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Abstract

We analyze the overconvergent cohomology modules introduced by Ash and Stevens, apply-
ing them to construct eigenvarieties for fairly general reductive groups. We then establish
several instances of p-adic Langlands functoriality for these eigenvarieties, and we use these
functorialities to give evidence for a precise conjecture relating trianguline Galois representa-
tions to overconvergent cohomology classes. Our main technical innovations are a family of
universal coefficients spectral sequences for overconvergent cohomology and a generalization

of Chenevier’s interpolation theorem.
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Chapter 1

Introduction

1.1 A curious prime

The prime number 691 appears in four unusual places.

1. The rational number ¢(—11) is divisible by 691, where ((s) = >_°; n~% is the Riemann

zeta function; more precisely,

691
23.32.5.7-13°

((-11) =

2. Let K denote the number field Q((g91). Then there is a Galois extension L/K which
is cyclic of degree 691 and unramified everywhere, and such that a € Gal(K/Q) ~
(Z/691Z)* acts on x € Gal(L/K) ~ Z/691Z through the automorphism z +— a~'z.

3. If 7(n) is defined by the formal equality > >, 7(n)¢" = q[[>2,(1 — ¢")*}, then the
congruence 7(p) = p'' + 1 mod 691 hold for all primes p.

4. Setting L(s,A) =302 7(n)n~*, we have

L(11,A)  23.32
= T
L(9,A) 691

As the reader may have guessed, there is no coincidence here. In fact, any one of these

results implies the other three. The equivalence 1. < 3. was observed by Ramanujan as
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a consequence of the basic theory of modular forms, while 2. = 1. is a classic result of
Herbrand. The implication 1. = 2. lies much deeper and was discovered by Ribet in the late
"70s. Aside from appealing to a great deal of 20th century algebra and algebraic geometry,

"™ is a modular form.

Ribet’s proof crucially relies on the fact that the function ) 7(n)q
Recall that a modular form of weight £ > 1 and level N is a holomorphic function on the

open upper half-plane h = {z = x + iy, y > 0} which satisfies the transformation law

f <az+b> = (cz + d)* f(2) forall < Z Z > eI'1(N)

cz+d

and doesn’t grow “too quickly” near the boundary of b; here I'1 (V) consists of those matrices
in SLy(Z) with lower row = (0, 1) mod N. Let My (N) denote the finite-dimensional C-vector

11
space of modular forms of weight k and level N. Note that since ( 01 ) € I'1(N), any

modular form has a Fourier expansion

f(2)=> an(f)q", ¢ ="

n>0

(The absence of negative terms in this sum follows from the growth condition on f.) Hecke,
following an idea of Mordell, constructed a family of commuting operators acting on My (V)
and indexed by primes; these operators are traditionally denoted T; for [ + N and U; for
[IN. An element f € My(N) is a normalized eigenform if a1(f) = 1 and if f is a common
eigenvector of all the Hecke operators, say with T;f = A\/(f)f. If f is a normalized eigen-
form, a pleasant calculation with the definition of the Hecke operators shows that in fact
A (f) = a;(f); furthermore, a fundamental theorem of Shimura asserts that the coefficients
an(f) are algebraic integers which simultaneously lie in a single finite-degree extension of
Q. This remarkable property is the tip of the iceberg concerning the arithmetic properties

of normalized eigenforms and more general automorphic representations.

1.2 Families of modular forms

Our story really begins with an amazing theorem of Hida and Coleman (Col97, Hid86).
Theorem. Fiz a prime p with p|N, and let f € My,(N) be a normalized eigenform. If
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vp(ap(f)) < ko — 1, there is a p-adic disk Uy C Z,, containing ko together with a collection
Cr = {an(x)}n>0 of analytic functions on Uy valued in a finite extension of Q, such that

for any integer k € Uy N Z>a, the specialization of the formal q-series

fx(Q) = Z an(x)qn

n>0

at x = k is a normalized eigenform of weight k and level N, with fy, = f. Furthermore the
data of Uy and €y is unique, possibly up to shrinking Uy.

We refer to the formal series f,(q) as the Coleman family of f; the notation is meant
to suggest that f, is a “p-adic deformation” of f. This theorem raises several immediate
questions:

Q1. What do we mean by “analytic functions” on Uf?

Q2. Does the formal series f,(q) have any intrinsic meaning for noninteger points = €
Us?

Q3. There is a great deal of redundancy among the Coleman families of distinct modular
forms: for example, if k € UfNZ>9, then f' = f;, is a normalized eigenform, and the Coleman
families of f and f’ tautologically overlap. Is there any order to be found in the disorder of
these overlaps?

A1l. The only possible thing: a function represented by a convergent power series.

A2. Yes: it is the g-expansion of an overconvergent modular eigenform of weight x.

A3. Yes. Before explaining this, we need to shift slightly our perspective on one aspect
of the picture. Rather than recording the weight as an integer, it is better for a number of
reasons to record the weight and the p-part of the character of f simultaneously as a point
in the weight space

W = Homes(Z, , G).

More precisely, given a modular form f of weight k, level N, and character x : (Z/NZ)* —
C*, we may factor x as x,x”, and we map f to the point wy in #  corresponding to the
character wy(x) = 2¥~1x,(x). The object # is our first example of a rigid analytic space.
Rigid analytic geometry, as conceived by Tate and developed by a number of mathematicians
(with the most significant contributions due to Bartenwerfer, Bosch, Conrad, Gerritzen,
Grauert, Guntzer, Kiehl, Lutkebohmert, Raynaud, Remmert, and Temkin), is an amazing

nonarchimedean analogue of complex manifold theory. When N = 1, Coleman and Mazur
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proved the following theorem, with Buzzard treating the case of arbitrary level (Buz07,
CM98).

Theorem (Coleman-Mazur, Buzzard). There is a reduced, equidimensional rigid
analytic curve € = € (N) together with a morphism w : €(N) — # and global sections
U, € 0(%¢), Ti € O(F) for alll{ Np , such that:

i. The morphism w has discrete fibers.

ii. The points x € w(\) in the fiber over a fived weight X € W are in bijection with
overconvergent modular eigenforms of weight X.

iii. If f, is an overconvergent modular eigenform corresponding to a point x € €, the
eigenvalue of T} (resp. Up) acting on f, equals the image Ti(x) (resp. Up(z)) of Ty (resp.
U,) in the residue field of the stalk Oy ,.

iv. If f is a classical normalized eigenform, with xy € € the associated point, then
w(zy) = wy. If furthermore vy(ar(p)) < k — 1, then there is an open neighborhood U of
xf € € such that w|y : U — W is a homeomorphism onto its image and T)|y = a; o w.

This construction and the ideas driving it have been vastly generalized by a number of

authors, resulting in a whole universe of eigenvarieties.

1.3 This thesis

In this thesis we accomplish three tasks:

e Using overconvergent cohomology, we give a construction of eigenvarieties associated
with an arbitrary connected, reductive Q-group G such that G/Q, is split, and we

prove some basic structural results on their geometry (Theorems 4.3.3 and 4.5.1).

o We establish a flexible, axiomatic framework for comparing different constructions on
eigenvarieties on the same group, and for interpolating Langlands functoriality maps
into morphisms of eigenvarieties (Theorems 5.1.2 and 5.1.5), applying it to construct
p-adic analogues of the symmetric square lift (Theorem 5.4.1) and the Rankin-Selberg
lift (Theorem 5.5.1).

o We formulate a generalization of the Fontaine-Mazur-Langlands conjecture which en-
compasses trianguline Galois representations (Conjecture 6.1.2) and give some signif-
icant evidence for it (Theorems 6.1.3-6.1.5).
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For groups such that Gder(R) is either compact or has a discrete series, our constructions
mostly reduce to those of previous authors, and our driving goal is the development of
techniques for treating groups satisfying neither of these hypotheses. This was our initial
stimulus for studying overconvergent cohomology, a beautifully simple construction intro-
duced by Stevens (Ste94) and developed by Ash-Stevens (AS08). Our motivations for work-
ing in this generality are both philosophical and practical. Philosophically speaking, p-adic
automorphic forms seem to play as fundamental a role in number theory as classical au-
tomorphic forms, and it’s imperative to avoid any restrictice hypotheses on the underlying
groups. Practically speaking, it’s natural to construct p-adic L-functions by pairing overcon-
vergent cohomology classes with cycles in homology, in analogy with integral representations
of classical L-functions; it’s essential to work with R-split and even Q-split groups in this
context.

Our main technical result is a pair of spectral sequences which play the role of a universal
coefficients theorem for overconvergent cohomology (Theorem 3.3.1). We also introduce
an axiomatic notion of “eigenvariety datum” (Definition 4.2.1); in contrast with Buzzard’s
“eigenvariety machine”, we shift the emphasis from systems of Banach modules over weight
space to coherent sheaves over Fredholm hypersurfaces. This shift was very important
psychologically in the development of our ideas: our most interesting results (e.g. Theorems
44.1, 5.1.5, 5.5.1, 6.1.5) all make use of the technique of “analytic continuation along a
Fredholm hypersurface”.

1.4 Notation and terminology

Our notation and terminology is mostly standard. In nonarchimedian functional analysis
and rigid analytic geometry we follow (BGR84). If M and N are Qp,-Banach spaces, we
write £L(M, N) for the space of continuous Q,-linear maps between M and IV; the operator

norm

[fl=" sup  [f(m)|n

makes L£(M, N) into a Banach space. If (A4, | e |4) is a Banach space which furthermore is
a commutative Noetherian Q-algebra whose multiplication map is (jointly) continuous, we
say A is a Qp-Banach algebra. An A-module M which is also a Banach space is a Banach

A-module if the structure map A x M — M extends to a continuous map A@Qp M — M,
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or equivalently if the norm on M satisfies |am|,, < Cla|a|lm|ys for all a € A and m € M
with some fixed constant C'. For a topological ring R and topological R-modules M, N,
we write Lr(M, N) for the R-module of continuous R-linear maps f : M — N. When
A is a Banach algebra and M, N are Banach A-modules, we topologize £4(M,N) via its
natural Banach A-module structure. We write Bany for the category whose objects are
Banach A-modules and whose morphisms are elements of £4(—,—). If I is any set and A
is a Banach algebra, we write ¢;(A) for the module of sequences a = (a;)ier with |a;|a — 0;
the norm |a| = sup;c;|ai|a gives ¢;(A) the structure of a Banach A-module. If M is any
Banach A-module, we say M is orthonormalizable if M is isomorphic to c¢;(A) for some I
(such modules are called “potentially orthonormalizable” in (Buz07)).

If A is an affinoid algebra, then SpA, the affinoid space associated with A, denotes the
locally G-ringed space (MaxA, O4) where MaxA is the set of maximal ideals of A endowed
with the Tate topology and O4 is the extension of the assignment U +— Ay, for affinoid
subdomains U C MaxA with representing algebras Ay, to a structure sheaf on MaxA. If X
is an affinoid space, we write ¢(X) for the coordinate ring of X, so A ~ O0(SpA). If A is
reduced we equip A with the canonical supremum norm. If X is a rigid analytic space, we
write Ox for the structure sheaf and &(X) for the ring of global sections of x. Given a
point z € X, we write m, for the corresponding maximal ideal in Ox (U) for any admissible
affinoid open U C X containing x, and k(z) for the residue field 0x (U)/m,; Ox , denotes
the local ring of Ox at x in the Tate topology, and 5);; denotes the m -adic completion of
Ox . A Zariski-dense subset S of a rigid analytic space X is very Zariski-dense if for any
connected affinoid open U C X, either UNS = () or U N S is Zariski-dense in U.

In homological algebra our conventions follow (Wei94). If R is a ring, we write K’(R),
? € {4+, —,b,0} for the homotopy category of ?-bounded R-module complexes and D’(R)
for its derived category.

We normalize the reciprocity maps of local class field theory so uniformizers map to
geometric Frobenii. If 7 is an irreducible admissible representation of GL,,(F') for a nonar-
chimedian local field F, we write rec(m) for the Frobenius-semisimple Weil-Deligne repre-
sentation associated with m via the local Langlands correspondence, normalized as in Harris
and Taylor’s book. For p the prime with respect to which things are -adic, we fix an al-
gebraic closure Q, and an isomorphism ¢ : Q, = C. If f = > > as(n)g" € Sk(I'1(N))
is a classical newform, we write Vy, (or sometimes V) for the two-dimensional semisimple

Q,-linear representation of Gq characterized by the equality ttrFroby|Vy, = az(¢) for all
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¢t Np.



Chapter 2
Background material

Throughout the remainder of this thesis, unless otherwise mentioned, G denotes a connected,
reductive Q-group and p denotes a prime such that G' = G xgpecqSpecQ, is split and admits
a split Borel pair (B, T'). The group G spreads out to a group scheme (also denoted G) over
SpecZ,, with reductive special fiber, and we may assume that B and 7" are defined over Z,
as well. Set X* = Hom(T, G,,) and X, = Hom(G,,,T), and let ®, &+ and ®~ be the sets
of roots, positive roots, and negative roots respectively, for the Borel B. We write X7 for
the cone of B-dominant weights; p € X* ®z %Z denotes half the sum of the positive roots.

We write B for the opposite Borel, N and N for the unipotent radicals of B and B, and
I for the Iwahori subgroup

I ={g9 € G(Z,) withgmodp € B(Z/pZ)} .

For any integer s > 1, set B® = = {be B(Z,), b=1inG( Z/pSZ} N° = N(Z,) N B® and
T* = T(Z,) N B’, so the Iwahori decomposition reads I = N -T(Z,) - N(Z,). We also set

Iy ={g el gmodp' € B(Z/p'Z)}

and
I ={gel, gmodp® € N(Z/p°Z)} .

Note that I{ is normal in I, with quotient T'(Z/p°Z). Finally, we set I°® = INker {G(Z,) — G(Z/p*Z)}.
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We define semigroups in 7'(Q,) by
Tt = {t eT(Q,), tN't7' C Nl}

and -
T = {t eT(Qy), ﬂ Nt = {1}} .

i=1
A simple calculation shows that t € T(Q,) is contained in 7" (resp. T77) if and only if
vp(a(t)) < 0 (resp. vy(a(t)) < 0) for all @ € ¢F. Using these semigroups, we define a
semigroup of G(Q,) by A = IT*I. The Iwahori decompsition extends to A: any element
g € A has a unique decomposition g = n°(g)t(g)n(g) with n°® € Nl, te Tt ne N(Zp).
There is a canonical group homomorphism o : T(Q,) — T(Z,) which splits the inclusion
T(Z,) C T(Qp), and we set A =TT Nkero and AT =T+ Nkero.

2.1 Symmetric spaces and Hecke operators

In this section we set up our conventions for the homology and cohomology of local systems
on locally symmetric spaces. Following (AS08), we compute homology and cohomology using
two different families of resolutions: some extremely large “adelic” resolutions which have
the advantage of making the Hecke action transparent, and resolutions with good finiteness
properties constructed from simplicial decompositions of the Borel-Serre compactifications

of locally symmetric spaces.

Resolutions and complexes

Let G/Q be a connected reductive group with center Zg. Let G(R)° denote the connected
component of G(R) containing the identity element, with G(Q)° = G(Q) N G(R)°. Fix a
maximal compact subgroup K., C G(R) with K the connected component containing the
identity, and let Z,, = Zg(R). Given an open compact subgroup Ky C G(Ay), we define
the locally symmetric space of level Ky by

Y(Ky) = GQN\G(A)/KfKS Zoo
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This is a possibly disconnected Riemannian orbifold. By strong approximation there is a
finite set of elements (K ) = {z;,z; € G(As)} with

GA) = J] GQ°GR)xK;.
z;€v(Ky)

Defining Z(K;) = Za(Q) N K and T'(z;) = G(Q)° N ;K a; !, we have a decomposition

Y(Kp) = GQ\G(A)/KfK Zoo =[] T*(2:)\Deo,
xz;€v(Ky)

where Dy, = G(R)°/K2 Z4, is the symmetric space associated with G and I'*d(z;) =
I'(z;)/Z(K¢) denotes the image of I'(x;) in the adjoint group. If N is any left K -module,
the double quotient

N = G(Q)\ (Ds x G(AJ) x N) /K

naturally gives rise to a local system on Y (K), which is trivial unless Z(Ky) acts trivially
on N. Set DpA = Do x G(Ay), and let Co(D4a) denote the complex of singular chains on
Da endowed with the natural action of G(Q) x G(Ay). If M and N are right and left

K y-modules, respectively, we define the complexes of adelic chains and adelic cochains by
CiU Ky, M) = Co(Da) @zic(q)xk,] M

and

Caa(Ky, N) = Homgg(q)xx,)(Ce(Da), N),

and we define functors H, (K¢, —) and H*(Kf, —) as their cohomology.

Proposition 2.1.1. There is a canonical isomorphism

H(Y (K ), N) = H (K, N) = H'(Coy(K, V).

Proof. Let Co(Doo)(x;) denote the complex of singular chains on Do, endowed with
the natural left action of I'(x;) induced from the left action of G(Q)° on Dy; since Dy is
contractible, this is a free resolution of Z in the category of Z[I'(x;)]-modules. Let N(x;)

denote the left I'(z;)-module whose underlying module is N but with the action 7 -, n =
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a;i_lfymi]n. Note that the local system N (x;) obtained by restricting N to the connected
component I'(x;)\ Do of Y (K) is simply the quotient I'(x;)\ (Doo x N(;)). Setting

s.zng(Kf7 N) = 6BZHOH?[Z[I"(%)](C’O(DOO)(QSZ)’ N(xl))a

the map Dog — (Do, ;) C DA induces a morphism 27 = Hom(C,(Da ), N) — Hom(Co(Ds), N),

which in turn induces an isomorphism
i} : Cag(Ky, N) = @Homp(,,)(Ce(Doo ) (), N (24)),
and passing to cohomology we have

H*(Coy(Kf,N)) =~ @;H*(D(2:)\Dog, N(x7))

H* (Y (Ky), N)

12

as desired. [
When I'(z;) is torsion-free for each z; € v(Ky), we choose a finite resolution Fy(x;) —

Z — 0 of Z by free left Z[I'(x;)]-modules of finite rank as well as a homotopy equivalence
fi
Fo(x;) & Co(Doo)(x;). We shall refer to the resolution Fe(z;) as a Borel-Serre resolution;

i
the existence of such resolutions follows from taking a finite simplicial decomposition of the
Borel-Serre compactification of I'(x;)\ Ds. (BS73) Setting

Co(Kyp, N) = @iFe(;) @z (2, M(2:)
and
C*(Ky,N) = @;Homgp(z,) (Fe (i), N (2:)),

the maps f;, g; induce homotopy equivalences

e
Co(Ky, M) = CS Ky, M)
gx

and

%

g
C.(Kva) f—H: ;d(Kfv M)
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We refer to the complexes Co(K ¢, —) and C*(Ky, —) as Borel-Serre complexes, and we refer
to these complexes together with a fized set of homotopy equivalences {f;, g;} as augmented
Borel-Serre complexes. When the I'(x;)’s are not torsion-free but M is uniquely divisible
as a Z-module, we may still define Cq(K ¢, M) in an ad hoc manner by taking the Kf/K}-
coinvariants of Co(K }, M) for some sufficiently small normal subgroup K } C Ky.

Hecke operators

A Hecke pair consists of a monoid A C G(Ay) and a subgroup Ky C A such that Ky and
oK f5_1 are commensurable for all § € A. Given a Hecke pair and a commutative ring R, we
write T(A, K¢)g for the R-algebra generated by the double coset operators Ts5 = [K 0K ]
under convolution.!

Suppose M is a right R[A]-module. The complex Co(DAa) ®z(c(q) M receives a right
A-action via (0 ® m)|6 = 0§ @ mé, and C24(Ky, M) is naturally identified with the K-
coinvariants of this action. Given any double coset Ky6Ky = [];J;Ky, the action defined

on pure tensors by the formula

(c@m) [Kp6Ky =Y (0 @m)|s;
J
induces a well-defined algebra homomorphism

¢ : T(A, Ky)r — Enden(r) (C34 (K, M)).

This action induces the usual Hecke action defined by correspondences on homology. Set

T =g« 0&(T) o fu € Endgy(r) (Ce(Ky, M)). The map

£: T(A Kp)p ——T—Endcn(r) (Ce(Ky, M)) - Endg ) (Co(Ky, M)

is a well-defined ring homomorphism, since g, 0 £(T7) o fi 0 g« 0 {(T%) o fi is homotopic to
g« 0 E(T\T3) o f,. Note that any individual lift 7" is well-defined in Endcn(r) (Ce (K, M)),
but if T} and 75 commute in the abstract Hecke algebra, 11Ty and ToT} will typically only

commute up to homotopy.

!The ring structure on T(A, K;)r is nicely explained in §3.1 of (Shi94).
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Likewise, if NV is a left R[A]-module, the complex Homgzgq)(Ce(Da), N) receives a
natural A-action via the formula |¢p = § - ¢(cd), and C2,(K¢, N) is naturally the K-

invariants of this action. The formula
[Kp6Ky) -6 = dlo
J

yields an algebra homomorphism ¢ : T(A, Kf)r — Endgr(C3,; (K, N)) which induces the
usual Hecke action on cohomology, and f* o & o ¢* defines an algebra homomorphism
T(A,Kf)r — Endgr)(C*(Ky, M)). It is extremely important for us that these Hecke

actions are compatible with the duality isomorphism
HOIHR(C.(Kf, M), P) >~ C.(Kf, HOIHR(M, P)),

where P is any R-module.
We shall be mostly concerned with the following Hecke algebras. For I, A and A as
above, set At = T(A,I)q,. For any t € T, the double coset operator U; = [It]] defines an

element of .A;,' ,and the map A>t+— U € .,4; extends to a commutative ring isomorphism

QuA] = Af
ZCtt g ZCtUt-

The operators U; = [It]] are invertible in the full Iwahori-Hecke algebra T(G(Qj),I)q,
(IM65), and we define the Atkin-Lehner algebra A, as the commutative subalgebra of
T(G(Qyp),I)q, generated by elements of the form U; and U ! for t € A. There is a natural
ring isomorphism A, >~ Q,[T(Q,)/T(Z,)], though note that ¢ - T'(Z,) typically corresponds
to the operator UtlUtgl where t1,t9 € A are any elements with with t1t2_1 €t-T(Z,). A
controlling operator is an element of A, of the form U, for t € AT,

Fix an open compact subgroup K? C G(AI}). We say KP is unramified at a prime £ # p
if G/Qg is unramified and K} = K? N G(Qy) is a hyperspecial maximal compact subgroup
of G(Qy), and we say KP is ramified otherwise. Let S = S(KP) denote the finite set of
places where K? is ramified, and set K% = K? N [[,c.4 G(Q), so K? admits a product
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decomposition K? = Kg H&E ¢ K. We mainly work with the (commutative) Hecke algebras

!/

T'(K") = @ T(G(Qu).K))q,:

(¢S (KP)
TH(K?) = Af @ TP(KP),
T(K?) = A,® TP(KP).

In words, T(KP) takes into account the prime-to-p spherical Hecke operators together with

the Atkin-Lehner operators at p; we write Tg(KP) if we need to emphasize G. We also set
Tram(Kp) =T (Hées G(QZ)v Kg)

2.2 Locally analytic modules

For each s > 1 fix an analytic isomorphism v¢° : Zg ~N°, d=dimN .2
Definition. If R is any Qp-Banach algebra and s is a positive integer, the module
A(Wl,R)s of s-locally analytic R-valued functions on N' is the R-module of continuous

functions f : N' = R such that

fay(z,... 2a) 1 28 — R

is given by an element of the d-variable Tate algebra Typ = R(z1,...,2q) for any fived
zeN".
Letting ||e[|,, . denote the canonical norm on the Tate algebra, the norm || f(z¢°)[l, .

depends only on the image of z in N' /Ns, and the formula

1£1, = sup, 1 1 @)z, ,
defines a Banach R-module structure on A(Nl,R)s , with respect to which the canonical
inclusion A(Wl, R)* C A(Wl,R)erl is compact.

Given a tame level group K? C G(A?), let Z(KPI) be the p-adic closure of Z(KPI)
in T(Z,). The weight space of level KP is the rigid analytic space # = #k» over Q,

2Use the homomorphisms #q : Un — G4 together with the product decomposition N ~ Haeq), U, for a
in some fixed ordering.
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such that for any Qp-affinoid algebra A, Hom(SpA, #k») represents the functor which as-

sociates with A the set of p-adically continuous characters x : T'(Z,) — A* trivial on

Z(KPI). It’s not hard to check that # is the rigid space associated with the formal scheme

SptZ,[[T(Z,)/Z(KPI)]] via Raynaud’s generic fiber functor (cf. §7 of (dJ95)). Given an
admissible affinoid open Q C %, we write xq : T(Z,) — €(Q)* for the unique character it
determines. We define s[(2] as the minimal integer such that xq|pso is analytic. For any

integer s > s[(2], we make the definition
oa=1{f:1— 0(Q), fanalyticoneach I° — coset, f(gtn) = xa(t)f(g)Vn € N(Z,), t € T(Z,), g € I}.
By the Iwahori decomposition, restricting an element f € A, to N induces an isomorphism

A5 ~ AN, 0Q)°
f = f|ﬁ17

and we regard A¢, as a Banach &(§2)-module via pulling back the Banach module structure
on A(N(Zy),0(€2))® under this isomorphism. The rule (f|y)(g) = f(yg) gives A§, the

structure of a continuous right ¢ (Q)[I]-module. More generally, the formula
5% (nB(Zp)) = n°6 0 (5), n € N' ~ I/B(Z,)and § € T+

yields a left action of A on I/B(Z,) which extends the natural left translation action by I
(cf. §2.5 of (AS08)) and induces a right A-action on A§, which we denote by f*d, f € Ag,.
For any § € T, the image of the operator § x — € Lo (AG, Ag) factors through the

inclusion A?Z_l — A}, and so defines a compact operator on A¢,. The Banach dual

Dy = Loo(Ah 0(Q)
~ Loo)(AN',Qy)'8q,0(2), 0(2)
Lq,(AN',Q,)", 6(2))

1

inherits a dual left action of A, and the operator —x 4§ for § € T+ likewise factors through
the inclusion Dg"l — Dg,.
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We define an ind-Banach module

Ao = Jip 4G
where the direct limit is taken with respect to the natural compact, injective transition
maps Ag — Af;'l. Note that Ag is topologically isomorphic to the module of &'(Q2)-valued
locally analytic functions on Nl, equipped with the finest locally convex topology for which
the natural maps A¢, — Aq are continuous. The A-actions on A{, induce a continuous
A-action on Aq. Set

Do ={p: Aq — O(Q), pis 0(Q) — linear and continuous} ,

and topologize Dq via the coarsest locally convex topology for which the natural maps
Dq — D¢, are continuous. In particular, the canonical map

Dq — lim Dj,

0«—S8

is a topological isomorphism of locally convex €(€)-modules, and Dq is compact and
Fréchet. Note that the transition maps Df;rl — D¢, are injective, so Dg = Ng0Dg,.

Suppose 3 C 2 is a Zariski closed subspace; by Corollary 9.5.2/8 of (BGR84), ¥ arises
from a surjection () — O(X) with ¢(X) an affinoid algebra. We make the definitions
D3, = D§, ®g(q) 0(X) and Dy, = Dq ®g(q) O(%).

Proposition 2.2.1. There are canonical topological isomorphisms DS, =~ L gy (Ag, O(%))
and Ds, =~ L) (A, O(X)).

Proof. Set ay, = ker(0(Q2) — O(X)), so O(X) ~ 0(2)/ax. The definitions immediately

imply isomorphisms

D5, ~ Ly (A, 0))/asLs)(Ad, O(Q))
~ Lo (A, OQ)/ Loy (A, ax),

so the first isomorphism will follow if we can verify that the sequence

0 — Lo (Ad,ax) — Lo (AG, O(Q)) — Lo (A, O(X))
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is exact on the right. Given a Qp,-Banach space E, write b(E) for the Banach space of
bounded sequences {(€;)icn, sup;ey |€i| z < 0o}. Choosing an orthonormal basis of A(N(Z,), 0(Q2))*
gives rise to an isometry Lg(q)(Ag, E) ~ b(E) for E any Banach €(§2)-module. Thus we

need to show the surjectivity of the reduction map b(&(2)) — b(€(X)). Choose a presen-

tation () = T,,/bg, so 0(X) = T, /by, with bg C by. Quite generally for any b C T,,, the
function

feTu/b=|flle=infscpq HfHTn

defines a norm on 7,,/b. By Proposition 3.7.5/3 of (BGR84), there is a unique Banach
algebra structure on any affinoid algebra. Hence for any sequence (f;)ien € b(O(X)), we
may choose a bounded sequence of lifts (ﬁ)ieN € b(T),); reducing the latter sequence modulo
bo, we are done.

Taking inverse limits in the sequence we just proved to be exact, the second isomorphism
follows. [

Suppose A € X C W(Q,) is a dominant weight for B, with £, the corresponding
irreducible left G(Q,)-representation of highest weight \. We may realize £ explicitly as

L(L) = {f : G — Lalgebraic, f(n'tg) = A(t)f(g)forn’ e N;t € T,g € G}

with G acting by right translation. The function fy(g) defined by fx(n'tn) = A(t) on the big
cell extends uniquely to an algebraic function on G, and is the highest weight vector in L.
For g € G(Qp) and h € I, the function fy(gh) defines an element of £y ® Ay, and pairing
it against p € Dy defines a map iy : Dy — L) which we notate suggestively as

ix(1)(g) = / fr(gh)u(h).

The map p +— iy(p)(g) satisfies the following intertwining relation for v € I:

yoin(w)(g) = ianw)(gy)

= / Ialgyn®)p(n®)

- /fx(n" )(y - p)(n°)
ix(y 1) (9)-
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The case of GL,/Q,

We examine the case when G/Q, ~ GL,,/Q,. We choose B and B as the upper and lower
triangular Borel subgroups, respectively, and we identify 1" with diagonal matrices. The

splitting o is canonically induced from the homomorphism

T p_vp(x)l;‘

Since T'(Zy) ~ (Z,

~ )™, we canonically identify a character A : T'(Z,) — R* with the n-tuple
of characters (A1,...,\,) where

)\ZZ;; — RX
x +— Aodiag(l,...,1,z,1,...,1).
———

i—1

Dominant weights are identified with characters A = (Aq,...,\,) with \;(x) = z¥ for
integers k1 > ko > -+ > ky,.

We want to explain how to “twist away” one dimension’s worth of weights in a canonical
fashion. For any A € #/, a simple calculation shows that the x-action of A on Af is given

explicitly by the formula
(f % 8)(x) = Mo (t(O)t(8) " t(62)) f(n(dz)), s € A, z € N, f € AN, k(\)) .

Given 1 < i < n, let m;(g) denote the determinant of the upper-left i-by-i block of g € GL,,.

For any g € A, a pleasant calculation left to the reader shows that

t(g) = diag(mi(g),m1(g)"'ma(g),....m; (9)mir1(g), ..., mn_1(g)” " detg).

In particular, writing A’ = (A7 A1 At .., A1\, 1, 1) yields a canonical isomorphism
2~ Ao ® Ap(det | det )

of A-modules, and likewise for D5.

In the case of GLy we can be even more explicit. Here A is generated by the center of
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G(Qp) and by the monoid

C

b
Eo(p):{g: ( a d)eMg(Zp),cEpr,aEZ;,ad—bc;éO}.

Another simple calculation shows that the center of G(Q)) acts on A3 through the character
z +— Ao (z)), while the monoid 3¢ (p) acts via

d — 1 —
(9 1)) = (g ") (a + o) ra(detgl detgly)f (S550) £ € AV ( o ) €W,

(almost) exactly as in (Ste94).

Remarks. There are some subtle differences between the different modules we have de-
fined. The assignment 2 — Aq describes a presheaf over %', and the modules Ag, are
orthonormalizable. On the other hand, the modules D¢, are not obviously orthonormaliz-
able, and Dg doesn’t obviously form a presheaf. There are alternate modules of distributions
available, namely D = Ck(A(Nl, Qp)°, Qp)®Qp 0(Q) and Dg = lim._, 756, equipped with
suitable actions such that there is a natural @(Q)[Al]-equivariant embedding Dy < Dq.
The modules ]f)f2 are orthonormalizable, and Dgq forms a presheaf over weight space, but of
course is not the continuous dual of Agq. Despite these differences, the practical choice to
work with one module or the other is really a matter of taste: for any A € Q(Q,), there are
isomorphisms

Do @) O(Q)/my = Do @) O(Q)/my = Dy,

and in point of fact the slope-< h subspaces of H*(K?,Dg) and H *(Kf”,@g), when they
are defined, are canonically isomorphic as Hecke modules, as we show in Proposition 3.1.6
below. One of our goals is to demonstrate the feasibility of working successfully with the

modules Dg by treating the dual modules Aq on an equal footing.

2.3 Slope decompositions of modules and complexes

Here we review the very general notion of slope decomposition introduced in (AS08). Let
A be a Qp-Banach algebra, and let M be an A-module equipped with an A-linear endo-

morphism u : M — M (for short, “an A[u]-module”). Fix a rational number h € Q>o.
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We say a polynomial @ € Alx] is multiplicative if the leading coefficient of @ is a unit in
A, and that @ has slope < h if every edge of the Newton polygon of @ has slope < h.
Write Q*(z) = x9°82Q(1/z). An element m € M has slope < h if there is a multiplicative
polynomial @ € A[T] of slope < h such that Q*(u) -m = 0. Let M<j, be the set of elements
of M of slope < h; according to Proposition 4.6.2 of loc. cit., M<j, is an A-submodule of M.
Definition 2.3.1. A slope-< h decomposition of M is an A[u]-module isomorphism

M2M§h®M>h

such that M<j, is a finitely generated A-module and the map Q*(u) : Msj — My, is an
A-module isomorphism for every multiplicative polynomial @ € A[T] of slope < h.
The following proposition summarizes the fundamental results on slope decompositions.
Proposition 2.3.2 (Ash-Stevens):

a) Suppose M and N are both Alu]-modules with slope-< h decompositions. If1 : M — N is
a morphism of Alu]-modules, then 1)(M<y) C N<p, and (Msp) C Ny in particular,
a module can have at most one slope-< h decomposition. Furthermore, ker ¢ and imy

inherit slope-< h decompositions. Given a short exact sequence
0—-M-—-N-—-L—0

of Alu]-modules, if two of the modules admit slope-< h decompositions then so does

the third.
b) If C* is a complex of Alu]-modules, all with slope-< h decompositions, then
H"(C®) ~ H"(C%),) © H"(C2y,)
is a slope-< h decomposition of H"(C*).

Proof. This is a rephrasing of (a specific case of) Proposition 4.1.2 of (AS08). O
Suppose now that A is a reduced affinoid algebra, M is an orthonormalizable Banach

A-module, and u is a compact operator. Let

F(T) = det(1 — uT)|M € A[[T]]
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denote the Fredholm determinant for the w-action on M. We say F admits a slope-< h
factorization if we can write F'(T) = Q(T') - R(T") where @ is a multiplicative polynomial of
slope < h and R(T') € A[[T1]] is an entire power series of slope > h. Theorem 3.3 of (Buz07)
guarantees that F' admits a slope-< h factorization if and only if M admits a slope-< h
decomposition. Furthermore, given a slope-< h factorization F(T') = Q(T)-R(T'), we obtain
the slope-< h decomposition of M upon setting M<; = {m € M|Q*(u) - m = 0}, and M<y,
in this case is a finite flat A-module upon which u acts invertibly.®> Combining this with
Theorem 4.5.1 of (AS08) and Proposition 2.3.1, we deduce:

Proposition 2.3.3. If C*® is a bounded complex of orthonormalizable Banach Alul-
modules, and u acts compactly on the total complex ©;C*, then for any x € Max(A) and
any h € Q>¢ there is an affinoid subdomain Max(A") C Max(A) containing = such that the
complexr C*@ A" of A'[u]-modules admits a slope-< h decomposition, and (C*@4A" )<y, is a
complez of finite flat A’-modules.

Proposition 2.3.4. If M is an orthonormalizable Banach A-module with a slope-< h
decomposition, and A’ is a Banach A-algebra, then M&a A" admits a slope-< h decomposi-

tion and in fact

(M@aA ) <p = Mcp, @4 A

Proposition 2.3.5. If N € Bang is finite and M € Bany is an Alu]-module with a
slope-< h decomposition, the A[u]-modules M® N and LA(M, N) inherit slope-< h decom-
positions.

Proof. This is an immediate consequence of the A-linearity of the u-action and the fact
that —®4N and L(—, N) commute with finite direct sums. [J

If Ais afield and M is either an orthonormalizable Banach A-module or the cohomology
of a complex of such, then M admits a slope-< h decomposition for every h, and if h < h’

there is a natural decomposition
Mcp = M<p & (Msp) <y

and in particular a projection M<j — M<j,. We set MS =lim._p Mcyp,.

SWriting Q* (z) = a + x - r(x) with r € Afz] and a € A%, u™" on M<y, is given explicitly by —a™'r(u).



Chapter 3
Overconvergent cohomology

Fix a connected, reductive group G/Q with G/Q, split. For any tame level group K? C
G(A?), we abbreviate H,(KPI,—) by H,.(KP,—), and likewise for cohomology.

3.1 Basic results

In this section we establish some foundational results on overconvergent cohomology. These
results likely follow from the formalism introduced in Chapter 5 of (AS08), but we give
different proofs. We use the notations introduced in §2.1-§2.3.

Fix an augmented Borel-Serre complex Co (K?, —) = Co(KPI,—). Fix an element t € AT,
and let U = U; denote the lifting of U; = [ItI] to an endomorphism of the complex Cy(KP, —)
defined in §2.1. Given a connected admissible open affinoid subset 2 C #k» and any integer
5 > 5[], the endomorphism Uy € Endg ) (Ce(KP, Ag)) is compact; let

FH(X) = det(1 — XUy)|Ca(KP, Ad) € O(Q)[[X]]

denote its Fredholm determinant. We say (U, 2, h) is a slope datum if Co(KP, A§)) admits
a slope-< h decomposition for the U; action for some s > s[Q].

Proposition 3.1.1. The function F§(X) is independent of s.

Proof. For any integer s > s[Q] we write Cf = Co(KP, Ag)) for brevity. By construction,

the operator U, factors into compositions pg o U, and U, o ps+1 where U, : Cs — Cs1is

22



CHAPTER 3. OVERCONVERGENT COHOMOLOGY 23

continuous and pg : C5~! — C% is compact. Now, considering the commutative diagram!

Ui oo
Cs —5 5

o2 o

05— O3
Ut
we calculate

det(1 — XUy)|C5 = det(1 — Xps 0 Up)|CS
= det(1 — XU; o0 py)|C5™!
= det(1 — XUy)|Cs™,

where the second line follows from Lemma 2.7 of (Buz07), so F5(X) = F5 '(X) for all
s> s[Q]. O

Proposition 3.1.2. The slope-< h subcomplex Co(KP, A¢))<p, if it exists, is indepen-
dent of s. If Q' is an affinoid subdomain of 2, then the restriction map A, — Ay, induces

a canonical isomorphism
Co(KP, AQ) < @p() O() = Co(KP, AYy)<h

for any s > s[Q].

Proof. Since F§(X) is independent of s, we simply write Fo(X). Suppose we are
given a slope-< h factorization Fo(X) = Q(X) - R(X); by the remarks in §2.3, setting
Co(KP,A)<n = ker Q*(T,) yields a slope-< h decomposition of Co(KP, Ag) for any s >
s[Q). By Proposition 2.3.1, the injection ps : Co(KP, AS ") — Co(KP, Ag) gives rise to a
canonical injection

Ps - C.(K”,Af{l)gh — Co(K?, A))<n

for any s > s[Q]. The operator U, acts invertibly on Co(KP, Ag))<p, and its image factors

through ps, so ps is surjective and hence bijective. This proves the first claim.

IThe importance of drawing diagrams like this seems to have first been realized by Hida; they have since
been used extensively by Stevens and others.
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For the second claim, by Proposition 2.3.3 we have

Co(KP, AQ)<h Qo) OQ) =~ (C'(KP7A6)®6’(Q)ﬁ(Q,))Sh
~ Cu(KP,AD)<h,

so the result now follows from the first claim. [
Proposition 3.1.3. Given a slope datum (Uy, 2, h) and an affinoid subdomain Q' C €2,

there is a canonical isomorphism
Ho(KP, Ad)<h @) O() =~ H (KP, Ady )<

for any s > s[Q].
Proof. Since 0(SY') is 0(Q)-flat, the functor — ®4q) (') commutes with taking the

homology of any complex of &(£2)-modules. Thus we calculate

H.(K?,Ad)<h @) O()

12

H, (c.(Kp AS) ») @ o) O()
H, (Co(K )<h @o(0) O())
H, (Co(KP, AS/) h)

~ H.(K?, A<,

where the third line follows from Proposition 2.3.4. [
Proposition 3.1.4. Given a slope datum (U, Q, k), the complex Co(KP, Aq) and the

homology module H,(KP, Aq) admit slope-< h decompositions, and there is an isomorphism
H. (K, AQ)Sh ~ H.(K”, A?Z)Sh

for any s > s[QQ]. Furthermore, given an affinoid subdomain Q' C €, there is a canonical
1somorphism
H.(K?, Aq)<n ®@p(q) O(Q) ~ Hi(KP, Agr)<p
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Proof. For any fixed s > s[€2], we calculate

Co(Kp7 AQ)

1

lim Ca (K7, AJ)
lim Cy (K?, A$) < ® Co(K?, A) >

Co(KP, AY) <y, @ lim Co(KP, AY) 5,

s

12

12

with the third line following from Proposition 3.1.2. The two summands in the third line
naturally form the components of a slope-< h decomposition, so passing to homology yields
the first sentence of the proposition, and the second sentence then follows immediately from
Proposition 2.3.3. J
We’re now in a position to prove the subtler cohomology analogue of Proposition 3.1.4.
Proposition 3.1.5. Given a slope datum (U, h) and a rigid Zariski-closed subset
¥ C Q, the complex C*(KP,Dyx) and the cohomology module H*(KP,Dy) admit slope-< h

decompositions, and there is an isomorphism
H*(K?,Ds)<p ~ H*(K?,D3;)<p

for any s > s[Q]. Furthermore, given an affinoid subdomain Q' C Q, there are canonical

1somorphisms

C*(K?,Da)<h ®g () O(Q') =~ C*(K?, Doy )<p
and
H*(KP,DQ)Sh ®ﬁ(g) ﬁ(Q/) ~ H*(KP,DQ/)S}L.
Proof. By a topological version of the duality stated in §2.1, we have a natural isomor-

phism

C*(K",D3) = CYKP, Lowo)(Ag, 0(X)))
= Eﬁ(ﬂ)(CO(Kp’AfZ)vﬁ(E))

for any s > s[Q]. By assumption, Co(K?, Af)) admits a slope-< h decomposition, so we



CHAPTER 3. OVERCONVERGENT COHOMOLOGY 26

calculate

12

C*(K?, D) Lo@)(Co(KP, Ag), 0(%))
~ Lo (Ce(KP, Ag)<n, O(X))

OLy () (C-(vaAQ)>ha o(%)).

By Proposition 3.1.2, passing to the inverse limit over s in this isomorphism yields a slope-

< h decomposition of C*(KP,Dy) together with a natural isomorphism
C*(K?, Ds)<p =~ C*(KP,D3)<p = L) (C*(KP, Ad)<n, O(X))

for any s > s[Q2]. This proves the first sentence of the proposition.
For the second sentence, we first note that since Co(KP, A¢))<j, is a complex of finite

O (2)-modules, the natural map
L) (Ce(KP, Ad)<n, O()) — Homg ) (Ce(K?, Af)<pn, O(12))

is an isomorphism by Lemma 2.2 of (Buz07). Next, note that if R is a commutative ring,
S is a flat R-algebra, and M, N are R-modules with M finitely presented, the natural map
Hompg(M,N)®pr S — Homg(M @ S, N ®r S) is an isomorphism. With these two facts in

hand, we calculate as follows:

1

C*(K?,Da)<h ®a() O(X') Hom (o) (Ce(K?, AQ)<h, O(Q)) @p(a) O ()
Hom (o) (Ce(KP, AQ) < @) O(), 0())
HOIIlﬁ(Q/)(C.(Kp, A} ’)Sh7 ﬁ(Q,))

~ C*(KP?, Dqr)<p,

where the third line follows from Proposition 2.3.3. Passing to cohomology, the result follows
as in the proof of Proposition 3.1.3. [J

Recall from the end of §2.2 the alternate module of distributions Dg. For completeness’s
sake, we sketch the following result.

Proposition 3.1.6. If the complezes C*(K?, Dg) and C*(K?,Dq) both admit slope-< h
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decompositions for the U,-action, the natural map Do — Dq induces an isomorphism

H*(K?,Dg)< ~ H*(K?,Dg)<p,

Proof. The morphism f : Dg — Dq induces a morphism ¢ : C.(Kp,ﬁg)gh —
C*(KP,Dq)<p. Choose an arbitrary weight A € Q(Q,); since

Do ®p(a) O(Q)/my ~ Do ®g(q) O(Q)/my ~ Dy,
we calculate
C*(KP,Do)<h @) O(Q)/my ~ C*(KP, Do ®@p0) O(Q)/my)<h
C*(KP,Dy)<n

(
(
*(K?,Dq @p(q) O()/mx)<n
~ C*(K?,Dq)<n ®gq) O(§2)/m,,

Q

where the first and fourth lines follow by Proposition 2.3.3. Thus ¢ mod m, is an isomorphism
in the category of €(£2)/my-module complexes. Writing C*(¢) for the cone of ¢, we have

an exact triangle
C*(K?, Da)<p > C*(K?, Da)<y, — C*() — C*(K?, Do) <u 1]

in DY(0(Q)). Since C*(KP?,Dq)<; and C*(KP?,Dg)<, are complexes of projective &(f)-
modules, the cone C*(¢) is a complex of projective modules as well; therefore, the functors
- ®2(Q) O(2)/m and — @4y O(2)/m agree on these three complexes (cf. (Wei94), 10.6).
In particular, applying — ®4(q) €'(£2)/my yields an exact triangle

C*(KP,Dy)<p praodm C*(KP?,Dx)<n — C*(9) ®p(q) O()/my — C°(K?,Dy)<p[1]

in D?(0(Q)/m)). Since ¢modmy is an isomorphism, C*(¢) ®gq) O()/m, is acyclic,
which in turn implies that m) is not contained in the support of H*(C*(¢)). But m, is an
arbitrary maximal ideal in €/(£2), so Nakayama’s lemma now shows that H*(C*®(¢)) vanishes

identically. Thus C*(¢) is acyclic and ¢ is a quasi-isomorphism as desired. [J
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3.2 Finite-slope eigenpackets and non-critical classes

In this section we explain two results which are fundamental in our analysis. First of
all, we recall and summarize some of the work of Eichler, Shimura, Matsushima, Borel-
Wallach, Franke, and Li-Schwermer on the cohomology of arithmetic groups. Next, we state
a fundamental theorem of Ash-Stevens and Urban (Theorem 6.4.1 of (AS08), Proposition
4.3.10 of (Urb11)) relating overconvergent cohomology classes of small slope with classical
automorphic forms. The possibility of such a result was largely the original raison d’etre
of overconvergent cohomology; in the case G = GLy/Q, Stevens proved this theorem in a
famous preprint (Ste94).

Let A € X} be a B-dominant algebraic weight, and let Ky C G(Ay) be any open
compact subgroup. By fundamental work of Franke, the cohomology H*(Y (Ky),L))c =
H*(Y(Ky), L)) ®q,,. C admits an analytically defined splitting

H*(Y(Kf)7 E)\)C = H:usp(Y(Kf)7 £>\)C D H}:gls(y(Kf)? E)\)C

into T(G(Ay), K¢)c-stable submodules, which we refer to as the cuspidal and Eisenstein
cohomology, respectively. The cuspidal cohomology admits an exact description in terms of
cuspidal automorphic forms (BWO00, Fra98, FS98):

Proposition 3.2.1. There is a canonical isomorphism

HimY(Kp) L)e = @ mmr)” @ H (9, Kucimoo © L)
WeLgusp(G(Q)\G(A))

of graded T(G(Af), K¢)-modules, where m(m) denotes the multiplicity of 7 in Lgusp (G(Q)\G(A)).
If X is a regular weight, the natural inclusion of Hye, (Y (Ky), Ly) into H' (Y (Ky),Ly) is
an isomorphism.
Note that if m contributes nontrivially to the direct sum decomposition of the previous
proposition, the central and infininitesimal characters of mo, are necessarily equal to those
of L.
For any weight A € #k»(L) and a given controlling operator U;, we define Ty ,(K?)
as the subalgebra of Endy, (H*(KP,D))<j) generated by the image of T(K?) ®q, L, and
we set T\(KP) = limoop, Ty 4 (KP). The algebra Ty(K?) is independent of the choice of

controlling operator used in its definition.
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Definition 3.2.2. A finite-slope eigenpacket of weight A and level K? (or simply a
finite-slope eigenpacket) is an algebra homomorphism ¢ : T\(KP) — Q.

If ¢ is a finite-slope eigenpacket, we shall regard the contraction of ker ¢ under the
structure map T(K?) — T)(KP) as a maximal ideal in T(KP), which we also denote by
ker ¢. Note that T)(KP) is a countable direct product of zero-dimensional Artinian local
rings, and the factors in this direct product are in natural bijection with the finite-slope
eigenpackets.

A weight A is arithmetic if it factors as the product of a finite-order character ¢ of T'(Z,)
and an element A8 of X*; if \al8 ¢ X1 we say A is dominant arithmetic. If X = \lgg
is a dominant arithmetic weight, we are going to formulate some comparisons between
H*(K?,Dy) and H*(Y(KPI}),Lyae). In order to do this, we need to twist the natural
Hecke action on the latter module slightly. More precisely, if M is any A,-module and
A € X*, we define the x-action in weight X by U % m = A(t)"1Upm (AS08). The map iy

defined in §2.2 induces a morphism
ix: H(KP, D)) — H* (KPI], Lyae)

for any s > s[e] which intertwines the standard action of T(KP) on the source with the
*-action on the target.

Definition 3.2.3. If A = \¥8c is an arithmetic weight and s = s[e], a finite-slope
eigenpacket is classical if the module H*(Y (KPI}), Lyae) is nonzero after localization at

ker ¢, and noncritical if the map
in: H(KP, D)) — H* (KPI}, Lyax)

becomes an isomorphism after localization at ker ¢. A classical eigenpacket is interior if
H3(KPIT, Lyag) vanishes after localization at ker ¢, and strongly interior if H;(KP, D))
vanishes after localization at ker ¢ as well.

Next we formulate a result which generalizes Stevens’s control theorem (Ste94). Given
A € X*, we define an action of the Weyl group W by YA =w - (A + p) — p.

Definition 3.2.4. Fix a controlling operator U, t € AT. Given an arithmetic weight
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X = N8¢ g rational number h is a small slope for \ if

h inf NB(1)) — v, (NHB(1)).
<w€V1Vn\{id}vp(w (t)) — vp(A*E(2))

Theorem 3.2.5 (Ash-Stevens, Urban). Fiz an arithmetic weight X\ = \¥%c and a
controlling operator U;. If h is a small slope for X\, there is a natural isomorphism of Hecke

modules

H*(K?,Dy)<p ~ H*(Y(Kplf)’ﬁAalg)Q%Z/pSZ):a

for any s > sle].
Proof (sketch). Suppose A = A& for simplicity. Urban constructs a second quadrant

spectral sequence

EY = @ HI(KP, Dy = HH (KL, L))8
weW, l(w)=—1i

which is equivariant for U; if we twist the action as follows: U; acts through the x-action in
weight A on the target and (A(t)~!w - \)(t))U; acts on the w-summand of the Ej-page. In

particular, taking the slope-< h part yields a spectral sequence

B = @@ H(K?Dymie)<nvywrm) vy = HH(EPL L)<
weW, l(w)=—1i

But any element of A;; is contractive on H’(KP,D,), so the w-summand of the Fj-page is

now empty for w # id. [J

3.3 The spectral sequences

In this section we introduce our main technical tool for analyzing overconvergent cohomology.

Fix a choice of tame level KP and an augmented Borel-Serre complex Co(K?, —).
Theorem 3.3.1. Fiz a slope datum (U, 2, h), and let ¥ C Q be an arbitrary rigid

Zariski closed subspace. Then H*(KP,Ds) admits a slope-< h decomposition, and there is
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a convergent first quadrant spectral sequence
By? = Extly o) (H;(K?, Ao)<p, O(%)) = H(K?, Dy) <.

Furthermore, there is a convergent second quadrant spectral sequence

E;’j = Torﬁl(.m (

HI(KP,Dq)<p, 0(8)) = H'(K?, Ds) <.

In addition, there are analogous spectral sequences relating Borel-Moore homology with com-
pactly supported cohomology, and boundary homology with boundary cohomology, and there
are morphisms between the spectral sequences compatible with the morphisms between these
different cohomology theories. Finally, the spectral sequences and the morphisms between
them are equivariant for the natural Hecke actions on their Ey pages and abutments; more
succinctly, they are spectral sequences of T(KP)-modules.

When no ambiguity is likely, we will refer to the two spectral sequences of Theorem 3.3.1
as “the Ext spectral sequence” and “the Tor spectral sequence.” The Hecke-equivariance of
these spectral sequences is crucial for applications, since it allows one to localize the entire
spectral sequence at any ideal in the Hecke algebra.

Proof of Theorem 3.3.1. By the isomorphisms proved in §3.1, it suffices to construct a
Hecke-equivariant spectral sequence Extiﬁ(ﬂ) (H;(KP,A$)<p, O(%)) = HT(KP, D)<, for
some s > s[Q].

Consider the hyperext group Exty, (CH(KP, AL), 0(X)). Since C24(KP, A) is a com-
plex of T(KP)-modules, this hyperext group is naturally a T(KP?)-module, and the hyper-

cohomology spectral sequence
By = Bxtyy o) (H;j(K?, Ad), 0(X)) = Ext,ld, (Ci(KP, Ap), 6(%))

is a spectral sequence of T(KP)-modules. On the other hand, the quasi-isomorphism
CH(KP AY) ~ Co(KP, AY) in DY(A(Q)) together with the slope-< h decomposition Ce(K?, Af)) ~
Co(KP,A8)<n ® Co(KP, Af))p induces Hecke-stable slope-< h-decompositions of the abut-
ment and of the entries on the Fy page. By Proposition 2.3.2, the slope decomposition of
the Fy page induces slope decompositions of all entries on all higher pages of the spectral

sequence. In other words, we may pass to the “slope-< h part” of the hypercohomology
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spectral sequence in a Hecke-equivariant way, getting a spectral sequence

'Ey? = Extlyq) (H;(K?, A), O(%))<n = Exty ) (CoUK?, A), 0(5)<n

of T(KP)-modules. But Extiﬁ(g)(Hj(Kp,Afl),ﬁ(E))Sh ~ Extiﬁ(g)(Hj(Kp,Af))gh,ﬁ(E)),

and

12

Ext} o) (C3UKP, AY), 0(2))<n Exty o) (Ce(K?, A)<n, 0(%))

H"™ (RHom () (Cu(KP, Ad)<p, O(3)))
H" (Hom g ) (Co(K”, Ag)<n, 0(%)))
~ H"(K?,D3)<p,

where the third line follows from the projectivity of each C;(K?, A¢))<p, and the fourth line
follows from the proof of Proposition 3.1.5.

For the Tor spectral sequence, the isomorphism
C*(K?,Dg)<n ®p(a) O(X) ~ C*(KP,D3;)<p,
yields an isomorphism
C*(K?, D)<, @y O(%) = C*(K?, D3) <,

of T(KP)-module complexes in D?(€(2)), and the result follows analogously from the hy-

pertor spectral sequence
Tor™,(H7(C*), N) = Tor¥;,_,(C*,N).

Remark 3.1.1. If (Q,h) is a slope datum, ¥ is Zariski-closed in , and Y9 is Zariski-

closed in 31, the transitivity of the derived tensor product yields an isomorphism

C*(K?, Ds,)<n

12

C*(K?, D)< Qg (q) 0(52)
~ C*(K”,Da)<h @) 0(51) @g(s,) O(S2)
~ C°(KP,Dx,)<h @z, O(32)
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which induces a relative version of the Tor spectral sequence, namely
Ey? = Tor'y s, (H (K, Dy, )<n, A(32)) = HM(K?, Dy, )<h.

This spectral sequence plays an important role in Newton’s proof of Theorem 4.5.3 (cf. the
appendix of (Han12b)).

The boundary and Borel-Moore/compactly supported spectral sequences Nota-
tion as in §2.1, let Dy, denote the Borel-Serre bordification of Dy, and let Doy = Dao~ Do
Setting Do = Do x G(Af) and 9Da = 0Dy x G(Ay), the natural map Ce(Da) —
Ce(Da) induces a functorial isomorphism H,(K;, M) ~ H, (C.(D—A) DZ[G(Q)x K] M),
so we may redefine C34(K;, M) as Co(Da) ®z(a(Q)xk, M. Setting C’?’ad(Kf,M) =
C’.(@D—A)@)Z[QQ)X;(JI]M, the natural inclusion induces a map C?’ad(Kf, M) — C3(Ky, M),
and we define CP M’ad(K ¢, M) as the cone of this map. Not surprisingly, the homology of
C? (resp. CPM) computes boundary (resp. Borel-Moore) homology. Choosing a triangula-
tion of m induces a triangulation on the boundary, and yields a complex C?(K £y, M)
together with a map C?(Kf, M) — C?(Kf, , M); defining CEM as the cone of this map,

these complexes all fit into a big diagram

€K =) O3, =) —= O (0, )

T | |

Co(Kyp,—) — Co(Ky, —) COM(Ky, )

in which the rows are exact triangles functorial in M, and the vertical arrows are quasi-
isomorphisms. We make analogous definitions of C? (K¢, M), etc.

The boundary and Borel-Moore/compactly supported sequences, and the morphisms
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between them, follow from taking the slope-< h part of the diagram

RHom o) (Ce™ (K, Ag), O(3)) — Cf ,q(KP, Homg o) (A, O(2)))

| |

RHom ) (CeY(K?, Ag), 0(%)) Caa(KP, Homg(q) (A, O(X)))

| |

RHom o) (CO" (K7, Ag), 0(3)) — CF (P, Homg () (A, 0(2)))

in which the horizontal arrows are quasi-isomorphisms, the columns are exact triangles in
D?(0()), and the diagram commutes for the natural action of T (KP).



Chapter 4
The geometry of eigenvarieties

In this chapter we begin to use global rigid analytic geometry in a more serious way; the
bible of the subject is (BGR84), and (Con08) is a nice survey of the main ideas. We shall
repeatedly and tacitly use the fact that if ' is an affinoid subdomain of an affinoid space
Q, 0() is a flat 0(2)-module; this is an easy consequence of the universal property of an

affinoid subdomain together with the local criterion for flatness.

4.1 Fredholm hypersurfaces

Let A be an affinoid integral domain. We say that such an A is relatively factorial if for
any f =Y a, X" € A(X) with ap = 1, (f) factors uniquely as a product of principal
prime ideals (f;) where each f; may be chosen with constant term 1. A rigid analytic space
W is relatively factorial if it has an admissible covering by relatively factorial affinoids.
Throughout the remainder of this thesis, we reserve the letter # for a relatively factorial
rigid analytic space.

Definition 4.1.1. A Fredholm series is a global section f € O(# x A') such that under
the map O(W x A') = OW) induced by j : W x {0} — # x A' we have j*f = 1. A
Fredholm hypersurface is a closed immersion 2 C W x Al such that the ideal sheaf of &
is generated by a Fredholm series f, in which case we write 2 = Z(f).

Note that the natural projection # x A!' — # induces a map w : & — #. Let
O(W){{X}} denote the subring of €(#)[[X]] consisting of series » >°  a,X™ such that

|ap|or™ — 0 as n — oo for any affinoid Q@ C # and any r € R~g. The natural injec-

35
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tion O(W x AY) ~ O(W){{X}} — O(#)[[X]] identifies the monoid of Fredholm series
with elements of O(# ){{X}} such that ay = 1. When # is relatively factorial, the ring
O(W){{X}} admits a good factorization theory, and we may speak of irreducible Fredholm
series without ambiguity. We say a collection of distinct irreducible Fredholm series { f;}icr
is locally finite it Z(f;) N U =  for all but finitely many ¢ € I and any quasi-compact
admissible open subset U C # x Al

Proposition 4.1.2 (Coleman-Mazur, Conrad). If # is relatively factorial, any
Fredholm series f admits a factorization f = [[;c; [ as a product of irreducible Fredholm
series with n; > 1; any such factorization is unique up to reordering the terms, the collection
{fi}ier is locally finite, and the irreducible components of Z(f) are exactly the Fredholm
hypersurfaces Z(f"). The nilreduction of Z(f) is Z([Lics fi)-

Proof. See §1 of (CM98) and §4 of (Con99) (especially Theorems 4.2.2 and 4.3.2). O

Proposition 4.1.3. If % is a Fredholm hypersurface, the image w(Z) is Zariski-open
inW.

Proof. We may assume 2 = Z(f) with f =1+ > 72, a, X" irreducible. By Lemma
1.3.2 of (CM98), the fiber of 2 over A € #/(Q,) is empty if and only if a,, € m, for all n,
if and only if .# = (a1, ag,as,...) C my. The ideal .# is naturally identified with the global
sections of a coherent ideal sheaf, which cuts out a closed immersion V(.#) < # in the
usual way, and w(Z) is exactly the complement of V(). O

Given a Fredholm hypersurface 2 = Z°(f), a rational number h € Q, and an affinoid
Q C ¥, we define Zq), = 0(Q) (p"X) /(f(X)) regarded as an admissible affinoid open
subset of 2. The natural map Zq j — € is flat but not necessarily finite, and we define an
affinoid of the form Zq j, to be slope-adapted if Zqj — (2 is a finite flat map. The affinoid
Za,n is slope-adapted if and only if fo = flg@){x}} admits a slope-< h factorization
Q(X) - R(X), in which case 0(Zq ) ~ O(Q)[X]/(Q(X)).

Proposition 4.1.4. For any Fredholm hypersurface %, the collection of slope-adapted
affinoids forms an admissible cover of % .

Proof. See §4 of (Buz07).

4.2 Eigenvariety data

Definition 4.2.1. An eigenvariety datum is a tuple © = (¥, %, . #,T,)) where # is a

separated, reduced, equidimensional, relatively factorial rigid analytic space, 2 C W x Al
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is a Fredholm hypersurface, M is a coherent analytic sheaf on Z, T is a commutative
Qyp-algebra, and v is a Qp-algebra homomorphism 1 : T — Endg,, (A ).

In practice T will be a Hecke algebra, 2 will be a “spectral variety” parametrizing
the eigenvalues of some distinguished operator U € T on some graded module M* of p-adic
automorphic forms or on a complex whose cohomology yields M*, and .# will be the natural
“spreading out” of M* to a coherent sheaf over 2. We do not require that .# be locally
free on Z.

Theorem 4.2.2. Given an eigenvariety datum ®, there is a rigid analytic space Z =
Z (D) together with a finite morphism 7 : 2" — %, a morphism w : 2 — W, an algebra
homomorphism ¢ : T — O(Z), and a coherent sheaf A1 on 2 such that m, M ~ M

and the diagram

T Endﬁfg (%)

O(%) ——Endg, (47)

commutes. The points of &~ lying over z € Z are in bijection with the generalized eigenspaces
for the action of T on . (z).

Proof. Let €ov = {€;},.; be an admissible affinoid cover of 2°; we abbreviate {;N€; by
Q;j. For any §; we let Tq, be the finite (£2;)-subalgebra of Endgq,) (.7 (€2;)) generated by
ime, with structure map ¢q, : T — Tq,. Let Zq, be the affinoid rigid space SpTgq,, with
m: Za, — € the natural morphism. The canonical morphisms Tgq, Ro () O(8j) — Tq,;
are isomorphisms, and so we may glue the affinoid rigid spaces Zq, together via their
overlaps Zg,; into a rigid space 2 together with a finite map 7= : 2° — 2. The Tq,-
module structure on . (£2;) is compatible with the transition maps, and so these modules
glue to a coherent sheaf .#'. The structure maps ¢q, glue to a map ¢ : T — O(Z") which
is easily seen to be an algebra homomorphism. The remainder of the theorem is tautological
from the construction. [

The space 2" is the eigenvariety associated with the given eigenvariety datum. For

any point x € 2, we write ¢ o (x) : T — k(z) for the composite map
(O(X) = Oz — k(x)) 0 dg,

and we say ¢4 () is the eigenpacket parametrized by the point z. If the map = — ¢4 (x)
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determines a bijection of 2~ (Q_p) with a set of eigenpackets of a certain type, we write

¢ + x4 for the inverse map.

4.3 Eigenvariety data from overconvergent cohomology

Fix G, KP, a controlling operator U, and an augmented Borel-Serre complex Co(KP, —).

For Q C #x» an affinoid open, the Fredholm series fqo(X) = det(1 — U, X)|Co(KP, Ag) is
well-defined independently of s > s[Q] by Proposition 3.1.1, and if Q' C Q is open then
fa(X)|ar = far(X). By Tate’s acyclicity theorem, there is a unique f(X) € O(#){{X}}

with f(X)|a = fa(X) for all Q. Set & = Z%. If Zq) C Z is a slope-adapted affinoid, then
C*(KP?,Dq) admits a slope-< h decomposition, with C*(K?, Dq)<j =~ Hom gy (Ce(K?, Af)<p, O(52))
for any s > s[Q], and C*(KP?,Dq)<j, is naturally a (graded) module over 0(Zq)) =
0(Q)[X]/(Qan(X)) via the map X + U, " here Qq(X) denotes the slope-< h factor

of fao.

Proposition 4.3.1. There is a unique complex #® of coherent analytic sheaves on %
such that *(Za ) = C*(KP?, Dq)<yp, for any slope-adapted affinoid Zq p,.

Proof. For Zq, a slope-adapted affinoid, we simply set 2 *(Zq) = C*(KP, Dq)<p,
with JZ*(Zq) regarded as an O(Zqp)-module as in the previous paragraph. We are
going to show that the formation of J#"*(Zq ;) is compatible with overlaps of slope-adapted
affinoids; since slope-adapted affinoids form a base for the ambient G-topology on %, this
immediately implies that the J£®(2q 5)’s glue together into a sheaf over 2.

If Zo € Covand Q' C Q with Q' connected, a calculation gives 0(Zar ) ~ O(Za,n)@e0)
O(Y), so then Zoy, € Cov. Fix Zopy C Zap € Cov with Zoy jy € €ov; we necessarily
have ' C , and we may assume b’ < h. Set Cqj, = C*(KP, Dq)<;. We now trace through

the following sequence of canonical isomorphisms:

Con Qo(2a,) O(Zarw) =~ Con@o(z,,) O(Zan) Qo ,) O(Zo )

~ (Cﬂ,h Do (20n) O(Zan) @) @’(Q/)) DLy ) O(Zar )
(Con @p() O()) R0(Zy ) O(Zov 1)
Corn Qo2 ) O(Zarw)

12

12

12

Coy .
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The fourth line here follows from Proposition 3.1.5. [J

Taking the cohomology of J#® yields a graded sheaf .#Z™* on % together with canonical
isomorphisms .#*(Zq,) = H*(K?, D)<y, for any slope-adapted affinoid 25 5. By Propo-
sition 3.1.5 the natural maps T(K?) — Endg(s,,) (H*(K?,Da)<p) glue together into a
degree-preserving algebra homomorphism v : T(K?) — Endg,, (A4™).

Definition 4.3.2. The eigenvariety Za(KP) is the eigenvariety associated with the
eigenvariety datum (Wgv, 2, #*, T(KP),1). Forn a given integer, Z&(KP) is the eigen-
variety associated with the eigenvariety datum (Wxv, 2, #™, T(KP),1).

Note that 2 is highly noncanonical, depending as it does on a choice of augmented
Borel-Serre complex; the idea of lifting the U; action to the level of chain complexes is due
to Ash (AS08). However, Zq(KP) is completely canonical and independent of this choice:
setting ¢ = anng,, . #* C O, the closed immersion Z — # x Al cut out by

Opunr » Oy - Oy § =0z

is independent of all choices. Note also that in practice, the eigenvarieties Zg(K?) carry
some extra structure which we don’t really exploit in this thesis: in particular, the sheaves
M7 are sheaves of Tpam (KP)-modules. Our first main result on the eigenvarieties 2 (KP)
is the following.

Theorem 4.3.3. The points © € Zc(KP)(Q,) lying over a given weight A\ € #k»(Q,)
are in bijection with the finite-slope eigenpackets for G of weight A\ and level KP, and this
bijection is realized by sending x € 2 to the eigenpacket ¢ o (x).

This theorem is due to Ash and Stevens (Theorem 6.2.1 of (AS08)), but the following
proof is new.

Proof. Given a finite-slope eigenpacket ¢ of weight A, fix a slope-adapted affinoid Zq
with A € Qand h > v,(¢(Uy)), and let Tq j, be the &(Q)-subalgebra of End g(q) (H*(K?,Dq)<p)
generated by T(K?) ®q, O(£2). Let 9 be the maximal ideal of T(K?) ®q, () defined
by

M=T®1+1®x), T € kerpandx € my.

After localizing the spectral sequence

By = Tor] W (17 (K?, Da) <p. k(\)) = H' (K”, Dy) <

i
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at 9, the abutment is nonzero by assumption, so the source must be nonzero as well.
Therefore 9 determines a maximal ideal of Tgq lying over my, or equivalently a point
x € Zon with w(z) = .

On the other hand, given a point x € Zqp with w(z) = A, let M =M, C Tq, be the
maximal ideal associated with z, and let d be the largest degree for which H7(KP, Dq)<nom #
0. Localizing the spectral sequence at 9, the entry Eg 4 is nonzero and stable, so the spectral

sequence induces an isomorphism
0 # HYK?, Dq)<nom @) k(A) = HY(K?, Dy)<pon,

and thus 9 induces a finite-slope eigenpacket in weight A\ as desired. [J

4.4 The support of overconvergent cohomology modules

As in the previous section, fix G, KP, and an augmented Borel-Serre complex Cq(KP, —).
We are going to prove the following theorem.
Theorem 4.4.1. Fiz a slope datum (U, 2, h).

i. Foranyi, H;(KP, Aq)<p, is a faithful 0(Q)-module if and only if H'(KP?, D)<y, is faithful.

ii. If the derived group of G is Q-anisotropic, H;(K?, Aq)<n and H'(KP,Dq)<p, are torsion
0(Q)-modules for all i, unless G (R) has a discrete series, in which case they are
torsion for all i # 3dAMG(R)/Koo Zoo.

Let R be a Noetherian ring, and let M be a finite R-module. We say M has full support if
Supp(M) = Spec(R), and that M is torsion if ann(M) # 0. We shall repeatedly use the
following basic result.

Proposition 4.4.2. If Spec(R) is reduced and irreducible, the following are equivalent:

i) M is faithful (i.e. ann(M) =0),

i1) M has full support,

iii) M has nonempty open support,

iv) Homp(M, R) # 0,

v) M ®p K # 0, K = Frac(R).

Proof. Since M is finite, Supp(M) is the underlying topological space of Spec(R/ann(M)),
so i) obviously implies ii). If Spec(R/ann(M)) = Spec(R) as topological spaces, then
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ann(M) C 1/(0) = (0) since R is reduced, so ii) implies i). The set Supp(M) = Spec(R/ann(M))
is a priori closed; since Spec(R) is irreducible by assumption, the only nonempty simultane-
ously open and closed subset of Spec(R) is all of Spec(R), so ii) and iii) are equivalent. By
finiteness, M has full support if and only if (0) is an associated prime of M, if and only if
there is an injection R < M tensoring with K implies the equivalence of ii) and v). Finally,
Homp (M, R)®p K ~ Homg (M ®r K, K), so M @ K # 0 if and only if Hompg (M, R) # 0,
whence iv) and v) are equivalent. [J

Proof of Theorem 4.1.1.i. (I'm grateful to Jack Thorne for suggesting this proof.) Ten-
soring the Ext spectral sequence with K (2) = Frac(£/(2)), it degenerates to isomorphisms

Hom ¢ (o) (Hi(K?, Aq)<h ® o) K(Q), K(Q)) ~ H'(K?, Do) <), ®g(0) K(9),

so the claim is immediate from the preceding proposition. [
Proof of Theorem /4.1.1.11. We give the proof in two steps, with the first step naturally
breaking into two cases. In the first step, we prove the result assuming €2 contains an arith-

metic weight. In the second step, we eliminate this assumption via analytic continuation.

Step One, Case One: G doesn’t have a discrete series. Let #5 be the rigid Zariski
closure in # of the arithmetic weights whose algebraic parts are the highest weights of
irreducible G-representations with nonvanishing (g, K )-cohomology. A simple calculation
using §11.6 of (BW00) shows that #¢ is the union of its countable set of irreducible com-
ponents, each of dimension < dim?/. An arithmetic weight is non-self-dual if X\ ¢ %4,

Now, by assumption 2 contains an arithmetic weight, so ) automatically contains a
Zariski dense set AV}, C Q ~ QN #%4 of non-self-dual arithmetic weights for which h is a
small slope. By Theorem 3.2.5, H*(KP, D))<, vanishes identically for any A € Aj},. For
any fixed A € N}, suppose my € SuppoH*(K?,Dq)<p; let d be the largest integer with
my, € Suppo HY(K?,Dq)<;,. Taking ¥ = X in the Tor spectral sequence gives

By = Tor”\V (HI(KP?, Do) <y, k(X)) = H'™M(KP, Dy) <.

The entry Eg’d = HYKP,Dq)<y, ®e(q) k(A) is nonzero by Nakayama’s lemma, and is stable
since every row of the Fs-page above the dth row vanishes by assumption. In particular,
Eg 4 contributes a nonzero summand to the grading on H%(KP, D) <p, - but this module is

zero, contradicting our assumption that my € SuppoH*(K?, Dq). Therefore, H*(K?,Dq)<,
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does not have full support, so is not a faithful €'(€2)-module.

Step One, Case Two: G has a discrete series. The idea is the same as Case One, but
with NV}, replaced by Ry, the set of arithmetic weights with reqular algebraic part for which h
is a small slope. For these weights, Proposition 3.2.5 together with known results on (g, K )-
cohomology (see e.g. Sections 4-5 of (LS04)) implies that H*(K?,Dy)<p, A € Ry, vanishes
for i # dg = %dimG(R)/ZOOKOO. The Tor spectral sequence with ¥ = X\ € R, then shows
that R, doesn’t meet SuppoH!(K?, Dg)<), for any i > dg. On the other hand, the Ext
spectral sequence with ¥ = A € Ry, then shows that R, doesn’t meet Suppg H;(K?, Aq)<p
for any ¢ < dg, whence the Ext spectral sequence with 3 = € shows that Rj doesn’t meet
Suppo H(K?, Dg)<y, for any i < dg. The result follows.

Step Two. We maintain the notation of §4.3. As in that subsection, H"(K?, Dq)<p
glues together over the affinoids Zq j € €ov into a coherent &z-module sheaf .Z™, and in
particular, the support of .Z"™ is a closed analytic subset of 2. Let w : 2° — # denote the

natural projection. For any Zg ), € €ov, we have
w.Supp g, , A" (Za,n) = SuppoH" (K", Do) <.

Suppose SuppoH" (KP, Do) <p, = Q for some 24 j, € €ov. This implies that Supp’%,h///"(‘,@”g,h)
contains a closed subset of dimension equal to dim.%’, so contains an irreducible component of
Za n- Since Supp 4" is a priori closed, Corollary 2.2.6 of (Con99) implies that Supp ».#"
contains an entire irreducible component of %, say 2. By Proposition 4.1.3, the image

of %y is Zariski-open in #', so we may choose an arithmetic weight \g € w,Z,. For some
sufficiently large ho and some affinoid €2y containing Ao, 2o, 4, Will contain Zq, n, N 2o as a
nonempty union of irreducible components, and the latter intersection will be finite flat over
Q. Since A" (Zay,ny) =~ H"(KP,Dgy,)<ny, we deduce that Suppg, H"(KP, Do, )<n, = Qo,
whence H™(KP,Dq,)<p, is faithful, so by Step One GI*(R) has a discrete series and

n = $dimG(R)/Ze Koo



CHAPTER 4. THE GEOMETRY OF EIGENVARIETIES 43

4.5 Eigenvarieties at noncritical interior points.

Define the defect and the amplitude of G, respectively, as the integers I(G) = rankG —
rank Ko Zoo ! and ¢(G) = 3(dim(G(R)/KxZs)—1(G)). Note that [(G) is zero if and only if
Gd°T(R) has a discrete series, and that algebraic representations with regular highest weight
contribute to (g, K )-cohomology exactly in the unbroken range of degrees [¢(G), ¢(G) +
I(G)] (LS04).

In this section we prove the following result; part i. of this theorem is a generalization
of “Coleman families”.

Theorem 4.5.1. Let v = x4 € Zg(KP) be a point associated with a classical, noncrit-

ical, interior eigenpacket ¢ such that A = w(x) has reqular algebraic part.

i. If I(G) = 0, every irreducible component of Z containing x has dimension equal to

dim % .

ti. If I(G) > 1 and ¢ is strongly interior, then every irreducible component of Zq(KP)
containing x has dimension < dim# — 1, with equality if (G) = 1.

Proof. By the basic properties of irreducible components together with the construction
given in §4.2-4.3, it suffices to work locally over a fixed Zq ), € €ov. Suppose x € Zqy
is as in the theorem, with ¢ : Tq ) — Q_p the corresponding eigenpacket. Set 9 = ker ¢,
and let m = my be the contraction of M to (). Let P C Tgqp be any minimal prime
contained in M, and let p be its contraction to a prime in €(€2). The ring T /B is a finite
integral extension of &(£2)/p, so both rings have the same dimension. Note also that p is an
associated prime of H*(KP?,Dq)<y,.

Proposition 4.5.2. The largest degrees for which ¢ occurs in H*(KP,Dq)<p and
H*(KP,Dy)<p, coincide, and the smallest degrees for which ¢ occurs in H*(KP,Dy)<), and
H.(K?, Aq)<yp, coincide. Finally, the smallest degree for which ¢ occurs in H*(KP, Dq)<p,
is greater than or equal to the smallest degree for which ¢ occurs in H.(KP, Aq)<p.

Proof. For the first claim, localize the Tor spectral sequence at 91, with ¥ = A. If ¢ oc-
7 (i3 (KP, Do) <p, (V) for
some j > 0. On the other hand, if d is the largest degree for which ¢ occurs in He(KP, Dq)<h,

the entry Eg 4 of the Tor spectral sequence is stable and nonzero after localizing at 91, and

curs in H'(KP, D))<, then it occurs in a subquotient of Tor

'Here “rank” denotes the absolute rank, i.e. the dimension of any maximal torus, split or otherwise.
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it contributes to the grading on H%(KP, D))<, m. The second and third claims follow from
an analogous treatment of the Ext spectral sequence. [

First we treat the case where I(G) = 0, so GY'(R) has a discrete series. By the
noncriticality of ¢ together with the results recalled in §3.2, the only degree for which ¢
occurs in H'(KP,Dy)<y, is the middle degree d = $dimG(R)/Z+ Koo, so Proposition 4.5.2
implies that the only degree for which ¢ occurs in H*(KP?, Dq)<p, is the middle degree as

well. The Tor spectral sequence localized at 9T now degenerates, and yields
Torfm)m(Hd(Kpapsz)gh,zm, k(X)) =0foralli > 1,

so HYKP , Dg)<pon is a free module over &(Q)y by Proposition A.3. Since &(Q)y, is a
domain and p is (locally at m) an associated prime of a free module, p = 0 and thus
dimTq /P = dimO(Q)y = dim?'.

Now we turn to the case I[(G) > 1. First we demonstrate the existence of an affinoid
open % C Zq containing x, and meeting every component of Zqj containing x, such
that every regular classical non-critical point in % is cuspidal. By our assumptions, ¢
does not occur in H;(KP,Dy)<p, so by the boundary spectral sequence ¢ does not occur
in H3(K?,Dq)<p. Since SuppTQ,hHg(Kf”,DQ)Sh is closed in Zq} and does not meet z,
the existence of a suitable % now follows easily. Shrinking 2 and % as necessary, we may
assume that (%) is finite over €(Q), and thus .Z*(%) = H*(K?,Dq)<p @1, O(¥) is
finite over 0'(Q2) as well. Exactly as in the proof of Theorem 4.4.1, the Tor spectral sequence
shows that Suppg.Z™(#') doesn’t contain any regular non-self-dual weights for which h is
a small slope, so Z*(#) and 0(%) are torsion 0(Q2)-modules.

Finally, suppose [(G) = 1. Set d = ¢(G), so ¢ occurs in H*(KP,Dy)on ~ H*(K?,L))m
only in degrees d and d + 1. By the argument of the previous paragraph, H*(K?,Dq)<p m
is a torsion 0(§2)ym-module. Taking 3 = X in the Ext spectral sequence and localizing at 90,

Proposition 4.5.2 yields
H(K?,Dq)<nm =~ Homp(q),, (Ha(K”, Ag) <pm, 0(Q)m)-

Since the left-hand term is a torsion &()y,-module, Proposition 4.4.2 implies that both
modules vanish identically. Proposition 4.5.2 now shows that d + 1 is the only degree
for which ¢ occurs in H*(KP?,Dq)<p. Taking ¥ = X in the Tor spectral sequence and
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localizing at 901, the only nonvanishing entries are Eg’dH and E, Ldtl particular,
Tor;?(mm (HFY(KP Do) <pon, 0(Q)/m) = 0 for all i > 2, so HL(KP, Dg) < o has projec-
tive dimension at most one by Proposition A.3. Summarizing, we've shown that H*(K?, Dq)<nom
vanishes in degrees # ¢(G) + 1, and that HXE+1(K? D)<, on is a torsion &(Q)y-module

of projective dimension one, so htp = 1 by Proposition A.6. [

More generally, for any point z € Zg(KP) we define

U(z) = sup {i| H'(K?, Dyy(z)) @1(K7),6(x) Qp # 0} —inf {i| H' (K?, Dyy(s)) 1(Kcv) () Qp # 0} -

If = is associated with a noncritical, strongly interior, regular eigenpacket, then I(x) =
[(G) by the aforementioned results of Wallach and Li-Schwermer. Using techniques similar
to those above, James Newton has established the following result (cf. the appendix to
(Han12b))

Theorem 4.5.3 (Newton). Every irreducible component of Zg(KP) containing x has
dimension > dim# — [(x).

Results of this type were established by Stevens and Urban in unpublished work: how-
ever, their proofs required an a priori assumption that the ideal p (in the notation of the

proof of Theorem 4.5.1) is generated by a regular sequence locally in &(2)y,.

4.6 General linear groups

In this section we examine the special case when G =~ Resp/QH for some number field
F and some F-inner form H of GL,/F, introducing notation which will remain in effect
throughout Chapters 5 and 6. Our running assumptions require p split completely in /' and
H/F, ~ GL,/F, for all v|p; as such, we identify G/Q, with (GL,/Q,)"*Q and we take B
to be the product of the upper-triangular Borel subgroups.

Next, we work with a canonical family of tame level subgroups suggested by the theory
of new vectors. More precisely, given an integral ideal n = [] pf,”(n) C Op with e, =0 if v|p
or if H(F,) 2 GL,(F,), set

EKm= J] EK@™ JI K

vwith ey (n)>0 v with e, (n)=0

where K, (w) denotes the open compact subgroup of GL,,(O,) consisting of matrices with
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lowest row congruent to (0,...,0,1)mod @, and K, denotes a fixed maximal compact
subgroup of H(F,). The Hecke algebra T (K (n)) then contains the usual operators T, ;

corresponding to the double cosets of the matrices diag | wy,...,wy, 1,...,1 | for1 <i<n
N
7
and v a place of F' such that e,(n) = 0 and H(F,) ~ GL,(F,). For a place v|p we write
U, for the element of .A;r corresponding to the double coset of diag [ 1,...,1, @y, ..., @, |,
————

7

and we set wu,; = U, -l Uy, € A,. The product [] H;:ll U, is a canonical controlling

vi—1 vlp

operator, which we denote by U,. If n = 2 we adopt the more classical notation, writing
T, =T, and S, = T, 2. We write T(n) for the finite-slope Hecke algebra of weight A and
tame level K (n) as in §3.2.

If F' = Q, we define 7/1?,, as the subspace of #x» parametrizing characters trivial on the
one-parameter subgroup diag(1,...,1,t,), and we set Zg(KP)? = Zg(KP) Nw™! (W[gp).
By the remarks in §2.2, 2g(KP) is a disc bundle over Zg(K?)’: for any point z €
Za(KP) with w(z) = A = (A1,...,\,), there is a unique point 2° € 2g(KP?)? with
A= (A Aam 1A 1) such that ¢(2)(Tr) = An(€)'é(z0)(Ty;). Restricting attention
to Zq(KP)? amounts to factoring out “wild twists” in particular, %&LZ/Q(K(N))O “is”
the Coleman-Mazur-Buzzard eigencurve of tame level N (this is essentially a theorem of
Bellaiche (Bell2)).



Chapter 5
p-adic Langlands functoriality

Buzzard (Buz04, Buz07) constructed an eigencurve ép using overconvergent algebraic mod-
ular forms associated with an R-nonsplit quaternion algebra D/Q, and raised the question
of whether there exists a closed immersion g1, : p < % (discD) into the Coleman-Mazur-
Buzzard eigencurve interpolating the Jacquet-Langlands correspondence on classical points.
Chenevier affirmatively answered this question in a beautiful paper (Che05) as a conse-
quence of a more general interpolation theorem. Chenevier’s interpolation theorem applies
to eigenvarieties which arise from sheaves of orthonormalizable Banach modules over %, and
thus is limited in applications to eigenvarieties arising either from overconvergent modular
forms on Shimura varieties or from groups compact-mod-center at infinity.

In Section 5.1, by shifting the emphasis from sheaves of orthonormalizable Banach mod-
ules over # to coherent sheaves over Fredholm hypersurfaces, we establish a significantly
more flexible interpolation theorem (Theorems 5.1.2 and 5.1.5). The remainder of Chapter
5 consists of applications of this theorem: we establish an analogue of Chenevier’s Jacquet-
Langlands morphism for R-split quaternion algebras, as well as p-adic analogues of the
symmetric square lifting of Gelbart-Jacquet and the Rankin-Selberg lifting of Ramakrish-
nan. The latter two results will be used in Chapter 6. There are many other significant

application of these results; an application to cyclic base change is given in (Hanl2a).

47
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5.1 An interpolation theorem

Definition 5.1.1. Given an eigenvariety datum © = (W, %, .4, T, 1)) with associated
eigenvariety 2", the core of 2, denoted Z°°, is the union of the dim # -dimensional ir-
reducible components of the nilreduction 2, regarded as a closed subspace of % . An
eigenvariety 2" is unmixed if Z°° ~ 2.

Let Z° denote the subspace of points in 2 whose preimage in 2" meets the core of 2,
with its reduced rigid subspace structure; 2°° is naturally a union of irreducible components
of "4, We will see below that .2°° really is an eigenvariety, in the sense of being associated
with an eigenvariety datum.

Suppose we are given two eigenvariety data ©; = (¥#;, 2, #;, T, ;) for i = 1,2, together
with a closed immersion j : #] — #5; we write j for the natural extension of j to a closed
immersion 7 x id : #; x Al < #5 x A'. Given a point z € Z; and any T € T, we write
D;(T,X)(z) € k(z)[X] for the characteristic polynomial det(1 — ¢;(T)X)|.#;(z).

Theorem 5.1.2. Notation and assumptions as in the previous paragraph, suppose there
is some very Zariski-dense set 2% C 2¥ with j(Z%) C 2 such that the polynomial
Dy(T, X)(2) divides Do(T, X)(j(2)) in k(2)[X] for all T € T and all z € Z°. Then
J induces a closed immersion ¢ @ 27 — 23, and there is a canonical closed immersion
i X — Zy such that the diagrams

2ot 7,
w1l lwz
7/1(—]> Wa
and
T N o)
0(22)
commute.

First we prove two lemmas.

Lemma 5.1.3. Suppose A is an affinoid algebra, B is a module-finite A-algebra, and S
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is a Zariski-dense subset of MaxA. Then

I= ﬂ mC B

meMax B with mlying over some neS

is contained in every minimal prime p of B with dimB/p = dimA.

Proof. Translated into geometric language, this is the self-evident statement that the
preimage of S under w : SpB — SpA is Zariski-dense in any irreducible component of SpB
with Zariski-open image in SpA. [J

Lemma 5.1.4. Suppose A and B are affinoid algebra, with MaxB an affinoid subdomain
of MaxA. Let A° be the mazimal reduced quotient of A which is equidimensional of dimension
dimA. Then A° ®4 B is the mazimal reduced quotient of B which is equidimensional of
dimension dimA if dim B = dim A, and is zero if dimB < dim A.

Proof. Set d = dimA. The kernel of A — A° is the ideal I° = Npespeca,contp=dP, SO
tensoring the sequence

0—-I1I°—A—A°—=0

with B yields
0—-I°%9B—B—A°®4B—0

by the A-flatness of B. It thus suffices to prove an isomorphism

I°®4 B~ N p.
peSpecB, cohtp=d

By the Jacobson property of affinoid algebras, we can rewrite I° as follows:

I":ﬂp

cohtp=d

_= ﬂ m
meMax(A) with
mDp and cohtp=d

- N =

meMax(A) with
htm=d
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Since B is A-flat, we have (I1 N 1I3) ®4 B = 11 BN I3 B for any ideals I; C A, so

I°Q4B = ﬂ mB

meMax(A) with
htm=d

- N m

meMax(B) with
htm=d

= N »

pESpecB, cohtp=d

and we're done if dim B = dimA. But if dimB < dimA, then mB = B for all m € Max(A)
of height d, so I° ®4 B = B as desired.

Proof of Theorem 5.1.2. Set d = dim#;. First, we establish the theorem in the special
case when %1 = W, 3 = id, Z° ~ 21 ~ %5, and Z° ~ Z7; we refer to this as the
narrow case. For brevity we write # = #1 and 2 = 27. Asin §4.2, let Cov = {Q;},;
be an admissible affinoid covering of 2. For any 2 € ¥ov and i € {1,2}, let T, denote
the 0(Q)-subalgebra of Endgq) (.#;($2)) generated by the image of ¢;, and let Ig; be the

kernel of the natural surjection
b, : TRq, O() - Ta,.

We are going to establish an inclusion In o C Ig 1 for all Q € ¥ov. Granting this inclusion,
let S C Tq 2 be the kernel of the induced surjection T — Tq1. If @ C Q is an affinoid
subdomain, then applying — ®4q) €()') to the sequence
0 — In; — T ®q, () “5 Tg, — 0

yields a canonical isomorphism Io; ®g) O() = Ia;, so applying — ®gq) O() to
the canonical isomorphism .%o = Ig2/Io ;1 yields an isomorphism .7 Re) O (Q) =2 S
Therefore the assignments €2 — %o glue together into a coherent ideal subsheaf of the
structure sheaf of 25 cutting out Z7; equivalently, the surjections T 2 — Tq 1 glue together
over ) € %ov into the desired closed immersion.

It remains to establish the inclusion Igo C In 1. Let 277° be the maximal subset of 2
such that Oy . is regular for all z € 277°¢ and the sheaves .#, and .#5 are locally free after
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restriction to Z7°®; since Z°¢ is naturally the intersection
Reg(2)() (ff < Supp &L, Extly (M & M, ﬁg)) ,

and Reg(%) is Zariski-open by the excellence of affinoid algebras, 278 is naturally a Zariski-
open and Zariski-dense rigid subspace of Z. For any T' € T, let D;(T, X) € 0(Z27¢)[X] be
the determinant of 1 — ¢;(T)X acting on .#;| #ree, defined in the usual way (this is why we
need local freeness). For any z € 277, the image of D;(T', X) in the residue ring k(z)[X] is
simply D;(T, X)(z). By our hypotheses, the formal quotient

Q(T,X)=Dy(T,X)/D1(T,X) = ZanX" € 0(Z®)[[X]]
n>0

reduces for any z € 27 N 2! to an element of k(z)[X] with degree bounded uniformly
above as a function of z on any given irreducible component of Z7°¢. In particular, the
restriction of a, to any given irreducible component, of 27 is contained in a Zariski-dense
set of maximal ideals for sufficiently large n, and so is zero. Thus D (T, X)(z) divides
Dy(T,X)(2) in k(z)[X] for any z € 2™ and any T' € T. This extends by an explicit
calculation with generalized eigenspaces to the same divisibility but for any T' € T ®q, k(2).

Suppose now that T € T ®q, €(f2) is contained in Ig 2. Since Do(T', X)(2) = 1 for any
z € QN Z" e the deduction in the previous paragraph shows that D; (T, X)(z) = 1 for any
z € QN Z*e. But then

¢1(T) € N m, C N p=0,

zeSpTq, 1 with7(z)eQnZres peSpecTq 1, cohtp=d

where the middle inclusion follows from Lemma 5.1.3 and the rightmost equality follows
since Tq 1 is reduced and equidimensional of dimension d by assumption. This establishes
the narrow case.

It remains to establish the general case. By the hypotheses of the theorem, j(Z) €
(27N Z5, so j induces the closed immersion ¢ : 27 < 25 by the Zariski-density of 2! in
ZP. Let 2, denote the fiber product 25 x #, ¢ 27; note that 27 is the eigenvariety asso-
ciated with the eigenvariety datum D% = (#4, 27, (* Mo, T, (*)s), and there is a canonical

closed immersion i’ : 23 < 25 by construction. For Q@ C 27 an affinoid open we define an
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ideal 7 (2) C Tq, by the rule

TQ’l if dimTQ’l < d
J () =

By Lemma 5.1.4 the ideals _# () glue into a coherent ideal sheaf # C €4,. The support of
Oq,/ 7 in 27 is exactly Z7° , and in fact the closed immersion cut out by ¢ is exactly the
core of Z7. In particular, the core of 27 is the eigenvariety associated with the (somewhat
tautological) eigenvariety datum D7 = (7/1, AN (//ZIT Q0 g, @gﬁ//) , T, ¢ mod /)
The narrow case of Theorem 5.1.2 applies to the pair of eigenvariety data ©f and D5,
producing a closed immersion " : 27° — 2, and the general case follows upon setting
i=104". 0O

From Theorem 5.1.2, it’s easy to deduce the following more flexible interpolation theo-
rem.

Theorem 5.1.5. Suppose we are given two eigenvariety data ©; = (Wi, %5, M;, T;, ;)
for i =1,2, together with the following additional data:

i) A closed immersion j: Wy — Wa.

ii) An algebra homomorphism o : Tg — T.

iii) A wvery Zariski-dense set Z° C 2P with j(Z%) C 25 such that Di(o(T), X)(2)
divides Do(T, X)(j(2)) in k(2)[X] for all z € Z and all T € Ty.
Then there exists a morphism i : Z° — Za such that the diagrams

wll lw

7/1(—]>7/2

and
O(Z3) — O(27)

of

T, T,

(e

commute, and i may be written as a composite i. o iy where iy is a finite morphism and i,

1s a closed immersion.
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Proof. Let ©f be the eigenvariety datum (#4, 25, #1,T2,91 o o). Theorem 5.1.2
produces a closed immersion i, : 2 (97)° — 2 (D2). The inclusion im(¢; o 0)(Ts) C
imy1(T1) C Endgq) (#1(5)) induces a finite morphism i, = 27(D1) — 27(D7). The ideal
subsheaf of &y (p7) cut out by the kernel of the composite Oy (ng) — Og (n,) = O97(2,)e

determines a closed immersion % — 2°(97) fitting into a diagram

2 (91)°—— 2/ (D1)

|

and taking i. = 4., 0 i” concludes. [J

The template for applying these results is as follows. Consider a pair of connected,
reductive groups G and H over Q, together with an L-homomorphism ‘o : 'G —IH
which is known to induce a Langlands functoriality map. The L-homomorphism induces
a morphism Ty — Tg of unramified Hecke algebras in the usual way. When G and H
are inner forms of each other, “o is an isomorphism, and Theorem 5.1.2 (with #; = #5
and y = id) gives rise to closed immersions of eigenvarieties interpolating correspondences of
Jacquet-Langlands type and/or comparing different theories of overconvergent automorphic
forms. In the general case, the homomorphism X* (TH) - X *(fc;) together with the natural
identification T(A) ~ X*(T) ®z A induces a homomorphism 7 : Tu(Z,) — Tc(Zy), and j is
given by sending a character A of Tg to the character (7o) - &, for some fized character &,
of Tt1 which may or may not be trivial. In this case, Theorem 5.1.5 then induces morphisms
of eigenvarieties interpolating the functoriality associated with “o. In practice, one must
carefully choose the character &,, compatible tame levels for G and H, and an extension of

the map on unramified Hecke algebras to include the Atkin-Lehner operators.

5.2 Refinements of unramified representations

In order to apply the interpolation theorems of the previous section, we need a systematic
way of producing sets 2°°' such that .#;(z) consists entirely of classical automorphic forms
for z € 2°!. The key is Theorem 3.2.5 together with Proposition 5.2.1 below.

Let G ~ GL,,/Q,, with B the upper-triangular Borel and B the lower-triangular Borel.
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In this case we may canonically parametrize L-valued characters of A, and unramified

characters of T'(Q,) by ordered n-tuples a = (ay,...,a,) € (L*)", the former via the map

a— Xa(up,i) = Qn41—4

and the latter via the map
t;
a Xa(t,...,tn) = I | a;}p( )

Let w be an unramified generic irreducible representation of G = GL,, defined over L,
and let r : Wq, — GL,(L) be the unramified Weil-Deligne representation satisfying r ~
rec(m, ® | det \an) Let ¢1,..., ¢, be any fixed ordering on the eigenvalues of r(Frob,), and
let X, 0 € S, be the character of A, defined by A, (u;) = pl_i(pa(i).

Proposition 5.2.1. For every o € S,,, the module 7711, contains a nonzero vector v, such
that A, acts on v, through the character .

Proof. Assembling some results of Casselman (cf. §3.2.2 of (Tail2)), there is a natural
isomorphism of A-modules

~

7_[_I o~ (WW)T(ZP) ® (5%1

where ¢t € A acts on the left-hand side by U;. By Theorem 4.2 of (BZ77) and Satake’s

classification of unramified representations, we may write 7 as the full normalized induction
G
7 = IndZx
1—n

where x is the character of T associated with the tuple (kangoa(n), cen ,pTgoa(l)). By

Frobenius reciprocity, there is an embedding of T-modules

[rol=

L(x02) — (IndGxe ),

o}

1—n n—1

_1 _1 _1
SO L(X5§2) — 7! and y, = X5§2 upon noting that 5§2 corresponds to the tuple (p™2 ,...p 2 ).
O
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5.3 Some quaternionic eigencurves

Fix a squarefree positive integer § > 2, a positive integer IV prime to d, and a prime p with
p1 Né. Let D be the quaternion division algebra over Q ramified at exactly the finite places
dividing d, and ramified or split over R according to whether § has an odd or even number
of distinct prime divisors. Let G be the inner form of GLs/Q associated with D, and let
Zp be the eigenvariety %é (N)? as defined in §4.2, where i = 0 or 1 according to whether D
is ramified or split at infinity. Let 2~ be the eigenvariety %éb /Q(N 5)Y. The eigenvarieties
2 and Zp are both unmixed of dimension one.

Theorem 5.3.1. There is a canonical closed immersion vyy, : Zp — Z interpolating
the Jacquet-Langlands correspondence on non-critical classical points.

Proof. Let 4T and .# E) be the sheaves of automorphic forms carried by the eigenvarieties
2 and Zp, respectively. Let 21 C (# x A1)(Q,) be the set of points z = (A, a™!)
with A\ € #(Q,) of the form A(z) = 2%, k € Z>q, and with vy(a) < k + 1. For any
z € 2" Theorem 3.2.5 together with the classical Eichler-Shimura isomorphism induces

an isomorphisms of Hecke modules
M (2) = (Sp1a(T1(NS) N To(p)) & My (I (N6) N To(p)) =)

and
Up=i(«
A=) = (SBaT2(N) N To())) .
Let 2! be the set of points z € 2™ for which .# lT)(z) is nonzero. The set 27 forms a
Zariski-dense accumulation subset of 27°, and D1 (T, X)(z) divides Do(T, X)(2) in k(z)[X]
for any z € 2 by the classical Jacquet-Langlands correspondence. Theorem 5.1.2 now

applies.

5.4 A symmetric square lifting

Let 65(IV) be the cuspidal locus of the Coleman-Mazur-Buzzard eigencurve of tame level
N. Given a non-CM cuspidal modular eigenform f € Si(I'1(N)), Gelbart and Jacquet
constructed an cuspidal automorphic representation II(sym?f) of GL3/Q characterized by
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the isomorphism
(WD (sym?V;,|Gq,) ~ rec (II(sym®f), @ | det |, 1)

for all primes ¢. We are going to interpolate this map into a morphism iqj : 5'*(N) — 2,
where €3'™(N) is the Zariski-closure inside %(IV) of the classical points associated with
non-CM eigenforms and 2" is an eigenvariety arising from overconvergent cohomology on
GLs.

To construct the portion of the eigencurve we need, set G = GL2/Q and T; = Tg (K (N)).
The eigencurve 6(N) arises from an eigenvariety datum @) = (#1, 23, #1,T1,v1) with
W = HomCtS(Z;;,Gm), %7 the Fredholm series of U;l acting on cuspidal overconvergent
modular forms of tame level N, and .#; the natural spreading out of overconvergent cuspidal
modular forms of tame level N. Let .# C O, () be the coherent ideal sheaf cutting out the
closed immersion 63" (N) — Go(N), and set D1 = (#1, 21, 1R, T+(Ogy(n)/ 7 ), T1, ),
50 €™ (V) arises from the eigenvariety datum ©;. The eigencurve €™ (V) is unmixed of
dimension one. For any eigenform f € Sp{%5(I'1(V)) and « either root of the Hecke polyno-
mial X2 — ag(p) + pFtle(p), we define bra : T1 — Qp as the eigenpacket associated with
the point z ¢ € 65(IN). We normalize the weight map €,(N) — #4 so that for f a classical
cuspidal eigenform of weight k 4 2 whose nebentype has p-part €, w(xs) corresponds to the
character ¢ — t*s(t).

Now take H = GL3/Q and Ty = T (K (N?)). Let D3 be the eigenvariety datum from
Definition 4.3.2, with 2" = 25 (K (N?)) the associated eigenvariety.

Theorem 5.4.1. Under the hypotheses above, there is a morphism igy : €5 (N) — Z
interpolating the symmetric square lift on classical points.

Let 7 : #1 — #5 be the closed immersion sending a character A to the character
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J(N)(t1,t2,t3) = A(t3t2). Let o : Ty — Ty be the map defined on generators by

o(Tpy) = TP — 1Sy,
o(Tye) = TESe—1S7,
o(Tys) = S7,
o(Up1) = Uﬁ,
o(Up2) = U2Sp,
o(Ups) = S;’.

Lemma 5.4.2. If f € Sps8(I'(N)) has nebentype €5 and X* — ap(p)X + p*les(p)
has a root o with vy(e) < B, then T(sym?f) contributes to H*(K(N?), Lo ko)), and
H*(K(N?), Dok k,0)) contains a nonzero vector v such that every T' € Ty acts on v through
the scalar (¢ 0 0)(T).

Proof. Fix f and « as in the lemma, and let A\ be the highest weight (2k,k,0). A
calculation with the local Langlands correspondence then shows that IT(sym?f), has con-
ductor at most £2¢N)_ Since f is non-CM, (sym?f) is cuspidal. The Hecke module
H(symzf)K(N occurs in H*(K(N?),L,) by the Gelbart-Jacquet lifting and the calcula-
tions in (Clo90). At primes ¢{ Np, II(sym? f), is unramified, and 7y ; acts on the unramified
line via the scalar (¢f o 0)(7},;). A simple calculation using Proposition 5.2.1 shows that
H(sym? f)& (NI contains a vector on which A, acts through the character associated with
the tuple (p~282%,p~1aB,a?), so there is a vector v in the II(sym?f)-isotypic component
of H*(K(N?)I, L)) such that the x-action of A, is given by the character associated with
the tuple (a2ef(p)?, e4(p), @?). In particular, U, acts on v’ through the scalar a'e(p). By
Proposition 3.2.5, the integration map iy : H*(K?,Dy) — H*(KP, L)) is an isomorphism
on the subspace where U, acts with slope < k+ 1, so v = i;l(v’) does the job. OJ

Now we take 2! to be the set of points in 27 of the form (\,a~!), where X\ is a
character of the form \(z) = 2*,k € Z>3 and « satisfies vy(a) < EEL. This is a Zariski-
dense accumulation subset of 2. By Coleman’s classicality criterion, there is a natural
isomorphism . (z) ~ Sp{5(T1(N) N Lo(p))Y»=4) of Ti-modules, so Theorem 5.1.5 now
applies, with the divisibility hypothesis following from Lemma 5.4.2. We thus conclude. [J

It’s not hard to show that the image of iqy is actually a union of irreducible components

of 270,
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5.5 A Rankin-Selberg lifting

Let f and g be a pair of level one holomorphic cuspidal eigenforms of weights ky + 2, kg + 2
with associated Galois representations Vy, and V;,. By a deep theorem of Ramakrish-
nan (Ramo00), there is a unique isobaric automorphic representation II(f ® g) of GL4(Aq)
characterized by the equality

_3
rece (17 @ g)e |t |, ) = WD(V, 0 VG

for all primes . We are going to interpolate the map (f,g) — II(f ® g) into a morphism
of eigenvarieties 6y X 6y — 2, where % denotes the cuspidal locus of the Coleman-Mazur
eigencurve and 2~ denotes an eigenvariety associated with overconvergent cohomology on
GL4/Q.

Set G = GL2/Q, T1 = Ta(K(1)) ® Ta(K(1)), and #1 = Homes(Z) x Z), G ); we
regard an A-point of %] as a pair of characters A\;,\y : Z; — A* in the obvious way.
The product % x ) arises from an eigenvariety datum ©, = (#, 27, .#1,T1,1¢1), where
(A1, Ao, ) € 29(Q,) if and only if there exist cuspidal overconvergent eigenforms f; and
fo of weights A1 and Ay such that U;} ® Ug — « annihilates f1 ® fs.

Set H= GL4/Q, Ty = T (K (1)), and let © be the eigenvariety datum from Definition
4.3.2, with 2" the associated eigenvariety.

Theorem 5.4.1. Under the hypotheses above, there is a morphism igs : 6o X 69 — 2
interpolating the Rankin-Selberg lift on classical points.

Let 7 : #1 — #5 be the closed immersion defined by sending a character A € #] to the
character

JA)(t) = (trtz) " A (tita) Ao (tits), t = diag(ty, b2, t3, ta) € T
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Define a map o : To — T on generators by

o(Ty) = T, 91Ty,
o(Tpe) = Sy®@TF+TF®Sy— 205, ® Sy,
o(Tuz) = ¢'STy® STy,

o(Tpy) = (72520 S?

o(Uy1) = U,@U,,

o(Up2) = UZ® Sy,

o(Ups) = UpSp®Sp,

o(Ups) = Si©S2

Let (f,g) be an ordered pair as above with kf —1 > k; > 0. Set A = A(f ®@g) : (x1,22) —
a;lffxgg € #. Let ay, Bs be the roots of the Hecke polynomial X2 — as(p)X + pF/1, and
likewise for g.

Lemma 5.5.2. The module TI(f ® g)II) contains a vector v on which A, acts through
the character associated with the tuple (p_?’ﬁfﬁg,p_Qﬁfag,p_lozfﬁg, arag); in particular, Uy,
2kg+kf—1a;1ca3.

Proof. This is a direct consequence of Proposition 5.2.1, together with the characteriza-
tion of II(f ® g) given above. [

Lemma 5.5.3. Ifay and oy satisfy fup(a;%ag) < min(ky—ky, kg+1), then H*(K(1),Dj(x))
contains a nonzero vector v such that every T' € To acts on v through the scalar (qﬁf,af ®
Pg.aq)(0(T))-

Proof. Dominance of j(A) is obvious, so II(f ® g) is cohomological in the weight j(\).

acts via the scalar p

For primes £ { p, II(f ® g), is unramified and Ty ; acts on the unramified line via the scalar
(¢f704f ® Pg,a,)(0(Ty))-

Next, recall that the x-action of A, on II(f ® g)ll, is simply the usual action rescaled
by A(1,p,p% p*)~!, and A corresponds to the highest weight (ks + k; — 1,kr — 1,kg,0), so
A1, p,p%,p?) "t = p'=2ke=ks  In particular, II(f ® g)},{ contains a vector on which U, acts
through the scalar a}%af] by Lemma 5.5.2. Writing £ = min(ky — kg, kg + 1), the integration

map i;(y) induces an isomorphism

H*(K(1),Djx))<n — H* (K1), Lj(x) <
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and the target contains a vector satisfying the claim of the theorem. [J

Finally, we take 27! to be the set of points in 24 of the form (A1, A2, a™!) where \{(z) =
¥ and A\o(z) = 2¥2 with k; € Z and 0 < ky < k1 —1, and « satisfies o < min(ky — kg, ko +1).
This is a Zariski-dense accumulation subset, and Theorem 5.1.5 applies with the divisibility

hypothesis following from Lemma 5.5.3. This proves Theorem 5.5.1. [J



Chapter 6

A modularity conjecture for

trianguline Galois representations

6.1 The conjecture

Fix a prime p, and let L/Q, be a finite extension. Let V' be a continuous representation
of Gq on a finite-dimensional L-vector space such that V|Gq, is unramified for all but
finitely many primes. When V|Gq, is potentially semistable, a fundamental conjecture

of Langlands, Clozel, and Fontaine-Mazur predicts the existence of an automorphic repre-

1-n

sentation 7 ~ ®}m; of GL,(Aq) such that my @ |det|,? matches WD(V|Gq,) under the
local Langlands correspondence for all primes £. By the theory of Eisenstein series, there
is no loss in formulating this conjecture for V' which are absolutely irreducible, in which
case the predicted 7 should be cuspidal. If the representation V is regular, = will be visible
in the cohomology of a local system. More precisely, suppose the Hodge-Tate weights of
V|Gq, are ki < ka < -+ < ky, and let £y be the GLj,-representation of highest weight
(kn +1—n,kp—1 +2—mn,...,k1). Let N be the conductor of V, and let TS(N) be the

commutative subalgebra of
Endc (H*(Y/(K1(N)), £2(C)))

generated by the Hecke operators Tj; for 1 < i < n and primes ¢ { N. For any isomorphism

. : L 5 C, the Fontaine-Mazur-Langlands conjecture asserts the existence of a C-algebra

61
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homomorphism ¢y : Til(N ) — C such that the equality

tdet(X - Td — Froby)|V = 3 (—1)"7 6y (T3,) X"~ in C[X]
=0

holds for all ¢ pN, where Frob, denotes a geometric Frobenius at £.

In this chapter we formulate a generalization of the above conjecture encompassing all
trianguline Galois representations. On the one hand, if V|GQp(C,,j) is semistable for some
J, V is trianguline; on the other hand, most trianguline representations aren’t even Hodge-
Tate. In light of this, any such conjecture must go beyond finite-dimensional local systems.
Perhaps unsurprisingly, we formulate a conjecture relating trianguline Galois representations
with eigenclasses in overcovergent cohomology. In the setting of conjugate-self-dual Galois
representations and unitary group eigenvarieties, an analogous conjecture is formulated in
(Hel12).

To state the conjecture precisely, we need to recall some concepts from p-adic Hodge
theory (for a nice introduction to this circle of ideas, see (Berll)). Let R = Ry be the
subring of L[[X, X ~!]] consisting of series which converge on some open annulus r < | X|, <
LY Set I' = Gal(Qp((p~)/Qp), and let x : I' = ZX be the cyclotomic character.” The
formulas (¢ - f)(X) = f(1+X)P—1) and (y - f)(X) = f((l—l—X)X(V) —1) fory €T
define commuting actions on R. A (¢,I')-module of rank n is a free R-module D of rank
n equipped with commuting R-semilinear actions of ¢ and I', such that the matrix of ¢
lies in GL,,(R) for some basis of D. A (¢,T')-module is étale if it admits a basis for which
the matrix of ¢ lies in GL, (RN OL[[X, X~1]]). By work of Berger, Fontaine-Wintenberger,
Cherbonnier-Colmez, and Kedlaya, there is an equivalence of categories between continuous
L-linear Giq,-representationsr and étale (o,I')-modules. If V' is a representation of Gq,,

we denote its associated (¢, I')-module by D(V).? The functor V +— D(V) can be realized

.i.

explicitly 4 la Fontaine: there is a ring Brig equipped with commuting actions of Gq, and

an operator ¢ such that

>Gal(Qp/Qp(Cpoo )

D(V) - (V ®Qp Biig

!Throughout this chapter we tacitly enlarge L whenever convenient; in Berger’s terminology, we make
no distinction between “trianguline” and “split trianguline” representations.
2We shall occasionally regard x as a character of Gq in the obvious way.

3This functor is often denoted Diig(V) in the literature.
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As a simple but crucial example of this correspondence, there is a bijection between rank one
(¢, T')-modules and continuous characters 0 : Q, — L*: the character ¢ corresponds to the
rank one (p,I')-module R(d) with ¢ and I' acting on a basis element es by ¢(es) = d(p)es
and y(es) = 6(x(7))es. The (p,T')-module R(9) is étale if and only if 6(p) € O, in which
case R(J) corresponds to the character of Gq, whose restriction to Wgq, is Artéi od. Any
d may be decomposed uniquely as fi5(,)0(70) where po(7) = @) and g = 2|z,

Given a continuous n-dimensional Gq,-representation V', an ordered n-tuple 6 = (d1,...,d,)

of continuous characters 0; : Q) — L* is a parameter of V' if D(V') admits a filtration
0=Fil’ CFil'! C--- C Fil" = D(V)

by (p,T)-stable free R-direct summands such that Fil’/Fil"™! ~ R(¢;) for 1 < i < n. Let
Par(V) denote the set of parameters of V. Note that a given representation V' may not
admit any parameters at all.

Definition 6.1.1 (Colmez). A Gq,-representation V is trianguline if Par(V) is
nonempty.

The most well-studied trianguline representations are the mearly ordinary representa-
tions, in which case V' itself admits a Gq,-stable full flag 0 = VO cvWc...cvi =y
such that Fil’ = D(V(i)); a parameter § gives a nearly ordinary structure on V' if and only
if 6;(p) € Of for 1 <i < n. However, most trianguline representations are irreducible qua
Galois representations.

Let G = GL,,/Q, with T the standard diagonal maximal torus. Given an n-dimensional
trianguline representation V' with § € ZPar(V), define a character A(9) : T(Z,) — L™ by

the formula

)\(5)(t1, A ,tn) = H 5n+1—i(ti_1)t§_n.
=1

As in §4.6, let T (V) be the finite-slope Hecke algebra of weight A and level K (V).
Conjecture 6.1.2. Let V be a continuous n-dimensional L-linear representation of Gq
which is odd, absolutely irreducible, unramified almost everywhere, and trianguline at p, with

prime-to-p Artin conductor N. Then for any parameter § € Par(V), there is a finite-slope
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eigenpacket ¢y,s 1 Ty)(N) — L such that

det (X - 1d — Frobg) [V = S (—1)%" 7 ¢y5(Ty,) X" in L[X]
=0

for all primes £ Np, with ¢v.s(up;) = 0;(p) for 1 <i <mn.

Hard evidence aside, there are certain suggestive similarities between the Galois and
automorphic sides of the picture. For example, any finite-slope eigenpacket satisfies the
inequality v,(¢(Up,i)) > 0, while Kedlaya’s theory of Frobenius slopes implies the inequality
vp(01(p)d2(p) - - - 9i(p)) > 0 for any parameter of any trianguline representation.

In light of Theorem 4.3.3, the truth of Conjecture 6.1.2 for any given pair (V,d) is
equivalent to the existence of a point zv,s € 2° = Zq1,, /(K (N)) with w(xy,s) = A(J) such
that ¢ 2 (xy,5) satisfies the putative properties of ¢y 5. This simple observation turns out to
be a powerful tool for establishing special cases of the conjecture.

Theorem 6.1.3. If p is odd and V is a two-dimensional representation such that
V|GQ(Cp) is absolutely irreducible and V|GQP is not of the form < no¥ ) or < K *_ ),
then Conjecture 6.1.2 is true for every parameter of V. ! "

This theorem is almost entirely due to others, and the proof is simply a matter of
assembling their results. More precisely, under the hypotheses of Theorem 6.1.3, Emerton
proved that V' is a twist of the Galois representation Vy associated with an overconvergent
cuspidal eigenform f of finite slope and some tame level Ny; the result then follows from
work of Stevens and Bellaiche (Bell2; Ste00) showing that the Hecke data associated with
overconvergent eigenforms appears in overconvergent cohomology. The situation is most
interesting when the weight of f is an integer £ > 2 and U, f = af with v,(a) > k—1, in
which case Conjecture 6.1.2 predicts the existence of the companion form of f: a form g of
weight 2 — &k such that V; ~ V, ® x'7* (Col96). This case also demonstrates the falsity of a
naive converse to Conjecture 6.1.2.

Theorem 6.1.4. Conjecture 6.1.2 is true for pairs (Syszf,5) where Vi is the Galois
representation associated with an overconvergent cuspidal eigenform f of finite slope and
§ = (62,6102, 03) with (61,69) € Par(Vy).

Next we turn to an example involving crystalline representations. Quite generally, if V'

is a crystalline representation, then V is automatically trianguline, and any § € Par(V)
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has the form

6 = (a1 g™, a2y ™)

for some integers w; and scalars o; € L*. Any parameter reveals a great deal about V:
the integers w; are in fact the Hodge-Tate weights of V in some fixed ordering, and the
eigenvalues of the crystalline Frobenius on Deyys(V) are p™ic;. Following Bellaiche and
Chenevier, we say a parameter of a crystalline representation is noncritical if w; < we <
-+ < wp, and critical otherwise. Note that A(d) is a B-dominant weight if and only if § is
noncritical.

Theorem 6.1.5. Let f,g be two distinct classical cusp forms of level one and weights

kg, kg. Then Conjecture 6.1.2 holds for the representation Vi, @ Vg, and for the parameters

1k, 1k 2k —ky
Mafag’uafaglxo 7Naga;1x0 7“0:;10:;1'%0
and
1—ky 1-kg 2—ky—kg
Mafag7uaga;1x0 nuafaglxo vﬂa;1a51$0 >

where oy (resp. ay) denotes either oot of the Hecke polynomial X? —as(p)X +p*=1 (resp.
X? —ag(p)X +pha1).

Note that if kf > k; (resp. kg > k), only the first (resp. second) parameters here is
noncritical, and all of these parameters are critical if ky = k.

We end this introductory section with a refined conjecture on the structure of the smooth
GL; (A})-representation

H*(D)) = K;LHQ}H*(KP’DA)'

Given V as above and a prime £ { p, let 7;(V') denote (a slight renormalization of) the generic
representation of GL,(Qy) defined over L associated with the Weil-Deligne representation
WD(V|Gq,) % by the construction of Breuil-Schneider (BS07); this representation satis-
fies (V) ® | det |;%n ~ rec™! (WD(V|Gq,)" ) if the right-hand side is generic, but in
general my(V') is reducible.

Conjecture 6.1.6. Notation and assumptions as in Conjecture 6.1.2, the module

Homygr, (an)) (®0pme(V), H (Do)

contains a nonzero vector v such that uy ;v = 6;(p)v for 1 <i <n.
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6.2 Compatibility with Fontaine-Mazur

Let IT = Il ®1I; be a cohomological cuspidal automorphic representation of GL,,(Aq) with
conductor N, and choose a prime p { N. Let Vi1, be the Galois representation associated

with IT in the usual sense, and suppose Vi1, |Gq, is crystalline with
vdet (X — ) [Derys(Vir,) = det <X — rec(Il, ® | det |1’T”)(Frobp))

(this is known if IT is essentially self-dual). Suppose Vi,|Gq, admits a parameter J =
(,ualxgkl, e ,,uanazo_k") such that k1 < kp < --- < kj. The eigenvalues of the crystalline
Frobenius on Dcrys(Vn,L\GQp) are simply ¢; = pFia;. Since IL, is generic, H{f’ contains a
Oy D> " 0n1,...,p1). The weight
A(0) in this case is the dominant highest weight (k, + 1 — n,kp—1 + 2 — n,..., k1), so

up i xx(5) V' = a;v’. But the map

vector v’ on which A, acts through the character (p!="

ixg) : H'(K(N),Dy)) — H (K(N)I, L))

intertwines the standard 4,-action on the source with the x-action on the target, so the
vector v predicted in the source by Conjecture 6.1.2 is compatible under this map with the

contribution of II in the target.

6.3 Evidence for two-dimensional Galois representations

In this section we prove Theorem 6.1.3. By a simple twisting argument, we may suppose
V =~ Vy where f is an overconvergent cuspidal eigenform of finite slope and tame level
N. Set Dy = D(Vf|Gq,). We define the weight of f as the unique continuous character
w : Z¥ — L* such that det Vy|Iq, ~ w(x')x~' Let SL(Ty(N)) denote the linear span
of weight w overconvergent cuspidal finite-slope eigenforms. For any A = (A1, A2) in the
GL2/Q weight space, work of Stevens (Ste00) and Bellaiche (Bell2) yields a noncanonical

injection of Hecke modules
By : S;M;l(l“l(N)) ® Ag o (det| det|) — H'(K(N),Dy)

where of course the right-hand side denotes overconvergent cohomology for GLo.
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Let o be the Up-eigenvalue of f, and set k =2 + %, so the Sen weights of V are
exactly 0 and £ — 1. We now partition the set of overconvergent modular eigenforms f into
five types:

la. k € Z>p and 0 < vp(a) < k —1,

1b. k € Z>2 and v,(a) =0,

2. k€Z> and vy(a) =k — 1,

3a. k € Z>1 and vy(a) > k — 1,

3b. k¢ Z>;.

Forms of type 1 are always classical, while forms of type 3 are never classical. If f is of

type 1 or 3b, then Dy has parameter

0= (:u'oca Noﬁlnw(x())_lwo_l)

where 7 = det Frob,,. (See Proposition 5.2 of (Che08).) In this case the truth of Conjecture
6.1.2 follows immediately from the appearance of f in SIU.

If f is of type 3a, then D has parameter

8 = (Hpr-ra@g ", pa-178(w0) ")
where w(z) = ¥ ~2¢(x) with ¢ of finite order. In particular, Conjecture 6.1.2 predicts the
weight A = (A1, \g) with A\;(z) = 27 e(z) and Aa(z) = 2*~1. By deep work of Coleman,
every form f of type 3a has a companion form g (Col96), namely a form of type 3b such
that Vy ~ V; ® X})_k and ay = pF~la,. Since (M A;1)(z) = 2 Fe(2) is the weight of g, the
image of g under the map Sy matches the prediction of Conjecture 6.1.2 exactly.
Forms of type 2 have a companion form if and only if V;|Gq, is a direct sum of two

characters; otherwise their parameter is the same as for type 1 forms. We omit the details.

6.4 Evidence for three-dimensional Galois representations

In this section we prove Theorem 6.1.4. Notation as in the theorem, we may realize Dy =
D(SmeVf|GQp) as the R-span of symmetric tensors in Dy ®g Dy. By definition, Dy has
a triangulation

0— R(01) - Dy — R(d2) — 0.



CHAPTER 6. A MODULARITY CONJECTURE FOR TRIANGULINE GALOIS REPRESENTATIONS68

Let v1,v2 be a basis for Dy with vy spanning R(61). The filtration

0C R(éf) ~ Spang (v; ® v1) C Spang (v ® v1,v; @ V2 + V2 ® V1)

C Spang (v1 ® v1,v1 ® V2 + V2 @ v1,v2 @ v2) =~ Dyypey

then exhibits (67, 0102,03) as an element of Par(sym?Vy).

Since sym? V is assumed irreducible, V; is neither reducible or dihedral up to twist, and f
defines a unique point x5 € €3 (V) (with notation as in §5.4). If f is as in the theorem with
f of type 1 or 3b, the eigenpacket associated with the point xy s = ics(xy) € %GL3/Q(N2)
satisfies Conjecture 6.1.2. If f is of type 3a with companion form g, we take xys to be a

suitable twist of iqy(zy).

6.5 Evidence for four-dimensional Galois representations

In this section we prove Theorem 6.1.5. Let the notation be as in Theorem 6.1.5; Dy =

D(V¢|Gq,) admits a triangulation

1-k
0 — R(pta;) — Dy — R(/‘af% =0

and likewise for D,. Let v1,v2 be a basis for Dy with v; generating R(,uaf), and let
wi, w2 be an analogous basis for D,. We are ready to exhibit the claimed parameters on
D(Vy ®V,) = Dy ®g Dy. The first set corresponds to the triangulations

0 C R(ta;) ® Rfta,) C Rlpta;) ® Dy C Spang (v1 @ wi,v1 ® wz,v2 @ wi) C Dy @ Dy,
and the second corresponds to the triangulations
0cC R(uaf) ® R(Ha,) C D @ R(ta,) C Spang (v1 ® wi,v2 @ wi,v1 @ wa) C Dy @ Dy,

Having proved Theorem 5.5.1, Theorem 6.1.5 follows quickly: notation as in §5.5, we
take x = iRS(:Ef,af,:Egﬂg) for ¢ in the first set of parameters, and = = iRs(xg,ag,ajﬁaf) for &

in the second set of parameters.



Appendix A

Some commutative algebra

In this appendix we collect some results relating the projective dimension of a module M
and its localizations, the nonvanishing of certain Tor and Ext groups, and the heights of
the associated primes of M. We also briefly recall the definition of a perfect module, and
explain their basic properties. These results are presumably well-known to experts, but they
are not given in our basic reference (Mat89).

Throughout this subsection, R is a commutative Noetherian ring and M is a finite R-
module. Our notations follow (Mat89), with one addition: we write mSupp(M) for the set
of maximal ideals in Supp(M).

Proposition A.1. There is an equivalence
projdimp (M) > n < Exth(M, N) # 0forsome N € Modpg.

See e.g. p. 280 of (Mat89) for a proof.
Proposition A.2. The equality

projdimp (M) = SUPmemSupp(M)Projdimpg (M)

holds.

Proof. Any projective resolution of M localizes to a projective resolution of My, so
projdimp_(Mpm) < projdimp(M) for all m. On the other hand, if projdimg (M) > n, then
Exty(M,N) # 0 for some N, so Ext}(M,N)y # 0 for some m; but Exth(M,N)y ~
Exth (Mm, Nm), so projdimpg (My) > n for some m by Proposition A.1. [J
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Proposition A.3. For M any finite R-module, the equality
projdimp (M) = SUPpemsupp(ar)SUP {i|Torf (M, R/m) # 0}
holds. If furthermore projdimp(M) < oo then the equality
projdimp (M) = sup {i|Exty (M, R) # 0}

holds as well.
Proof. The module Tor®(M, R/m) is a finite-dimensional R/m-vector space, so localiza-

tion at m leaves it unchanged, yielding

Tor®(M,R/m) =~ Tor®(M,R/m)n
~ Tor!™ (Mpy, Ry/m).

Since the equality projdimg(N) = sup {i|Tory (N, S/mg) # 0} holds for any local ring S
and any finite S-module N (see e.g. Lemma 19.1.ii of (Mat89)), the first claim now follows
from Proposition A.2.

For the second claim, we first note that if S is a local ring and N is a finite S-module
with projdimg(N) < oo, then projdimg(N) = sup{i|Ext%(N,S) # 0} by Lemma 19.1.iii of
(Mat89). Hence by Proposition A.2 we have

projdimp(M) = SUPmemSupp(M)SUP {z’|Ext§Qm (M, R) # 0}
= sup{i|Exth (M, R)y # 0forsomem}
— sup{ilExti(M, R) # 0},

as desired. [J

Proposition A.4. If R is a Cohen-Macaulay ring, M is a finite R-module of finite
projective dimension, and p is an associated prime of M, then htp = projdime (My). In
particular, htp < projdimp(M).

Proof. Supposing p is an associated prime of M, there is an injection R/p < M; this



APPENDIX A. SOME COMMUTATIVE ALGEBRA 71
localizes to an injection Rp/p < My, so depthp, (Mp) = 0. Now we compute

htp = dim(R,)
= depthp, (Rp) (by the CM assumption)
= depthp (My) + projdimp, (My) (by the Auslander — Buchsbaum formula)
= projdimpg, (M),

whence the result. [

Now we single out an especially nice class of modules, which are equidimensional in
essentially every sense of the word. Recall the grade of a module M, written gradeg (M), is
the anng(M)-depth of R; by Theorems 16.6 and 16.7 of (Mat89),

gradep (M) = inf{i|Ext’;(M, R) # 0},

so quite generally grader(M) < projdimp(M).

Definition A.5. A finite R-module M is perfect if gradep(M) = projdimp(M) < oo.

Proposition A.6. Let R be a Noetherian ring, and let M be a perfect R-module, with
gradep(M) = projdimp(M) = d. Then for any p € Supp(M) we have gradep, (My) =
projdime (Myp) = d. If furthermore R is Cohen-Macaulay, then M is Cohen-Macaulay as
well, and every associated prime of M has height d.

Proof. The grade of a module can only increase under localization (as evidenced by the
Ext definition above), while the projective dimension can only decrease; on the other hand,
gradep(M) < projdimp(M) for any finite module over any Noetherian ring. This proves
the first claim.

For the second claim, Theorems 16.6 and 17.4.1 of (Mat89) combine to yield the formula

dim(My) + gradep, (M) = dim(Ry)
for any p € Supp(M). The Auslander-Buchsbaum formula reads
depthp, (Mp) + projdimp, (M) = depthp, (Rp).

But dim(R,) = depthp (Rp) by the Cohen-Macaulay assumption, and gradeg, (M) =
projdimp (Mp) by the first claim. Hence depthp, (M) = dim(My) as desired. The assertion
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regarding associated primes is immediate from the first claim and Proposition A.4. [
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