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NONPARAMETRIC TESTS OF MOMENT CONDITION
STABILITY

TED JUHL AND ZHIJIE XTAO

ABSTRACT. This paper considers testing for moment condition instability for a wide
variety of models that arise in econometric applications. We propose a nonpara-
metric test based on smoothing the moment conditions over time. The resulting
test takes the form of a U-statistic and has a limiting normal distribution. The
proposed test statistic is not affected by changes in the distribution of the data, so
long as certain simple regularity conditions hold. We examine the performance of
the test through a small Monte Carlo experiment.

1. INTRODUCTION

Many econometric models are estimated by imposing some population moment
conditions on the sample. An important assumption in these models is that the
moment condition holds throughout the entire sample. Given that this assumption is
important to further analysis of the model, a number of tests for moment condition
stability have been proposed. In particular, Andrews and Fair (1988) proposed Wald,
Likelihood Ratio type and Lagrange Multiplier type tests, and Ghysels and Hall
(1990) proposed a predictive test for the case where the structural break date is
known. These techniques are also extended to the case with unknown breakpoint
by Andrews (1993), Andrews and Ploberger (1994), Sowell (1996), Ghysels, Guay
and Hall (1997), and Hall and Sen (1999a): By calculating a chosen statistic for
each possible breakpoint, a sequence of statistics can be obtained and a test for
structural change with unknown breakpoint can be constructed based on a function
of the sequence. The literature on testing for structural breaks is vast, in addition to

the above mentioned work, an incomplete list includes Mankiw and Shapiro (1986),
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Ploberger and Kramer (1996), Kuan (1998), Vogelsang (1997, 1998), Bai and Perron
(1998), Hall and Sen (1999b), Hansen (2000), Maynard and Shimotsu (2009). Some
tests that involve nonparametric estimation include Hidalgo (1995) and Inoue (2001).

In this paper, we consider the inference problem of testing for moment (or con-
ditional moment) instability. The proposed tests are nonparametric. In particular,
we construct test statistics based on smoothing the moment conditions over time.
The approach follows the idea of Robinson (1989) who develops a kernel based non-
parametric approach to estimating time varying parameters in a linear regression
model. We propose a test of the stability of the population moment condition based
on this idea. Our tests take a U-statistic form and we show that the statistics have
an asymptotic normal distribution.

The contribution of this paper is to provide tests of moment stability for a wide
variety of conditional models that arise in econometric applications. The proposed
test is not affected by changes in the distribution of the data, so long as the moment
conditions tested are not violated and certain regularity conditions hold. A leading
example covered by our model is the inference problem of structural change of un-
known timing in regression models. In this example, our primary interest is usually
on the constancy of regression parameters, and not particularly concerned with the
distribution of the regressors. Most existing tests (see, inter alia, Andrews (1993),
Andrews and Ploberger (1994)) are based on the assumption that the regressors are
stationary and thus cannot discriminate between instability of parameters and struc-
tural change in the distribution of the regressors. Hansen (2000) proposes a “fixed
regressor bootstrap” test for parameter constancy in regression models that allows for
structural change in the marginal distribution of the regressors. When specialized to
the regression models, the current paper provides an alternative test for this inference
problem®.

The rest of the paper is organized as follows. In section 2, we introduce the model
and propose a test for conditional moment instability. The asymptotic theory is

provided in sections 3. A generalization to dependent moments is studied in Section

1Our model does not consider unit root or trending regressors.
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4. We present the results from a small Monte Carlo study in section 5 and section 6

concludes. The proofs are given in the appendix.

2. THE MODEL

Given observed data {z;,t = 1,---, T}, we consider a parametric model with pop-

ulation moment conditions:
(2.1) E(m(z,00)) =0

where 6 is a p x 1 vector of parameters and m is an L x 1 vector where L > p. We
estimate the model using, say, the generalized method of moments (GMM). Thus,
the parameters, 6, are estimated under the assumption that the population moment
condition is not time varying, and hence zero for all time periods. This assumption
is crucial to further analysis of the model. We are interested in whether or not
the moment conditions (2.1) indeed hold over time. In this paper, we propose a
nonparametric test to check the moment stability.

Many important inference problems can be expressed in the form of moment insta-
bility. For example, the well-known problem of structural change in regression models
can be re-written into a form covered by our model. Consider the linear regression
model

Y = a:tT 0 + uy,
and suppose that we are interested in whether or not # is constant. To re-formulate

it into an inference problem of moment stability, let 2, = (y;, ;)" and
m(z,0) = (yo =z, 0)z.

Then, under the null hypothesis that € is constant, the moment condition (2.1) holds
for all t. Otherwise, for any vector 6 of constants, E(m(z,6)) # 0 for some non-
negligible fraction of the sample. Most studies in the literature considers the case
where the distribution of x; is assumed to be stationary. Furthermore, we may allow
for changes in distribution of x; but focus our interest on the constancy of parameters
0. In this case our model reduces to a conditional model similar to that of Hansen

(2000).
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The test that we propose to check moment instability is a variant of nonparametric
conditional moment tests as developed in Fan and Li (1999), Hjellvik, Yao, and
Tjostheim (1998), Lavergne and Vuong (2000), Li and Wang (1998), and Zheng (1996)
among others.

For convenience of our analysis, we introduce some notation. We use the notation
my = m(z,0), and denote the density of m; by fi(m;) where the subscript ¢ in f;
indicates that the density may be time varying. In addition, we use the notation
wu(t) for E(m;) where, again, indicates that E(m;) may be time varying (under the

alternative of moment instability). Thus,

p(t) = E(my) = /_00 my fr(my)dmy.

The null hypothesis of interest here is one of moment stability:
Hy : There exists a 6 such that u(t) =0 a.e.,

and the alternative hypothesis is: Hy : p(t) # 0 for some non-negligible fraction of
the sample. Suppose that

T
1 P
T Z m, pu(t) 2 A

t=1
Notice that under the null hypothesis, we have A = 0. Under regularity conditions
limiting the dependence of m; and bounding the variances, it is easy to show that

T T

(22 =Sl ) = 2 S0 () () + 0,(1).

t=1
Then A = 0 implies that u(t) = 0 almost everywhere. If A # 0, then pu(t) # 0 for
some non-negligible fraction of the sample.

We want to base a statistic on the quantity A which requires an estimate of p(t).
Following Robinson (1989), we can view the moment conditions as depending on
the scaled time index ¢/T. That is, we denote u(t) = p(%). This representation
allows for more points to accumulate near a given ¢ as 17" grows to infinity. In this

way, we can consistently estimate u(%) using a leave-one-out version of kernel based



Post-print version of an article published in Econometric Theory (2012). doi: 10.1017/S0266466612000151

NONPARAMETRIC TESTS OF MOMENT CONDITION STABILITY 5

Priestley-Chao (1972) estimator

2.3) lt) = 7 ; K (t:;hs) -

where h is a bandwidth parameter, m; = m(zt,éT) is an estimate of m; using a
preliminary estimate of 6, and K(-) is a kernel function. This estimator essentially
takes averages of m, points with s close to t. A smaller bandwidth uses the points
where s is closer to t and a larger bandwidth uses more points. The proposed test
statistics are based on the above kernel smoothed estimator. We propose a test for
conditional moment stability and consider its asymptotic distribution in the next
section, and study inference problem of testing for moment condition instability in

general dynamic models in Section 4.

3. A NONPARAMETRIC TEST OF CONDITIONAL MOMENT STABILITY

We first consider the case that m; is a martingale difference sequence (E(m;|F".}) =
0), and test for conditional moment stability. Many econometric models impose some
conditional moment assumptions on the sample. For example, rational expectations
based economic models often imply that the conditional expectation of some variable,
conditional on past information, is zero. For this reason, testing conditional moment
stability is in and of itself interesting and important, and worth of discussion sepa-
rately. We propose a test for conditional moment stability in this section and extend
our analysis to general moment stability inference in the next section.

The proposed test is motivated based on our discussion in the previous section, in
particular, by pluging the nonparametric estimator (2.3) into equation (2.2). Thus,
the proposed test statistic is based on the following quantity:

5\_1 TTKt—s AT A
T—T—%ZZ (Th>mtm5.

t=1 s#t

To facilitate asymptotic analysis of the proposed test statistic under the null, we

introduce the following assumptions.
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Assumption 1. Let F! = o(ms,...,m), E(my|FL) =0 and E(mym/ ) = $(%) <

oo. In addition, X(v) is a continuous function on v € (0,1).

Assumption 2. The process {(z)} is absolutely reqular. That is,
B(r) = supE{ sup |P(A|G®,) — P(A)|} — 0, as T — 00,
s Aeggj_f

where G is the o-field generated by {(z;) : j = s,...,t}. For a constant § > 0,

S P23(7) T < oo

Assumption 3. Vm(z,-) and V?m(z,-) represent the first and second derivatives

of m(z,-). They are bounded by a function M,(z;) which has finite second moments.

Assumption 4.
maX{Ml, My, M3, My, M5} < o0

where M;, v =1,...,5 are defined in the appendiz.
Assumption 5. vT(07 — 6y) = O,(1).

Assumption 6. K(u) is a density function such that K(0) > K(u) for all u, and
[ K(u)?du < .

Assumption 7. h — 0, Th? — co.

Assumption 1 states that m; is a martingale difference sequence. We allow that
the variance of the moment conditions may be time varying, but continuous. For this
purpose, following the literature of nonparametric estimation, we re-standardize the
time index so that they are on a compact set [0, 1], and assume that the variance
function is continuous on [0,1]. Assumption 2 limits the dependence found in the
data, z;, which is used to form the moment conditions. Absolute regularity, or beta
mixing, is a condition that is stronger than a-mixing but weaker than ¢-mixing. See
Fan and Li (1997) for a list of well-known processes that satisfy absolute regularity,
and Fan and Li (1999) and Li and Wooldridge (2002) for studies of nonparametric es-

timation with absolutely regular processes. Notice that as stated, absolute regularity
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does not require stationarity. That is, the mixing coefficients are the sup over s of all
events that are 7 units of time apart. This means that the expectation may vary over
different values of s and we take the largest as the § coefficient. A simple example is
an independent process with some heteroskedasticity. This is a very important dis-
tinction since many tests of structural change are not robust to, say, a simple mean
or variance change in the regressors. Hansen (2000) provides a thorough analysis of
tests for structural change when there is a change in the marginal distribution of re-
gressors. Assumption 3 is standard in nonparametric conditional moment tests such
as Fan and Li (1999). In assumption 4, we have several moment conditions. Notice
that although we do not require stationarity, our moment conditions in Assumption
4 rule out unit root processes or trending regressors. In addition, this assumption
requires slightly more than eighth moments for the data. Assumption 5 is a high
level assumption stating that the parameters of the model are estimated at rate T:.
The limiting distribution of 67 does not affect the distribution of our test since we
are using nonparametric estimation of the residuals. The rate of convergence of the
nonparametric estimation procedure is slower than T%, so that the final limiting dis-
tribution is not affected by the distribution of Or. Assumptions 6 and 7 are standard

assumptions in the kernel regression literature.

Theorem 3.1. Suppose that Assumptions 1-7 hold. Then

Thz \
AT 4 N0,1)

~

o

where

p R t—s\’ 2
~2 - AT A
5 = T—%ZZK( - ) (] 1)
t=1 s#t
is a consistent estimate of 0% = 2f01 K(u)?du fol trace (L(v)X(v)) dv.

The proof of the theorem uses the U-statistic structure of the statistic. As in Hall
(1984) and Hjellvik, Yao, and Tjgstheim (1998), we show that a martingale central
limit theorem applies. However, in our case, the arguments of the kernel function
are deterministic and results for strictly stationary series do not apply. Moreover, we

allow for the distribution of the data to vary over time.
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The limiting distribution of the standardized statistic is standard normal. This
limiting result is robust to changes in the mean or variance of the data provided
that the moment condition tested does not change (E(m;) = 0) and that the moment
conditions in assumption 4 still hold. One implication is that when the tested moment
conditions fail to hold over the entire sample, we can attribute a rejection of the test
to parameter instability. We explore this important special case in a Monte Carlo
experiment in section 5.

The proposed testing statistic has a similar structure to the U-statistic tests pro-
posed by Zheng (1999) and Li (1999). Although we do not explore local power in this
paper, we conjecture that following a similar analysis, our test will also have power
against local alternatives that are O, (T~Y/2h=1/4).

An important issue in the calculation of our tests is the choice of bandwidth pa-
rameter. The conditions of the theorem only provide a range of possible bandwidth
choices. In this paper, we follow Zheng (1996) and Li (1999) in that we explore several
choices of bandwidth to examine the sensitivity of size and power for the tests. An
alternative strategy was suggested by Horowitz and Spokoiny (2001). They propose
calculating the supremum of nonparametric tests over a range of possible bandwidth
parameters as a test statistic. This approach may be possible with our test. However,
the distribution would change, and the proofs would become much more complicated.

We leave this idea for future research.

4. TESTING MOMENT STABILITY WITH DEPENDENCE IN THE MOMENTS

An important assumption that we imposed in the previous section is that m; is a
martingale difference sequence. This type of tests are of interest in practice because
many econometric models are estimated by imposing some conditional moment as-
sumptions. In this section, we relax the assumption that m; is a martingale difference
sequence and extend our analysis to inference problems of moment stability for gen-
eral dynamic models where m; are allowed to be serially correlated. To accommodate

this extension, we need to modify our assumptions and the test statistic.
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In designing a test for conditional moment stability, we use a leave-one-out estima-
tor (2.3). In order to extend our test for moment stability and to the case that m; is
serially correlated, we propose the following leave-k out estimator

0= 1 ()

s¢B(t)

where B(t) = [t — Tha,t + Ths] is a growing neighborhood around (t) and hy is a
bandwidth parameter satisfies the assumption that hy/h — 0, as T — oo. To this
end, the proposed test statistic? is

AT = T2 ZZ (t_s>mjms‘

t=1 s¢B(t)

We modify Assumptions 1 and 7 as follows.

Assumption 1'. E(m;) = 0 and E(mym/) = 5(%) < oo. In addition, ¥(v) is a
continuous function on v € (0,1). The process {(m;)} is absolutely regular. That is,
B(r) = supE{ sup |P(A|G°,) — P(A)]} — 0,a8 T — 00,

s A€G .

where G! is the o-field generated by {(m;) : j = s,...,t}. For a constant § > 0,
% 726(7) T < oo

Assumption 7. As T — oo, h — 0, hy — 0, hy/h — 0, Th? — oo and T*h3 — oo.

Theorem 4.1. Suppose that Assumptions 1', 2-6, and 7' hold, then
Th2 Ar d

o

< N(0,1)

2As a referee pointed out, there is a connection between our proposed test and long-run variance
estimation of the process m;. Suppose that m; is a scalar process. Then denote the long-run
variance estimator of m; as Q = 4o + 2 Z]T:_ll K (hJ—T) 4;, where 4; is the usual jth autocovariance.
Then Ay = %Q Now define * = 4o + 2 Z?:ll K (hJ—T) 1(j < k)4, where k is from the leave k out
estimator. Then Ay = ﬁ (Q — Q*) Both 2 and * are estimators of the spectral density at zero,

and hence can be made asymptotically normal given the rates of k and h..
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where

9 P t—s\> AT oA 22
= 2 2 K gy ) (i)

t=1 s¢B(t)

is a consistent estimate of 0% = 2f01 K (u)*du fol trace (X(v)X(v)) dv.

Even though  mixing processes include many standard cases in econometrics (such
as ARMA models with some restrictions on the density), it may be possible to extend
our results to more general cases. Chen and Fan (1999) suggest that many of their
results for U-statistics can be extended to near epoch-dependent processes.® We leave

this direction for future research.

5. MoNTE CARLO

We examine the finite sample performance of our proposed statistic using a small set
of Monte Carlo experiments. Our test is applied to the moment condition E(z.e;) =0
and we wish to see how our test compares to other tests in detecting a structural
change in regression parameters. In the first set of experiments, we examine the size

of our test using the following model,

Y = Qo + 1Ty + €.

Initially, we consider four specifications of the model. In case 1, ¢ is homoskedastic
and follows a standard normal distribution and xz; follows a t-distribution with five
degrees of freedom. This case is denoted iid in our tables. Following Hansen (2000),
we also treat several cases involving heteroskesticity in ¢; and changes in the distri-
bution of x;. In case 2, ¢ ~ N(0,1+ 0.25z7?) and we denote this as het in the tables.
For case 3, ¢; again follows the distribution in case 2 but now there is a mean shift in

z; so that

) m for t < 0.57T
L n.+5 fort>0.5T

3See Wooldridge (1994) for a discussion of near epoch-dependent processes in econometrics.
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where 7; follows a t-distribution with five degrees of freedom. We label this case by
hetmb for heteroskedasticity mean break. Case 4 is uses a similar specification for ¢

and 7; but now there is a change in the variance of x; so that

ne  fort <0.57T
T+ =
K 5n; for t > 0.57,

and this case is denoted hetvb. For Case 5, we allow for z; to have an autoregressive

structure. In particular,
Ty = Wy + pTe—1 + €

where p = 0.7 and

o {0 for t < 0.5T
"7 )5 fort>05T,
This case corresponds to a break in an autoregressive process and we label the results
arbreak in the table. It is well documented that an autoregressive process with a
break is often mistaken for a unit root process (see Perron (1989)). We consider this
case to see what happens to all of the tests under this type of change in the marginal
distribution of x;.

Without loss of generality, we set the values of ap = 1 and o; = 1. We compare
our nonparametric moment stability test, denoted NPMS, to some other standard
tests. Our test requires the choice of a bandwidth. To determine the sensitivity of
our test, we include three bandwidth choices, h = 0.125 x T~'/5 h = 0.25 x T/,
and h = 0.5 x T7'/% all of which are larger than the bandwidth parameters used in
the first set of experiments. The three bandwidths generate tests indexed as NPMS1,
NPMS2, and NPMS3. We also consider other tests. First, we include the SupF test
analyzed by Andrews (1993) and others. Essentially, this test is calculated by divid-
ing the sample into two parts and testing that ay and «; are identical in each part
of the sample. The data is broken into two parts beginning with 15 percent of the
data until 85 percent of the data and the maximum of all the F tests becomes the
statistic. In addition, we allow also conduct a Wald test in the same manner but we

use a heteroskedasticity consistent covariance matrix when calculating the variances



Post-print version of an article published in Econometric Theory (2012). doi: 10.1017/S0266466612000151

12 TED JUHL AND ZHIJIE XIAO

of the estimated o parameters. Finally, following Hansen, we include a fixed regres-
sor bootstrap version of the SupF test which we denote HetBoot in our tables. The
number of bootstrap replications is set to 1000. For all experiments, the number of
replications for each test is 2000. The results for the size experiment appears in Table
1. In the iid case, we note that with the exception of the SupWald test, all of the
tests have good size or are conservative. As the bandwidth gets larger, the NPMS
test becomes more conservative. This in and of itself is not a problem so long as
power does not suffer. We will explore this possibility later in the paper. In general,
the tests improve as the sample size increases. In the heteroskedasticity case, the
results are slightly different. The fixed regressor bootstrap is slightly oversized and
the size gradually improves as the sample size increases. The SupF test is oversized
and the effect gets worse as the sample size increases. The SupWald test is initially
oversized and has worse performance than the SupF test. However, as the sample
size increases, the SupWald has better size as the improved estimation of the het-
eroskedasticity consistent covariance matrix helps reduce the initial size distortion.
The nonparametric moment stability tests are conservative for all of the bandwidth
choices in this first experiment. Moreover, the test becomes more conservative as
the bandwidth size increases. When there is heteroskedasticity and a change in the
mean of the regressors, the results are magnified. The SupF and SupWald tests are
severely oversized. These results match the findings given in Hansen (2000) for a
similar experiment design. The nonparametric moment stability tests are still con-
servative as expected since the assumptions of our theorem allow for such changes in
the distribution of z;. The arbreak specification seems to affect the SupWald test the
most, however, as the sample size increases, the effect is once again mitigated by the
improved estimation of the covariance matrix.

These results of the experiment, particularly those when there is a change in the
distribution of the regressors, reveal an advantage in the new nonparametric tests.
Notice that the SupWald and SupF tests are extremely oversized in the presence of a
change in distribution of regressors, while the proposed nonparametric tests are not.

Hence, when the SupWald and SupF tests are used, a change in the distribution of
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Table 1.
Size

T | SupF SupWald HetBoot NPMS1 NPMS2 NPMS3

5010.046  0.313 0.049 0.031 0.024 0.015
iid 100 | 0.050  0.172 0.057 0.031 0.024 0.020
200 1 0.045 0.102 0.057 0.044 0.036 0.023
800 | 0.049  0.068 0.060 0.035 0.032 0.022
201 0.148  0.384 0.085 0.036 0.028 0.017
het 100 | 0.178  0.222 0.076 0.037 0.031 0.019
2001 0.232  0.143 0.074 0.041 0.037 0.024
800 1 0.309  0.074 0.049 0.040 0.035 0.026
501 0.208  0.435 0.078 0.032 0.028 0.012
hetmb 100 | 0.228  0.254 0.071 0.041 0.028 0.016
200 0.225  0.161 0.061 0.033 0.029 0.015
800 | 0.275  0.096 0.055 0.036 0.032 0.021
50 [ 0.578  0.995 0.118 0.027 0.020 0.010
hetvb 100 | 0.714  0.999 0.096 0.026 0.031 0.014
200 0.775  1.000 0.067 0.030 0.023 0.010
800 [ 0.915  0.999 0.052 0.031 0.029 0.022
501 0.073  0.512 0.024 0.031 0.027 0.010
arbreak 100 | 0.062  0.307 0.037 0.034 0.029 0.012
200 | 0.069  0.214 0.039 0.040 0.033 0.014
800 1 0.075  0.121 0.044 0.049 0.038 0.026

x; will be incorrectly interpreted as a change in the model through the parameter a.
This interpretation is false since the response of 3; to changes in x; has not changed.
Therefore, our nonparametric tests are useful in differentiating between changes in «
from changes in the mean or variance of the regressors. The fixed regressor bootstrap
of Hansen (2000) also provides some protection against this phenomenon as well.
The model we consider in the second experiment is the same as the first with two

exceptions. First, the regressors are governed by the autoregressive process
Tt = 0.51}71 -+ M-
Second, the error process is given by

€ = PE—1 T Uy
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where u; are iid and N(0,1). As shown in Theorem 4.1, it is possible to modify
the nonparametric moment stability test so that it is valid given a certain amount of
dependence in the moments. The modification of the leave-k out estimation requires a
second bandwidth. We set this as hy = hx T~ /° so that the conditions of Assumption
7' are satisfied.

It is well known that as the dependence increases, the optimal bandwidth should
increase for nonparametric estimation. In light of this fact, we consider three band-
widths with h = T7Y5, h = 1.5 x T~V* and h = 2 x T~V/%. The tests associated with
these bandwidths are denoted NPMS4, NPMS5, and NPMS6. Altman (1990) shows
that the optimal bandwidth in nonparametric regression with dependent data should

be proportional to

o 1/5
(% +2 Z%) T,
i=1
where ~; is the ¢th covariance. We approximate this quantity in a similar fashion to

Andrews (1991) using a plug-in method based on a first order autoregressive process.

That is, we assume
M = QmMy—1 + N

where the variance of 7, is given by 03]. This assumption is only used for the bandwidth

selection. Then the optimal bandwidth is proportional to

- 1/5
<<1 - ;m)Q) T71/5’

We denote the test associated with this data dependent bandwidth as NPMSD.

The SupF test and the fixed regressor bootstrap of Hansen (2000) are not applicable
here since ¢; is not a martingale difference sequence. However, we include the SupF
test for comparison purposes.* The SupWald test can be modified to make it asymp-
totically valid for such an experiment. This requires the use of a heteroskedaticity

autocorrelation consistent (HAC) covariance matrix for the regression parameters.

4Simulations not shown here indicate that the performance of the fixed regressor bootstrap and

SupF are similar in this design.
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Table 2.
Size for Dependent Errors

p T | SupF SupWald NPMS4 NPMS5 NPMS6 NPMSD

0.30 50 |0.203  0.571 0.043 0.050 0.050 0.008
0.30 100 | 0.200  0.394 0.057 0.054 0.054 0.006
0.30 2001 0.215  0.262 0.053 0.057 0.051 0.008
0.30 400 0.228  0.174 0.057 0.049 0.045 0.012
0.30 800 | 0.262  0.125 0.063 0.044 0.041 0.014
0.50 50 |0.382  0.703 0.056 0.071 0.080 0.014
0.50 100 | 0.468  0.553 0.080 0.082 0.078 0.013
0.50 200 | 0.467  0.347 0.081 0.082 0.103 0.013
0.50 400 | 0.501  0.236 0.102 0.084 0.089 0.021
0.50 800 {0.519  0.132 0.092 0.087 0.087 0.027
0.70 50 | 0.662  0.832 0.069 0.108 0.123 0.023
0.70 100|0.729  0.681 0.108 0.132 0.138 0.024
0.70 200|0.780  0.506 0.133 0.137 0.149 0.028
0.70 400 0.795  0.327 0.171 0.148 0.162 0.032
0.70 800|0.829  0.217 0.147 0.132 0.138 0.054

We choose the HAC given in Andrews (1991) which uses a quadratic spectral kernel
with the corresponding data-dependent bandwidth.® The results appear in Table 2.

From the results, we see that size generally increases as p increases. For the Sup-
Wald test, performance is very bad for small sample sizes but improves rapidly as
sample size increases. The size for SupF worsens as the sample size increases. The
leave-k out version of the nonparametric moment stability tests is conservative for
small values of p but has a larger size distortion as p increases. The data dependent
bandwidth version of the test appears to have the best performance. Of the tests
considered here, it is least likely to be oversized.

To explore power properties, we let the slope parameter vary so that

0 fort=1,...,0.5T
o1 =
! v fort=05T+1,...,T.

SWe use the AR(1) approximation of €; to select the data dependent bandwidth used in the

long-run variance estimator. This bandwidth diverges at rate T/°.
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The error and regressor processes are as given in the first experiment where the error
is iid, and we set T" = 100. The size adjusted power curves appear in Figure 1.
We notice that size adjusted power for the nonparametric moment stability tests
improves as the bandwidth gets larger and that for the largest bandwidth, the test
is competitive in terms of power. However, this may be purely an artifact of the
size adjustment. That is, the nonparametric moment stability test with the largest
bandwidth is the most undersized, so that the correction gives the largest power
increase to this test. To explore this possibility, we show the raw power for our tests
in figure 2. Notice that when 7 is zero, we plot the size and the NPMS3 test has
the smallest size. However, even when raw power is examined, the power is greatest
for the most undersized test (NPMS3). Therefore, we conclude the high power of
this test is not solely an artifact of the size adjustment. The larger power for the
more conservative test (using the larger bandwidth) is unexpected but this is a small
sample phenomenon. Evidently, for the larger bandwidth, the numerator of our test

statistic is more sensitive to changes in o than the denominator in small samples.

6. CONCLUSION

The tests proposed in this paper have several desirable properties. First, the lim-
iting distribution is standard normal even if there is a change in mean or variance in
the data. This eliminates the need for a bootstrapping procedure to obtain first order
asymptotics. The first version of the test (which is appropriate when the moments are
martingale differences) is conservative yet has power against a variety of structural
changes in parameters. In our Monte Carlo experiment, we found that the bandwidth
choice that makes the test the most conservative (under the null) does not necessarily
have the lowest size unadjusted power. The second version of the test is applicable
when there is dependence in the moments. We find that this test has better size
properties than the competing tests, but all of the tests have size distortions when

there is more dependence.
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APPENDIX A. PROOFS

We first define the following quantities:

M1 = I’IlaX{MH, M12}

My, = sup/ im/) mem, mg|"TOdF (2, 2, 2)

s,s' .t

Mia = sup [ lf o] oA G, 2P ()

!
s,s't

M2 = Imax {M217 M22}

. T T 2(14+46
My = sup /|mt msmt,mr| ( )dF(Zt7 Zsy Rtly Zr)

s,tt!,r

My = sup /|m:msm;mr|2(l+5)dF(Zt7Zs)dF(Zt’uZr)

!
s,t,t',r

M3 — Inax {M317 M32}

_ T T T T 1+6
Mz, = sup /|mt MM, Mg My MMMy mwl( )dF(zt, Zoy 2ty 2ty Zry 2t )
r,r! 8,8 t,t
M3z, = sup / |m:msm:ms/m;mrm;m,,/|(1+5)dF(zt, Zsy Zoty 2ty 2 )AF (2p0)
r,r! s,s tt

My = sup E|m/mem/mgm/ mm/ my|

s
t,s,t’,s

M5 = max{]\/[51, M52}

Ms, = sup /]thTth/msms/](H‘S)dF(zS,zs/,zt,zt/)

8,8’ .t

Msy; = sup /|vm:vmt’msms’|(1+6)dF(237Zt7Zt’)dF(Zs’)

8,8’ .t

Lemma A.1. Given Assumptions 1-4, and 6-7,

where

and s% = E(UZ).

Proof:

Ur

Ur

ST

1

Th1/2

4 N(0,1)

T

t—1
-
E E Kism, ms

t=2 s=1

17
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Let
1 =L
_ T
Vi= TH/2 Z Kismy my
s=1

which is a martingale difference sequence. We need to show

T
(A1) DA
t=2
and
T
(A.2) sp' Y E(V) =0
t=2
First
1 T t—1 1 T t—1 t-1
5 = g 2 2 KRBmIm )+ mn > Y ) KKy E(m[mam/[m)
t=2 s=1 t=2 s#s’
= B + By

We can write By as

t—1 s'—1

T2h Z Z Z KKy E(m, msmtTmS )

t=3 s'=2 s=1

since have s < s’ < t. Suppose that ' — s >t — s’. Now by Lemma (A.2),

_1
'/m;msm:mszdﬁ’(mt, Mg, Mg ) — /m:msm:mS/dF(mt, mg )dF (mg)| < Mf*‘sﬁ(s’—s)%,

Then we have

2 1
|BQ S ﬂ KtSKtS/MllJr&ﬁ(S — 8)%
s=1 s/=s+1 t=s'+1
T—2 T—1 s+(s'—s)
2 1 s
< T2y K(0)>M7° B(s" — 5)75
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since K (0) > Ki;. Then

9 T-2 T-1 5
|By| < 27 (s' = 5)K(0)? M1+65(3 —5)TH
s=1 s/=s+1
9 T-27T-1 ) S
< T2 2 ;K(O) M 1B(T)+s
= O((Th)™)

Now

T T
2 2\2 _ 22 4
EQ) VP —s1)=E)_V7?)? - st,
t=2 t=2
so we consider
T
EQ_ V) Z E(VH+2), Y BV
t=2 t= 2<t<t/<T
1 Joill el e
T T T T
= Tip3 E E E KKy Ky Ky E(my mgm, mgm, m,m, my.)
t=1 s=1 g/'=1r=1r'=1
g T ¥-lisl-li-1v-l
T T T T
+ T2 E Kis Ky Ky Ky E(my mgmy, mgmy memy, m,)
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C5 can be decomposed as

T
2
o s 5 3 5 KK Enl ol
t'—1t-1 t—1

eSS Koo Ko T i
=2 t=2 s=1 s'=1

T t'—1t-1¢t-1 t'-1

* T4h2 ZZZZ > KLKy Ky E((m) mg)*m)m,mym,)
=2 t=2 strr!
t'—1 t—1 t—1 t'—1

* T4h2 Z Z Z Z Z Ky Ko Ki E(m[ mem/[ mg (m)m,)?)
=2 t=2 s#s'#r
T t'—1t-1 t—1 -1

T T4h2 Z Z Z Z Z Ko Kyo Ky Ky E(m/] mem/ mgm/)mem/m,)
=2 t=2 s#£s'
t'—1t—1 t—1 t'—1 t'—1
+ T4h2 Z Z Z Z Z Z K Ky Ky Ky E(m] mem/[ mgm/[m,m/)m,)

=2 t=2 s#s! #r#r!
= Oy + 022 + Caz + Cag + Cos.

We can write

T t—1 T t'-1
1
4= s (S S et ) (37 nfm

t=2 s=1 =2 g/=1
g T t-limlr-l
_ 2 12 T \2 T N2
= Taps E K. K. E(m, mg)“E(mym,)
=2 t=2 s=1 r=1
Then
g L t-lizli-l
2 T N2 T N\2 T N2
Co1—57 = Tipe E KK}, (E(m/mg)*(mym,)* — E(m/ my)*E(mym,)?)
=2 t=2 s=1 r=1

Suppose that s <t <r <. By Lemma A.2,

[E(m{my)2(mim,)? — E(m] m,)?E(mm,)?| < My ™ B(r — t)75s
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Then
t'—1 t—1 t'—1
2 1+5 i
I DD DI WAV
=2 t=2 s=1
T t'—1t—1
ZZZW
T4h2 ts
=2 t=2 s=1
1
=0
Th
since

1t-1

tiZKfs // ( )dsdt TQ//K (u)du dv = O(T?h).

t=2 s=

The cases s <r <t <t andr < s <t <t are similar.

Now we show that Cy; — 0. Without loss of generality, suppose that s < s and
r<r' sothat s < s <tandr <7 <t. Denote s < s <r<r <t<t ascasel
and consider the following subcases.

Case la: 8’ —s > max{r — s, 7" —r,t —r' t' — t}

Case 1b: r — ' > max{s' — s, —r;t — 1/, t' — t}

Case lc: ' —r > max{s' —s,r — s, t —r' t' — t}

Case 1d: t — 7' > max{s' — s,r — &', 7' —r,t' —t}

Case le: t' —t > max{s' — s,r — &', 7" —r,t —1'}

For case la, we have

T=5 T—-4 T-3 T-2 T-1 T
1 T T T T
Cos| = 73 Y KK Ky Ky | E(m/] mem/ mgmgm.mgm,.)|
s=1 s'=s+1r=s'+1r'=r+1 t=r'+1t'=t+1
1 T=5 T—-4 T-3 T-2 T-1 T 1
T 5
1+6 ’ o
= T S KK Ko Ko MET 5(5' = 5) 757
s=1 s/=s+1r=s'+1r'=r+1 t=r'+1 t/=t+1
1 T=5 T ) T—_9 T
/ 24 7140 / L Z Z
S T4h2 (S — 8) M3 ﬁ(s — S +9 Kt’T’K
s=1 s'=s+1 r'=r+1t'=t+1
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For case 1b,

T
1
T T T T
|Cs| = T E Kis Ko Ky Ky |[E(my mgmy, mgmy, memy,m,)|
s=1 s/=s+1r=s'+1r'=r+1t=r'+1t/=t+1
1 T=5 T—-4 T-3 T-2 T-1 T 1
L s
2 : 1+3 ==
< T4p2 KtsKts’Kt’th’r’M?, B(T - S ) +e
s=1 s/=s+1r=s'+1r'=r+1t=r'+1t/=t+1
1 T=5 T—-4 T-3 1 T
N2 T+5 / 5
§T4h2 E (r—s)*My*" B(r — ') E KoK
s=1 g/=s+1r=s5'+1 t=1
1
=0|(=).
Th
For case 1c,

T t'—1t—1r'—1r—1s—-1

|Cos| = T4 = Z SIS S KiKow Ko Ko |B(m] mgm/ mgmm,mjm,)|

=6 t=5 r'=4 r=3 s/=2 s=1
T t'—1t-17r-1r-1s-1

< i 2 2 33 O KK i M 30 =17

=6 t=5 r'=4 r=3 s'=2 s=1
T t'—1t—1r'—1

< 7o 2233 KO Ke M (7 = 2807 1)

=6 t=5 r'=4 r=3

ol

For case 1d,

t'—1t—1 r'—1 r—1 s'—1

Cos| = h2 Z SIS S KK Ko Ko |B(m] mgm/ mgmm,mjm,)|

=6 t=5 r'=4 r=3 s/=2 s=1
T t'-1t-17-1r-1s-1

= T2 T4h2 Z Z Z Z Z Z Kis Kt Ky Ky M1+55(t —r )1+5

=6 t=5 r'=4 r=3 s'=2 s=1

T t'—1 t-1 T
< i 203 Y M) 3 K KO
=6 t=5 r'=4 r=1

(i)

For case le, we consider the second order statistic of {s' — s, 7 — &', ' —r,t —r'}

and repeat the arguments for cases la-1d. Hence we have shown that Cy; — 0.
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The term (' can be decomposed as

T t—1 t—1
C1 = T4hQZZZKszé/ (m] my)*(m{ m)*
t=1 s=1 s'=1
T t—1 t—1 t—1
b S0 ST KK K Bl )] i )
t=1 s=1 r#r!
T t—1 t—1 t—1 t—1
T4h2 Z Z Z Z Z KtsKts’Ktthr’E(mt mgmm, ms/mjmetTmT )

s#s' Fr#r'=1
=Chn + 012 + Chs.

Following the method used for Cy, we have Cy; = O(T™1), Cip = O(T™!) and C13 =
O((Th)7?). In a similar manner, Cy3 and Cyy are at most O((Th)™1). Finally,

T t'—1t-1 t—1
|Caa| < KKy Ky Kpg Elm, mom/[ mgm/)mem)my|
22 _T4h2 tsdhts/ It/ g LNt/ g/ t slly g/ T Toyr TTgTTlyr 110 g/
=2 t=2 s#s’
T t'—1t-1 t—1
< T4h2§ SOSS KK KooK M,
=2 t=2 s#s’

= O<h2)7

Combining these results, we have E(3.,_, V? — s2)> = O(h?) + O((Th)™) = o(1) so
that (A.1) holds. Since s2 = O(1) and C; = O(T™!), (A.2) holds.

Proof of Theorem 3.1:
T t—1
AT A
Ur = h1/2 ZZKtsmt M
t=2 s=1
T t—1

= oy 35 Kuslme 4 (i — m)) (m + (v, — m,))
t=2 s=1
T t—1 T t—1

Th1/2 Z Z Kym/ mg + Th1/2 Z Z Kiom, (1 — my)
t=2 s=1 +t=2 s=1
T t—1 T $—1
Th1/2 ZZKt& mt ms Th1/2 ZZKtS mt mt ( My —ms)
t=2 s=1 =2 s—1

= F + Fy + Fy + ).
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Consider F3. Suppose that L =1 so that m; is 1 x 1. Then we can write
iy = my + Vmg(60) (0 — 00) + (O — 60) " V*me(0) (O — 6,)

where 0 lies between éT and 6y. Then F3 can be written as

T t-1
1

Fs = Thi/2 ; ;Ktstt(Qo)ms(HT —bo)
T t-1 )
h1/2 Z Z Kis( Or — 60) " V2my(8)m,(0p — 0o)
t=2 s=1

= F31(éT — o) + (éT — 90>TF32<éT —tp)

Now

T t—1 T t'-1

E(F) Fy) = ! e > Z Z > Ky Ky E(Vm) (60) Vg (6p)memy)

t=2 s= =2s'=1

1

2hZZKESE V] (00) Vine(0p)m?)
t=2 s=1

T t—1 s—1
2
ﬂ ZZZKt&Km (Vm, (00) Vme(6o)msmy)
t=2 s=2 g/'=

T =1 -1
2
+ 7y D Z Z Ky K E(Vm] (00)Vimy (60)m?)
=3 /=2 s=
T -1 -
T2h Z Z Z Z KoKy E( th (00) Vi (Bo)msm )
t=2 t'#t s=1 s'#£s
= F311 + F3190 + F513 4 F314.

For the terms Fj314, suppose that s <t < s’ <’ and that s —t > max{t — s, — s'}.
Then

T t'-1s'-11t-1
Fyy < T2 - Z SN Kk (s — )75 Ms
s’ 2 s=1
7 totem
—T2hZZZK (s —1t) (s’—t)ﬁj%
=4 /=3 t=2

= O(h_l),



Post-print version of an article published in Econometric Theory (2012). doi: 10.1017/S0266466612000151
NONPARAMETRIC TESTS OF MOMENT CONDITION STABILITY 25

the other cases being similar so that Fji4 is at most O(1). By Cauchy Schwarz, Fsi;
is O(1), and Fs12 and Fiz15 are O(Th). These results imply that Fy is Op(T%h%) +

Op(h_%). Now
T -1

Z > K E|My()]

21&251

O(Th?),

0,(h2) 4+ O,((Th)~2) = 0,(1). The proof is identical for F,

so that F5 =
For Fj, we follow Fan and Li (1999) and note that

lrive — mel| < dMy(z:)[|67 — O]

for some generic constant d so that

T t-1 R
My (2) 107 — 0ol

. ZZ Kpod®* My (2)

[Faf < —

Qt::

p(h?) = 0p(1).

M\»—l

Q'ﬂ

Note that F} is normally distributed by Lemma A.1 and it is easy to show that the

variance is consistently estimated using &

Proof of Theorem 4.1:
The proof follows the steps of the proof of Theorem (3.1) in that 7 can be replaced

by m,;. However, we have to now deal with the dependence of the moment conditions

We write
T t—Tho

Ur = Thl/Q Z Z Ktsmt ms

t=2 s=1

The summands are no longer a martingale difference, since E(m, m,|F".}) # 0 where
). We construct martingale differences in the following way.

-1
Foo =o(mu_1,my_a,. ..
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Let
=
Vi= T_h ; Ktsm;rms
1 t—1
- — Ny,
Th; i
T
Up =Y (Vi — E(VFY)
t=2
T
=)W
t=2
T t—1
=> D Vi
t=2 s=1

so that the summands U} are martingale differences since E (V;*|F*[) = 0 by con-

struction. Hence, we can apply Lemma A.1 to Uj. Moreover, we have

T

1 t—1 )
Ur =Ur+ 717 Th1/2 Z Z Vis

t=2 s=t—Tha+1

T t—Tho
i1
Thl/Z Z Z Ky E(m, m5|F—w)
t=2 s=1
=Ur +Ujr — Uy

First, we have

t'—1

E[(UI*T) _T2h Z Z Z Z V{é tjﬁs’

t=2 s=t—Tho+1 t/=2 s'=t'—Tha+1

Just as in the proof of Lemma A.1, the dominant term is of the form

T t—1
1 *
=y Y Bl
t=2 s=t—Tha+1
1 - — 2 T T t—1412
= T2} Z Kb [mt ms — E(m, mg|F. oo)]
t=2 s=t—Thy+1
1 2

which goes to zero since hy/h — 0, so that U, = 0.
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Now for Us;,, we have

T t—Tho
E|Us | < ThWZ > E|KyE(m/m,F})|
tT2 tsTillQ
Thl/z ; ; Ky |E(my my| F70) —
T t—Tho
< Th1/2z > K [E|E(mmy|F7)) -
tT2 tsT;lz
< TW ; 2; Ky MB(t — 5)755
1 o
= W()(ﬁ(Tha)l”)

27

(m:ms) + E(m:ms)‘

E(m/m,)| + |E(m/m,)|]

where the last inequality comes from Lemma A.0 of Fan and Li (1999) and an ap-

plication of Lemma 1 of Yoshihara (1976). By Assumption 17, >, TQB(T)%M@O,
which implies that B(Thg)l%é = O|[(Thy)~%] for some ¢ > 0. Hence E|Uyp| =
O(h=Y2(Thy)~%7¢) which is o(1) since T*hj — oo and hy/h — 0.

Lemma A.2. Let xy,,%4,, ..., 2, (withty <ty < --- <ty) be absolutely reqular ran-

dom wvectors with mizing coefficients 3. Let h(xy,, x4, . .

function and let there be a 6 > 0 such that

P =max{P,, P} < c©

., xt,) be a Borel measurable

JItk)

where
P1: sup /|h(l‘tl,xt2,...7Itk)|1+6dF(fL’t17It2,...
t1,t2,..5tk
é
PQ: sup /|h(l’tl,l't2,...,l'tk)|l+ dF(IEtl,...,Zlﬂ'tj)dF(,I'tj+1,...,Zl§'tk).
t1,t2,...,lk
Then

‘ /h(l’tl,xtQ,...,SEtk>dF(J}'t1,I't2,...,Itk>

— h(l’tl,ﬂftz, e ,.Ttk)dF(l'tl, e 7'Itj)dF(xtj+17 e ,l'tk)‘ < 4P1+5ﬂ

forall =111 —t;.

5
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Proof: The proof is similar to Lemma 1 in Yoshihara (1976) with the exception
that we use the definition of absolute regularity given in assumption 2 which applies
to observations with heterogeneous distributions. See Lemma 4.1 in Volkonskii and

Rozanov (1961).
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