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A new model of near integration is formulated in which the local to unity param-
eter is identifiable and consistently estimable with time series data. The proper-
ties of the model are investigated, new functional laws for near integrated time
series are obtained that lead to mixed diffusion processes, and consistent estima-
tors of the localizing parameter are constructed. The model provides a more com-
plete interface between I(0) and /(1) models than the traditional local to unity
model and leads to autoregressive coefficient estimates with rates of convergence
that vary continuously between the O(«\/n) rate of stationary autoregression, the
O(n) rate of unit root regression, and the power rate of explosive autoregression.
Models with deterministic trends are also considered, least squares trend regres-
sion is shown to be efficient, and consistent estimates of the localizing parameter
are obtained for this case also. Conventional unit root tests are shown to be con-
sistent against local alternatives in the new class.

1. INTRODUCTION

Models with near unit roots have attracted much attention in recent years. These
models lead to a class of near integrated time series that offer some additional
flexibility over integrated processes in the modeling of nonstationary time se-
ries. They were developed originally to provide a mechanism for studying lo-
cal alternatives to unit root specifications, giving limit diffusion processes in
place of Brownian motion (Bobkoski, 1983; Phillips, 1987a), unifying asymp-
totics for stationary and nonstationary autoregressions (Chan and Wei, 1987;
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Phillips, 1987a), having natural extensions to vector time series (Phillips, 1988),
and delivering power functions and power envelopes for unit root tests (Ca-
vanagh, 1985; Phillips, 1987a; Johansen, 1991). They have also been used in
empirical econometric work to construct confidence bands that allow for auto-
regressive coefficients and roots in the neighborhood of unity (Cavanagh, 1985;
Stock, 1991).

The simplest local to unity model is a triangular array for a time series y, of
the form

v, = ay,—; + u,, a=1+§, t=1,...,n (1)
with independent and identically distributed (i.i.d.) (0,02) innovations u,.
Whereas the autoregressive coefficient a — 1 as n — oo, it is apparent that for
any given sample size n in (1), the model accommodates a much wider range
of autoregressive coefficients as the localizing parameter ¢ varies, including
both stationary (¢ < 0), explosive (¢ > 0), and unit root (¢ = 0) possibilities.
This flexibility has helped to make the model popular in studying economic
time series for which roots near unity are considered highly plausible but roots
at unity are considered too restrictive. A feature of the local to unity model is
that the localizing parameter is identifiable (¢ can be deduced from the condi-
tional mean ay,—; and the sample size n) but is not consistently estimable. In
particular, standardized observations from the model (1) satisfy the invariance
principle

nvl/zy[nr] ﬁJ(:(r)’ (2)

a linear diffusion process (Phillips, 1987a) that depends on c. So, writing the
model in the form Ay, = ¢(y;—/n) + u,, it is apparent that the sample second
moment of the regressor x, = y,_/n of c¢ satisfies the weak convergence

n __yL':_l 2 1
z< . ) =>fOJC(r)2dr

and does not diverge as n — oo, thereby failing to satisfy the excitation condi-
tion for least squares regression consistency. Put another way, the signal to noise
ratio measured by

I's (b)z
Var (x,) Ny=1\ N

2

-0,

var(u,) o P
and so the signal from x, is too weak relative to the error variation to produce a
consistent estimator of the localizing coefficient c.

Although methods have been developed to utilize the way in which the limit

distribution depends on the localizing coefficient (by virtue of the dependence
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of the limit process J.(r) on c¢), the failure of consistent estimation has been an
impediment to inference in models of this type. The dependence of the limit
distribution on ¢ also affects resampling procedures such as the bootstrap, which
are known to be inconsistent in models of this type because of this very depen-
dence (Basawa, Lallik, McCormick, Reeves, and Taylor, 1991). One way in
which the signal can be strengthened is through the use of additional data. In
fact, recent work by Moon and Phillips (2000) shows how panel data with in-
dependent cross section observations are helpful in resolving the failure of con-
sistency in time series models such as (1). This approach relies on the fact that
the model (1) continues to apply with the same localizing coefficient across a
section of N individual observations while N — oco. Then, VN consistent esti-
mation of ¢ is possible. However, panel data for which the assumptions under-
lying this approach are plausible, particularly that of cross section homogeneity
of the localizing parameter, seem likely to be uncommon. So, these panel data
results seem at present to be of more theoretical than empirical import.

This paper offers a fresh approach to the problem of modeling time series
with roots near unity. Our idea is to develop a new formulation of local to unity
models that offers more flexibility than the traditional model (1). The new model
leads to a class of different limit processes beyond simple diffusions, and it has
the interesting property that the local coefficient is identifiable and consistently
estimable with time series data, unlike (1). Consistent estimation opens up some
new possibilities with respect to efficient estimation, trend elimination, and the
construction of confidence intervals. The new model also provides a more com-
plete interface between 7(0) and /(1) models and between O(\n) and O(n)
asymptotics. In the traditional model (1), the rate of convergence in autoregres-
sive coefficient estimation is O(n), just as in the unit root case ¢ = 0, and there
continues to be a discontinuity in the asymptotics between the stationary and
nonstationary cases. Only as ¢ — —oo,+0o0 in the traditional model do we find
results that correspond to the stationary and explosive autoregressions (Phil-
lips, 1987a; Chan and Wei, 1987). By contrast, in our new model, the rate of
convergence to the autoregressive coefficient is O(n®) for @ € [3,1] and varies
in a continuous way between that of stationary and nonstationary asymptotics.
The new model also captures the power law asymptotics of explosive auto-
regressions and shows that, in a well defined local region greater than unity, it
is possible to obtain invariance principles, in contrast to standard results for the
explosive autoregression.

The paper is organized as follows. Notation is given in Section 2. The new
model is laid out and some of its properties are analyzed in Section 3. A con-
sistent estimator of the local to unity coefficient is constructed in Section 4 and
cases of near stationarity, unit roots, and near explosive behavior are separately
analyzed. Estimation of the local parameter in models with linear trends is dis-
cussed in Section 5. Section 6 studies issues of efficient estimation of trend
coefficients and trend extraction. Section 7 concludes and describes some use-
ful extensions of the present model. Proofs are collected in the Appendix.
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2. NOTATION
—as. almost sure convergence =, -,  weak convergence
=, distributional equivalence [-] integer part of
= definitional equality rAS min(r, s)
04.5.(1) tends to zero almost surely = equivalence
—p convergence in probability o0,(1) tends to zero in probability
Wi (r) standard Brownian motion Vk oD quasi-difference
BM(w?)  Brownian motion with variance
w2

3. A BLOCK LOCAL TO UNITY MODEL

The time series model we propose is a block local to unity system defined as
follows:

Vit = -1 T U e teT,;k €Ky,
Vi,o = Yie—1,m> 3)

a=em~1+ i,
m
where T,, = {1,...,m}, Kx = {~K,—K + 1,...,0,1,...,M} with K = 0. This
system defines a sequence of blocks with m observations of the time series
{ye::t € T,} in each block, and the observable blocks are taken to be k =
1,..., M. The initial conditions in each block are set so that they correspond to
the final observation in the previous block. In this sense, the model is articu-
lated to capture the evolution of a single time series. The observable series is
it €Tk =1,...,M}.

The coefficient in the autoregression in each block of (3) is local to unity
with localizing parameter ¢, which is the same in each block. In later sections
of the paper, depending on the sign of ¢, we will allow for various initial con-
ditions, and the index set Ky for the blocks is introduced to provide this extra
flexibility. Our initial conditions are described in the following assumption.

Assumption 1 (Initial Conditions).

(i) Infinite past initialization: K = co with index set K.
(ii) Distant past initialization: K = 0 with index set K, and

K
Yoo = X alu_y_;  K=[mx], @)
j=0

where the u_;, _; are independent of uy , in (3), and
m=12y50= J_1,(—K),

where J_1 .(—k) = ffk e~ UT9edB_(s) is a reverse diffusion process and B_; is

a Brownian motion.
We use a general linear process generating mechanism for the errors u; , in
each block of (3). The idea is that there is an underlying sequence of innova-
tions &; from whose present and past history the errors in each block are formed.
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We further allow for the specific generating mechanism to change between
blocks, thereby permitting some structural change across blocks in the short
memory component of the model. The specific structure is laid out in the fol-
lowing assumption.

Assumption 2 (Linear Process Errors).

(i) {&,};2_. is a sequence of i.i.d. (0,1) variates with E|&,;|? < co for some p > 4.
(i) w,, = 2720 by j &, 1—j» Where &, = Epict s
(iii) 2720j“b; < oo, for some a = 1, where b;: = supy|by ;.
(iv) Let wf = (Z20b, ;)% and assume that inf, of > 0.
V) mo = limy_, (1/M)3L, 0? and py = limy,_,.(1/M) 3L, o} exist.

Remarks.

(a) When by ; = b; for all k, the time series u,, , have homogeneous (over k) generat-
ing mechanisms as measurable functions of the primitive innovations ¢, and dif-
fer only in terms of the timing of the shocks with each new block k bringing in a
new block of primitive innovations & ,. This special framework will apply, for
example, when a single parametric model such as an AR(p) governs the forma-
tion of the shocks u; , in every block %, so that the parameters in this model are
the same for all k.
Condition (iii) on the majorizing sequence b; for the linear process coefficients
by, ; ensures the validity of a BN decomposition for u , for each £, as in Phillips
and Solo (1992) (see the discussion in the Appendix of the current paper). It also
ensures that sup, w? < oo.
(c) The moment condition in (i) and the summability condition (iii) ensure that fourth
moments of u, are finite.
(d) The parameters w, and py4 in (v) are average long run variance parameter and
square of long run variance parameter over the blocks in (3), respectively.

)

Nuid

We write the data from a particular block as y* = (y;1,..., yi.») and then
combine data from M blocks to write y = (y¥,y%,...,y™)". In this case, the
total sample size is n = mM.

By recursive substitution we have the representation

[mr]—1
m—1/2 2 ejc/muk’[mr]_j+m—1/2e[mr]c/myk’0
j=0
[mr]—1
= m~1/2 2 ejc/muky[mr]_j_‘_n,l—I/Ze[mr]c/rnykﬁ1
j=0
[mr]—1

— m—1/2 2 ejc/muk,[mr]Aj + e[mr]c/m
=0

k—1 m—1
X 2 e(k—l—f)c l:m—l/Z E ejc/muf

m- l/zyk, [mr]

,m

ym—j
=0 j=0

+ m~1/2e[mr]c/mekcy050.
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If ¢ < 0 and the initial conditions are in the infinite past, then we can write

[mr]—1

m_l/zyk,[mr] = m—l/Z 2 ejC/muk,[mr]—j
. j=0
k—1 m—1
+ e[mr]c/m Z e(k»l—f)c m—1/2 2 e]c/muﬁm_j , (5)
f=— Jj=0

where the second series converges in the mean square sense (see the proof of
convergence in mean square of (5) in the Appendix).

LEMMA 1. Let UM = (uq ;,...,uy,;). Then, under Assumption 2, for any
fixed M, as m — oo,
[mr]

1
T 2‘1 UM = B"(r),
f=

where BM(r) = (By(r),...,By(r)) = BM(Qy), Qy = diag(wd,...,w%).
As in Phillips (1987a), we have the weak convergence

[mr]—1 r
moVER el mypty = JH(r) = f e dBM (s), ©)
Jj=0 0
where JY(r) = (Jo,o(r),...; D, o(r)) and J, (r) = [5e""°dB(s) is a linear
diffusion. It follows by the continuous mapping theorem that if the initial con-
ditions are in the distant past at y, o and satisfy Assumption 1(ii), then we have

k—1
m_l/zyk,[mr] = Jk,c(r) +e™ 2 e(k_l_f)c‘]f,c(l) + e(r+k)CJ—1,c(—K)
=0 .
= H (7). (7)

If ¢ < 0 and the initial conditions are in the infinite past, it follows that

k=1
M2y = Jio (1) + €7 3“7 (1) 1= H (7) ®)
f=—x
(see the proof of equation (8) in the Appendix). Note that Skl ox
e®=171ey, (1) converges because 372 e < oo and E(J;.(1)?) < oo and be-
cause {J;.(1)}72_, is a sequence of independent diffusion processes.

Note that the limit processes Hy .(r) and Hj.(r) involve linear combina-
tions of independent (across f) diffusion processes J;. and are therefore both
Gaussian. They may be called mixed diffusion processes. The expression Hy .(r)
is defined for ¢ < 0. However, H{.(r) involves only a finite linear combina-
tion of terms when k is finite, so it is also well defined when ¢ = 0. Both
these limit processes differ from the usual diffusion limit (2) that applies for
the traditional local to unity model. The block structure of the model (3) en-
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sures that the traditional diffusion limits apply within each block to linear com-
binations of the shocks in each block, as in (6). But the observable data cover
M blocks with progressive reinitializations of the process to assure the com-
patibility of the block structure with the observed time series. The new limit
processes H .(r) and Hf .(r) of the normalized observed data take these pro-
gressive reinitializations into account.

The device of a block local to unity system facilitates the sequential asymp-
totic analysis that is used later in the paper, and it also provides a statistical
model for what may be described as “isolated regions of persistent behavior”
for macroeconomic time series. Many macroeconomic time series are now well
known to display a form of persistence whereby economic shocks have long
run effects. However, it is possible that shocks may affect an economy for a
long period of time but not forever. In other words, the effects of a shock may
be highly persistent over a certain range (the region of persistent behavior) but
then may begin to disappear outside this range. The region of persistent behav-
ior may constitute a “little infinity” relative to the full sample. Consider a time
series, {z,}, which evolves over blocks of time in such a way that there is per-
sistency inside each block but only short memory across blocks, i.e.,

215225+ Zm s 8m41s++2982myeevs Zkm+1s++9Z(k+1)mses- »
— . J L J \ J

=Y Y

Block 1 Block 2 Block k + 1

The number of observations in each block is m, and the number of blocks is M.
The block local to unity system (3) (when ¢ < 0) is a simple model that has
this property. Because there is persistent memory inside each block but short
memory across blocks, we call this type of memory “regional persistence.” As
a result, the partial sums inside each block have nonstationary asymptotic be-
havior, whereas partial sums over blocks behave like a stationary system.

4. ESTIMATION OF THE LOCAL PARAMETER
4.1. The Near Stationary Case: ¢ < 0

In this section we assume that the initial conditions are in the infinite past. We
propose to estimate the autoregressive coefficient by the usual least squares
estimator, which we write here in pooled form as

M
, IR LS

4= -1y _ k=1
Yoiyoy id ok
E)’—l}’—

k=1

From this estimator, we are able to extract a corresponding estimate of the lo-
calizing coefficient c. Using the model formulation y* = ay*, + u*, we get
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m(d—a) =

2)’1)’1

Asymptotic results for this estimator can be obtained most conveniently by
using sequential asymptotics in which m — oo first, followed by M — oo,
which we denote by (m, M — 0),,,. This type of asymptotic analysis will be
used throughout the paper. Sequential asymptotics are discussed in Phillips
and Moon (1999), which also explores the connections between this type of
asymptotic analysis and joint limit theory in which two indices such as (m, M)
may pass to infinity simultaneously. Although less general than joint limit theory,
sequential asymptotics are easy to obtain and will serve our purpose in this
paper of revealing the main features of the block local to unity system. As the
analysis in Phillips and Moon (1999) indicates, we can expect the main re-
sults obtained here under sequential asymptotics to hold for joint limits under
somewhat stronger conditions.
For fixed M, we have, as in Phillips (1987a), that as m — oo,

1 1
- yi’l l/lk = f Hk7c(r)dBk(r) + Ak
m 0
and
1 1
—zylg1y51 :"f Hy (r)?dr,
m 0
where A, = 372, by o by ;. It follows that as m — oo,
M 1 M 1
2~ by f Hy, o dB, + Ak)
1 m k=1 0
= .

k=
M M 1

2 2)’ RN > | Hio(r)ar
=1 =1 Jo

m(d—a) =

We may now employ the usual nonparametric corrections (Phillips, 1987b)
to a that use consistent estimates A, of A, giving the following modified
estimator:

M A
2 (y]i,lyk — mAy)

k=1

M
E ylilyli
k=1

+=

a
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It will be convenient in what follows to make the following high level assump-
tion about the nonparametric estimates such as A; that we use in our development.

Assumption 3 (Nonparametric Estimation of A; and w;). Use & to represent
both A and w in (i)-(iii). Then

Q) b, —, 6, as m — oo, Vk.
(i) Vmh(8, — 8;) =4 N(0,V,) as m — oo, Yk, where h is the bandwidth used in the
construction of the estimate Sk. :
(iil) supy Vi < oo.

Parts (i) and (ii) of this assumption will be satisfied by a wide class of non-
parametric estimates of &; under Assumption 2 (see Hannan, 1970; Park and
Phillips, 1988; Andrews, 1991). Part (ii) will typically be satisfied when there
is undersmoothing of the estimate 5y through the choice of bandwidth 4, to
ensure the absence of bias in the limiting normal distribution. Part (iii) simply
bounds the limiting variances V over k.

The error in the estimator d* is

NMm(a* —a) =

~ 1 ©

= +0,(1), (10)

provided M~ 3%, (A, — Ay) = 0,(1), which holds under Assumption 3, as
shown in the Appendix. Now we consider taking limits as M — co. By applying
a suitable strong law of large numbers (SLLN) to (1/M) 3L, [y H .(r)?dr and
a suitable central limit theorem (CLT) to (1/NM) 3., [ fo H, .dB,] as M — oo,
it can be verified that @* converges to a at the rate ¥ Mm and, further, that
NMm (4" — a) has an asymptotic normal distribution. In particular, we have the
following result, the proof of which is in the Appendix.
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THEOREM 2. Let Assumptions 1(i), 2, and 3, hold and let ¢ < 0. Then, as
(maM - Oo)seq

VMm(a* — a) = N(0,V,),

where
1 M 1
Va=vgl<1im —E wZE U ch]>vgl an
M—oo M = ’
and

1 M 1
= lim — D E f HZ.|.
M- M /(21 I: 0 b ]

It is shown in the proof of Theorem 2 that

M1—1>nOOMk=1 0 ke ™ 2C Ml—I—>nooM k=1wk o 2C #2

and

R 1 M 1
A}Il—l;l}ao 2 wi [J:) Hk’c} T 2¢ <1l}11—r>nooM Z > T 2¢ Ha-
It follows that V, = (—2¢)(4/p3). When the errors are homogeneous across
k, we get w? = w? for all k and then u, = u3 = w* and V, = —2c. Because
wa = u3, V, = —2c is a lower bound for the limiting variance in the general
case where the long run variances vary across blocks.

The weighting in the limit variance V, in the general case (11) indicates that
we can improve the efficiency of the estimator 4* by means of a weighted
regression. Let @2 be a nonparametric estimate of @ satisfying Assumption 3.
Define the semiparametric weighted regression estimator

Mo
X N
2 ()’ 16— mAy)
ey k= | OF
a, = )
E A_2yli’1y£1
k=1 Wi

The following result shows that the asymptotic theory of 4, is very simple.

THEOREM 3. Let the conditions of Theorem 2 hold. Then, for ¢ < 0 and as
(m,M - Oo)seq’

NMm(a} — a) = N(0,—2c¢). (12)

The limiting variance formula —2c¢ in Theorem 3 has an interesting relation-
ship to that of a stationary autoregression. In particular, the formula is identical
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to the limiting variance of the autoregressive coefficient @, in a stationary auto-
regression with m observations, which is (1 — a?) ~ 1 — (1 + (¢/m))* ~ —2c/m.
This suggests the approximation m(d,, — a) ~ N(0,—2c), which corresponds
to (12).

Observe that in Theorems 2 and 3, we still get the unit root/near integrated
process result of consistent estimation of a by d, a*, and @, in spite of serial
dependence (Phillips, 1987b), provided the second order bias terms are not too
large and satisfy Assumption 3.

It follows from these asymptotics that

1
m(é+—a)=m(&+—1)—c+0(—> -,0
m

and therefore
é=m(a*—1) -,

giving us an O(VM) consistent estimator of c. Of course, we have a corre-
sponding estimator ¢,, = m(d,, — 1) in the case of the weighted regression es-
timator &;;. In short, we have the following limit theory.

COROLLARY 4. Let the conditions of Theorem 2 hold. Then, for ¢ < 0 and
as (m,M — ), ¢,¢é, —, ¢ and

VM (¢ - ¢) = N(0,V,), VM (¢, — ¢) = N(0,—2c).

The rate of convergence of ¢ depends on the number of blocks M and is
therefore determined by the number of separate blocks of information about
the localizing parameter c. So, the success of this estimator relies on the homo-
geneity of the localizing parameter across blocks and the number of blocks in
total. The form of the limit distribution of ¢, makes inference about ¢ particu-
larly easy in the case where ¢ < 0.

The estimator of the autoregressive coefficient a pools information within
and across blocks and has a rate of convergence that depends on both m and M.
The rate of convergence of 4" and 4., is \/Mm, and this rate is intermediate
between the O(\/n) rate of a stationary autoregression and the O(n) rate of
unit root regression. For example, we may functionalize m and M on the sam-
ple size n, as in m = n”,and M = n'~?, with 0 < y < 1. Then NMm = n® with
a = 1 + (7/2), and the rate of convergence, n% of @* then varies continuously
from Vr to n. In effect, the block to unity system (3) is a family of models that
constitute an intermediate class between stationary and unit root autoregressions.

When M is fixed, it is apparent from (9) that we have a class of nonnormal
asymptotics, which reduce to the traditional case (Phillips, 1987a, 1987b) only
when M = 1 and the initial conditions are in the near or distant past (then H, .
is replaced by Hf . in (9) and « = 0 or k > 0 in (7)). When m is fixed, then the
model has autoregressive parameter a ~ 1 + (¢/m) < 1 and is stationary.
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In the general case where m — oo as n — oo, the autoregressive parameter
a~ 1+ (¢/m) = 1. However, because a ~ 1 + (¢/m) < 1 + (¢/mM) =1 +
(c/n), the block autoregressive system with coefficient ¢ and M — oo is “closer”
to stationarity when ¢ << 0 than a conventional near integrated model with auto-
regressive coefficient 1 + (¢/n) and the same localizing coefficient c. This ex-
plains why the asymptotic distributions of ¢ and @™ are normal and why there
is enough discriminatory information in data from the block autoregressive sys-
tem to consistently estimate the localizing parameter c. In effect, the model
across blocks has a stationary autoregressive structure with coefficient e < 1,
as is apparent in the definition of H; .(7) in (8).

However, when M is fixed, we have m = O(n), and the autoregressive pa-
rameter a ~ 1 + (¢/m) is in the same locality of unity as the conventional local
to unity model. In this event, ¢ is not consistent, and the situation is analogous
to that of the conventional local to unity model. Nonetheless, the preceding
analysis allows for a wider class of limit theory in this case, as indicated in
(10) earlier, where the number of blocks M plays a role in the limit and the
limit process H; . is a diffusion average, rather than a simple linear diffusion.

In light of these remarks, it would appear that there are substantial advan-
tages in modeling to working with the general case where both m and M — co.
This is the situation that we will pursue in what follows and in our empirical
application.

4.2. The Unit Root Case: ¢= 0 and w? = 0? Vk

Let the initialization of the process be in the distant past, rather than the infi-
nite past, and let Assumption 1(ii) hold. We will consider the homogeneous
case where by ; = b;. Homogeneity in the linear process coefficients across blocks
ensures that w? = w?, Vk, so that the model is then comparable with a conven-
tional unit root system that has a single long run variance parameter w? and a
single one sided long run covariance parameter A.

From the analysis in Section 3, we have m™"2y; ,,,; = Hf.(r), as defined
in (7). When ¢ = 0, this limit process has the form

k—1
ngo(”) = By(r) + ;Z()Bf(l) + By(—«),

a linear combination of independent Brownian motions, all with variance w?
Our limit theory for a* in this case is given in the following result.

THEOREM 5. Let Assumptions 1(ii) and 2 hold. Then, in sequential limits
as (m,M — o0),,,

mM(a* — a) = (fl U(S)2a7S>_1f1 U(s)dU(s) = €y,
0 0

where U(s) = BM(w?).
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Hence, in the ¢ = 0 case we get m(a* — 1) —, 0, as required for ¢ =
m(a* — 1) to be a consistent estimator of ¢ = 0. However, M¢ = &, and
therefore the estimate of ¢ has a limit distribution in the unit root class in this
case. Furthermore, we revert to an O(n = mM) rate of convergence for 4™
and move to an O(M) rate of convergence for ¢ when ¢ = 0.

4.3. The Near Explosive Case: ¢ > 0 and 0? = 0? Vk

In the case where ¢ > 0, it turns out that @ — a at the rate e““’'m, comparable to
the power rate of convergence in an explosive autoregression. Again, we work
with distant past initial conditions at y, and homogeneity across blocks so
that w? = w?, Vk. The latter helps us to relate our results to those already well
known in the literature for explosive autoregressions. The limit theory for this
case is as follows.

THEOREM 6. Let Assumptions 1(ii) and 2 hold. Then, in sequential limits
as (m,M — 00),,,

ec(M+1)m ec(M+l) Z(C)
-0 G g e, 13

2oy @ T @ e = Jo.o(—K) (13)
where Z(c) = N(0,(w?/2c¢)), Y(c) = N(0,(w?/2¢)), and Z(c), Y (c), and Jo .(~ k)
are independent.

Remarks.

(1) It is apparent from (13) that the second order bias term that arises in traditional
unit root regression disappears in the near explosive case. A similar result was
obtained in Phillips (1987a, Theorem 2(c)) using the traditional local to unity
model (3) and sequential limits involving the localizing coefficient ¢ — co. The
reason is that the signal from the regressor is strong enough in the explosive case
to eliminate the bias effects as M — co.

(2) The limit variate (13) is a ratio of independent normals, each with zero mean,
and is therefore proportional to a Cauchy variate. Note that the initial condition
distribution Jy .(—«k) plays precisely the same role in the limit distribution here
as it does in the well known explosive case (e.g., see Anderson, 1959, Theorem
2.5). However, unlike the conventional explosive model, the initial condition dis-
tribution in our case is always normal as it arises from a preliminary limiting
process within the initial block.

(3) When the initial condition is at the origin and x = 0, then Jy .(—«) = 0 and
e“M D /(e2¢ — 1)(a — 1) has a limiting distribution that is standard Cauchy.
This Cauchy limit (13) corresponds to the well known result from White (1958)
and Anderson (1959, Theorem 2.7)! about the limiting distribution of the least
squares regression coefficient in an explosive model with Gaussian errors and
zero initialization. However, unlike these standard results, the limit result here
does not rely on Gaussian errors. The difference is a major one and can be ex-
plained as follows. What happens in the block local model, in effect, is that as
m — oo within each block we get normality in the data from the first stage as-
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ymptotics. The model across blocks then mirrors the structure in a Gaussian ex-
plosive autoregression. The outcome is that an invariance principle operates in
the block local model in the explosive vicinity of the unit root case.

Theorem 6 implies that
c=m(@ —-1)—-,c
giving us, in this case, an O(e™) consistent estimator of ¢ > 0. In particular,
we have the following result.

COROLLARY 7. Let the conditions of Theorem 6 hold. Then, if k = 0 and
¢ >0, and as (m,M — ©),,, ¢ =, c and
c(M+1)

e
e* —1

(c—c)=¢,

where & is a standard Cauchy variable.

5. ESTIMATION WITH TRENDING DATA

Our results in previous sections can be extended to more general models that
allow for the presence of a deterministic trend in the original data. Such an
extension is important because many macroeconomic time series, such as real
GNP, consumption, money, and prices, are often characterized as integrated or
near integrated processes with drifts. Our treatment here will deal with the case
of a linear trend but it is easy to see how the approach applies for general poly-
nomial trends. We also assume homogeneity in the linear process coefficients
across blocks so that w? = w? Vk. Again, this is easily generalized using the
results of the previous section.
It is convenient to write the model in component form as follows:

Yer =it Yern  tET,;kE Ky, (14)
dy,, = v+ vilkm+1t) =7vy'x,, xp = (Lkm + 1), aas)
y;:,t=ay;:,t'—1+uk,n yl’:,O:yI’:—l,mf azec/m~1 + ;n—, c=0.

(16)

In (14) and (15), the deterministic component, d; ;, contains both a linear time
trend ¢ and a block specific component km that assures the continuity of the
trend across blocks. The stochastic part, y; ,, in (14) corresponds to (3) in Sec-
tion 3 and is a stochastic block local to unity process of the form

—1 k—1 m—1
— j k—1— ji
y:,t — E ejC/muk,t-—j + etc/m 2 e[ f]cl: 2 e]C/muf,m—j:'
j=0 f=—K j=0

+ etc/me[k—l-(»K]cy_K’O.
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As in the simple case with no trend, the process y; , has both a block index, k,
and a within-block temporal index, t. However, by virtue of the sequence of
block initializations y;, = y;-; ., the representation is consistent with a well
defined evolution of a single time series sequence, this time with a linear drift.
To simplify the analysis, it is sometimes useful to recognize this alternative
representation by reindexing y, , in the following way:

s = y[s/m],s-*m[s/m]’ s = 1,2,...,71 =mM.

We use this single indexed representation and also the block representation in
what follows. It can be easily verified that

=Yoot vistzi=vy'x+z5,

where x, = (1,5)" is a single indexed linear trend and z7 = y{\/}, s—m[s/m]- FOI
any k and f, yy, , corresponds t0 Zg, ;.

Our purpose is to construct a consistent estimator of the local to unity pa-
rameter ¢ in this model, and, to do so, appropriate detrending of y, , is re-
quired. The most natural procedure, as in the traditional model (1) with trend,
is to apply linear least squares detrending by means of the regression

Vi =Yoo+ Vilkm+ 1)+ 37, =V'x, + 90 . an

Here, the estimate of the trend coefficient is given by the following pooled
regression formula:

_ [f ixk,tx,;,] [g » k,zyk,,]

k=11t=1 =1
*
k,tyk,t:I'

The cases of primary interest are those where ¢ < 0 and ¢ = 0. As in the analy-
sis of the model without trend, it is convenient to separate the analysis of these
cases. We shall also consider the efficiency of this type of detrending by simple
regression.

IlMs

5.1. The Near Stationary Case: ¢ < 0

To develop the limit theory, start by defining some scaling matrices for the
‘deterministic trends. Let D = diag[1,n], F = diag[1,m], and G = diag[1,M].
Then, D = FG, and the deterministic components have the limits

D~ x[nr] ﬂ—>00; X(r) = (ls 7')', F~ xk [mr] m—>003 Xk(r) = (l,k + 7‘)’.

The following theorem gives the limit theory for the least squares trend coeffi-
cient estimator 7.
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THEOREM 8. Let Assumptions 1(i) and 2 hold and suppose ¢ < 0. Then, as
(m,M — Oo)seq

1 -1 1
ﬁ Dy —vy)=> <—1)[f X(r)X(r)’dr] [f X(r)dU(r)}, 18)
m 4 0 0

where U(r) = BM(w?).

The scaling matrix \nm ™ 'D = diag[n'/?m™',n"/2M] in (18) indicates that
consistent estimation of the intercept y, and also the slope y, in (15) is possi-
ble when ¢ < 0 provided that n'/?m™! — oo or, equivalently, M/m — oo. This
is in contrast to the traditional local to unity model, where the intercept or any
slowly evolving components in the deterministic trend are not consistently es-
timable. The reason why vy, can be consistently estimable in the block local to
unity model can be explained as follows. From (14)—(16), the regression equa-
tion can be written in the form

, . c (r=1)
Acvie =V A, YA Y = Yol —— | +yi|1—ck—c + ug .
m m
19)

where A, = 1 — (1 + ¢/m)L is the quasi-differencing (QD) operator and L is
the lag operator. The excitation condition for least squares regression consis-
tency for the parameter 7y, holds when

M m c>2 M
—— ] =—— —>on

For this to hold, we must have ¢ # 0 and M/m — co. In effect, v, is consis-
tently estimable when the stationary element of the model (M blocks with auto-
regressive coefficient ¢ < 1 for ¢ < 0) dominates the nonstationary element
(blocks of m observations with autoregressive coefficient 1 + (c¢/m)) in the sense
that M/m — oo.

The detrended time series is obtained from the residuals

N o
Vit = Vit — Y Xiy10

whose asymptotic behavior is shown in the following lemma to be the same as
that of the stochastic component of the series, y; .

LEMMA 9. Under Assumptions 1(i) and 2, and when ¢ < 0,
m_l/zj\);:,[mr] = Hk,c(r)-

We now estimate the autoregressive coefficient in (16) by least squares re-
gression on the detrended time series J; ,, giving

; 2 f’Z‘,z—JZ‘,z

t

;E(%‘,H)z’
t

d:
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and construct the modified estimator of a as in Section 4.1, i.e.,

M

> (2 yz,_ly,:t—mﬁk)
ot k=1 t
a = .

M
kgl 2()A’k,t—1)2

THEOREM 10. Suppose ¢ < 0, Assumptions 2 and 3, and the distant past
initialization condition 1(i) hold. Then, in sequential limits as (m,M — 00),,,

NMm(a* — a) = N(0,—2¢).

It therefore turns out that the estimation errors that arise from detrending
are negligible in the limit and do not influence the asymptotic distribution of
the coefficient estimator when ¢ < 0. As a result, the limiting distribution of
NMm(a* — a) is the same as that of Y\Mm(a* — a) in Theorem 2. This is
entirely analogous to the situation of a stationary autoregression about a de-
terministic trend.

Furthermore, in the same way as before, we may construct the localizing
parameter estimates

é=m(@ —1) -,c

giving us O(\VM) consistent estimators of c¢. Corollary 4 continues to hold
for ¢.

5.2. The Unit Root Case: ¢=0
When ¢ = 0, we find that ‘

1 -1
PO -n= UX(r)X(r)’} UX(r)U(r)],

where U(r) = BM(w?). The detrended time series are constructed as
)/};ck,t = Vi, T ')A”xk,t’
Zs =2~ V'xg

and, as is usual in unit root theory, the detrending process influences the as-
ymptotic behavior of the filtered data. In particular, we have the following con-
ventional result.

LEMMA 11. For ¢ = 0 and under Assumptions 1(ii) and 2,

-1
n~ V25t = U(r) — UUX]UXX] X(r) == U(r).
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Again, we estimate the autoregressive coefficient by least squares regression
on the detrended time series i ,, giving the pooled estimator

S St

t

SSGi
t

and construct @* as before. Then we have the following asymptotics.

a =

THEOREM 12. When ¢ = 0 and under Assumptions 2, 3, and 1(ii),
f udu

o

An O(M) consistent estimator of ¢ = 0 can be obtained immediately from
this result because ¢ = m(a* — 1) —, 0, and then

n@ —1)= (20)

f_UdU

o

Thus, when ¢ = 0, we revert back to unit root asymptotics, and the distribution
(20) is identical to that of the traditional model. In particular, &% converges to
a at rate O,(n), and the limit distribution is a function of a detrended Brownian
motion that depends on the limiting deterministic trend function just as in Phil-
lips and Perron (1988) and Park and Phillips (1988). Moreover, because the
limit distribution of M¢, (21), is identical to that of the Z, unit test in the tradi-
tional model, it turns out that a significance test of the null hypothesis ¢ = 0
against ¢ < 0 that is based on the statistic Z, = M¢ is identical to that of a
conventional unit root test against a trend stationary alternative. As is apparent
from Theorem 10, Z, = O,(M) when ¢ < 0, so our theory shows that the Z,
test is, in fact, consistent against local alternatives in the block local system
with ¢ < 0. Similar results can be shown to apply to other unit root tests.

Mé = (21)

6. EFFECT OF QUASI-DIFFERENCING IN TREND ELIMINATION

In the block local model (14)—(16), the residual process in the ordinary least
squares regression (17) is near integrated, and it might appear at first blush that
least squares estimation of the linear trend coefficient is not efficient, as is the
case in the traditional local to unity model (Phillips and Lee, 1996). In the
traditional model, an efficient estimator of the trend coefficients can be con-
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structed by first quasi-differencing the regression equation. If we apply the same
QD procedure to (14), we get, as in (19),

Ay, = ’y'Aka’t + uy s (22)

where A, =1 — (1 + ¢/m)L is the QD operator. Then, the trend coefficient can
be fitted by regression on (22), giving

M m —1[ M m
7 = I: Acxk,tAcxlé,t:I [2 2 Acxk,tAcyk,t:|
k k=11t=1

M m -1 M m
=7+|:22Acxk,tAcxlé,t] [ZEAcxk,t”k,t]-

Analogous estimates of the trend coefficient in the traditional model were used
by Elliot, Rothenberg, and Stock (1996) to construct modified unit root tests
(with a prespecified value of the localizing parameter &).

In practical work, the local parameter is not known, and so the QD operation
in (22) is not feasible, thereby explaining the use of prespecified values such
as ¢. However, in block local models such as those considered here, ¢ can be
consistently estimated and used in a second stage QD detrending procedure.
Thus, it might appear that there would be an advantage to QD detrending with
an estimated operator. However, this turns out not to be the case.

Suppose that ¢ < 0 and we estimate ¢ by ¢ = m(d — 1), as in Section 5. Then
é=c+ 0,(M"?).If we apply QD detrending with the operator A to model
(14)-(16), we get

Aoy = ¥ Asxi, + Ae i oo (23)

The ordinary least squares (OLS) estimator of y from (23) is

M m
37f=[212A5xk7,A5x,;,] [EZA Xkt c)’ktil
k=11=1

k=1t=

The limiting distributions of ¥ and ¥, are given in the following theorem.

THEOREM 13. Suppose ¢ < 0, Assumption 2, and the distant past initial-
ization condition 1(i) hold. Then, in sequential limits as (m,M — 00),,,

1 -1
oG- 206 =) = 1| [xoxer | [xoavn, ey

where U(r) = BM(w?).
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It follows from Theorem 13 that the errors arising from preliminary estima-
tion of ¢ are asymptotically negligible in the estimation of the trend coeffi-
cients, and the limiting distribution of the feasible trend coefficient vector ¥ is
the same as that of ¥, the infeasible estimator that uses the true local parameter.
Moreover, both these estimates are asymptotically equivalent to the least squares
trend estimator  that uses no information about the localizing parameter c. .
Hence, the simple trend estimator ¥ is efficient in the sense that it is asymptot-
ically equivalent to the generalized least squares (GLS) estimator, were we to
know c. Thus, in the block local to unity model there is no need to apply QD
procedures in fitting the trend coefficient, at least asymptotically. The explana-
tion for this phenomenon is that when M — oo, the deterministic trend be-
comes a dominating characteristic across blocks (because of the continuity of
the trend) and when ¢ < 0 the behavior of the model across blocks is, as we
have seen, essentially stationary. This produces a stochastic environment that
validates the Grenander and Rosenblatt (1957) theory of efficient trend elimi-
nation by least squares regression.

7. CONCLUSIONS

This paper introduces a new statistical model to capture the notion of near in-
tegration. It has the advantage over the traditional model developed in earlier
work (Phillips, 1987a; Chan and Wei, 1987) that the local parameter can be
consistently estimated. The model also provides a more complete interface be-
tween 7(0) and /(1) models and between O(Vn) and O(n) asymptotics. In fact,
the rate of convergence to the autoregressive coefficient in the new model is
0(n®) for a € [3,1] and varies in a continuous way between that of stationary
and nonstationary asymptotics. The model also captures the power law asymp-
totics of explosive autoregressions and shows that, in a well defined local re-
gion greater than unity, it is possible to obtain invariance principles, in contrast
to standard results for the explosive autoregression.

Some additional features of the model stand out. First, semiparametric esti-
mation of the autoregressive parameter is possible using the methods of earlier
work on unit root estimation, giving a robust estimator in models that are closer
to stationarity than unit root models and traditional local to unity models. In
other words, specification of the short memory component of the model is not
necessary for consistent estimation, in contrast to stationary autoregression,
where short memory error serial dependence induces inconsistency. Second,
conventional unit root tests are seen to be consistent against alternatives that
are local to unity in the new sense. Third, least squares regression estimates of
deterministic trend components are asymptotically efficient, and it is not nec-
essary to quasi-difference the data or to use GLS techniques to improve effi-
ciency in trend elimination procedures.

Implementation of the procedures given here requires the selection of the
index parameters m and M. A serious study of this matter is likely to be com-
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plex, as a result of the interactive role of the localizing parameter ¢ and the
block size m. Ideally, we would like to obtain data based rules, and, as in ker-
nel estimation, this will require the use of a suitable criterion function and some
more refined asymptotics than we have presented here. A further matter of in-
terest is the extension of the present model to allow for heterogeneous deter-
ministic trends across blocks. The blocking mechanism in the present model
provides a natural structure for introducing such breaking trend functions. Of
course, allowance for endogenously determined breaks would require the fur-
ther extension of variable block sizes. Moreover, because the model allows for
the number of blocks to pass to infinity, this extension effectively introduces
an infinite number of nuisance parameters as M — co. Although these and other
interesting considerations extend beyond the limitations of this initial study,
they serve to give an idea of the potential of block nonstationary systems in
modeling time series economic data.

NOTE

1. The normalization factor in Theorem 2.7 of Anderson (1959) is a”/(a? — 1), corresponding
to a sample of size 7. The normalization in (13) is e“™*Dim/(e?¢ — 1), which corresponds to a™*'m/
(a® = 1). The reason for the exponent M + 1, rather than simply M, is that we have M blocks in the
data but M + 1 blocks in the process from the initialization at yg ¢. In an explosive model, a change
in the initial conditions does affect the limit theory, and it figures here in the normalization factor.
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TECHNICAL APPENDIX AND PROOFS

BN decomposition of uy . Following Phillips and Solo (1992) we decompose u;, as
U = bk(l)ak,t + &1~ Eo

where &, = 272 by ;&5 1—j» by = 2241 by 1 and b(1) = 372 by, ;. Under the summa-

bility condition in Assumption 2, it is apparent that there exist finite constants M, and
M, such that

E&}, =M, A1
and

Eul , =M,

uniformly in & and ¢ (see Moon and Phillips, 1998).

Proof of Convergence in Mean Square of (5). Let X, = m™ /237! ede/m x
uk_l_ﬁm_thriFe xp=m V2SI edeimg,  and Ry = mT V2 (elmVmleg, o — g ) +
m~V2 3 ellimDelimg, (1 — e“/™). Then, using the BN decomposition of iy ,, un-
der Assumption 2, there exists a constant M such that
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m j=o

1 m—1 ) 2
EXf = E<'\j__ E ejc/muk_l_ﬁm_j>
= E(bk—l—f(l)xk—l——f + Rk—l—f)2 =M, ’ (A2)

where the last inequality is proved in Moon and Phillips (2000) and holds uniformly in
/. To finish the proof, we need only show that

© 2
lim E( > efcxf> =0,

n— oo f=n

which holds because

o 2 o 2
E< 2 efcxf> = E( 2 e(1/2)fce(1/2)fcxf)

f=n f=n
o [} © 2
f=n f=n f=n
-0 as n — oo,

where the first inequality holds by the Cauchy—Schwarz inequality and the last conver-
gence holds because ¢ < 0 and 372, e/ < co. ]

Proof of Lemma 1. From the BN decompositions of u ,, we have

; by(1 ; €00 &
! [g] u(.), J | [g] o( .)80, j €0,0 .80,[mr]
— : = — : + —=
Nm j=1 \m =1 \m - B
Up, j bM(l)sM, j Em0 ~ M, [mr]
1 [mr] 0.j
=0 =2 +0,(1),
m j=1
Eum,j

where the second line holds by the same argument as that in Phillips and Solo (1992,
p. 978). Because

Wo(r)
= WH(r)= : ,

Em,j Wi (1)

1 [mrl £0.j

T 2

a (M + 1) vector standard Brownian motion, we have
U, j By(r)
: = : = BM(Q,,)

Upg,j By (r)

1 [mrA
T

as required. u
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Proof of (8). We start by introducing some notation and definitions. Suppose that
the i.i.d. sequence {&,}; in Assumption (2)(i) is defined on the probability space (Q, F,P).
Define

1 m—1
—_ je/m — ,ck/2
Xk = 2 e Uk,m—j> Yoe=e" " Xt

T N
X,=J, (1) and Y, = e*2X,
Y= YporeoesVpssrr) and Y=(Yy,....,%,...)"

The terms Y, and Y are R®(= X {’R)-valued random elements. We use the following
distance metric between two elements of R*:

d(x’ J’) = iuP)'xk - ykl’ (A-3)

where x = (x1, X2,...), y = (¥1, y2,...) € R Let N be the set of non-negative integers,
{0,1,2,...}. The space [®(N) is defined as the set of all uniformly bounded, real func-
tions on N, i.e., all functions x: N — R such that d(x,0) < co.

By virtue of (A.2)

oo

[ee]
E(supwm,k|) = Y ElY, | = 3 e*E|X,, |
k=0 k=0 k=0

oc co
= > e? max{l,EX2 ,} = > > max{l,M} < oo,
=0 =0

and it follows that Y,, is a sequence of [®(N)-valued random elements with probability
one. Similarly, it is easy to verify that Y is also an /*(N)-valued random element with
probability one. Thus, we may restrict attention to the case where Y,, takes values in
I*(N).

For weak convergence in [*(N), we need only establish the following two condi-
tions: (i) finite dimensional convergence and (ii) asymptotic tightness. In fact, accord-
ing to Theorem 1.5.4 of van der Vaart and Wellner (1996), Y,, converges weakly to ¥

if (i)

Ym,k1 Ykl
=1 A4
Ym k, Yk

s Kn n

as m — oo for an arbitrary subset {k,...,k,} of N and (ii) ¥,, is asymptotically tight. We
already know that the finite dimensional convergence (A.4) holds by Lemma 1. For
asymptotic tightness of Y,,, we appeal to part of Theorem 1.5.6 of van der Vaart and
Wellner (1996): specifically, the sequence Y,,: Q — [°(N) is asymptotically tight if ¥, ,
is asymptotically tight in R for every k and, for all &,7 > 0, there exists a finite parti-
tion N = UL_|N; such that

i s, tEN;

lim sup ]P{sup sup Y, ,— Y, |> s} <. (A5)
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(In van der Vaart and Wellner, 1996, to define (A.5), an outer probability measure of P
is used. However, because the index set N of [*(N) is a countable set and there is no
measurability problem on the sup operator on the set N, we use the underlying proba-
bility measure P in defining (A.5).)

Because the individual sequence of random variables Y, ; converges in distribution
to ¥ = e*/2J; (1) for all k, Y, ; is asymptotically tight in R for every k. Next, condi-
tion (A.5) is satisfied if we show that for all &, > 0, there exists a constant kg such that

lim sup]P’{ sup |Y,, ;= Y, | > a} <. (A.6)

m 5, t=kg

For, if (A.6) holds, we can choose N; = {i} for i < ko and N, = {t:¢ = ko}. Then, N =
U% N, is a finite partition and (A.5) is satisfied. Note that

IP{ sup %, ~ ¥, | > s}
5, t=kg

= ]P{ 2 |Ym,k+1 - Ym,kl > 8}

k=kg
1 had 2 1 o 2
—5E< E |Ym,k+1 - Ym,k!) = _7,_E< 2 eCk/ZIeC/2Xm,k+1 _Xm,kl>

k=ko e k=kq

IA
)

IA

1 fee] 2]
?( ) eC"“)( 2 e PE(e X, 01 — m,k)2>, A7)

k=ko k=k

where the last inequality holds by the Cauchy— “hwarz inequality. In view of (A.2), by
choosing ko large enough, the right hand side of (A.7) can be made less than 7. Thus,
(A.5) is satisfied, and we have

Y, =Y

as m — oo,
Next consider the functional v : [*(N) — R defined by

[eo]
v(x) = ekx,.
=0

Then, it is easy to see that »(x) is continuous with respect to d in (A.3), and by the
continuous mapping theorem, we have the required result.

Proof of Theorem 2. For fixed M, as m — oo, under the assumption that the initial
conditions are in the infinite past, we have as in (9)

1

Tt & U chdBkJr(Ak—Ak)}

M
NMm(a* —a) = +0,(1). (A.8)

Hc(r)dr
Mk,f k
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First, under Assumption 3 we have \'mh(A, — Ay) =4 & = N(0,V,) as m — oo, Vk, and
{&:} is an independent sequence of normal variates with zero mean and variance that
are bounded uniformly in k, because sup, Vi < oo. It follows that as m — oo,

nMg

M
—I—V[—gl(Ak—Ak) \/—_ V__ = 0,(1), (A.9)

as (m, M — 00),.
Next we apply a strong law to (1/M) 32 1fo H, c(r)zdr and a CLT to (1/NM) X
1[fo H, .dB] as M — oo. To find the limit of 1/mMyzM 1fo H, .(r)?dr, we write

1 Mo M1 k-1
ZME fo Jredr+ — > JO Jk,ce”dr< > e(k_l_f)CJﬁc(1)>

2
M f=—c0
1 1 M [k 2
+ f e?edr — 2< > e("“"f)‘”]fc(l)>
0 M '

=1+ 1+, say.

Now {J; .} is a sequence of independent normal variates, and because sup, w? < co we
have sup, E( fol JZ.dr)'*® < oo, 1t follows from the Markov strong law for independent
and nonidentically distributed (i.n.i.d.) sequences that

1M 1
=H§£J,§cdr

1 M 1
e | lim = 3 w2 |E f 52, (A.10)

where S,(r) = [; e""°dW(s). Next consider term /1. From the independence of {J; .}«
and because

1 k=1 2
supE<J Jk,ce’“dr< > e(k_l_f)c‘]f,c(l)>>
k 0 f=—

1 2 =1 2
SSUpE(f Jk’ce”dr> sipE< > e(k‘l‘f)”Jf,c(l)> <o
0

k f=—

it follows that {f J, ;e"dr(S;=.,, e*~171], (1))} is a sequence of square integrable
martingale differences with respect to the natural filtration, and by the strong law for
martingale differences (e.g., Hall and Heyde, 1980, p. 36)

-, 0. (A.11)

Before considering term 171, under Assumption 2, we define

Z, = sup|ay||S.(1)],
k
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where S.(1) = [, e'=9¢dW(s). Then, E(Z,)* < oo, and Z, is a dominating random
variable for the martingale difference sequence {J; (1)} in the sense that

P{[J (D] > x} < P{|Z,| > x}.

Also, we have

13 LS 2
o 2 Bl > lim ; ES,(1)

k=1
and
o]

s, 2jc

je e < oo,
Jj=0

Then, by Theorem 3.16 of Phillips and Solo (1992), we have

k=1\j=0
1 1 M
2rc _ 2 E 1 2
s Oe dr(ﬂgl_r)an]zlwk)<l ) S.(1)
= (= )( tim ~ % ¢ | ES:(1)% (A.12)
- 2C MgnooM kzlwk ¢ ’ )

1 M 1 1
lim — 2 Ef 2| ——ES(1)? | = V. A.13
ea.s.(Mganng( < OSC) > Sc()) i (A.13)
To reduce Vg note that
1 1
[E(J Sf)——ESC(l)Z]
0 2¢
J‘llec_l 1 62(‘_]
= dr — —
0 2c 2¢  2c ‘

1 1 e*—1
(el

1
- A.14
2¢’ ( )

so that Vi = uo/~2c, where uy = limy,_,.,(1/M) 3., w?.
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We now derive the limit distribution of (1/VM)XiL, [, H, .dB;. Let Z;. =
fol H, .dB,. In view of the independence of By across k and the fact that

1
sup EZ} . = sup w7 [Ef szc]
k k 0

1 k—1 1
= sup {w,‘}Ef sz+w,§( > esz“—fkw}Esc(nZ)f leCdr]
k 0 0

f=—c0

! 1
= <sup w,f)[Ef 82— — ESc(l)z],
k 0 2c

we know that Z, . is a sequence of martingale differences with respect to the natural
filtration, and we may therefore employ a CLT for martingale differences. Let 33, =

ey EZ2 .. Define
1 k—1
f e”de< > e<k—1-f>0|sﬁc(1)|)>.
0 f=—

1
Zk,c = (Sup a),%)(.f Sdek
k 0

It is easy to verify that Z, . is strictly stationary, Z; . = |Z; .| Y, and

+

E(Z}.)

2 1 2
= 2(sup w,%) E(f Sdek>
x 0
2 1 2
+ 2(51}1€p w,f) E<f0 erchk>
1 E|S, (1) \?
x {E(Sf,cuw(l _ezc) +( 'lffc)!) }

=

for some constant C uniformly in k. Then, for any ¢ > 0,

M 2 2
ch ch
El =1\l |>e
Zi.

Z~I§c
= El —=-1

k=1

> 8}]
M _[. - 53
= %E[zﬁcl{zic > HMMS}:l

= ————FE[Z? 1{Z?_ > (inf, E(Z2
inf, E(ZZ,) [ZF MZ3 . > (inf, E(Z} ) Me}]

—0 asM — oo,
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where the second line holds by Zk,c = |Z; |, the third line holds by the strict stationar-
ity of ZZ ., the fourth line is well defined because inf, E(Z?,) > 0 in view of the fact
that inf, w? > 0, and the last line holds by virtue of the fact that E (Z,f’c) < C. There-
fore, as M — oo

1 M 1 1 1
——\/——M%J;chdBk:N(O linwﬂgw UO H,f]) (A.15)

Combining (A.9), (A.13), and (A.15), we have the required limit distribution.
To simplify the variance formula, observe that as in (A.13) and (A.14) we have

Proof of Theorem 3. The proof follows the same lines as that of Theorem 2 given
earlier, and so we simply outline the argument. For fixed M, as m — oo, we have as in

(A.8)
1 M
Tir ZU HycdBi+ (A~ m]
" Mk= (O
NMm(a: —a) = Tw +0,(1).
— — | H, di
M 121 w,% k,c(r) r
Then

1 M 1 1 1
i g f H, (r)?dr —, < (fo Sf) - ;ESC(W) =50

as in (A.14). Further, in the same way as (A.15) we find

121 IHdB N{ 0, lim lglEsz -No—i
N7 = P £ o M (5 of o Be T 2e )

It follows that in sequential limits as (m, M — 00),
NMm(G* — a) = N(0,—2¢),

giving the stated result.
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Proof of Theorem 5. If Assumptions 1(ii) and 2 hold, then, as in (9) but using the
fact that ¢ = 0, it follows that as m — oo for fixed M,

1 & 1 ko k 1
ﬁz —y¥ u* —mA,
Mm(a* —a) = T
_._._z_
M2 m? y- 1}’ 1
1 M
ﬁ 2[[ HkOdBk+(Ak k):l
== ] o f ,
— Ho(r)2dr
M? g o K0

where Hfo(r) = Bi(r) + S B;(1) + By(—«). As in the proof of Theorem 2, we have
1 M
" g =0,(1) (A.16)

in sequential limit as (m, M — 0),,,.

Before proceeding further with the proof, note that the sequence {B;(1)}, is i.i.d.
N(0,w?). Then, by Donsker’s functional law for partial sums of i.i.d. random variables
we have, as M — oo,

1 [g]
—= 2, B,(1)=U(r),
M5
where U(r) = BM(wZ). It follows that as M — oo,

f Hio(r) dB, (1) = f U(s) dU(s)

M k 1
because
1 M 1
) f Hiio(r) dBi(r)
1 X2 rt 1 M (k=i
=H§f03k(r)d3k(r) Hg(; Bf(l))Bk(l)

+ By(— K) EBk(l)

= 2( kEle(l)> i B+ 0, (V_—)

1
= f U(r) dU(r), (A7)
0
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where the final line follows by using partial summation techniques, as in Phillips (1987b).
Similarly, we have

1 M 1 1
— > f Hio(r)2dr = f U(r)2dr. (A.18)
k=1 Y0 0

Thus, in view of (A.16)—(A.18),

1

U(r)dU(r)
0

1
U(r)%ds
0

mM(@Et—1)=

K

as required. n

Proof of Theorem 6. For fixed M, as m — co we have, as in (9),

1

_CMZ 2)’1” 1 Ug,

k=1M j=1

eMm(a—a) =

1 m
pePp IRl
m j=1

M
e—2c E

M
E f A7) dB(r) + AMe=M
= ) (A.19)

e_2“ME J’ HE(r)?dr
=1 Jo

For the limit when M — oo, we follow arguments similar to those of Basawa and Brock-
well (1984). First, consider the numerator of (A.19).
Note that

1
e~M 2 Hk Ar)dB(r) + AMe™M
k=1
M 1
=e M3 f Jioo(r) dBy(r)
k=10

M k-1 1
+> e'””( > elkm1=hey, (1) + e"cLlyc(—K)>J> e"dB,(r) + o(1)
k=1 0 :

=0

M k-1 1
=3 e‘°M< > et ey (1) + e’“.l_l,c(—x)>f e™dB;(r) + 0,(1),
0

k=1 f=0

(A.20)

where the last line holds because

\[55) =0,(1).

M 1
e#chgl jo Jio(r)dB(r) = OP( »
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Before proceeding further, define

k—1
Xy = E e(k_l—f)cjf,c(l)
=0

=T, e(D) + €Ty (1) + - + &V, (1)

k—1 (82c_ 1)
2(k—1—f)ec 2" 7
N<O,<f=EOe )w > )

e?,kc — 1
= N<O,or)2 )
2c
and

. 2¢ _
0, = fl e™dB,(r) EN(O,a)2 —(f———-—l—))
0

2¢

Then, we have

Xt:eCXtvl-i—Jt,c(l) t:()a"-’k_ly

where X_; = 0.
Also, note that
e2M+De _ g
sup E(e™MX,,)? = sup e 2 Mp?
M=0 M=0 2¢
5 e2c _e—ZCM _ w2e20 -
= sup @ = oo,
szo 2¢ 2¢

Then, e =X, is a martingale with respect to the filtration Fy; = o (Jyy, (1), Jyr=1,.(1),...),
and, by the martingale convergence theorem, we have

wZ
e MXy — .. eY(c), where Y(c) = N(O, ?> (A.21)
. C
In addition, it is easy to see that

M—1
2 e——C(k_H)QM—k
k=0

M—1 ( ) 0)2
=N 0’ —2c(k+1 - 20___1
(g e)5e-n)

—2c¢ 2 2
::»N(O,e—— 2 (e - 1)) =N<o,%> = Z(c).

1—e™2¢ 2¢

Moreover, the limit variates Z(c), Y(c), and J_, .(—«) are independent, and Y(c) and
Z(c) have the same normal distribution.
Next consider the limit of (A.20). Proceeding as in Basawa and Brockwell (1984) we

get
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M k—1 1
2 e—cM< 2 e(k*l—f)c‘]ﬁc(l) + ekCJ‘l,C(—K))f erchk(r)
k=1 =0 0

M—1
E e—C(M_h_l)XM—h~1e_C(h+1)QM—h

=1 e (| "

M—1
2 e—c(h+ I)QM~h
h=0

M—1
~e“(Y(c) + J—l,c(“K)) 2 e_C(h+1)QM,—h
h=0

= e(Y(c) + J_y (—K)Z(c), (A.22)

where the third line holds because |e ¢~ *Dx,, , || = K, almost surely for some
random variable K, (cf. Basawa and Brockwell, 1984, pp. 161-171) and we can apply
dominated convergence. Thus, as M — oo

M
e~ M 2

k=1 Y0

1

Hi (r)dB(r) + AMe ™M = e(Y(c) + J_ (—x))Z(c). (A.23)

Now, we proceed to the denominator of (A.19). By definition

1 M 1
= 2 | e
4 k=1 Jo
1 M 1
== Ji o(r)dr
€ k=1 Jo
1 M 1 k—1
+2 = 2 e"Jp (r) dr( z e(k“lﬁf)c.lf’c(l) + ek‘J_l’C(—K)>
e k=170 =0

1 1 M [k 2
+ jo eedr oo > ( > e®1=Deg (1) + ekcJ_l,C(—K))

k=1 \ /=0
=T1+2[+1l, say.

It is easy to verify that, by the strong law for i.i.d. variates,

M
I= Oa.s.( 2cM> = Oa.s.(l)' .
e

For 111, note that

1 M k—1 2
2eM ( E e(kﬁl_f)c‘]f-c‘(l) + ekCJ—l,c(_K))

€ k=1 \ f=0
M—1 1 . 2 1
- Jl e K + e l)ceCJ_l’c(—K))} 20+ e
k=0 L€ e

oo 1 2
= 2 { e(M_k_l)c (XM—k‘l + e(M_k_l)CeCJ—l,c(—K))}
k=0

1
X l{OﬁkSM“l}(;—(;ﬁ)—C). (A.24)
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From (A.21) we know that for fixed k

1 2
{ e Ku—i-1 + e(M_"_l)ce“Jo,c(—K))} Hosk=M-1}

a.s. eZc(y(C) + JO,c(—K))z’

as M — oo. Because

1 2
{m (Xppeppe1 + e(M”k'l)cecJoyc(—K))} Ho=k=M-1}

is almost surely dominated by a random variable as in (A.22), it follows by the domi-
nated.convergence theorem that

2¢

(A.24) -, (Y(c) + Jp (~K))? %1 (A.25)
e —
For II, by the Cauchy—Schwarz inequality, we have
1 M 1 2\1/2
1= <e2"M > (f ey, o(r) dr> )
k=1\~0
1 M (k1 2\1/2
X ( ot ( 2 e* g (1) + ekcfo,c(‘K)> )
e k=1 \ f=0
VM )
= 0p< M 0,(1) = 0,(1),
where the first equality holds by (A.25). Thus
1 M 1 eZC
ot f H(r)2dr — g, (Y(c) + Jo o (=1))* ——. (A.26)
e k=1 Y0 ? ’ e —1

Finaliy, combining (A.23) and (A.26), we have

e‘Z(c
eMm(d—a)= - (©) .
5o (Y(e) + Jy . (—x)
e —1
It follows that
ecM+1py, Z(c)

PG e Too(—1)

as stated. u
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Proof of Theorem 8. For each &,

| J‘Hk’c(r)dr
o SF7x, it => f X, (r)H, (r)dr= . (A.27)
! f (k + r)Hy, (r)dr
Notice that
1
Tii §_} ch(r)dr
2 chdr+ f ’%ir(f > e<k-1~f>CJf,c(1)>. (A.28)

We start with the first member of (A.28), and use the relation (cf. Phillips, 1987a)
1) = B e [ eB, () 4.29)
0

where By(r) = BM(w?). Because {B,(r)}*_, is an independent sequence of Brownian
motions, it follows that (1/NM)St-, B,(r) is BM(w?) for all M and

M
NI, kZl B.(r) = U(r) = BM(w?). (A.30)

Hence,

1

——H §=: flecdrﬁ [U(r) + cf (r“S)CU(s)ds:I

1 r
= f J e"9qU (s)dr
o Jo

1
= le“J— e sdU(s) — l U@ (A.31)
c 0 c

by using partial integration.
Next, for the second member of (A.28), let

k—1

nk=f_2_ eUTmhey (1),
Then

1 M 1 k—1 1 1 M
—_— e’edr ek=1=Ney. (1) ) = f e’dr—= > .

The time series 7 is a linear process of the form

m = a(L)v,,
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where {v, = J;—1 (1)} is a sequence of independent normal innovations and a(L) =
>720a; L%, with a; = e’. Thus, following the approach of Phillips and Solo (1992), we
can write

1

M I 1
N7 E M = a(l) —\/= 2 Jk——l,c(l) + 0p<\[_M>

M = M =
1

L o)

ﬁl

E

1-

Then, as in (A.29) and (A.30), we obtain

M

1 1 1
——= > I, (H=U0) +cf e(l_‘)CU(s)ds=f 1794y (s).
W 2 k—1, o o

k=1

The limit behavior of the second member of (A.28) is therefore
1 M J‘l k—1
_ erdr e(k—l—f)cJ c(l))
\/7”_ kgl 0 (fgoo -
1 1 1
= (f e’%lr)( )(f e“'”“dU(s))
0 I—e° 0
1 1
= __< f e<1~s>de(s)>. (A.32)
c 0

Combining (A.28), (A.31), and (A.32) we obtain

1 1 1
——1;4— E Hk C(r)dr=> 1 e Jo e *dU(s) — % uQ@) - %(J; e“‘”%lU(s))

1 1!
=—-=-U(l)=-- f du(s). (A.33)
c ¢ Jo

If we denote [, Hy .(r)dr by ¢, under the assumption of homogeneity, ¢, is a stationary
process, and, in a similar way to (A.33), the partial sum

[M1]

1
it 2 2 L= B(1)=—= U(r)

1 1
= f sdB;(s) = ——lf sdU(s). (A.34)
0 ¢ Jo
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Thus, from (A.27), (A.33), and (A.34) we obtain

1

mNn

1 X 1 Vi
E: -1 o -1 _ §: ~1 Tkt
; - D Xt Yt MIZIG m < F Xkt \/_I:I’t—

M 1
==, G'lf X (rVH,, (r)dr
0

1
. de(s) .
=] 7 =——f X(5) dU(s)
¢ Jo

¢ fo ' du(s)

in sequential asymptotics as (m, M — 0),.,. Further, in a straightforward way
1 1

- > 2D % X, D> J X(r)X(r)dr.

nor 0

In consequence, we have

1

myNn

-1
= —%(le(r)x(r)’dr) (J:X(s)dU(s)),

giving the stated result.

\Nn o 1 o\
—D(F -7 = (‘EED”lxk,txé,tD 1) ( EED“ka,:yi‘,,)
m L kot

Proof of Lemma 9.

m_l/zj}lj,[mr] = m_l/zylf,[mr] - m—l/Z(,f, - y),xk,[mr]

1 ~n _
= mhl/zyl’:,[mr] - W ? (7 - '}')’DD lx;c,[mr]

= m—l/zylj,[mr] + Op(M_l/Z)

= H, (r).

65
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Proof of Theorem 10.

223’5;—1%;

™
lI

EE(}’M 1
(a—D@F -y 2 Exk,t—lﬁié‘,z—l
+
ZE(th-
(’f/—7),22(xk,t_xk,t—l)ﬁltt—l
- EZ(ykr—
Thus
NMm(a — a)
1 1
N 1 1
H%(;ﬁ 2( b 1)’ )
o NMT Y it
X m(a—l)[(v—v)l) m][_MgG 1(;21’ Xk -1 \fﬁ)]
+.._
M 1 1
E%[;lzg(ykt—l) ]
M 1 1 :
1 [('f’_')’),D \[ﬁ][ M}]}(;ﬂ'g" l(xkt xk:l)yl\c/—l>:|
M3/2 [ 1

w3 (5T

7 2(mz0m) +0,( g5+ o572

m=

As m — o

1

1
W;(;;y;‘,t—lukﬂ) 7%( Hk,chk+/\k>
=

1 1

M%( E(yktl ) M;fHk,c(r)z
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Thus, if we consider the adjusted estimator 4% and take sequential limits as
(m,M — 0),,,, we have

1 1 A
ME(“E}*H”M Ay
k\Mm
NMm(at —a) = ! ! +0,(1) = N(0,—2c). n
M;(%;()’khl) )

Proof of Lemma 11. When ¢ = 0,

1 12 -1 1z Z*
—=D({#-y)=|=-2D 'xx;D7! -2 D7'x,—=
=G [2 ] [2 % ]

= [ f X(r)X(r)’]-l [ j X(r)U(r)].

By definition,

f’;?,t =Y~V Xk o
=29,

and thus

n-1/22Fnr] = nul/ZZFnr] - n_l/Z(‘? - 7),DD—1x[nr]

= U(r) — UUX'] [fxx'}ﬂlx(r) = U(r). n

Proof of Theorem 12. Because
EE)A’:,t—luk,t (f’—7)';2(361{,;—&,:—1)?;1—1
k t t
+ + ,
SZ i) 33 G’
k ot k

a=1

and
3 (&N /N7 =725 = ) D [n-l Snp~ax, z:_l/\m]
e e n SN |
we get
fUdU—fUX’[fXX’]leXOU
n(@t—1) =
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where Xo(r) = X'(r) = (0,1) = PX(r) with
0 0
P= .
1 0
Because
fXOQ = PfXLJ=0,
we obtain
fUdU

v

giving the stated result. u

n@ —-1=

Proof of Theorem 13. By definition,

5= [ﬁ iAcxk,,Acx,’c,,] [E 2 Acxe, cykt]

k=11t=1 k=11t=1

M m -1 M m
=vy+ ':E 2 Ac‘xk,tAcxI’c,t:l |:E 2 Acxk,tuk,tjl-

1 -1
WN(? —y) = [;ZN_IAcxk,tAcxlé,tN_l] liﬁ EN_IAcxk,tuk,t:l

= | [romer| [romwe,

N =diag[m™',M],  X.(r)=—c(1,r).

where

Simply noting that X.(r) = —cX(r) gives the stated result for ¥.
Suppose that ¢ < 0 and we estimate ¢ by ¢ = m(a — 1), as in Section 5. Then ¢ = ¢ +
0,(M~'/%). If we apply QD detrending to model (14)-(16) based on ¢, we get

Afyk,t = 'ylAc“xk,t + Aé)’l:r- (A.35)

The OLS estimator of y from (A.35) is

[2 > Asxe As xk,] l[ggA o Xp s cyk,]

11=1
-1 M
’
Apxp  AgXp 2

k=1

Mz
M=

=7+[§

#
Ag xkt cyk,t .
k=11

1

i

1

-
Il



AUTOREGRESSIVE ROOTS NEAR UNITY

Notice that
Aa)’zf,z = U (¢— C)m_IYZr—l

and

1
W SN Asx, Asi,

1 1 1 Vi -
= — > NIA, —(E=c)—= DN ' =D N; 1A, —
NF E Xk, t Uk, t (¢—-c¢) i ; Lo ; 2 BeXp: Nm

s

1
= ﬁ ZNhlAExk,tuk,t + Op(M~1/2)a

where

N, = diag[1,M], N, =diag[m~,1], N=N,N,.

69

It can be verified that the error terms coming from the preliminary estimation of ¢ are of

smaller order of magnitude and

VAN (7~ 7) = [ i xc<r>xc(r>']“ [x.nave.

The limiting distribution of the trend coefficient vector ¥, is then the same as that of ¥,

the estimator using the true local parameter.
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