(1 — Dy) IiYi|v], fo,(v) are p times continuous dif-

ferentiable in v, and the p-th order derivatives are bounded. Second moments of %,
vy \ V3
Ditlrie  (1=Dit)I7itYit and (1=Dit)I+itYi

fvt ('Uit) ’ fvt ('U'Lt) ) fvt ('Uit) are bounded'
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Table 1: Summary Statistics of the US Dataset
MEAN SD LQ MED UQ

Competition 0.76 0.11 070 0.76 0.83
Innovation 5.53 9.98 0.22 1.59 b5.77
Source-weighted Interest Rate 0.91 0.23 0.79 087 0.99

Note: MEAN = mean. SD = standard errors. LQ = 25% quantile (lower). MED = 50% quantile
(median). UQ = 75% quantile (upper).

Table 2A: Empirical Estimates in Various Cases

Right Threshold Left Threshold Trim-ATE No-Trim-ATE Naive-ATE  ML-ATE

Case 1 25%(0.70) 75%(0.83)  -3.90 (0.61)  -4.25 (0.75)  -1.89 (0.27) -1.85 (0.39)
Case 2 33%(0.72) 67%(0.80)  -3.27 (0.52)  -3.47 (0.66)  -1.67 (0.26) -1.69 (0.37)
Case 3 10%(0.63) 90%(0.89)  -2.77 (0.98)  -2.75 (1.10)  -1.95 (0.29) -4.40 (3.48)
Case 4 20%(0.68) 80%(0.85)  -4.25 (0.71)  -4.62 (0.86)  -2.22 (0.28) -2.12 (0.43)
Case 5 30%(0.71) 70%(0.82)  -3.54 (0.54)  -3.95 (0.68)  -1.83 (0.26) -1.81 (0.37)
Lase6  40%(0.74)  60%(0.79) 249 (0.54) 258 (0.67) 118 (0.25) -148 (0.39)

value is the percentage of competition set for the thresholdb Wlth corresponding Value of Competltlon in the
parenthesis. Four different estimates are reported here, with standard errors in parenthesis. Trim-ATE and
No-Trim-ATE are our proposed estimator with and without trimming (2%) respectively. Naive-ATE is an
estimate for E(Y1|T = 1) — E(Yo|T = 0). ML-ATE is Heckman’s selection MLE.

Table 2B: Empirical Estimates in Various Cases - Robust Check
Right Threshold Left Threshold Trim-ATE No-Trim-ATE Naive-ATE  ML-ATE

Case 1 25% 75% -4.02 (0.63)  -4.29 (0.80)  -2.04 (0.27) -2.02 (0.39)
Case 2 33% 67% -3.46 (0.53)  -4.02 (0.66)  -1.81 (0.26) -4.46 (0.64)
Case 3 10% 90% -3.05 (1.06)  -2.98 (1.20)  -2.26 (0.29) -4.51 (3.00)
Case 4 20% 80% -4.98 (0.74)  -5.03 (0.93)  -2.75 (0.28) -2.69 (0.44)
Case 5 30% 70% -3.62 (0.56)  -3.86 (0.70)  -1.86 (0.26) -5.95 (0.50)
Case 6 40% 60% -2.41 (0.57)  -2.99 (0.67) -0.99 (0.26) -0.97 (0.44)

different estlmateb are reported here, with standard errors in parenthesis. Trlm—ATE dnd NO—TI‘]III—ATE
are our proposed estimator with and without trimming (2%) respectively. Naive-ATE is an estimate for
E(Y1|T =1) — E(Yo|T =0). ML-ATE is Heckman’s selection MLE.
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Table 3A: P-Value of the Testing of the Large Support Assumption

Year Left Right Year Left Right

1976 0.000***  0.000*** 1977 0.000***  0.001***
1978 1.000 0.000*** 1979 0.000***  0.000***
1980 0.051* 0.000*** 1981 1.000 0.000***
1982 1.000 1.000 1983 0.592 0.000***
1984 0.008***  0.000*** 1985 0.000***  0.000***
1986 0.000***  0.000*** 1987 0.658 0.010***
1988 0.846 0.000*** 1989 0.000*** 0.000***
1990 0.000***  0.000*** 1991 0.000***  0.000***
1992 0.000***  0.000*** 1993 1.000 0.000***

1994 0.000***  1.000 1995 0.000***  1.000
1996 0.867 1.000 1997 0.000***  0.608
1998 0.000***  0.000*** 1999 0.000***  0.725
2000 0.000*** 0.347 2001 0.000***  0.000***

Notes: ***, ** * denote the cases when P-values are less than 0.01, 0.05, 0.10 respectively.

Table 3B: Ordered Choice Estimates (Identification at Infinity)

Trimming
Parameter 50% 40% 30% 20% 10% 5%
Panel A: Define D from the whole sample

E(Yp) 10.17 (0.97) 11.35 (1.17)  12.78 (1.46) 15.56 (1.98) 17.40 (2.87) 26.94 (4.44)
E(Y>) 5.86 (0.50)  5.96 (0.58)  5.94 (0.67)  5.94 (0.88)  4.56 (0.76)  5.06 (0.98)

Panel B: Define D separately each year (robust check)
E(Yp) 9.61 (0.95)  10.55 (1.17) 11.67 (1.41) 15.05 (2.08) 14.85 (2.42) 18.90 (4.53)
B(Ys) 6.55 (0.49)  6.39 (0.53) 6.54 (0.62)  6.07 (0.77)  5.79 (0.95)  7.96 (1.76)

Notes: The estimates are obfained from the idenfification at infinity, with standard deviation in parentheses.

The choice of the trimming parameters is based on the specified percentages of uncensored observations.
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2.10 Appendix D: Supplemental Appendix

This supplemental appendix provides proofs for Theorem 2.3.5, 2.3.9, 2.8.2 in Section 2.10.1,
proofs for Theorem 2.5.1, 2.5.3, 2.5.5 in Section 2.10.2, proofs for Theorem 2.8.1, 2.8.8 in
Section 2.10.3, and Table 4, 5, and 6 in Section 2.10.4.

To make the proof more clearly, we suppress the trimming indicators I;, I-;; in the
supplemental appendix. The proof can still go through when the trimming indicators are

present.

Remark 2.10.1 (Uniform Convergence) Based on Silverman (1978), we have the uni-
form convergence of J/‘;v (z,v) and fx (z) over a compact set of (V, X) and X respectively.
We could use this result for those observations in our estimator (2.3.5) with nonzero weight
for the following reasons. For the estimation at x, an interior point of the support of X, be-
cause we use a kernel function K with bounded support, those x; outside of a small interval
around x will have zero weights. When h is small enough, those x; with non-zero weights
will eventually fall into the compact set where we have the uniform convergence results.
For the estimation at v, we put a trimming indicator as in the identification theorem. If we
select a compact set that strictly covers the one where that trimming indicator is nonzero,

we have the uniform convergence results for all v; with nonzero weights.
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2.10.1 Proof of Theorem 2.3.5 and 2.3.9, 2.8.2

We let ﬁli = f(DUzll;;i)’ g1 = %,Where f(vl|mz) = %, and fA‘m(ml) and fm(:ni,vi) are

standard leave-one-out nonparametric density estimators:

~ 1 n —
fa(zi) = E Z K<$lhac>7

N 1 " T — T v —
Joolwiv) = Tpem D) K< h ' h >

where h is the bandwidth and K is the kernel function. Without loss of generality, we use
the same h for each covariate. The kernel function K is defined in Assumption 37.
The sample counterpart estimate for 1, (x) could be then

() = ——1 2 2.10.1
Py (2) % (anlo) ( )

where I denotes the standard kernel nonparametric estimation:

1 e~ T, — T 1 « T;— T
9 = a5/ [ (5]
E J A Ti— T R Ti— T
E(qiilz) = WZQUK h nhk ZK h '
=1 i=1

B (Fu

>

For simplicity, we abuse the notation a bit by defining
h1i = haifo(®i), G1i = gife(w:) (2.10.2)

and E (ﬁlz

a:> and E (511

a:) are defined as the numerators in B (ﬁh 1:) and E (g1i] =)
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respectively:

1 o=~ T;— T
,x>5nhk2h1,~K< - > (2.10.3)

E (§1i

1 n,\ T;i— T
x);WZ;gliK( - > (2.10.4)

It follows from the definition of ﬁu and gy; that

E (%u

@(Zu x)

and ¥, (z) = m.

Replacing the subscript 1 with 2, similarly define @2(30), E </ﬁ21

xz) > E <§2z’

z) = B (hyl2) fo (z) and B (§ulx) = E (gul ) f. ().

iU) , E (Gail x) , hai, Goi,

ﬁgi, :q?gi, B (Zgz xz) The resulting estimator is then

3

We define the following term for the influence function of @1(1‘@) - 122 (z;) :
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z) E (guilx)

hii E(hilzi) B (hilzi,vi) b (Eli w) gu L (ﬁli

i(x) = = + = - = — ~
% (@) E(qulz)  E(gulz)  E(gulz) E (g1 2)* E (g1 2)*
E (hli UC) E (g1l @i, vi) - hioy E (hailzi) B (halzi,v) E (hm‘ 96) 92i
E (gu| z)? E(gailz)  E(g2ilz)  E(g2i|w) E (G| 2)°
E (7121 -’L“) E (goilz;) FE (7121 90) E (g2ilwi, vi)
_ (2.10.6)

E (gl ) E (gl 2)”
The bias term resulted from nonparametric regression is defined by:

BLP Bgm E (hh‘ (L‘) ]]333713 FE (hh‘ a:) 184710

B,(z) = - - + 2.10.7
PO = Bl Bl EB(gule)? | Blgula 07
_ B57p B&p E (h2z| ZL’) sz _ E (h21| 3:) Bg’p
E(g2ilz)  E(gailz)  E(gg)z)? E (g2i| x)?
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where B, ,, 7 = 1, ..., 8, are defined in equation (2.10.8).

By, = h” m%:p E[D;Yi/ frv (%HEZ') D fy (w;)] 2] /Rk W™K () dug, (2.10.8)

By, = I mgzp E[D;Y;fx (x:) [ f2, (:Z;Z)mekam (zi, ;)| z] /}Rk+1 L () dug,

Bs, = hP m%:p E[Di/ fev (fﬁi,iiile’“fx (@s)| 2] /Rk WK () du,

By, = h mgzp E [Difs (z:) / f2, (xgl:ffmkﬂ foo (i, 07)| 2] /RHI L () dug,

Bs, = hP m%:p E[(1-Dy) }/i/f:vvrilii!, v;) D™ fo (x;)| 2] /Rk UK () du,

Be, = K Z E [(1 — D) Y;fe (i) [ f2, (33i7'1)i> D™k+1 f 0 (x4, 'Uz)‘ x] / u;n’““K (u) du,
Ty - mpgy1: RE+1

B,, = h” m%:p E[(1—= D)/ fu (Iﬂf:’;'vz) D™ fo (x;)| x] /Rk () du,

Bs, = h mgzp E[(1—Dy) fo(x:)/ %ZIEZ,;!J@') D™+ fr, (4, 0)| 2] /Rk+1 L () dug,

Lemma 2.10.2 Assume we observe W; =(X; V;), si, Z; =( W; s;),, which
(k+1)x1 kx1 1x1  1x1 (k+2)x1 (k+1)x11x1

are i.i.d. across i. The density functions fp, fu for X and W are bounded. f, and f, are
p-th order differentiable, and p-th order derivatives are bounded. E(s;|w;), fz, fu satisfy the
Lipschitz condition

|E(si|w; + ew) — E(si|w;)| < M |lew],

’fﬂc(mz + ex) - f:z:(xz)| < M Hew” >

‘fw(wi + ew) - fw(wz)’ < M3 ||€w||

for some positive My, My, Ms. Under the above assumptions, when x is a interior point of
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E (sifw(wz) m) fo(z) (2.10.9)
1o~ 1 1 - 1 w; — W; T; — T
A K K
nths n—1 R < h > ( I )
=1 I=1,l#13

and

E(giﬁp(xi) :c) Folz) (2.10.11)
1o~ 1 1 " 1 T — X T; — T
- %Zﬁsi n—1 Z,thK( h ) K< h )
=1 I=1,l#1i

n

_ 71%21 [;kK ("””,f) fo () + 0 ¢ <$;"'> fo (@)

—2]:E <;,€K <$;$> fo (wi))] +E [;%K <x;x> K - xi)} +op (%?2)

Proof of Lemma 2.10.2.2 Consider first the following term,

1 - " T, — X w; — W;
i=1 1=1,l#i
B 2 iil S K T; — T y oK Ty — 1 K w; — W;
T onn-1) & A2 h : ho )] R h

Let
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Then equation (2.10.13) becomes

n n

n(n2—l)z Y Pz, ). (2.10.14)

i=1 [=i+1

Following Powell et al. (1989), we first verify that E [Py (z;, 21)%] = op(n).

[Pl Zuzl 2]

::/LWF{&

) () e ()
fw wz)fw wl)d 1dwy.

— //u ) h%“ {[ [s K(ui)+le(ui+hul)]K(Ul)]2

Juw(x + hui,vi) fu (z + hu; + hug, v; + huy) dudv;dy

1
= 0Op <h2’f+1> = 0p(n),

2
Wi, Wi

(x + hug, v;), (x + hu; + hug, v; + hul)}

where the second equality holds by the change of variables u; = #5-=%, u; = %, the third
equality holds by the bounds conditions, and the last equality holds by the assumption that
nh*+1 — 0o. According to Lemma 3.2 in Powell et al. (1989), equation (2.10.14) is equal

to

2 1
E[Pi(zi,2)]+ =) {E[Pi(z,2)|z] — E[Pi(zi,z21)]} +op | —= ) - (2.10.15)

The term inside the summation in equation (2.10.15) has the following form:

E [Pl(zi, Zl)|Zi] —F [Pl(zi, Zl)]

1 S; Ti— T W; — Wy
= o et () e ()

1 S Ty — T w; — Wy
o 3p [ () ¢ (25)
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Since

S; T, — w; — Wy
# s () e (|
S; ;i — T w; — Wy
- /Q s () (M) St

_ g <~”” - ) Fulws) + Sk (“”” . ) / ) s ) = )}

and similarly

S1 Ty —T w; — Wy
o gt (45 () 4]
T+ hu —x

E [si|w; Ti—x 1
= [hllw ]K < h > Juw(wi) + hk/ﬂul |:E [si|w; + hu] K (h) fuw(wi + huy)

~Blsiun] 5 (P ot £ ()

the following holds

E [Pl(Zi, Zl)|Zi] —F [Pl(zi, Zl)]

_ lsig (x —x> ot + LEBIL (m;x> f()— B [;kK <"”;“”“) fw(wi)]

2 hk h
+Ry; — E (Ry), (2.10.16)
where
S; X, — &
R = i (P ) [ ) s+ ) = futw]du (2.10.17)
1 T, +hu —zx
+= E [si|lw; + huy| K | ————— | fw(w; + hw)
WE /g h

wy

~Blsun] K (P57 fultw) K () du
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and, since E(s;|w;), fz, fu satisfy the Lipschitz condition, £ (Ri) =0, (hik) So

n

lZ [R1i — E (Rui)] = op < . ) : (2.10.18)
i=1

n “ nh*

By the fact that p(z;, z;) are symmetric for z;, z;, we have

E[Pi(z,2)] = E [siK (”3 - “”) K~ wi)] .

From equation (2.10.15) (2.10.16) and (2.10.18), we have

2 n n
w2 2 P
i=1 [=i+1

_ 11%21 e (P ) o+ FEE R (255 £ )

—2FE (}ij <m;x> Ju (wi)ﬂ +E {SZ‘K <$;x) K(wl;wi)] +0P< ;hk> ’

which implies the first part of the Theorem.

The second part holds by the same line of analysis by replacing W with X. =

Lemma 2.10.3 Adopt the same notation and assumptions as in Lemma 2.10.2, and assume

DPf. and DPf, also satisfy the Lipschitz condition. Then

el () o ()

- E _Sifz,gwi)f(("”"}:m ]+Sl,pfx (z) + o (h?) (2.10.19)
i (£52)5 ()]

- E isilegxi)f( (x’;xﬂ + Sopfa () + 0 (BP) (2.10.20)
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where

|

E [s; D™+ fo, (w;)] ] / m
S = QP LanY ¢ d
¥ > - [ () du,

|my i 1]=p

E [s; D™k f, (x;)| x m
Sep = hP Z [ fuw (3)] ]/Rkul FK (w) duy.

|my |=p

Proof of Lemma 2.10.3.2

o (557) 0 (252)
oy e (oo ()]

= B +E {SZfl;L,E“’Z)K (x;xﬂ :

where

mu= [ e (M) G fo s | (P57 ) ] )

Then, doing the standard change of variables transformation u; = 5%, we have

By = h? Z / /RHI k+1K Ul) Dmk+1fw|(wz)d E [th <$z}:$> ' wi] fw (wl) duw;,

myyqt
[myy1]=p

where w; is some value between w; and w; + hu;. Since the kernel has bounded support and

Drf,, (w;) satisfies the Lipschitz condition, we have

B [ (25) D™y () )
|

mgyq:

fw (w;) dw; + o (kP)

B = MR () d

|mk+1\ =p

=Wy / CEK () duy
Rk+1

|mk+1\—p

B ﬁK Ti—T DME+1 w i
[hk ) Do fo @il |
mgyq:
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Substituting this into By, we have

Bi =S1,+o0(h?),

which is equation (2.10.19). The second conclusion can be proved similarly. m

Corollary 2.10.4 Under the same assumptions in Lemma 2.10.8 and assuming E (s;|x)

and E (s;|w) are p-th order differentiable, with bounded p-th order derivatives, we have

4 fo(x) = O,(h?) + O, (ﬁ) +Op <1Z§,fff) .
(2.10.21)

Proof of Corollary 2.10.4.2

? || o= [l o
= 2| g | 0 [l e+ & [ i | (- )
A8 7o) - [t o

All terms except the first term are readily seen to be O,(h?) 4+ O, ( ﬁ) . For the first
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term

~

E

Si

m] F(2)

/\

Floe: ] 2@~ B | gty
=X e () R e ()

~ fulw)
_ 72": i f; ;fz(mi)] %K (x’;m> (2.10.22)
sifr(xi) | fuwolwi) — fuw(w;) T, —
o [fs,(wz) }hle< ) (210-23)
si | fu(®i) — ful®:) fw(wz>_fw(wl) Ti— T
. e GV IS

According the results in Lemma 2.10.2 and Lemma 2.10.3, equation (2.10.22) and (2.10.23)

are Op(h?) + O, ( ) From Silverman (1978) and Remark 2.10.1, we have

VnlF
sup | fuli) — fulw) =Op[ lofh(,?)] , (2.10.26)
K (=520,
sup (fw(wz) fuw(wi)| = Oy m] (2.10.27)
K(“ih‘x);éo, 1i#0

Then
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nsi | folwi) = fol@i)| | fulwi) = fulw:) P
s I |1 (22

n 12 (w;) hk h
Si Ty — T
o (" >‘

< R — alwd)| [Fotwd) — futwd| - S
K (542 ) 0, L0 =1

log (n)
= Op <nhk+1/2>’

and similarly, we have

. f: Tl [Fulw) = fulw)] y (xlh_;g> o (10g (n)>

N4 fq%(wi)fw(wi) h¥ nhk+1

Therefore, we know that equation (2.10.24) and (2.10.25) are of the orders Op ( log(n) >

nhk+1/2

and Op <711°hgk(fz> respectively.
Combining the above results the proves the Corollary. m

Proof of Theorem 2.3.5.2 We first derive the properties of @1(35) This can be divided

into several components as follows

(@)~ (2) = ) B (%u 3:)

where
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According to Corollary 2.10.4, and the assumption that m is bounded, Rj(x) is of

order op <\/ﬁ> . So

- E <;};\11 33) E (Eh :c) E (511
1 (2) = ¢ (z) = E(qulz) [E (g1l 2))?

$>+0p( ! > (2.10.29)

vVnhk

Notice that

B <ﬁ ) .
1 1 DZY; 1 i
- Z _ ~K <$ m) (2.10.30)

E (g1i| ») _E(§1i| z)n i=1 f(”z,xZ) h¥
. 1 Dfo xl) Ti—
= EGaon ;{f(x)h’“K< )

DY fa(x:) [J?m(xi,vi) — fm(xi’vi)} ) I
- f2, (x4, vi) th< > + Rz ¢,

where

DY fu(@:) [fxv(xivvi) - fzu(fb’i,vz‘)r 1 € —
; ()
E (quil z) f2, (@i, 09) fao (wiyvi) 1 h
D;Y; [fx(%) - fa:(%)} [ﬁw(%,vi) - fxv(miavi)} 1 i (T
- E(quilz) f2, (i, v;) nk < > '

R3;

Following the same proof in Corollary 2.10.4

1 < log (n) 1
- ;= o V) = . 2.10.31
=0 () = () @030

186



Apply Lemma 2.10.2 on the first term in equation (2.10.30),

ZDYfm = %K (xz}:x> (2.10.32)

glz|$ fa:v xUU’L

- Zm[(<wi;x>+E<i;;\xi>K(xi;x)
|

(i ()] el

By the same reasoning, the second component in equation (2.10.30) is

1 D wa(xl)fctv('rzavz) 1 T, — T
E (quilz)n ; 12, (2, v;) th< n ) (2.10.33)

1 hlz Ty — & FE (h1i|xi,vi) Ty — T
= — K K
E(Gulo)n Z[hk < h >+ e n

i (<) B () (529

Substituting equation (2.10.32) and (2.10.33) back into equation (2.10.30) and using the

results in Lemma 2.10.3, we have

E <77,1Z :L‘> 1
— 7 = - Z hii + E (hiilx;) — E (hy|zi, )] — <4@é>0 34)

E (91| z) glz|$ n
Bl,p B2,p
E(gulx) E(gulw)

Applying the same strategy to the next term in equation (2.10.29), we get

B(hufa)B(5uls)  B(

# (] ) 4 L
[E (g1 x)]2 N E (qui x) Z [91: + E (g1i|zi) — E (g14|xs, vi)] EK (gz_tgﬁé)
E'

=1
(hii|z)Bsp  E(hii| ) Bay
E(91z|1‘) E(91i|$)2

+op (h?)
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Substituting equation (2.10.34) and (2.10.35) into equation (2.10.29), we have

Ui(z) — i) = 1y E (hiilwi) B (hyilzi,vi) (h” x) I
! ! n 91z|$ E(Eu’lw) E (qii| z) E (qui|z)°
E (Eh x) E (giilzi) FE (7L12 96) E(guilzivi) | 1 T — T
- ~ 2 ~ 2 kK< >
E (gui| ) E (g1i| ®) h h
B B E(hyj|2)B E(hij|2)B 1
lp 2p B (i) 23,p + (hai] ) 24,17 +op () op (> .
E(giilz) E(gulw) E (g1i] v) E (g1i| ) nhk
Similarly,
~ = E (hoilwi)  E (hailes,v)  F (h% x) gai
Vo(x) — hy(x) = Z E( EN» T T E (7. - = 3
P 922|$ (92il @) (g2i| ) E (g2 x)
E (EQZ ac) E (g2ilzi) FE (7L22 HC) E (g2i|wi, vi) 1 T, — T
 E (G 2)? E (32 2)? s < h >
(g2i| =) (g2i| =)
B B E(hyi|2)B E(hyi|x)B
50 6p (hai| ) 27,p + (hai| ) 28,1) +op (W) + o, <> .
E(goilz)  E (g2l ™) E (g2i| v) E (goi| ) nhk

Putting these results together gives

n

D1 ()=o) — (4 (z) — () = %Z‘ﬁ (z) %K (mz ; w>+IB%p (z)+op (h')+op <;hk> ,

1=1

which implies that

nh* ~

var (g; (z) |2) [or K2 (v) du Py (x) — ”@2(55) — (P1(z) — YPy(z)) — B, () 4N (0,1)

|
Proof of Theorem 2.3.9.2 The first-order asymptotics of our estimator follow directly

from of Lemmas 2.10.5, 2.10.8, 2.10.9 and 2.10.10. The convergence rate of the resulting
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influence function can be seen from Lemmas 2.10.8, 2.10.9 and 2.10.10. =

Lemma 2.10.5 Let Assumptions 21, 22, 28, 24, 25, 26, 387, and 39 hold. Assume that

bandwidth h = con™ /2 in f,,, and assume a kernel of order p > (1 — cr/2)/ cp. Then

n

T n T
> DYy /fw (i) wp > > (1= Di)Yy /fw (vit)
=1 i=
T

. Eim — [E(M1) — E(Yo)]

1
n T n

L Dt /ﬁ)t (vit) -+ Z Z(l — Djt) /ﬁ)t (vit)
—1 =1 t=1 i=1
T n
it o Z Z Aot

A
1 =1 i=1 1 >
- +op|—=]|.
n | . T n ‘ P(\/ﬁ
D e p Y > T
1

t=1 i=1

(3
n

t
T

1

Ay
t=1 i=
T

1

>
t=1 i=

Proof of Lemma 2.10.5.2 First note that

n

T n T
L Z z DY /fvt(vit> L Z (1= Dit)Yi /fvt (vit)
=1 i=1 t=

1=

=i - ' — [E(Y1) — E(Yp)]
S D[R Y
—1 -1 -

t=1 1

M“

(1= Du) [ Fur(ou)

7 1
n

t
S0 (v B (a4 1))
t=1 i=1
i zT:Zn:Dit /ﬁ)t(vit)

t=1 i=1

%ZZ(l — D) (Yn - F (ai + b +Y1)) /ﬁ}t(vit)

\
o

(vit)

For (Vi) nT A

t=1 i=1
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To this end,

n Dy (Yn E(a; +gt + Yl))

1 T
il 2.10.36
nT’ ; i=1 fvt (vit) ( :
1 n Dy E(ai 4 b + Y1)
ol Z Z ( Jor (vit) )

T 1
Dy ( o — E(@ + b + YI))

> o, (Vit)

(ﬁzt (vit) — fvt(vit)> + Rnit,

where
Dj; (Yu — E(a; + b + Y1)>

2 (vit) for (vit)

Ry = (For ) = Furlo))

Again, by the uniform convergence of ﬁ,t (vit) (our assumption on p guarantees that the bias

term vanishes fast enough),

Fu (wi) = £ (vu)| = O (log () / Vi) = Op (log (n) /27t ) = o, (nT)H2).

sup
I‘rit ;é[]

T n
such that n% Z Z |Rnit| = op <\/%> )

t=1 i=1
Generalizing Lemma 2.10.2 a little, we have, E [p (2, zj)ﬂ =0 (1/h) =0(n/T), and

l i Dy (Yz‘t — E(a; —i—E + Yl)) (ﬁ)t (vit) — fu, (Uit))

n 72 (o)
1 E[<th (az+bt+yl))D Uzt] ( 1 >
= — + o0 —a 0
n i—1 fvt (Uit) P nT
b b+
fort = 1,...,T. Substitute this back into equation (2.10.36), we get that Z Z io(Yor— 7 ZLJ; %)
t=1 i=1 e
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is equal to

n ( o — B + by + Y1)> Dy —E [(Yt —B(@ + b+ Y1)> Dit|vit} )

1 I
T 2=

=1 i=1 Fou(vir)

T n
which is niT Z Z At + Op (ﬁ) .
t=1 1=1
For the same reason

T
1 Dit e 1 Dit — E (Dit’fUit) < 1 >
— - =1 + — +op | — ).
nT Z £ . ! n1 Z_: ZZ: fUt (Uit) P vnT

nT

T n
By the independence assumption on Vj; across i and ¢, we know —= Z (f om) 7 ; t))
=1 ie1 vt 1t v\t

O, (\/%) Therefore

T n n

23 WLAUSVICREASE) USRS 2 o1
t=1 i=1 t=1i=1
T}Tiil)u/fvt(vit) anii /f”t vit)

t=1 i=1

< zt/fvt Vit) Dit/fvt(vit))) < . >
+0op | —/—
nTZZDit/fAvt(Uit)> vt

t=1 =1

H
Il
—
-
Il
—

3=
M=
M:
=
3
E
3
=
Nl
AH

T n
where the last equality holds by % Z Z Ayt = op (1) and T Z Z <fw o) fw(%)) =
t=1 i=1 t=1 =

O, (\/%) Applying the same analysis to the second component of the estimator finishes

the proof. m
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Lemma 2.10.6 Let Assumption 21, 22, 23, 25 hold, then

T n

1 Dt — 1
nT -1, =0 nT ,
V2 oy = Op (0)77)

T n

i —1/2

Proof of Lemma 2.10.6.2 Here we prove the first equality of the lemma, and the second

follows by the same logic. Note that

( a;, by, Uit> g, ai)
fvt Uzt

<E
O<az+bt+vzt+uzt<a) ~
= o (Vit|ag, @z, by, ugg) dvo;
(/ fvt(vzt) fﬁ(vt‘a ¢ tUt) vt
</ ai’ai)

Qi, ai)

(0 < aj+ b+ vig + uip < a) doyg

Similarly, we have

&
e
N——
|
I
=
=

By this result, we have

T n
D

1 _
- -1
nT = = folvir)

n

_ LS ( Da o Da
- nT;;(fvt(vit) E<fvt<vit)

Dy
79 g _E b,b H
‘ ) <fvt<wt> : f)* )

By the conditional independence assumption, we know the covariance of the above terms
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for either different ¢ or ¢ is zero. So we have

F 1 T n D 4
nT nTzz;fvt(z)_Hl — N (0,var (I113)) .

The second part of the theorem follows similarly. m

Lemma 2.10.7 Let Assumption 21, 22, 23, 25, for j = 0,1

D; ] [/ 1—D; ~
E {(Zt - 1> gjit|ai,a;| = E <Zt - 1> Ejit aiyai:| =0,
fvz (Uit)Hl J L f’Ut (Uit)H2
D; ~ [/ 1—D; ~
E [(n - 1> €jit| by, 0| = E (n - 1> Ejit btabt:| =0,
f’Ut (Uit)Hl J f’Ut (Uit)HQ
[D“_la.a. - E 1_Dit—1a~a-]—0
= 1y Y1 - = 1y Y1 - )
for (Vi) I1y | L fo, (vig) T2
D; ~ [ 1-D; ~
E[”—1 bibe| = EBE|——2 1 bt,bt]:o.
f'Ut (Uit)Hl J L fvt (Uit)HQ
Proof of Lemma 2.10.7.2 Note that by the proof of Lemma 2.10.6
Dy - ~ _
E |:<f(’u)H_1> 5jz't ai,al} = E(sﬂt|ai,ai)—E(sjit|ai,ai) :0,
Ut it 1

D; ~ ~ ~
E[(M—l)em bt,bt} = B (el besbe) = B (ejulbrbe) =0,
ve \Vit 1

for 5 = 0,1. Others follow similarly. m

Lemma 2.10.8 Let Assumption 21, 22, 23, 25 hold, then

4 ET:ER: Di (51' TR (ai +gt>)/fvt(vit) -+ ET: 3 — Djt) (az by — (ai +Et>)/fvt(vit)
t=1 i=1 __ t=1=d
&iiDit/fvt(vit) ani Y Dyt /fvt Uzt)
t=1 i=1 t=1 z:l
T n . » -
- 7 2 2 (o~ ) (= 2@ R ()] or (00)77)
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n

[( (o)

Proof of Lemma 2.10.8.2

1
nT

1-Dyy
Fuoy (Vig)TT2

>

t=1 i=1

and

1
nT

) (5z' — E (a;) + by

5 (3))] =0 (4r1).

iz": Dy (51' +gt>/fvt (vir) = ii (1— Di) <ai +gt)/fvt(vit)

t=1 i=1 _ t=li=1
T n T n
5> > Dit/ fu(vit) 53 ) (1= Dit)/ fur (vir)
t=1 i=1 t=1 i=1

n

> D

1

anzT: (az‘}'bt)/fvt Vit)
t=1 i=

T n
nLTZZDZt/fUt vzt
=1 i=

n

n

> (Eii +E)

t=1 i=

1
a7

[y

%Z 1— it (a1+bt)/fvt Ult 1 n
B EREE. - > ' (Eii + bt)
LSS (- D)/ S o) -
t=1 i=1

194



We analyze the first term.

anii Dy (ai+gt>/fvz(vit T n
=1 i:lT _ nLT Z Z (5i +gt)
L3S D/ fuvn) o

=1 i=1
= ZT: Zn: Dit (5i +gt>/ fu, (vit) <n1T ZT: Zn: Dit/ fu,(vie) =TI

t=1 i=1

1 Dy 7 t=1 i=1
= 2% (e 1) @) - —
- <an Z Z Dit/ fu, (’%’t)) 1I;
1 . DAt i i t=1 i=1 1 oo
) ”T;;Z;<ﬁamonl_l><W‘f””>+“‘*3@0)+(E°”‘*E(@))n ;;§;<ﬂd O
T n T n
% Z it (Eii +gt)/ Jor(Vir) <an Z ZDit/fvt (vig) — H1>
=11 t=1 i=1
T n
(an > Di/fu, (Uit)) I
t=1 i=1
1 T n Dit - N N _ e
- 2k (g 1) (@ 5@ 455 6) ror (a0 7).
t=1 i=1 v \Vit
So we have
1 L Dit(ai+gt) 1 r 2 (1—Dyt) a +bt
nT Z Jop (Vit) nT Z T fo i)
t=1 =1 B t=1 i= 1
T n ‘ D
% Z ' fvtD(Ztit) an (ft( it
t=1 i=1 t=1 i=1
1 - Dt 1- Dy | (~ L ~ iy
- T ; ZZI |:fvt (Uzt)Hl o (Uit)H2:| (az —FE(a;)+b— E (bt>> + op ((nT) 1 2) .

The rate of the influence function above can be similarly seen from Lemma 2.10.7. =
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Lemma 2.10.9 Let Assumption 21, 22, 23, 25, and 26 hold, then

aniiE{( (az+bt+Y1)>Dit 'Uit:|/fvt(vit)
t=1 i=1
%ZiDit/fvt(vit)
=1 i—1
MR oI UL LEL RS

'Uit:| / Jor ('Uit)

;ZTj E [ (Yi— B (@ +b+Y)) (1- D)

T
D> (1= Die) [ fo(vie)
t=1 i=1

1

nT
n E KY” -E (ai+3t+%)) (1— Dy)
a fo, (vit)

Uit} +op ((nT)_1/2>

3

T n T
andizz E az+bt+Y1))Dit|Uit] —0 ((nT 1/2) LZ E al—f—bt-i—Yo))(l Dj) ’v”] .
nT — - Hlfur (vit) - P ' nT P - H2fut (02) =
1= =1 i=

oo 71/2)

Proof of Lemma 2.10.9.2 The first part of this theorem follows the same line proof as

Lemma 2.10.8. The v/nT convergence rate then follows by Assumption 26. m

Lemma 2.10.10 Letting Assumption 21, 22, 23, 25, and 27 hold, we have

n

T n T
T Z Z Ditevit/ fu(vit) 77 Z Z(l — Dit)eoit/ fo, (vit)
‘ t=1

=1 =1

T n T n
a7 > > Dit/ fun(vit) 25> > (1= Dir)/ fu, (vir)
t=1 i=1 t=1 i=1
1 " Dz’t 1 I 2 1-— th —-1/2
= — — it — — ———=¢oit +op ((”T) ) .
nT ; & folvwh " T ; ; fou (vin) Tl
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n

T
and 7 ) [fvt(lsz)ﬁf”t " TG 50”} =Or ((”T)_1/2> '

t=1 =1

.

Proof of Lemma 2.10.10.2 Following the same proof as in Lemma 2.10.8, we have

n

T n T
o Z Z Dietit/ fo(vit) Z Z(l — Dit)eoit/ fo, (Vit)
=l =Ll (2.10.37)

n n

T T
%Z th/fvt Uzt) %22(1 _Dit)/fvt(vit)
=1 t=1 1=

=1 1

1 T 1 T n
= — —1 )& — < 1) €0it
nT’ Z 1 (fvt Uzt)Hl > ' TLT Z; f’Ut 'Uzt H2 '

S W

t=1 1= t=1
1 & ~
+ﬁ ;Z; (51it — coit — E (€1t — €oitlai, a;) — E (é?ut — €0it |br, bt))
=1 1=
1 1 & ~
+E z;E (51it - EOit’ai,ai) + f ;E (51it — 50it‘bta bt) + op ((nT)_1/2> s
Z_ =

where the first three terms are O, <(nT)_l/ 2) and last two terms are zeroby Assumption

27. So we have

T n T
Y DY/ fo(vir) i > (L= Dit)Yoi/ fu, (vir)

t=1 i=1 t=1 i=1
T n B T n -k (Yl a Yb)
nLTZ Dit/ fo, (vit) nLTZZ(l = Dit)/ fo, (vit)
t=1 i=1 t=1 i=1
1 = [ Dy 1— Dy ] ~1/2
= — —E€1it — —£0it| +op ((nT) > .
nT ; ; fooi) " fo(vi) Dy

Lemma 2.10.11 a;,b: are random vectors that satisfy Assumption 25. wi are random
vectors and wiy L wyr|a;, for t #t', wy L wielby for i # ', wip L wypy for i £t # .

h(a;, by, wit) are a real function that the first and second moment exist, and E[h(ai, by, wit)2] =
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o(n). Elh(a;, by, wit)] =FE[h(a, by, wire)] for any i,t,i',t'. T — oo as n — oo. Then

n T

1
E— h(ai,b,wi)
nT;tZ bt

=1
18 equal to

n T

1 1
Elh(a;, btawit)]‘i‘ﬁ ; tzl [E[h(a;, be, wit)|ai] + Eh(a;, by, wit)|be] — 2E[h(a;, by, wit)]]+0p (ﬁ) .

wjy are heterogeneous across t, but E(h) are assumed the same across ¢. This would
typically be satisfied by having E(h) = 0 for any i, ¢.

Proof of Lemma 2.10.11.2 Let

n T
1
ﬁzz a”lubhwlt E(h(aiubt7wit)|ai) _E(h(ai)bhwit)‘bt) +E(h’(ai7bt)wit))] )
=1 t=1
(2.10.38)
To establish that Q = op(\%) begin with
n T n T

"= o 2o 25 2 3L El(h— Blbla) — EChb) + E(0) (b~ Elar) — Blhlo) + B(A)-

=1li¢=1t=1

For i #1i',t # ', the term inside summation is zero. Now consider the case where only one

index is equal to the other one, i.e., , t #t'. Since

E [h(ai,bt,Wit)h(ai, bt’awit’)] = E [E [h’(aiabtawit)h(a‘i7bt’7wit’)|ai]]

= E [E [h(ai, bt, wzt)]az]E[h(a,, bt’7 wit/)]aiﬂ s
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the term inside summation is zero again. So we can rewrite E[Q?] as

n T

BIQ = g D D0 B [(h— Blblas) — B(hlbn) + E()?]

i=1 t=1

By assumption E(h?) = o0,(n), so E[Q?] = o, (%) , which implies @ = o, (%) .

Lemma 2.10.12 Make the same assumptions as in Lemma 2.10.11 and Assumption 24.
Further assume var(E [h(a;, by, wit)|a;]) < M, for all i, where M is a finite positive number.

Then
n

T

1

T E [E [h(ai, by, wit)|a;] + E [h(a;, by, wit) |be] — 2E [h(as, by, wir)]]
i=1 t=1

T
is equal to % Z [E [h(ai, by, wir)|b] — E [R(ai, by, wir)]] + op (ﬁ) i
t=1

Proof of Lemma 2.10.12.2

3

1

T
nT Z [E [h(ai, bt, wit)|ai] + E [h(ai, bt, wzt)|bt] — 2E(h(az, bt, wlt))]

i=1 t=1
First by assumption that w;|b; is i.i.d across i, we know that
E [h(ai, be, wit)|be] = B [Aas, b, wire) |be]

which gives

T
Z [E [h(as, by, wir)|br] — E(h(ag, by, wit))] (2.10.39)
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For the other part, note that

T
niT > " [E [h(as, by, wir) | as] — E(h(ai, by, wir))]
i=1 t=1
1 [1 ¢
— T; nZ;[E[h(a,,bt,wit)mi] E(h(a;, by, wir))]|

where E[h(a;, by, wit)|a;] is independent across i.

n

2
1
E <n [E [h(ai, b, wit)|as] — E(h(as, bt,wzt))])
=1
1 & ) M
= 77 2 B[ (B has b weled = Blhas b ws)])*] < T
by Markov’s inequality,
LS 18 s, b, )] — B, b wie)] = Opl—=)
n P i, Ot, Wit )| Q4 A, O, Wit = Up \/ﬁ 5
which gives that
1 & 1
— 2; ; B (10, b i) — B(h(ai, b, wie)] = Op( 7). (2.10.40)

The lemma then follwos from combining equation (2.10.39) and equation (2.10.40). m

Lemma 2.10.13 Denote (,, = (A1n, Bin, Aoy, Ban)', a 4-by-1 vector, where Ay, Bin, Aoy, Bap
are random variables that evolve as n goes to infinity. Assume that ¢,, converge in probability

to ( = (0, B1,0, Bs)', where By # 0, B3 # 0, and

Valt, — ¢ 3% N0,Q),
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where Q is a positive definite matriz

2

04, OA1Br 0A1Ay OA1B
2
0B, 0B1A2 OB1B

2
04, 0 A2B>

2

Then

\/ﬁ<‘41"_AQ”> 4y (0, % 2044 | Thy )
Bin  Ban "B, BBy B

Proof.2 The Lemma follows immediately from the delta method. m

Proof of Theorem 2.8.2.2 First we have

sup | fo, (vit) — fo (Uit)‘ =0Op <log (n) /M) =Op <log (n) n_2/5> -

ITit 750

Following the proof of Lemma 2.10.5, we have’

T n T n
% Z Z DYy /ﬁlt (vit) % Z Z(l — D) Yy /ﬁt (vit)
T - ~ [B(Y) + E(Y0)]
ar D> Dit /fvt(”it) ar > (1 —Dit)/ﬁt(vz’t)
=1 i—1 =1 i—1

T n T n
Y A YD Aaw
_ =1 i—1 =1 i—1 1
- T n - T n Top <\/ﬁ> ’
%ZZHW %ZZHM

t=1 i=1 t=1 i=1

"Note that the residual here is op (\%) . We do not need this to be op (\;TT) due to the slower conver-

gence of our estimator.
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Applying Lemma 2.10.12 on this expression, it is equivalent to

%iE [Alit|btagt] %iE {A%ﬂbha«}
=1

= t=1 1

T n o T n +Op <\/T> ’
ﬁzzﬂm ﬁzzﬂm
t=1 i=1

t=1 i=1

Applying Lemma 2.10.13 to this expression, we have

E E DisYis E (A—Diy)Yiy
’I’LT f'ut (Uzt TLT fvt U'Lt

- — E(@; + by + Y1) + E(@ + by + Yo)

nT Z Z fvtD(:it nT Z (flvt 211:
%ZZAht %ZZA%IS

_ t—1 i—1 1
- T a \/g>

T n o
ED TSS9 WA
- °

t=1 i=1
T _ T ~
%ZE [Alit‘btybt:| %ZE [A2it|btabt}
o t=1 _ t=1 +o0 i
- T n T n p \/T ’
I M VENES 3) ¥
t=1 i=1 t=1 i=1

which then gives the conclusion by applying Lemma 2.10.13. m
2.10.2 Proof of Theorem 2.5.1, 2.5.3 and 2.5.5
Lemma 2.10.14 M — vg) x n~t in probability.

Proof.2 Let {a,},~, be any series that a, — oo and a,, = 0 (n) . Let ¢, = inf cquppv) fo (V)-

Then

P <a =) < (1-e) = (<1 - >> = (e(L+o(1) =" =0,
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where the second equality holds by the fact that lim, o (1 — a:)% = e 1. So we have M —

oY = 0p (n7!). Let ¢, = SUPyesupp(v) fv (V) - On the other hand, if a, — 0, then

P <M =)= (1-2")" = (c+o)) =™ - 1.

So we have in probability M — vﬁf) xnl. m

Proof of Theorem 2.5.1.2 The proof of this theorem is standard. We define the com-

ponents of the bias term and variance term from the estimates by B and V), respectively:

B () = 5w (u-m) | oo (1) -6 (1) -],
(vi—37) /n
Vh(]\/i) = ilnzlehO/i—]\//f) : I (D; =1) = Gp (Vi)].
e (v 1)

then G (7) 0 (1) 4[5 ()] (0 (7)o (7).

One can then show that

lw

S
B), (]\7) - ) a M) +op (h?),

and

QGp (M) (1 = Gp (M)) fo (M) +o0(1).

&
<
>
—
=
N
Il
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Therefore,

bias (G0 (1)) = o | 77 | 6 0 2o 00 2+ 00 (1),
Ss._

)

var (Gp (M) = ;—he{?l@‘lela[, (M) (1= Gp (M)) f, (M) + o (nlh> ,

where the leading terms in the bias and variance are Bj, and o2 (M) respectively.

By Lemma 2.10.14, Gp (]\7) —Gp(M)=0p (nfl) , thus

which is the conclusion.
PRI ~ /\\12 PR
Since MSE (GD (M)) = [bias (GD (M) )} +var (GD (M) ) , to minimize mean squared
error we can get hop as

217 -1/5

hope = n~Y/% | (eS71QS ™ exGp (M) (1 = G (M) £, (M) ) / fS [T | Gho (M) fu (M)

]

Proof of Theorem 2.5.3.2 Most proof of this theorem is standard, except that G D (]\/4\ )
converges at the \/n rate, while in the typical case the convergence rate would be v/nh. The
intuition for this result is that in Vj, (1\7) E [(I (D; =1) — Gp (m)ﬂ Vi = M} = 0, and
E|(I(D;i=1)—-Gp (V;))Z‘ Vi=M — h] o h, under the large support assumption. This is
because we put the most weight on the observations around M within ch during estimation,

for some ¢ > 0. The variance for those observations is of the order h, resulting in the faster
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rate of convergence.

Comparing this to the proof of Theorem 2.5.1, the difference is that

b [Vh (4 )2] = QG (D), oL — Q6 (M) fu (M) +op (;) +op (ﬂ —& ) ,

2
where the leading term in F [Vh (M) ] in Theorem 2.5.1 becomes zero here.

Therefore,

bins (G (1)) = 12t | 7 | 6 0 1,00+ 00 42),
S5

S M-M M-M
var (G (W) = ~ef Qi@ () £, () + 22T QeaGy (M) fo (M) + o <i>+P( — )

here the leading terms in bias and variance are By, and 52 (M), respectively.

Since MSE (@D (Z\?)) = [bias (ép <J\7> )} ? +var ((A?D <M> ) , minimize means squared

error we can get hqp as

By Lemma 2.10.14 M—Mocntin probability, so hept o< n~2/5, Therefore, the bias term
is asymptotically negligible and we have \/n <@D (]\7) —Gp (Z\?)) <N (0, o? (M)) . By

Lemma 2.10.14 again, Gp (]\/4\) —Gp(M)=0p (nil) , and thus
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which is the conclusion. m
Proof of Theorem 2.5.5.2 By Assumption 29, F (Yy|X) = E (Yu|X,V < —v,, (X)) . The

first part of the theorem follows from

lim E (I (D =0)Y|X,V < =7, (X)) - E(Yo|X,V < —v, (X))

n—oo

— lim B[(I(D =0) - 1) Yo|X,V < 7, (X)] = 0,

n—oo

where the last equality holds by lim E (D|X,V < —v, (X)) = 0. This generates the ex-
n—o0
pression for F (Yp|X), and the expression for E (Y2|X) is obtained in the same way. The

expression for F (Y1]|X) follows immediately from Theorem 2.3.2. ®

2.10.3 Proof of Theorem 2.8.1 and 2.8.8

Proof of Theorem 2.8.1.2 First, the following is identified:

EMDWV =v,Z=2X =)

= Fyix (a(z) =< (v) — @ (2, 2) [2) = Fyjx (ao (2) =< (v) — @ (2,2) |2),

OE(D|V =v,Z =2, X = 1)

Ov
= — [fuix (a1 (2) =< (v) =@ (z,2) |2) = fy)x (a0 (2) =< (v) — @ (2, 2) |2)] dg;:lg)v)7
OE(D|V =v,Z = 2, X = 1)
0z
= o (1 (@) — < (0) = = (@.2) [2) — fupx (a0 (&) — < (0) — @ (2, 2) [2)] 22 ;x ?)
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dil(:) / % is identified by

dg(v)/aw(x,z) B 8E(D|V:v,Z:z,X:a:)/E?E(D|V—U Z =z X—a:)

dv 0z a ov 0z

(2.10.41)
Then fix V =0, by ¢’ (0) =1, and aw(m 2) is identified by varying (X, 7). Fix X, Z at some

point, and then by knowing %, ¢’ (v) is identified. Finally, ¢ (V) is identified by

[ ]
Proof of Theorem 2.8.8.2 The proof here is very similar to the proof of Theorem 2.3.4.
Start by looking at
DitYi

FE
<fm(Vit|Xit, Vit—1)
Dj (Zii +b+ Yty (Y;tfl))

Uity ai, b, Xty Dig—1, Vit—1>

= I |E oVt Xt Ve 1) | Vit, Ui, @i, b, Xit, Dig—1, Vieer | | Uit i, b, Xty Dig—1, Vie—1
_ [I (ao(Xit) < a;+b+ Vig + 9 (Dig—1) + Ui < a1(Xit))
Joe (Vie| Xit, Vie—1)

B (@ + b+ Yiie + 9 (Yie—1) | Vies Usts @iy be, Xits Div—1, Vie1 ) | Uit @iy be, Xot, D1, Vi

/ Iop(Xit) <aj+bi+ Vg + 9 (Dip—1) + Uit < a1(Xyt))
supp(Vit|Ust,ai,06,X5¢,Die—1,Vig—1) fuo (Uit|Xita V;t—l)
E (ai +b+Yiu+yg (Yie—1) | Uit, ai, b, Xit, Dig—1, Vz‘tq) for Wit | Uit @iy be, Xig, Dig—1, Vig—1) dvgg

/al(Xit)aibtUitﬁ(Ditl)

E (51‘ + b + Y1 + g (Yie—1) | Uity ai, by, Xig, D1, V%t—l) dv
ao(Xit)—a;—bt—Usz—9(Dsg—1)
_ o1 (Xit)—ai—bi—U;jt—9(Dit—1)
= F (51‘ + by + Y1 + g (Yie—1) | Uity ai, by, Xig, Dig—1, Vit—l) / Ldvj
ao(Xit)—a;—be—Usz—9(Dip—1)

= E(aGi+b+Yi+g (Yie—1) | Uit, ai, b, Xit, Dig—1, ‘/itfl) [a1 (Xit) — ao(Xit)]
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and therefore

E [DitYit/ fo, (Vie| Xit, Vie—1)| Xit]
= F {E (51' +bh+Yi+g (Yie—1) | Uity @i, by, Xit, Dig—1, Vz’t—l) (a1 (Xit) — ao(Xit)] !th}

= FE (Ym +ai+bi+g (Yz‘t—ﬂ‘ Xit) (a1 (Xit) — ao(Xir)] -

Given the above result, the rest of the proof follows from the same logic as the proof for

Theorem 2.3.2. m
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2.10.4 Additional Tables

Table 4: Monte Carlo results matching the empirical data

MEAN(-3.9) SD LQ MED UQ RMSE MAE MDAE %2SE

Panel A: Symmetric setting with normal errors

Trim-ATE —-3.90 0.43 —-4.19 -390 -3.61 0.43 0.34 0.00 1.00
No-Trim-ATE -3.90 1.22 —-4.67 -392 -3.12 1.22 0.95 0.02 1.00
Naive-ATE -3.90 032 —-4.11 -390 -3.68 0.32 0.25 0.00 1.00
ML-ATE —-3.90 0.30 —4.10 -390 -3.70 0.30 0.24 0.00 1.00

Panel B: Symmetric setting with uniform errors

Trim-ATE -3.90 0.38 —4.16 -390 —-3.64 0.38 0.31 0.00 1.00
No-Trim-ATE -3.90 0.38 —4.16 -390 —-3.64 0.38 0.31 0.00 1.00
Naive-ATE -3.90 0.38 —4.16 -390 -3.65 0.38 0.30 0.00 1.00
ML-ATE —-3.91 038 —4.17 -390 -3.65 0.38 0.30 0.00 1.00

Panel C: Asymmetric setting with normal errors

Trim-ATE —-3.21 0.51 -3.55 —-3.21 -2.87 0.86 0.73 0.69 0.95
No-Trim-ATE —-3.65 1.33 —4.50 -3.65 —2381 1.35 1.06 0.25 0.77
Naive-ATE —-1.99 0.34 -221 -200 -1.77 194 1.91 1.90 0.15
ML-ATE —1.98 0.35 —-222 -—-198 -—-1.75 1.95 1.92 1.92 0.15

Panel D: Asymmetric setting with uniform errors

Trim-ATE —3.45 048 -=3.77 =345 -—-3.12 0.66 0.54 0.45 0.99
No-Trim-ATE —3.76 1.08 —447 -3.76 —-3.06 1.09 0.86 0.14 0.85
Naive-ATE —1.84 037 —-2.08 —-1.84 -1.59 210 2.06 2.06 0.09
ML-ATE —2.07 039 -234 -207 -1.81 1.87 1.83 1.83 0.25

Note: True E(Y1)—E(Yo) = —3.9. Parameters set (0o, 01, o1, o2, 011, 012, O2) for the four MC in
order are as follows: (6.94 3.04 5.64 8.44 6.71 4.87 1.06), (6.97 3.07 23.67 —24.30 22.62 25.72 1.07), (6.67
2.77 6.57 —2.91 4.51 —5.43 0.43), (7.41 3.51 8.43 —4.27 5.47 —1.47 0.55). Trim-ATE and No-Trim-ATE
are our proposed estimator with and without trimming (2%) respectively. Naive-ATE is an estimate for
EY1|T = 1) — E(Yo|T = 0). ML-ATE is Heckman’s selection MLE. All statistics are for the simulation
estimates. MEAN = mean. SD = standard errors. LQ = 25% quantile (lower). MED = 50% quantile
(median). UQ = 75% quantile (upper). RMSE = root mean square errors. MAE = mean absolute errors.
MDAE = median absolute errors. %2SE = percentage of simulations in which the true coefficient was within
two estimated standard errors of the estimated coefficient.
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Table 5: Robust check: Monte Carlo with normal errors

Quadratic Step

MEAN (=~ —-3.9) SD RMSE MEAN (-3.9) SD RMSE

Panel A: k1 = 0.02, Noise Ratio = 0.19

Trim-ATE —4.23 0.46 0.49 -3.19 0.41  0.82
No-Trim-ATE —7.79 1.57 4.20 -3.31 1.04 1.20
Naive-ATE -3.75 0.38 0.39 -3.14 0.34 0.83
ML-ATE —3.67 0.73  0.76 -3.10 0.66 1.04
Control Function —3.74 0.24 0.31 —1.38 0.20  2.52

Panel B: k; = 0.03, Noise Ratio = 0.28

Trim-ATE —4.08 0.42  0.42 —2.85 0.42 1.11
No-Trim-ATE —7.68 1.61 4.11 —2.96 1.11  1.46
Naive-ATE -3.60 0.37 0.47 —2.79 0.34 1.16
ML-ATE —3.54 0.74 0.82 —2.74 0.64 1.33
Control Function —3.59 0.23 0.41 —1.33 0.21 2.58

Panel C: k; = 0.04, Noise Ratio = 0.36

Trim-ATE -3.93 0.48 0.48 —2.55 0.42 1.41
No-Trim-ATE —7.63 1.64  4.07 —2.66 1.09 1.65
Naive-ATE —3.40 0.38  0.62 —2.45 0.34 1.49
ML-ATE -3.33 0.66  0.87 —2.42 0.59  1.60
Control Function —3.40 0.26  0.59 —1.26 0.20  2.62
Nate: e _mean e ratio is defined as the ratio o iation o 0

standard deviation of cx. The first three and last three columns are the results when the true response forms
are quadratic and step function respectively. Five different estimators are reported here. Trim-ATE and
No-Trim-ATE are our proposed estimator with and without trimming (2%) respectively. Naive-ATE is an
estimate for E(Y1|T = 1) — E(Ys|T = 0). ML-ATE is Heckman’s selection MLE. Control function approach
is defined as in the paper. MEAN = mean. SD = standard errors. RMSE = root mean square errors.
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Table 6: Robust check: Monte Carlo with uniform errors

Quadratic Step
MEAN (~ —-3.9) SD RMSE MEAN (-3.9) SD RMSE

Panel A: k3 = 0.06, Noise Ratio = 0.17

Trim-ATE —3.86 0.36  0.36 -3.23 0.34 0.76
No-Trim-ATE -3.96 0.36  0.36 -3.23 0.34 0.75
Naive-ATE -3.79 0.34 0.35 —-3.24 0.34 0.74
ML-ATE —3.54 1.76  1.79 -3.23 0.51 0.84
Control Function -3.71 0.25 0.31 —1.87 0.23 2.04

Panel B: k3 = 0.07, Noise Ratio = 0.19

Trim-ATE -3.83 0.35 0.35 -3.13 0.34 0.84
No-Trim-ATE -3.92 0.35 0.35 -3.14 0.33 0.83
Naive-ATE —3.76 0.35 0.37 -3.13 0.34 0.84
ML-ATE —3.46 1.87  1.92 -3.10 0.55 097
Control Function —3.65 0.25 0.35 —1.84 0.23  2.07

Panel C: k9 = 0.08, Noise Ratio = 0.22

Trim-ATE —-3.79 0.36  0.37 —-3.04 0.33 091
No-Trim-ATE —3.88 0.36  0.36 -3.05 0.33 0.91
Naive-ATE -3.70 0.35 0.39 -3.02 0.33 094
ML-ATE —3.40 1.85 191 —3.02 0.53 1.03
Control Function —3.59 0.25 0.40 —1.82 0.23 2.10

Note: True mean value is —3.9. Noise ratio is defined as the ratio of standard deviation of c. to the
standard deviation of cx. The first three and last three columns are the results when the true response forms
are quadratic and step function respectively. Five different estimators are reported here. Trim-ATE and
No-Trim-ATE are our proposed estimator with and without trimming (2%) respectively. Naive-ATE is an
estimate for E(Y1|T = 1) — E(Ys|T = 0). ML-ATE is Heckman’s selection MLE. Control function approach
is defined as in the paper. MEAN = mean. SD = standard errors. RMSE = root mean square errors.
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Chapter 3

Binary choice model with

interactive effects

With Qiankun Zhou

3.1 Introduction

Nowadays, econometric analysis of models with interactive effects or cross sectional depen-
dence has gained lots of attention both theoretically and empirically. The interactive effects,
or cross sectional dependence, is used to capture the unobserved individual and time-specific
effects. Compared to models without interactive effects, the model with interactive effects
provide a more reliable estimator (for example, see Bai (2003, 2009a), Bai and Ng (2002,
2008)). Moreover, taking interactive effects into account would also reduce the heterogene-
ity of the model and thus eliminate the source of bias in panel data models (Hsiao (2014)).
A number of different approaches have been advanced for dealing with models with interac-

tive effects, among which Pesaran (2006) proposes the so called common correlated effects
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(CCE) estimator which can be computed by least squares in augmented regressions with
cross-sectional averages of the dependent variable and the individual-specific regressors, and
Bai (2009a) investigates identification and estimation of panel data model with interactive
effects through the principal component approach. Other approaches can be found in Bai
and Serene (2008) and the reference therein.

For the above approaches of dealing with models with interactive effects, there are
several issues needed to addressed. On the one hand, these approaches usually assume the
model is linear, and it would be problematic if they are applied to nonlinear model (for
example, binary choice model), on the other, these approaches usually assume large N and
large T' when deriving the limiting behavoir of the estimator, but it’s rare the case that
econometricans have enough time period data in microeconometrics where the time periods
are usually small. As a result, it would be necessary to extend the previous works on dealing
with interactive effects to the case where the model is nonlinear and the time periods are
small or fixed.

In this paper, we consider the estimation of binary choice model with interactive effects
when the number of cross-section units N is large and the number of time periods 7' is fixed.
The various applications of binary choice model has its root in microeconometrics where
economists usually have interest to investigate the plausibility of some specific policies or
programs. In most cases, the outcome of the policies and programs can be normalized as
a zero-one variable which suits the setup of binary choice model. Hsiao (2014) provides a
general application of binary choice model. Also, for empirical analysis in microeconomet-
rics, there are typically large amount of cross sectional individuals such as surveys from

households, but the length of survey is always small or fixed, for example, the PSID study
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contains thousands of individuals in the past 50 years. Consequently, we only consider the
case when T is a fixed number. When T is large, i.e., going infinity as sample size increases,
our results could be extended without much difficulty.

Unlike the usual methods of dealing with interactive effect as in Bai (2009a) and Pesaran
(2006), our approach relies on projection methods. Especially, we use the projection method
of Mundlak (1978) to control the cross sectional dependence, this approach has been recently
considered by Bai (2009b). The projection method is widely used in econometrics to model
the unobservable effects with the observables of the model, for example, Hayakawa (2012)
and Semykina and Wooldridge (2010) and the related reference. This paper also applies
the so called special regressor method proposed by Lewbel (2000a) and Honore and Lewbel
(2002), which transforms the nonlinear model into a linear one. Upon transformation, we
use the usual partition regression method to obtain the estimator of parameters of interest.
Obviously, our estimator has the advantage of computational simplicity compared to the
estimator recently proposed by Fernandez-Val and Weidner (2012), where there is no closed
form for the estimators and nonlinear optimization is needed for calculation.

We also develop asymptotic theory for the special regressor estimator of large N and
fixed T'. Monte Carlo simulation shows that the special regressor method outperforms the
MLE in the presence of interactive effects. Finally, we consider the application of our ap-
proach to the women’s laborforce participation. Compared to the existing researches on the
women’s laborforce participation, our approaches suggest that husbands’ income have sig-
nificant negative effects on the women’s laborforce participation rather than nonsignificant

effects. Our finding is intuitive since it’s normal that women are less likely to work when

'For recent works of special regressor method, refer to Dong and Lewbel (2012), Lewbel (2012) and
Lewbel et al (2012).
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husbands’ income is high.

The rest of the paper is organized as follows: Section 2 introduces the models, assump-
tions and motivational examples. Section 3 provides the estimation procedure as well as
the asymptotic analysis. Section 4 reports the results of the Monte Carlo simulation. An
empirical application to women’s laborforce participation is provided in Section 5. Section
6 concludes by identifying important areas for extensions and further developments. All

proofs are given in the appendix.

3.2 Model

3.2.1 Setup

We begin by considering the following discrete choice model with interactive effects

yh o= wp+ o +ahB+tuy, t=1,....T;i=1,...,N (3.2.1)
uip = Mfi+ei (3.2.2)
yie = 1{y5 >0} (3.2.3)

where y;; be the observation on the i-th cross-section unit at time ¢, §; is time effect, and z;;
is a k x 1 vector of observed individual-specific regressors on the i-th cross-section unit at
time ¢, A; and f; are each r x 1 and both are unobservable, and e;; is the error term. 1{A} is
the indicator function and takes value one if condition A is satisfied and zero otherwise. The
number of factors r is fixed. Moreover, we assume v;; is a special regressor, which satisfies
the following conditions: (i) v is a continuous random variable; (ii) vy is independent of

d; and u;; conditional on wx;; (iii) vy has a relatively large support. These conditions will

216



be elaborated more in the following sections.

Example 3.2.1 The model considered above has its roots in economics, especially in mi-
croeconometrics. As pointed by Bai (2009b), in microeconometrics, for example, if we want
to conduct a survey to study whether or not the workers will accept the job offer based on
the salaries. In this kind of survey, we can use an indicator of 1 and 0 to denote the final
decision, and the observed wage is a function of observable variables (z;) and unobserved
innate ability (\;). The innate ability is potentially correlated with the observed individual
characteristics such as education. It is also assumed that the innate ability is priced at each
period such that its effect on wage is time varying which can be captured by f:. The con-
sequence for this motivation is a factor analytic error structure that is correlated with the
regressors. Moreover, multiple factors could also be considered to allow wages to be affected

by other unobservable individual traits such as dedication and perseverance.

In this paper, we will focus on the situation in which the number of cross-section units
(N) is large and the number of time periods T is fixed. For this approach, because T' is
small, it is desirable to treat f; as parameters instead of treating A; as parameters where
both f; and A; are unobservable individual and time effects.

The primary interest of the present paper is the correlation between \; and the regres-
sors which is motivated from the above example. As a result, projection method used for
modeling unobservables with observables (for recent application of projection method, refer
to Bai (2009b), Hayakawa (2012), Semykina and Wooldridge (2010)) can be applied here.

Following Chamberlain (1982) as well as Bai (2009b), we assume that

T
E <)‘2 ‘;Uﬂ? Ti2y vy xiT) =A+ Z ¢5xis (324)
s=1
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where A is a r x 1 vector and 1, is an 7 X k matrix (s > 1). Equivalently, we can view the
above as a linear projection, and we can observe that the problem of the above projection
is that there are too many parameters to estimate. Instead, we can consider a restricted

version of projection (Mundlak, 1978) as follows

E ()\Z ‘il) =\ +Yzx; (325)

with z; = % Zle i and 1 is an r X k matrix. And we can write the above projection as
following model

A=A+ 9T+

where, by definition, we have E (n; |zi1, zi2, ...,z ) = 0.

Using Mundlak’s projection, model (3.2.1)-(3.2.2) can be rewritten as

vl = vit + (0 + M) + 2y B+ T fr + fin; + ea

and we can still use §; for §; + Af; for simplicity of notations, i.e.,

iy = Vit + 0t + iy 8+ T fr + fin; + ca (3.2.6)

Substitute equation (3.2.6) into (3.2.3) we have

v = v+ 0+ B+ T fe + fing +ea

ye = 1{ys >0} t=1,....T;i=1,...,N (3.2.7)
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Remark 3.2.2 For the Mundlak’s projection method of equation (3.2.6), it’s closely related
to the augmented regression method proposed by Pesaran (2006), where Pesaran suggests

to approximate f; by observable proxies (d¢, z).

The parameter of interest is 3, not f1,..., fr and %. In order to estimate 3, we need
to impose several assumption on model (3.2.7), and we follow Bai (2009b)’s way to do
so. To simplify notation, let e = fin; + £;+ and denote the conditional distribution of e;
conditional on x;,T; as Fe, (e |z ) with the support Q.,, .
Assumption 1: (z;,n;,&;) are iid over i where ; = (w1, xi2, . .., ) and €; = (g1, €i2, - . ., &)’

The rank of E(zjz;) =k, i.e., E(z}x;) is of full rank.
Assumption 2: FE (ej|zy, T;) = 0.

For the special regressor, v;;, we shall impose the following assumptions about its sup-
port and distribution, all of these assumption are standard in the literature for special
regressors, for instance, Lewbel (2000a), Honoré and Lewbel (2002), Liang (2011), etc,.
More specifically, we assume that
Assumption (S1): The conditional distribution of v; given x;; has a continuous con-
ditional density function fi(vi|z;) with respect to Lebesgue measure on the real line.
The support of v conditional on xj,is [L¢, K;] where —co < L; < 0 < K; < oo, and
infy,,, e(r,, 1, fr(vit [Tie) > 0.

Assumption (S2): 0, n;, it L vit| xit, Ti and fi (vi| Tit, Ti) = fr (vie] i) -
Assumption (S3): The support of s;; = —6; — 2},8 — Ti¢' fi — eir is a subset of [Ly, Ky .

For assumption S1, we permit heteroskedasitity of v;; at ¢ dimension. In assumption S2,

other than standard assumptions, we require T; has no effect on the distribution of v;; once

conditioned on ;. Assumption S3 is the large support assumption for the special regressor.
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Remark 3.2.3 The existence of special regressor depends on the context of empirical analy-
sis, and it may not be easy to find such a regressor in some cases. For more discussions

about the special regressor, see Honoré and Lewbel (2002) and Lewbel et al (2012).

Based on the above assumption, we have the following identification proposition, which

is similar to Theorem 1 of Honore and Lewbel (2002).

Lemma 3.2.4 Under assumptions S1, S2, and S3, let

[yit — 1 (vie > 0)]
fi(vie |zt )

(3.2.8)

Wit =

then we have

E(wit|zia,Ti) = 01 + 2y 8 + T f (3.2.9)

As a result, by introducing w;; and the special regressor v, we successfully transformed
the nonlinear binary choice model into a linear model, and we will mainly consider the

estimation of 3 based on the equation E(wj |Tit, ;) = 8¢ + x4, 8 + i)' fi.

3.2.2 Identification

For binary choice model, it’s always necessary to point out the identification condition for
parameters of interest. Without further restriction, if the support of the observed predictor
variables is bounded, then the binary choice model can only be identified in the logistic case
(Chamberlain (2010)). However, the identification of special regressor approach is somewhat
different from the usual approach. For special regressor approach, upon transformation, the
nonlinear model has a linear representation (here, the linear representation is (3.2.9)). As a

result, the identification of 5 can be achieved by applying the identification results of linear
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partition regression. Let m; = (1 %), g = (&; f{v))". Then the conditional expectation

(3.2.9) for wy could be rewritten as

E(wi|wie, Ti) = 3,8 + mige = [y, 77 (gﬁ) = Hy My (3.2.10)
t

where Hy; = [z}, 7] and Ay = [, gé]/. As a result, the identification follows if the matrix

E[H}H | defined below is of full rank.
Assumption: (Identification) Let H; = [H{;, H},, ..., H},], and E [H{H,] is of full rank.
It obvious that the assumption that F [H}H,] is of full rank requires N > 2k+1 because

we have 2k 4+ 1 unknown parameters in the model, we will maintain this implicit assumption

throughout our paper.

Lemma 3.2.5 Under assumptions 1, 2, S1, 52, S3 together with the above identification

assumption, (8 is identified.

The proof of this lemma is straightforward: by equation (3.2.10) from Lemma 3.2.4, Ay

is identified by the full rank of F [H}H|, consequently 3 is identified.

Remark 3.2.6 The identification results of lemma (3.2.5) is similar to that of Lewbel
(2000a), and is straightforward in that, once we transformed the binary choice model into

the linear model, the identification results of linear model can be directly applied here.

3.2.3 Estimation

In the above section, we discuss how to transform the nonlinear binary choice panel data
model into a possible linear regression model. In order to estimate the parameters of

interest, 8, we can apply the two-step estimation method. In the first step, we apply the
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nonparametric method to estimate w;; of (3.2.8). In the second step, we apply OLS or

GMM method to estimate 3 of (3.2.9). In the second step, to focus on the parameters of

interest, we difference out the nuisance parameter g; first. It would also be very desirable

to do so, if we have some large T. This could be done in the following standard way. Let

Ay = E(mirh) 7 E(mial,), ot = x4 — A}, then we have

E (zjwy) = E[zpE (wyl i, %)) = E [} (25,8 + migt)]

= F [(-th — Agm) (x;tﬁ + W;gt)] =F [ﬂﬂm B,

and

B = E [ha}]] " E (alwi) -

Therefore, our sample counterpart estimator could be

(3.2.11)

_ <N1T 5 f; (s — Ay (% . ggm)’) h (A}T S (e ) @> ,

t=1 i=1 t=1 i=1

—1(vi >0 . .
where w;; = w is a nonparametric estimate for w;;, and

(Lt\xn)
R L -1 L

A possible estimator of f;(v;|zi) is standard Nadaraya-Watson estimator:

f/\(Ut| 2) = ft(vzt,xzt) _ (Nh)f1 Z,]cv L K (Ve — ig, T — 4t)

Filzit) <Nh) Sy K (wr — wit)
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3‘1‘:

where h = hihy - hgy1, h = ho - hipy1, Kp(u) = Hk+1k (ul) K;(u) = k+1k< )
h.

h=(hi,...,hgs1), and h = (hy,..., hyt1) . For simplicity, let hy = hy = ... = hyy

This simplification is just for theoretical convenience. In practice, one could use Silverman’s
rule of thumb to choose h;, or use cross-validation method.

Given the above argument, we can estimate w;; by

_ it — 1 (vig >0
oy = Wit =1 (i > 0)] (3.2.13)

ft('Uit |£Uzt)

where ﬁ(vit |zt ) is given by (3.2.12).

Remark 3.2.7 Recently, Dong and Lewbel (2012) propose a simple way to estimate wj;
of equation (3.2.6), which starts with imposing assumptions on the special regressor, v;,
V=5b+U EU)=0,U_LS,e U~ f(U), and then define T by T = % which

is equivalent to wj; in our framework. We focus on the method of Lewbel (2000a) since it’s

a more general approach.

3.2.4 Asymptotic analysis

Given the estimation of B, we are interested in looking at its limiting behavoir when N — oc.
The asymptotic normality of B is standard as in Newey and McFadden (1994). Though we
have an estimated ﬁt, due to the root-N convergence of Et and nonparametric smoothing,
the preliminary estimation of A; has no impact on the final asymptotics.

Denote ¢, = (2t — Ajmi)[yie — L(vie > 0)], and let

(@i — Aimi)[yie — 1(vie > 0)] i f (wir)
f(vz't|-’13z‘t) f(vit, $it)

Xit = (@i — Ajmi)wip =

223



Let

Git = Xit — E(Xaelwie, mi) + E(xae|vie) — E(Xtlvie, Tar)- (3.2.14)

To understand g¢;, it is very similar to the ¢;; in Lewbel (2000a). Note that
E(Xglwit, mi) = (wir — Apmi) E(wit|wie, mi) = (2 — Apmi) (23,8 + i),

which plays the same role as zx” 8 in equation (4.12) in Lewbel (2000a).
Our main result is given in the following theorem, and its proof is provided in the

appendix.

Theorem 3.2.8 Under Assumption 1, S1, S2, 53, and technical assumptions in the ap-
pendiz, let

T
1
A= > [BE(wuzly) — E(zyr)) E(mim;)  B(ma,)]
t=1

then the following holds,
~ 1L
VN@B-8) L N (o, AVar (T Zqﬁ) A’) as N — 0o (3.2.15)
t=1

Assuming fixed 7" allows us to come out a clean asymptotics as in equation (3.2.15). From
the proof of our lemmas and theorems, not hard to see that our results could be extended
to the case when T goes to infinity without much difficulty, however the convergence rate
might be different if T" is larger than N. Assumption 2 and S2 are more likely to hold as
T goes to infinity: T; tends to the true underlying individual characteristics and Z; is less
likely to have time effect, therefore even with strong serial correlation, once conditional on

T, T; is more likely not to affect the distribution of v;;.
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Remark 3.2.9 For an consistent estimator of the variance term of the limiting distribution,
we can replace A and Var (% Zthl qz-t) by their sample counterpart estimators respectively.
For example, we can replace A by A = T Z (zial,) — E(zgr!) E(min) " E(mia,)] where
E(A) denotes the estimator of E(A) and usually the sample average. For the estimators of
Var (% Zthl qit) , we could estimate it by

[ I 1N1TA2 1NTA2

and @;; is the estimator of ¢;; and it can be obtained by replacing the terms of (3.2.14) by

corresponding nonparametric estimators (for example, kernel estimators) as follows

Git = Xit — E(Xat|wit, mi) + E(Xae|mit) — E(Xt|vies Tie)-

3.2.5 Choice of special regressors

In this paper, special regressor methods assume that the model includes a single regressor,
call it V', which has the following two properties. First the special regressor V is exogenous
and additive to the model error, and then, the special regressor V' is continuously distributed,
and has a large support, so it can take on a wide range of values.?® Details of special
regressor methods can be found in Dong and Lewbel (2012), Lewbel (2012) and references

therein.

2For example, any normally distributed regressor would automatically satisfy this continuous with large
support condition.

3No matter how many endogenous regressors are in the model, only one special regressor that satisfies
these properties is needed.
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The remaining job is how to choose a special regressor. According to Lewbel et al
(2012), other things equal, if there are more than one regressor in the model satisfies the
required conditions to be special, in general the one with the thickest tails (e.g., having the
largest variance) will typically be the best choice of special regressor, because it’s desirable

for efficiency and can affect rates of convergence.

3.3 Monte Carlo Simulation

In the above sections, we have established the asymptotic properties of the special regressor
estimation of 5. In this section, we conduct several experiments to check the performance
of our proposed estimators. The design is as follows, and it is very close to the setting of
Bai (2009b) in the linear panel data framework.

Model 1: Our first model has the form of (r = 1)

Yy = O+ v+ B+ Nife + e
ryy = 1+ Nfi+E&;

vie = (y;; >0)

where t = 1,...,T;7 = 1,..., N, with T is set to vary from 3, 5, 10, and N is set to vary
from 50, 100, 500, 1000; 5; = 1, 6 = 0.9 — 0.2(t — 1), \;,&;; are all iid N(0,1), fi ~iia
N(0,2),eit ~iia N(0,02) with 0 ~ x%(1), vit ~ N(0,2), all of them are i.i.d. across i, and

t. The simulation results are provided in Table 1.
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Model 2: Our second model has the form of (r = 1)

Vi = O+ v+ B+ Nife + e
rir = 14+ Nft+ &y

vie = 1y >0)

where t =1,...,T;¢=1,..., N, with T is set to vary from 3, 5, 10, and N is set to vary from
50, 100, 500, 1000; 8, =1, §; = 0.9 — 0.2(t — 1), A\;, &, are all iid N(0,1), f; ~iuq N(0,2),
it = Pi€it—1 + € with € ~jiqg N(0,2) and p; ~ I11DU [0.1,0.9], vy ~ N(0,2), all of them
are i.i.d. across 7, and t. The simulation results are provided in Table 2.

Model 3: Our third model has the form of (r = 1)

Vi = Ot + i+ Braa + Nife + i
i = 14+ Nft+&u

vie = Ly >0)

where t =1,...,T;i=1,..., N, with T is set to vary from 3, 5, 10, and N is set to vary from
50, 100, 500, 1000; By = 1, 6 = 0.9 — 0.2(t — 1), \;, &;; are all idN(0,1), fi ~iuaq N(0,2),
git = \/Xa€it With x;; = 0.5+ 2%/20 and €t ~iq N(0,1), vit ~ N(0,2), all of them are i.i.d.
across ¢, and ¢t. The simulation results are provided in Table 3.

For the above 3 DGPs, we assume the presence of one single interactive effects. The
first one is the usual unconditional heterogenous variance model, the second one accom-
modates the case when the error is generated by stationary AR(1) process, and the last

DGP considers conditional heterogeneous variance. These three cases are general enough
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to accommodate the variability of economic situations.

For comparison in simulations, we compute the estimators of 8 using MLE naive,
MLE infeasible and the special regressor method (trimmed and untrimmed). For the
MLE naive, it doesn’t consider the interactive effects, i.e., only the regressors x;; are used
in estimating [, and it is called naive estimator simply because it ignores the unobserv-
able interactive effects in the model. The MLE infeasible takes interactive effects into
account, and treat the unobservable interactive effects as additional regressors. Hence it’s
the benchmark for comparison since MLE usually is the efficient one for a full model, and
it’s infeasible due to the presumed knowledge of unobservable interactive effects in the
model.

From the simulation results, we can find that the MLE naive is very unsatisfactory
and there is huge bias for MLE naive in the simulation. However, our method reaches
our expectation in different settings including seral correlation and heterogeneity (both
conditional and unconditional), and outperforms the MLE in the presence of interactive
effects. The most important finding is that with the increase of N and T, the estimators
using our method are very close to the efficient estimation method of MLE infeasible.
However, in practice, the prior knowledge of normally distributed error terms might be an
obstacle to apply directly the MLE infeasible, as a result, the method proposed in this

paper would be preferrable in estimation with the presence of interactive effects.
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3.4 Empirical application

In order to apply our special regressor method to empirical studies, we consider the women’s
laborforce participation. The data contains 1461 married women of the Panel Study of
Income Dynamics (PSID) for 10 calendar years 1979-1988%. The women’s laborforce par-
ticipation has been widely studied by econometricians. First, Hyslop (1999) considers a
dynamic search framework to analyze the intertemporal labor force participation behavior
of married women, where he considers linear probability and probit models and the dy-
namic probit models are estimated using maximum simulated likelihood (SML) estimation.
After that, Carro (2007) applies the similar data using the modified maximum likelihood
in a dynamic setting. More recently, Wooldridge (2010) employs a panel data model for
women’s laborforce participation, where he assumes the error term is normally distributed.

To summarize, most of the researches on women’s labor force participation assumes
normally distributed error term and use large cross section data with small fixed time period.
As pointed out in the introduction, our estimation approach adapts these situations very
well because we don’t require the errors to be normally distributed and we assume T is
usually small. As a result, we will consider the following model for women’s labor force
participation,

Yit = 1 (vig + 0¢ + @3, 8+ Nife + €it)

where y;; takes value one if women ¢ participate in period ¢ and zero otherwise, z;; =
(#children0-2;;, #children3-5;;, #children6-17;;, logincome;;, time effect, race), where #childrena-
b is the number of children aged between a and b, logincome is the log of husband’s labor

income deflated by Consumer Price Index and age is wife’s age. These variables are con-

"We appreciate Dr. Carro very much for generously providing us the data for analysis.
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sidered by Carro (2007) as well as Hyslop (1999) and Wooldridge (2010). In the researches
of Carro (2007) and Hyslop (1999), they allow time dummy variables to specify the time
effects, which can be interpreted as time effect d; in our set up.

For the choice of special regressor, we use the negative age minus the whole sample
mean as the special regressor, the transformation is to make sure that age has a positive
coefficient and zero mean. This is suggested by Dong and Lewbel (2012) and by the fact that
the current researches suggest that the estimated coefficient of age is significant negative
(for example, Hyslop (1999) and Wooldridge (2010)).

For the women’s labor force participation analysis, as pointed by Hyslop (1999), there
is so called "taste of work" which is unobservable and affects the labor force participation.
Moreover, this "taste of work" is correlated with the realization of fertility as well as non-
labor income. As a result, to take into account of this effects, we can use \; to denote the
"taste of work", and will use the Mundlak’s projection method to approximate this taste,
i.e.,

E (Nilzi, -+ mir) = X+ 05

with z; = % 2?21 it where z;; are the observable variables and are given above. As a
result, f; can interpreted as the time effects of "taste of work" at different time.
For comparison, we consider two probit models. One is the same as above, assuming

that e; is standard normal. A simple alternative is as follows

y;"t = Vit + (St + .’l?;tﬁ + TEt,

Yie = 1(y;<t20)7
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we can note that for the complete model, we need to estimate T'+ 4 + 37T + T = 54
parameters, which is a lot. However, for the simple alternative model, we only need to
estimate T'+ 4 + 1 = 15 parameters.

In order to apply our estimation approach for analyzing women’s labor force partic-
ipation, we use the normal kernel density for nonparametric estimation, and choose the
bandwidth by Silverman’s Rule-of-Thumb. Of course, the optimal choice of kernel density
and associated bandwidth is beyond the scope of current paper. Below, only the estimates
of 3 is reported.

Table 4: Estimation results for women’s labor force participation

Special Regressor Probit (complete) Probit (simple)

childo_2 -0.855 -3.755 -2.014
(0.187) (0.034) (0.088)
child3 5 -0.601 -2.061 -1.318
(0.198) (0.039) (0.097)
child6 17 0.205 0.091 -0.098
(0.529) (0.099) (0.234)
logincome -0.113 0.039 0.304
(0.039) (0.687) (1.644)
race 0.063 0.304 0.615
(0.110) (1.644) (0.069)

From the above table, several interesting results can be found. The main finding is
that we find that husbands’ income has positive significant effect on women’s labor force
participation. This result is consistent with the finding of Carro (2007) in dynamic setting,
and suggests that husbands’ income should have negative significant effect on women’s

labor force participation. However, there would be no significant effects of on women’s
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labor force participation if we apply the probit model, which is adapted by Wooldridge
(2012). As mentioned above, this results is counter-intuitive since it’s normal that married
women are not willing to participate work if the husbands’ income is high. It’s obvious
that the special regressor method proposed in this paper capture this and none of the other
methods could obtain the similar results. All of these suggest that it would be inappropriate
to apply the probit model when the data contains potentially unobserved interactive effects
especially with a short time span, and that it would be appropriate to use our proposed
estimation for taking into account of the unobserved interactive effects without presuming

specific distributional assumptions.

3.5 Conclusion

In this paper, we consider the estimation of binary choice model with interactive effects
through the special regressor approach. Since the interactive effects are usually unobserv-
able, it would be problematic in modelling if they are ignored. To control the unobserved
interactive effects, we adopt the Mundluk (1978)’s projection method, which uses projec-
tion method to model the unobserved interactive effects. Furthermore, we apply the special
regressor method of Lewbel (2000), which transform the binary choice model into a linear
model with the help of the so called special regressor.

Mento Carlo simulations show us that the special regressor estimator in our paper out-
performs the MLE if the unobserved interactive effects are ignored in probit model, and
this suggests that the special regressor estimator would be appropriate for modelling binary
choice model with interactive effects and thus eliminating source of bias in binary choice

model. Finally, we apply our model to analyze women’s labor force participation. Com-

235



pared to the existing researches on women’s labor force participation, the special regressor
estimation results suggest that husbands’ income should have negative significant effect on
women’s labor force participation, which is intuitive and consistent with the real world.
Our next step is to apply the special regressor method to dynamic binary choice model, but

this is beyond the current scope.

236



3.6 Appendix

3.6.1 Proof of lemma (3.2.4)

Proof.2 Note that s; = —6; — 2,8 — Zi¢' fi — e,

_ [yir — 1 (vie > 0)] —
E(wit |v4,7;) = E ( IACAE™ |96it,96z‘>
B (E [yie — 1 (vie > 0) |vig, Tit, T3 ] - x)
filvir |zt ) o
B /Kt Eyit — 1 (vie > 0) [vig, Tit, Ts ]
L, fe(vie |zt )

Kt
= / / [1 (vig — it > 0) — 1 (v > 0)] dFe,, (€it |vit, it Ti ) dvig
Ly Qezt

fi(vig |zie ) dvg

Ky
= / / [1 (vit > sit) — 1 (vie > 0)] dviedFe,, (et |Tit, T;)
cht Ly
Ky
= / / [(1 (v > s4¢) — 1 (vig > 0)) 1 (s < 0)
Qe;, /Lt
+ (1 (vig > sit) — 1 (v > 0)) 1 (st > 0)] dvydFe,, (et |xit, Ti)
Ky
— / / [1(sit <vit <0)1(sit <0)+1(0 <wir <8it) 1 (st > 0)] dvipdFe,, (€t |Tit, Ti)
erp J Lt
t 0 Sit
= / [1 (sit < 0)/ ldvy — 1 (s > 0)/ 1dvit} dF.,, (eit|Tit, ;)
Q s 0

et it

= / —sidFe,, (€it |73, T ) = /Q (8¢ + 23,8+ T fi + ear) dFe, (eit |it, T )

it Cit

= S+ 2B+ T fi + E (eit |wit, Ti) = 0 + 2}y 8 + T fr,

where third and fifth line holds by f; (vit|zit, T;) and Fe,, (it |vit, i, Ti ) = Fe,, (€it |Tit,, Ti)
respectively, and the last line holds by E (e |z, T;) =0. =
3.6.2 Proof of the theorem (3.2.8)

In order to analyze the limiting behavior of B, we impose several additional assumptions in

the following.
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Assumption A.1: ¢;, f(xi) and f(vi,zi) are bounded, and f(vj, ;) is bounded away

from zero.

Assumption A.2: There exist some functions mi(x), ma(v, x), ms(x), and my(v,z) such
that density function f(xi), f(vie,zit), E(xilTit), and E(x;|vit, zie) satisfy the following

local Lipschitz condition:
|f (it + cz) — f(@ie)| < ma(zie) ||zl

|f (Vi + co, Tit + ¢2) — fvie, i) | < ma(vie, zit) || (co, 2) ]
|E(Xat|zit + cz) — E(xalit)| < ma(@a) [|eall
|E(Xt|vie + o, @it + ) — E(Xlwit)| < malvig, Tit) || (co, €2) | -

Also E[mi(zit)?], E[me(vit, zi)?], Elma(zy)?], and E[mg(vig, i¢)?] exist.

Assumption A.3: The kernel functions K (v, z) and K (z) have supports that are convex on
RE+L and R¥ respectively. [ K (z)2dz, [ K (v,z)*dvdz, [ ||z|| K (x)dz, and [ || (v, z)|| K (v, z)dvdz

are finite. Both kernel functions are symmetric about zero and have order of p, which is
/:clllxﬁfK(:c)d:U =0 forli+..+1x <p,

/xllle,c’“K(x)da: #0 for some Iy + ...+ =p.

This similarly holds for K (v, ).

Assumption A.4: h — 0, as N — oo, and there exists a small ¢ > 0, such that

N1=ep2(k+1) o0, NAZP — 0.

238



Lemma 3.6.1 Under Assumption A.1 to A.4, the following hold:

1 1 A
Z% flai) = 1 () E(xalzit) — E(xir)] + 0p(1),

'Uzta -'I:zt) N

Mz

2:1

¢z f (3 1ty L f ity Lg 1 N
Z o f (i) ( fgévz,tx)n) (vit, zit)) \/N;[E(Xit’”itawit) — E(xa)] + 0p(1).

Proof.2 The proof is a simple version of theorem B in Lewbel (2000Db).

f(zit) here is a leave-one-out nonparametric estimate, which is

Flay) = _1 Z h’f <th xjt).

Jj=1,#1

t)

Tit — Tjt
Z Z vztaxzt>K< h J)'

i=1j= 17#1

Since K (z) is symmetric,

A_2NZI§1< %, )K<w>
M_N(N—l). . 20F \ f(vit, zie) — f(vjt, 2je) h '

Define P(z;t, zj:) by

o — L Pit ¢jt Tit — Tjt
P(Zztazjt) - 2Rk <f(vit7xit) + f(th,Sth)) K (h > 5

Where z;; = | f(vii,}it) , ;] . The aymptotic property of i follows from Lemma 3.1 in Powell,

Stock, and Stoker (1989). To apply the lemma, we first need to prove that F [HP(zit, zjt)||I”
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)] i Ojt i
E ||P(Zitazjt)||] = // 4h2k [( Uzt,taiit)+f(vjtj,33jt)>

K <W> F(w) (@) dwadaye

2
My / / 1k (mn )f (@ie) f (i) dwida i,

$it,$]’t] (361)

IN

4 2
where M, is a sufficiently large number which could bound E [ ( 7 (vii,tm ” + 7 (vi],; jt)) Tit, CCjt:| .
The existence of M is guaranteed by Assumption A.1. By changing variable u;; = %,

o 2
//4;112191( (mu hx]t) f(@it) f(@j¢)dzipdae = //Mlle(uz't)Qf(fvjt+Uith)f($jt)duitd$jt-

Since [ K (z)?dx is finite, the term above is O(ik) By Assumption A.4, we know the above
term is O(N). Therefore, E {HPUHQ] is O(N). The preliminary conditions of Lemma 3.1 in
Powell, Stock, and Stoker (1989) is thus satisfied, so the following holds:

N3 :[p— E(u p(2its zjt)|zit) — E(p(2it; 2jt))] + op(1).

l\)\»—l
i M >

The term 2E(p(zit, zjt)|2it) is not clear at first glance. It could be written as follows:

?; ?;
/ [f(%t,tl‘it) + FE <f(vit,$itt+ ) Tit + hu>} K (u) f(xi + hu)du.
= Xt Blvalen) + [ G2+ ) = [l (1) du

Gir f(xie + hu)
+/ [E <f(Uit,93it + hu)

zit + hu> - E(Xit|:cit)} K (u)du.
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Let

it = 2E[p(zu, th)|zit) — Xit — E(Xqt|wit)]

= /{W[f(xit+hu)_f($it)]_ [E<m

it + hu> - E(Xit]:nit)] } K (u) du,

then

N
N2 [i-B@)] = N2y {x+ E(xalei) = Bl + B(xalza)]} (3.6.2)
i=1

N
Nz Z Sit — gzt + Op(l)
Using local Lipschitz conditions in Assumption A.2, ¢;; is Op(h), and

E(szt) < h’E

(gm0 + motew) ) ] [ ] = o0 = o,

which implies that N3 Zi]\il(git — E(sit)) is 0p(1), by Assumption A.1 and A.2.

For E(f),

1) = 1 bit Tit — Tjt
Bl =8 [ f(vztawzt)K ( h >]
- / / hk ( ’Uiltmzt) m“) * <xit;w> f(@ie) f(zje)dwandese
— / th X@t| xlt <$zt l‘ﬁ) f(xjt)dxitdfﬂjt

= //E (Xit| wit) K (uje) f(2ie + huje)dwipdugy.
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Since K (x) is p-th order kernel,

E(n)

N /E (Xitl wit) f(@ie)dzie + Op(hP)

= E(xi)+ Op(hp)-

By Assumption A.4, equation (3.6.2), and equation (3.6.3),

N2 [ — E(xa)] =

Reorganize it, we have

l/\
ZM:

Move y;; from right-hand side to left-hand side, then it is the first conclusion in this lemma.

=1

N
i
2 Z Xit + E(Xatlwit) — E(xit)] + 0p(1).

The second conclusion follows similarly. m

Proof of Theorem (3.2.8).2 Since

and
] I
N7 2 0 (i -
t=1 1=1
then the following hold

DI

t=1 1=1

;| IN
NT Z Z (a:zt t7r,~> 7r; =0,

t=1 i=1

A (o= A = S 203 (o= )

t=1 =1

-1

R /
!
tm) (:cit - Atﬂ'i>

t=1 i=1
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N
N2> i + E(alzie) — Bl + E(xalzi)]} + op(1).

!
Lt

(3.6.3)

1 T N
ﬁ Z Z (CUzt t771> (@z‘t - $;t5 - W;)\t)

] |



Remeber that E(wg|zi, 7)) = x},0 + A\, so

. R . -1 TR
w7 303 (= ) (o= Aim) || 7 52 (o= Ams) @ — Bl
NT == A==
For the first term in B - B,
1 < S IR
NT Z Z <37it - Aixz‘t) (wz‘t - AQ%) (3.6.4)
t=1 i=1
1 T 1 N 1 N 1 N -1 1 N
- A g — ! — L
- = ; N ;xnxit (N ; m) ( ~ 2 mm) < ~ 2_; mzt> :

We do not impose any assumptions about relationship across ¢. Under the condition that

observations are i.i.d. across dimension % ,

T N T
1 ~ ! 1 B
o IO (i = Ay (i — Apmi) 2 237 [Blwusly) — Blwurt) Brml) ™ E(ria)]
t=1 i=1 t=1
(3.6.5)
T
and remember the notation made in the theorem A = % Z[E(xitw;t)_E(xitﬂ-DE(ﬂ'iﬂ';)71E(7T;$it)],
=1
SO
;] ILN
ﬁ Z Z Tit — tﬂ-l xzt — ;ﬂ'i)/ £> A. (366)
t=1 i=1

For the second term in B — /3, multiply it by v/N,

2

-
M~ 3~
WE

-
Il
—
o
Il

Mq

~+

N
Z@W—my@—mwmmﬁ
1 i=1

T
(zit — Ajmi) (Wi — E(wit|zie, 75)) Z (
— —

N
4) S i@~ Bwilei, m).
=1

S
E

.

i (Wit — E(wit|zi, m3)) could be shown to be Op(1) and since (/Tt Ap) is 0p(1) and
1
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T is fixed, the following holds

1 o
7T Z (At — At) Zﬂ'i(’@it — E(wit|wi, ;) = op(1).
t=1 i=1

T N
Therefore, the influence function for the second term in B — B is ﬁ ZZ(J:” —
t=1 i=1
Ay ) (Wi — E(wit|zit, ;). Since Ay is a constant, the influence function becomesza special
case of Lewbel (2000a) and Honoré and Lewbel (2002).
If we know w;; and do not need to estimate them, then the asymptotic property of this

part is straightforward. Remember the notation ¢; = (xi — Ajmi)|[yie — 1(vie > 0)] and

Xio = fei5y then

1 T N
—— (it — Apmi) (Wir — E(wit]wie, 71))
INT ;; t t t |1 Tit
_ 1 il Girf (wit) / ¢zt(f<xzt) — f(zi))
= UNT 2 2 | o) T A B il m) + 25T
¢ztf< )(f(’Uzt, l’z‘t) - f(vita l’zt))

+ R;
fQ(Uz‘u ﬁfz‘t) ¢

where

R, = Girf (@it) (f (Umﬂ?zt) f (i, zit)) B ¢itf($it)(f(vit,$it) — fvit, zit))
it = =
F*(vit, zir) f ity zit) f (Vi i)
Sunf (i) (F (it wie) — f (Wie, wat))? — Girf (Wit, Tit) (f (Vit, Tit) — f(vit, 2it))(f (2ie) = F(ie))
T2 (vit, i) f (Vig, Tit)
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From Silverman (1978) and Collomb and Hardle (1986), as h — 0,
~ 1
sup | f (vit, i) — f(vir, wir)| = Op[(NT2RM1) 73],

sup | f(wi) — flzin)| = Op[(N'~*h¥)~3],

for any arbitrary small € > 0.

Thus, under Assumption A.1, R;; is O, (W and — Z Z Ri1is O, (

N1/2— shk+1) .
t=1 =1

Under Assumption A.2, \/1NT Z Z Rj; is op(1). So we could focus on the rest part.

t=1 i=1
From the Lemma above,
T N
1 P (f xzt f(zit)) 1
= E i) — E . + o0 1 ,
ZZ — N 2 2 Gl = Bl + (1)

= ZZ Pufld fg’&i”;lt) Huen) - \/JLVT ZZ (Xitlvit, Tig) — (Xit)]+0p(1)‘

t 1i=1 t=1 i=1
Combined the results so far,
1 T N
NTZZ i — Aymi) (Wi — B(wit|wie, ;)
t=1 i=1
T N
1 ¢ztf x’Lt /
_ —Agir — ALY E(wirlzor. 10:) 4 [E(x i) — (v
T 2 2o ey (i A Bl )+ (8xale) — B
—[E(Xit\vit, zit) = E(Xat)]} + 0p(1)- (3.6.7)

¢Z f ‘,BZ
) ZZ [ (o, a) xi = E(xulvi @ie) + E(xalie) — E(xalvie, vie)| + 0p(1):
t 1 4i=1 1wy
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Since we assume that observations are i.i.d. across i, remember that

Girf (i)

Flom.za) E(Xit|vit, Tit) + E(Xilwit) — E(Xe|vie, Tae),

qit =
then

T N

1 duf(x

JNT > D [ Zzt xltt — E(xylvit, vit) + E(xalzit) — E(Xi|vite, Tit)
t=1 =1 e

d 1
4N (0, var (T ; qit>> : (3.6.8)

From equation (3.6.6), (3.6.7), and (3.6.8), we have

T
\/ﬁ(ﬁ - B) 4N <0,Avar (;7 Zq“> A') .
t=1
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